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Abstract

We studythe impactof backbonesn optimization
and approximationproblems. We shav that some
optimizationproblemslike graphcoloring resem-
ble decisionproblemswith problemhardnesos-
itively correlatedwvith backbonesize.For otherop-
timizationproblemdik e blocksworld planningand
traveling salespersomproblems,problemhardness
is weakly andnegatively correlatedwith backbone
size,while the costof finding optimalandapprox-
imate solutionsis positively correlatedwith back-
bonesize. A third classof optimizationproblems
like numbematrtitioninghave regionsof bothtypes
of behaior. We find thatto obsene the impactof
backbonesizeon problemhardnessit is necessary
to eliminate somesymmetries performtrivial re-
ductionsandfactorout the effective problemsize.

1 Introduction

Whatmakesa problemhard?Recentesearchascorrelated
problemhardnesswith rapid transitionsin the solubility of
decisionproblems[Cheesemast al., 1991; Mitchell etal.,
1994. Thepictureis, however, muchlessclearfor optimiza-
tion andapproximatiorproblems.Computationatompleity
providesa wealthof (largely negative) worst-caseesultsfor
decision,optimizationandapproximation.Empirical studies
likethosecarriedouthereaddimportantdetailto suchtheory
Oneinterestingnotion, borrowved from statisticalphysics,is
thatof thebadbone A percolationattice,which canbeused
asamodelof fluid flow or forestfires,undegoesarapidtran-
sitionin theclustersizeatacritical thresholdn connectvity.
Thebackboneof sucha lattice consistf thoselattice points
thatwill transportfluid from onesideto the otherif a pres-
suregradientapplied. The backbones thereforethe whole
clusterminusary deadends. The size and structureof this
backbonehasa significantimpact on the propertiesof the
lattice. In decisionproblemslike propositionalsatisfiability
ananalogousotion of “backbone”variableshasbeenintro-
ducedandshawn to influenceproblemhardnes§Monasson
etal., 1999. Here,we extendthis notionto optimizationand
approximatiorandstudyits impacton the costof finding op-
timal andapproximatesolutions.
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2 Backbones

In the satisfiability (SAT) decisionproblem,the badkboneof

aformulay is thesetof literalswhicharetruein everymodel

[Monassoret al., 199§. The size of the backboneandits

fragility to changehave beencorrelatedwith the hardnes®of

SAT decisionproblemd Parkes,1997;Monassoretal., 1998;

Singeretal., 2000aAchlioptasetal., 200d. A variablein the

backboneés oneto whichit is possibleto assigravaluewhich

is absolutelywrong— suchthatno solutioncanresultno mat-

ter whatis donewith the othervariables. A large backbone
thereforemeansmary opportunitieso make mistalesandto

wastetime searchingempty subspacebeforecorrectingthe

badassignmentsPutanothemway, problemswith largeback-
boneshave solutionswhich areclusteredmakingthemhard

to find both for local searchmethodslike GSAT and Walk-

SAT andfor systemati®neslik e Davis-Putnam.

The notion of backbonehasbeengeneralizedo the de-
cision problemof coloring a graphwith a fixed numberof
colors, k [Culbersonand Gent, 200d. As we can always
permutethe colors,a pair of nodesin a k-colorablegraphis
definedto befrozeniff eachhasthe samecolorin every pos-
sible k-coloring. No edgecan occurbetweena frozen pair.
Thebadboneis thensimply the setof frozenpairs.

To generalizahe ideaof abackboneo optimizationprob-
lems,we considera generaframework of assigningraluesto
variables.Thebackbonés definedto bethe setof frozende-
cisions thosewith fixed outcomedor all optimal solutions.
In somecases;decision” justamountgo “assignment”:for
example,in MAX-SAT, thebackbonds simply the setof as-
signmentf valuesto variableswhich arethe samein every
possibleoptimal solution. In general however, the relevant
notion of decisionis obtainedby abstractionover isomor
phism classeof assignmentsln graphcoloring, for exam-
ple, the decisionto color two nodesthe sameis a candidate
for beingin the backbonewhereaghe actualassignmenbf
“blue” to themis not because trivial permutationof colors
couldassigr‘red” instead.

