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Abstract

Like the well known 2+p-SAT problem,the 2+p-CoL prob-
lem smoothly interpolatesbetweenP and NP by mixing
togetherthe polynomal 2-coloring problem and the NP-
complete3-coloringproblem.As with 2+p-SAT, the polyno-
mial subproblemcan dominatethe problems solubility and
thesearchcompleity. The2+p-CoL problemclasshas,how-
ever, atleastonevery significantdifferenceoverthe 2+p-SAT
problemclass. 2-SAT and 3-SAT (andthus 2+p-SAT) have
sharptransitionsin satisfiability On the otherhand 3-CoL
hasa sharptransitionin solubility but 2-CoL hasa smooth
transition. In the 2+p-CoL problem, we thereforeobsene
phasetransitionbehaior in which thereappearto be both
smoothand sharpregions. We alsoshav how this problem
classcanhelpto understandlgorithmbehaior by consider
ing searchrajectorieshroughthe phasespace.

I ntroduction

Phasetransitionbehaior hasgiven new insightinto what
malkes NP-conplete prodems hard to solve (Cheeseman,
Kanefsly, & Taylor 1991; Mitchell, Selman,& Levesque
1992 Gomes& Selmanl1997 Walsh 199). Someof the
most interestingphase transition results have come from
the 2+p-SAT prodem classintrodwcedin (Monassonet al.
1999. This mixestogetherthe polynomial 2-SAT andthe
NP-compete 3-SAT prodem. This lets us explore in detail
the interface betweenP and NP. Surprisindy, the polyno-
mial 2-SAT subprdlemdomiratesthe satisfiabilityandcost
to solve 2+p-SAT prodemsupto p = 2/5 (Monassonetal.
1998 Achlioptasetal. 200L). Thisis despitethe prablem
beingNP-completefor ary fixedp > 0. Giventheinsight
that 2+p-SAT hasprovided into compuational complexity
andalgorithm perfamancewe decidel to look moredeeply
into the interfacebetweenP and NP by meansof five new
prodem classegWalsh20@®). Here,we look in moredetail
attheresultsof thefirst of theseanvestigationsthe2+p-CoL
phaseransition First, however, we review resultsconcen-
ing the 2+p-SAT prodem class.

2+p-SAT
A randm k-SAT problemin n variableshas! clausesof
lengthk drawn uniformly atrandom. A sharptransitionin
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satisfiabilityhasbeenprovedfor randbm 2-SAT atl/n = 1
(Chvetal & Reed1992 Goerd 1992, andconjectued for
rancbm 3-SAT atl/n ~ 4.3 (Mitchell, Selmang& Levesqe
19@). Associatedwith this transitionis a rapidincreasan
problemdifficulty. Therandan 2-SAT transitionis contin
uows asthe backtone (the fraction of variables takingfixed
values)increasesmootltly. Onthe otherhand therandan
3-SAT transitionis discontinwusasthe backbme jumpsin
sizeatthe phasebourdary(Monassoretal. 1998).

To studythis in moredetail, Monassoret al. introduced
the 2+p-SAT prodem class(Monassoret al. 199). This
interpolatessmoothlyfrom the polynamial 2-SAT prodem
to the NP-compete 3-SAT prodem. A randan 2+p-SAT
problemin n variableshas! clausesa fraction (1 — p) of
which are 2-SAT clausesanda fraction p of which are 3-
SAT clausesThisgives pure 2-SAT problens for p = 0, and
pure 3-SAT problemsfor p = 1. For ary fixedp > 0, the
2+p-SAT prablemclassis NP-completesincetheembedled
3-SAT subprdlem canbe madesuficiently largeto encoa
othe NP-compete prablemswithin it.

By consideing the satisfiability of the emtedded2-SAT
subpoblemandby assuminghatthe rancdbm 3-SAT transi-
tionis at!/n = 4.3, we canbouwnd thelocationtherandon
2+p-SAT transitionto:
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n 1-p’
Surpisingly, theupperboundis tight for p < 2/5 (Achliop-
taset al. 2001). Thatis, the 2-SAT subpoblem alore
deteminessatisfiability up to p = 2/5. Asymptdically,
the 3-SAT clausegdo not deternine if prodemsare satisfi-
able,eventhoughthey determire theworst-caseompleity.
Several otherpheromenaoccu atp = 2/5 reflectingthis
charge from a 2-SAT like transitionto a 3-SAT like tran-
sition. For exampe, the transitionshifts from contiruous
to discontiruousasthe backbonejumps in size (Monasson
etal. 1998. In addtion, the averagecostto solve prob
lems appeas to increasefrom polynomial to exponential
both for completeand local searchalgorithrms (Monasson
etal. 1998 Singer Gent,& Smaill 2000). Random2+p-
SAT prodem thuslook like polynomial 2-SAT prodemsup
to p = 2/5 andNP-complete 3-SAT prablemsfor p > 2/5.