3 Graph coloring

Wefirst considetheoptimizationproblemof finding themin-
imal numberof colors neededto color a graph. A pair of
nodesin a graphcoloring optimizationproblemis frozeniff
eachhasthe samecolor in every possibleoptimal coloring.
No edgecanoccurbetweena frozenpair without increasing
the chromaticnumberof the graph. The badkboneis again



the setof frozenpairs. In a graphof n nodesande edges,
we normalizethe size of the backboneby n(n — 1)/2 — e,
the maximumpossiblebackbonesize. As with graphcolor-
ing decisionproblemd CulbersorandGent,200d, we inves-
tigate the “frozen development”by taking a randomlist of
edgesandaddingthemto the graphone by one, measuring
thebackbonesizeof theresultinggraph.We studythefrozen
developmenin singleinstancesince,aswith graphcoloring
decisionproblemd CulbersorandGent,200d, averagingout
over anensembleof graphsobscureghe very rapid changes
in backbonesize.
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Figure 1. Frozendevelopmentin a single 50 node graph.
Backbonesize(y-axis)is plottedagainste/n. Thenumberof
edges is variedfrom n to 10n in stepsof 1. Backbonesize
is normalizedby its maximumvalue. The chromaticnumber
whichincrease$rom 2to 7, is plottedon the sameaxes.
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Figure2: Costto color graphoptimally for the samegraphs
asFigurel. Nodesvisited (y-axis)is plottedagainstk /n.

In Figure 1, we plot the frozen developmentfor a typical

50 nodegraph. Justbeforethe chromatichnumberincreases,
therearedistinctpeaksn backbonesize.Whenthechromatic
numberincreasesthe backbonesizeimmediatelycollapses.
In Figure2, we plot the searchcostto find the optimal color-
ing for thesame50 nodegraph.To find optimalcolorings,we
useanalgorithmdueto Mik e Trick whichis baseduponBre-
laz’'s DSATUR algorithm[Brelaz,1979. Searchcostpeaks
with theincreasesn chromaticnumberandthe peaksin the
backbonesize. Optimizationherecloselyresembleslecision
sinceit is usuallynot hardto provethatacoloringis optimal.
Thereis thusa strongcorrelationbetweerbackbonesizeand
bothoptimizationanddecisioncost.

4 Traveling salesperson problem

We next considerthetraveling salespersoproblem.A legin
atraveling salespersoT SP)optimizationproblemis frozen
iff it occursin everypossibleoptimaltour. TheTSPbadbone
is simplythesetof frozenlegs. We saythatthe TSPbackbone
is completdff it is of sizen. In sucha situation,the optimal
touris unique.Notethatit isimpossibleto have abackbonef
sizen — 1. It is, however, possibleto have abackboneof ary
sizen — 2 or less. Computingthe TSP backbonehighlights
a connectionwith sensitvity analysis. A leg occursin the
backboneiff addingsomedistance,e to the corresponding
entryin theinter-city distancematrix increaseshelengthof
the optimal tour. A TSP problemwith a large backboneis
thereforemoresensitve to thevaluesin its inter-city distance
matrix thana TSPproblemwith a smallbackbone.

To explore the developmentof the backbondan TSP opti-
mizationproblemswe generate@-D integerEuclidearprob-
lemswith 20 cities randomlyplacedin a squareof lengthl.
We variedlog, (I) from 2 to 18, generatingl00 problemsat
eachintegervalueof log, (1), andfoundthebackboneandthe
optimal tour using a branchand boundalgorithm basedon
theHungariarheuristic. The costof computingthe backbone
limited the experimentto n = 20. Thebackbonejuickly be-
comescompleteaslog,(!) is increasedFigure3 is a scatter
plot of backbonesize againstthe costto find and prove the
tour optimal.

ThePearsorcorrelationcoeficient,r betweerthenormal-
izedbackbonesizeandthelog of thenumberof nodesvisited
to find and prove the tour optimalis just -0.0615. This sug-
geststhatthereis a slight negative correlationbetweerback-
bonesizeand TSP optimizationcost. We took thelog of the
numberof nodesvisited asit variesover 4 ordersof mag-
nitude. This conclusionis supportedby the Spearmamank
correlationcoeficient, p which is a distribution free testfor
determiningwhetherthereis a monotonicrelation between
two variables. The datahasa Spearmamank correlationof
just-0.0147.

To explore the differencebetweenoptimizationand deci-
sion cost,in Figure4 we plot the (decision)costfor finding
the optimal tour. The Pearsorcorrelationcoeficient, r be-
tweenthe normalizedbackbonesizeandthelog of the num-
ber of nodesvisited to find the optimal tour is 0.138. This
suggestshatthereis apositive correlationbetweerbackbone
sizeand TSP decisioncost. This conclusionis supportedby
the Spearmamankcorrelationcoeficient, p whichis 0.126.
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Figure 3: Costto find and prove the tour optimal (y-axis,
logscale)againstnormalizedbackbonesize (x-axis) for 2-D
integer EuclideanTSP problemswith 20 cities placedon a
squareof lengthi. Nodesvisited by a branchandboundal-
gorithm(y-axis,logscale)s plottedagainsnormalizedback-
bonesize (x-axis). 100 randomproblemsare generatecht
eachintegervalueof log,(!) from 2 to 18. The straightline
givestheleastsquaredit to the data.

TSPis unlike graphcoloring in that optimizationappears
significantly differentfrom decision. We conjecturethisis a
resultof thereusuallybeingno easyproofsof tour optimal-
ity. Indeed,the costof proving tours optimal is negatively
correlatedwith backbonesize. This roughly cancelsout the
positive correlationbetweerthe (decision)costof finding the
optimal tour and backbonesize. But why doesthe cost of
proving tours optimal negatively correlatedwith the back-
bonesize?If we have a smallbackbonethentherearemary
optimalandnearoptimaltours.An algorithmlike branchand
boundwill thereforehaveto exploremary partsof thesearch
spacebeforewe aresurethatnoneof thetoursis arny smaller

5 Number partitioning

We have seenthat whetheroptimizationproblemsresemble
decisionproblemsappeargo dependon whetherthere are
cheapproofsof optimality. Numberpartitioning providesa
domainwith regions where proofs of optimality are cheap
(andthereis a positive correlationbetweeroptimizationcost
andbackbonesize), and regionswhere proofs of optimality
aretypically notcheap(andthereis aweaknegative correla-
tion betweeroptimizationcostandbackbonesize).
Onedifficulty in definingthe backboneof a numberparti-
tioning problemis thatdifferentpartitioningalgorithmsmake
differenttypesof decisions.For example,Korf’'s CKK algo-
rithm decidesvhetherapair of numbergjoin thesamebin as
eachotheror in oppositebins[Korf, 1995. Onedefinition of
backbones thusthosepairsof numberghatcannotbeplaced
in the samebin or thatcannotbe placedin oppositebins. By
comparisonthetraditionalgreedyalgorithmfor numbermpar
titioning decidesinto which bin to placeeachnumber An-
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Figure4: Costto find optimaltour (y-axis, logscale)against
normalizedbackbonesize (x-axis) for the 20 city problems
from Figure3. Thestraightline againgivesthe leastsquares
fit to the data.

otherdefinition of backbonds thusthosenumberghat must
be placedin a particularbin. We canbreaka symmetryby
irrevocablyplacingthe largestnumberin thefirst bin. Fortu-
nately the choiceof definition doesnot appearto be critical
aswe obsene very similar behaior in normalizedbackbone
sizeusingeitherdefinition. In whatfollows, we thereforeuse
justthe seconddefinition.
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Figure5: Frozendevelopmentaveragedover 100 problems.
Averagebackbonesize (y-axis) againstlog, (1) /n (x-axis).
Problemsontainn randomnumbersn theinterval [0, 1), and
log, (1) is variedfrom 0 to 2n in stepsof 1. Backbonesizeis
normalizedby its maximumvalue.