The 2+p-SAT proldem classhelpsus undestandthe per
formanceof theDLL algorithm for solving3-SAT (Cocco&
Monasson200]). At eachbrarch pointin its backtraking
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searchtree,the DLL algorithm hasa mixture of 2-SAT and
3-SAT clauses.We canthusview eachbranchasa trajec-
tory in the 2+p-SAT phasespace. For satisfiableproblens

solvedwithoutbacktrackng (i.e. l/n < 3), trajectoriesstay
within the satisfiablepartof the phasespace For satisfiable
probdemsthatrequre backtacking(i.e. 3 < I/n < 4.3), tra-

jectoriescrossthe phasebourdary separatinghe satisfiable
from the unsatisfiablghase. Thelengthof thetrajectoryin

the unsatisfiableohasegives a goodestimateof theamoun

of backrackingneead to solve the prodem. Finally, for

unsatisfiablgproblems, trajectoriesstay within the unsatis-
fiable partof the phasespace.The lengthof the trajectory
againgivesa goad estimateof the amoun of backracking
neededo solve theprodem.

2+p-COL

A randam k-CoL problemcorsistsof n verticesgachwith k
possiblecolors,ande edgesiravn uniformly andatrandan.
Like k-SAT, k-CoL is NP-compete for k¥ > 3 but polyno-
mial for ¥ = 2. To interpolatesmoothlyfrom P to NP, we
introducetherandan 2+p-CoL problemclassin whichran-
dom graphs have a fraction (1 — p) of their verticeswith
2 colors,anda fraction p with 3 colors. Notethatthe ver-
ticeswith 2 colorsarefixedatthestartandcanna bechosen
freely. In addition,the 2 color verticesall have the same2
colorsavailable.Lik e 2+p-SAT, the 2+p-CoL prablemclass
is NP-comphetefor ary fixedp > 0.

2+p-CoL hasonemajordiffererceto 2+p-SAT. Whilst 2-
SAT, 3-SAT and3-CoL all have sharptransitions2-CoL has
asmoothransition(Achlioptas1999. Theprabability thata
randan graphis 2-colo@bleis boundedawayfrom 1 assoon
asthe averag degree is boundedaway from 0, anddrops
gradwlly asthe averag degreeis increasedonly hitting
0 with the emegenceof the giant compment(andan odd
lengthcycle). Hence2-colaability doesnot drop sharply
arourd a particdar average degree(asin 3-cdorability) but
over aninterval thatis appoximately 0 < e/n < 1/2.

Phase transition

In Figurel, we seehow therandan 2+p-CoL phasdransi-
tion variesaswe increase andn. At p ~ 0.8, the2+p-CoL
transitionappeas to sharpersignificantly In Figure2, we
look morecloselyatp = 0.8. For p = 0.8, thereis are-
gionupto aronde/n = 1.8 in whichthetransitionappeas
smoothandlik e thatof 2-CoL. The natureof the transition
thenappeasto chamgeto asharp3-CoL liketransitionwith
the prolability of colorablity droppng rapidy from around
90%to 0%. We thusappeato have bothsmodh andsharp
regions.

Achlioptas definesthe location of the coloralility phase
transitionasthe pointwheregrapts cannolonge alwaysbe
coloral. We defined,, asthe largestratio e/n at which
100%o0f problemsarecolorabie:

do4p = Sup{% | lim_prob(2+4p-colorable) = 1}

From (Achlioptas 1999, d> = 0 and1.923 < 43 < 2.522.
For ary fixedp < 1, arandan 2+p-CoL prodem contairs
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Figure 1: Probabilitythat2+p-CoL prodemis colorable(y-
axis)agairste/n (x-axs). Plotsarefor p=0 (leftmost), 0.2,
0.4, 0.6,0.8and1.0(rightmost)for 100,200and300vertex
graphs(increasingsharpnes).
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Figure 2: Probabilitythat2+p-CoL prodemis colorable(y-
axis) againste/n (x-axis)for p = 0.8. Plotsarefor n=50,
100 150 200and250vertex grags.



a 2-CoL subpoblemthatgrows in sizewith n andhasav-
eragedegreebourdedaway from 0. This subppblemhasa
probability of being2-cdorablethat asymptdically is less
thanl. Hencetherandan 2+p-CoL problemhasa proba-
bility of being2+p-coloralde thatasymptoticly is alsoless
thanl,andd,, = 0 forallp < 1.