In Figure5, we plot thefrozendevelopmeniaveragedver
100 problems. The frozendevelopmentin a single problem
is very similar. As in [GentandWalsh, 199§, we partition
n randomnumbersuniformly distributedin [0,1). We gen-
erate100 probleminstancesat eachn andl,,.,, andthen
prunenumbersto thefirst log, (1) bits usingmod arithmetic.
The size of the optimal partition is thereforemonotonically



increasingwith [. We seecharacteristiphasetransitionbe-
haviour in the backbonesize. Thereis a very sharpincrease
in backbonesizein theregion 0.6 < log,(!)/n < 1 where
eventhebestheuristicdike KK fail to find backtrackfree so-
lutions. By the decisionphaseboundaryatlog,(!)/n =~ 0.98
[GentandWalsh, 1994, the backboneendsto be complete
andtheoptimalsolutionis thereforeunique. This rapidtran-
sitionin averagebackbonesizeshouldbe comparedo graph
coloringwhere[Culbersonand Gent, 2004 typically hadto
look at singleinstancedo seelargejumpsin backbonesize.
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Figure 6: Optimization cost (y-axis, logscale)againstnor-
malizedbackbonesize (x-axis) for then = 24 numberpar
titioning problemsfrom Figure5. The straightline givesthe
leastsquaredit to thoseproblemswhosebackbones neither
completenor empty

In Figure6, we give a scattemplot for the optimizationcost
for Korf’'s CKK algorithmagainstbackbonesize. The data
fallsinto two regions.In thefirst, optimizationproblemshave
backbonedessthan80% complete.Optimizationin this re-
gion is similar to decisionas proofs of optimality are typi-
cally easyandoptimizationcostis positively correlatedwith
backbonesize. Datafrom this region with non-emptyback-
boneshasa Pearsorcorrelationcoeficient, r of 0.356,anda
Spearmamankcorrelationcoeficient, p of 0.388.In the sec-

ondregion, optimizationproblemshave completebackbones.

The costof proving optimality is now typically greaterthan
thecostof findingtheoptimalsolution.Dueto therapidtran-
sitionin backbonesizewitnessedn Figure5, we obsenedno
problemswith backbonebetweer80%and100%complete.

6 Blocksworld planning

Our fourth exampletaken from the field of planningraises
interestingissuesaboutthe definition of a backbone.lt also
highlightstheimportanceof consideringhe“effective” prob-
lem sizeandof eliminatingtrivial aspect®f a problem.

We might considera solutionto a blocksworld planning
problemto bethe plan andthe backboneo be thosemoves
presentn all optimal (minimallength)plans.However, since
most maves simply put blocksinto their goal positionsand

are thereforetrivially presentin all plans, almostall of a

planis backbone A moreinformative definitionresultsfrom

considering“deadlocks”. A deadlockis a cycle of blocks,
eachof which hasto be moved beforeits successocanbe

put into the goal position. Eachdeadlockhasto be broken,
usually by putting one of the blockson the table. Oncethe

setof deadlock-breakingnoveshasbeendecided,generat-
ing the plan is an easy (linear time) problem[Slang and
Thiébaux,1996. A betterdefinition of solutionthenis the

setof deadlock-breakingnoves. However, this is not ideal

asmary deadlockscontainonly oneblock. Thesesingleton
deadlockgive forcedmoveswhich inflate the backboneyet

aredetectablan low-orderpolynomialtime andcanquickly

be removedfrom consideration We thereforedefinea solu-

tion asthe setof deadlock-breakingnovesin a plan, exclud-

ing thosewhich breaksingletondeadlocks.The backbones

thesetof suchmovesthatarein every optimalsolution.