We candefineadud paranetery,,,, whichis thesmall-
estratioe/n atwhich 0% of problensarecoloralie:

Yotp = inf{% | nl}_}n;o prob(2+p-colorable) = 0}

Sincecolorability isamondonicproperty (addirg edgescan
only everturnacoloralfe gragh into anuncolaablegraph),
Yotp > O24p. Notethatd,y, marksthe startof the phase
transitionwhilst v, 1, marksits end Thestartstaysfixedat
d24p = 0 for all p < 1 andjumps discontinwuslyto v at
p = 1. Theendappeasto behaemoresmootty, increasing
smootlly aswe increasep. From (Achlioptas199), vo =~
%, and1.923 < ~v3 < 2.522. For a sharptransitionlike
3-colaing, y3 = d3. As with 2+p-SAT:

V2 < Y24p < min(ys, I’YTZP)

In Figure 3, we have estimatedexperimentally the lo-
cation of v,4, by analysingdatafor graghs with up to
300verticesandcompaedthe obsered experimentalloca-
tion of the (endof the) phasetransitionwith the uppe and
lower bownds. As with 2+p-SAT, the upper bound (which
looksjust atthe 2-CoL subprdlem)appearsto betight for
p <0.8.
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2 | experimental —------ R
lower bound -------- /

gamma_2+p

Figure 3: The location of the end of the 2+p-CoL phase
transition, s, (y-axis)againstp (x-axs) forp = 0to 1in
stepsof 1/10

Search cost

The costof 2+p-cdoring alsoincreasesarownd p ~ 0.8.
To solve 2+p-CoL problems,we encod theminto SAT and
use zchaf, which is currently the fastestDLL procedure.
Our resultsarethusalgoritm deperlentandshouldbe re-
peatedwith othersolvers. Note thatthe encodimys of 2+p-
CoL prodemsinto SAT give 2+p-SAT problens (but does

not sampleuniformly asthe 3-clausesare only ever posi-
tive). In Figure4, we seethatthereis achangen thesearch
costaroind p =~ 0.8 whele we appearto move from poly-
nomial to exponentialsearchcost. Thisis despite2+p-CoL
beirg NP-compete for all fixed andnon-zrop. However,
thisis pertapsnotsosurprisingasupto p = 0.8, thepolyno-
mial 2-CoL subprdlemaloneappeas to determire asymp
totically if the problemis coloralte. Beyondthis point, the
NP-conplete3-CoL subppblemcontibutesto whetherthe
problemis coloralle or not.
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Figure 4. 95% percetile in the searchcostto solve 2+p-
CoL prablems at the phase boundary (y-axis logscale)
aganst number of vettices (x-axs). Plotsarefor p=0to 1
in stepsof 1/10(increaing harchess)

Search trajectories

2+p-CoL canbeusedin a similar way to 2+p-SAT to study
3-cdoring algorithms. At eachbrarchingdecisionin a col-
oring algoithm, someverticeshave threecolorsavailable,
whilst othes only have two. If any vertex hasonly a single
color available,we arenot at a brancling point aswe can
commit to this color and simplify the prodem. The algo-
rithm thus hasa sequencef 2+p-CoL problemsto solve.
Under a nunber of differentbrancling heuristics,it canbe
shavn that thesesubpoblemssampleuniformly from the
rancbm 2+p-CoL prodem class. We can therefae view
eachbrarchin thealgaithm’s searchtreeasa trajectoryin
the 2+p-CoL phasespace. In Figure 5, we plot a numker
of trajectoriedor 3-cdoring graghswith Brelazs algorithm
(Brelaz197).

Thetrajectores are qualitatively very similar to thoseof
the DLL algorithmin the 2+p-SAT phasespace(Cocco&
Monasson20QL). For e/n < 1.5, prodems are solved
without backtraking. Trajectaies trace an arc that stays
within the ‘colorable’ partof the phasespace.Onthe other
hard, the algoithm backtrack for prodemswith e/n > 2.
For graphs with e/n = 2, the trajectoy startsin the ‘col-
orabe’ part of the phasespaceand crossesover into the
‘uncolorable’ partof the phasespace. The algorithmthen
backrackstill we returnto the ‘colorable’ partof the phase
space.This sortof knovledgemight be usedbothto model
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Figure5: Trajectaiesin the 2+p-CoL phase spacefor Bre-
laz’s graph coloring algotithm on 3-CoL prdblems with
n = 300 ande/n from 1 to 4. The crossedine gives the
expeimental obsered valuesof y2,. Theregion marked
‘uncdorable’ is wheregrapls are asympotically not 2+p-
colorable, whilst the region marked ‘colorable’ is where
grapls areasymptoticly sometime2+p-colorable

algorithms andto improve them. For exanple, we could
develop a randonization andrestartstratgy (Gomes,Sel-
man, & Kautz 198) which restartswhen we estimateto
have brarchedinto aninsolube partof thephasespace.

Other variants
2+p-COL

In the problams studiedsofar, the 2-colaablenodesalways
have the sametwo colors. We could, however, look at the
related2+p-CoL problem in which the 2-cdorable nodes
have anytwo of thethreecolorsavailableto the 3-coloable
nodes. Thesetwo colors are chosenat rancbm and fixed
befoe searchbegins. We obtaired similar resultswith this
variart of the 2+p-CoL prodem. However, the shift from
a smooth2-CoL like transitionto a sharp3-CoL like tran-
sition now appeas to occursomavhere arond p ~ 0.96
(comparedto p ~ 0.8 previously). In additionto thetransi-
tion becaning sharp,(mediar) problem difficulty increases
rapidly at the 2+p-cdorability transitionfor p > 0.96. We
obsere alarge peakin prodem difficulty arourd e/n ~ 2.5
for p > 0.96.

2COL2SAT

We alsostudieda problemclasswhichinterpdatesbetween
asmoothanda sharptransitionwhereboththepraoblemsare
polynomial. A 2-CoL prodem canbe encoad asa con-
straint satishction problemon 0/1 variables in which the
constraims are all disequalities. On the other hand a 2-
SAT prodem canalsobe enco@d as a corstraintsatishc-
tion prablem on 0/1 varialdes in which the constrairts are
all clauses We cantherefoe interpdate betweerthesetwo
prodem classesnerdy by changimg the type of constrairs
betweenthe 0/1 varialles from disequalitiedo clauses.In

2COL2SAT, we gereratea corstraint satishction prodem
in n. 0/1 variabesin which a fraction (1 — p) of thee con-
straintsaredisequalities, anda fraction p areclauses.This
mays betweerthesmooth2-CoL transitionandthesharp2-
SAT transition. At all times,however, the prodem remains
polynomial. The phasetransitionshifts to larger e/n asp
increases.Thisis to beexpectedasdisequéties areroughly
twice asconstraiing asclauses.For 0 < p < 1, thetran-
sition appeas to have both smoothandsharpregions. This
supprtsthe pictureseenwith 2+p-COL wherewe alsohad
transitiors with both smoothandsharpregions. This prob
lem classalsodemorstratesthat the chang from a smodh
to asharptransitionalonein notthe causeof a changerom
P (pdynomial) type average caseprodem difficulty to NP
typeaveragecaseproblemdifficulty.

Conclusions

We have studiedin moredetail theinterfacebetweerP and
NP by mears of the 2+p-CoL problem This smoothlyin-
terpdatesbetweerthe polymomial 2-cdoring problemand
the NP-compete 3-colaing prodem. The behaior of the
2+p-CoL problem appeargo be domiratedby the embed
dedpolynomial 2-CoL subpoblemupto p ~ 0.8. 3-CoL
hasa sharptransitionin solubility but 2-CoL hasa smodh
transition In the2+p-CoL problem,we obseve phaseran-
sition behaior for p < 0.8 in whichthereappearto beboth
smodh andsharpregions.

What importan lessonscan be learnt from this study?
First, it appearghatwe canhave transitionswith are both
smodh andsharp Problemsdlike 2+p-CoL let us studyin
detailhow transitiors shargn andthe largeimpactthis has
onsearchcost. Secondproldem classedik e thesecanhelp
usundestandalgorithmbehaior. Forinstancewe canview
Brelazs 3-colaing algorithm assearchig trajectoresin the
2+p-CoL phasespace And finally, giventheinsightsgainel
from studyingthe interfacebetweerP andNR, it is may be
worth looking at the interface betweenother comgexities
classesFor exampe, we might studythe interfacebetween
NP andPSpace.
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