We considerediniformly distributedrandomblocksworld
problemsof 100 blocks, with both initial and goal states
completelyspecified. To obtain optimal solutions,we used
thedomain-specifisolver reportedn [Slang and Thiébaux,
1996 and measurechardnesssthe numberof branchesn
the searchtree. As in [Slang and Thieébaux,1994, we ob-
seneda costpeakasthe numberof towersin theinitial and
goalstategeaches critical valueof 13—14towers.We there-
fore plottedbackbonesizeagainsthe numberof towers,and
foundthatthis peaksaroundthe samepoint (seeFigure7).
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Figure 7: Mean backbonesize for 100 block optimization
problemsagainsthumberof towersin initial andgoalstate.

Although problemhardnesss in a sensecorrelatedwith
backbonesize, this result mustbe interpretedcarefully be-
causesolutionsizealsopeaksat the samepoint. With more
thanaboutl 3—14towers,few deadlockxist sosolutionsize,
aswe measurat, is small. With a smallernumberof towers,
theprobleminstancds dominatedoy singletondeadlocksso
againthesolutionis small. Thesizeof thebackboneasa pro-
portion of the solutionsize shavs almostno dependencen
thenumberof towers.

Anotherimportantfeatureof the blocksworld is that the
numberof blocksin aninstanceis only a crudemeasureof
problem*“size”. At the heartof a blocks world planning
problemis the sub-problenof generatinga hitting setfor a



collection of deadlocks.The effectivesize of aninstanceis

thereforethe numberof blocksthathave to be consideredor

inclusionin this hitting set. This effective sizedominateghe
solutioncost,overshadwing ary effect of backbonesize. In

our next experiment,therefore,we filtered out all but those
instancef effective size 35. We obtain similar resultsre-

strictingto othersizes.Of 9000randomproblems 335were
of effective size35. For eachof those we measuredhe hard-
nessof solvingtwo decisionproblems:whetherthereexists
a planof lengthl,,: (the optimal planlength),andwhether
thereexists a planof lengthl,,: — 1. Thesecanberegarded
asmeasuringhe costof finding an optimal solution and of

proving optimality respectiely.
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Figure8: Costof findinganoptimalsolution(x) andof prov-
ing optimality (+) againstbackbonesize asa proportionof
solutionsize,for 100block problemsof effective size35. The
straightlinesgive the leastsquaredits to the data.

Figure 8 shaws the resultsare similar to TSP problems.
Findinganoptimalsolutiontendsto beharderif thebackbone
is larger, for thefamiliar reasorthatif solutionsareclustered,
mostof the searchspaceis empty This datahasa Pearson
correlationcoeficient,r of 0.357anda Spearmamankcorre-
lation coeficient, p of 0.389.Proving optimality, ontheother
hand,tendsto be slightly easiemwith alargerbackboneThis
datahasr = —0.128 andp = —0.086.

7 Approximation and e-backbones

Our definitionof backbonagnoresthosesolutionswhich are
closeto optimal. In mary real-world situations we arewill-
ing to acceptanapproximatesolutionthatis closeto optimal.
We thereforeintroducethe notion of the e-badkbone the set
of frozendecisionsn all solutionswithin afactor(1 — ¢) of
optimal. For e = 0, this givesthe previousdefinitionof back-
bone.For e = 1, the e-backbones by definitionempty For
example, the TSP e-backboneconsistsof thoselegs which
occurin all toursof lengthlessthanor equalto I,,: /(1 — €).
In Figure 9, we give a scatterplot of the size of the 1/2-
backbonefor numberpartitioning problemsagainstthe cost

of finding an approximatesolution within a factor2 of op-
timal. Similar plots are seenfor othervaluesof e. As with
e = 0, thedatafalls into two regions. In thefirst, problems
have 1/2-backbonetessthan80% complete.The costof ap-
proximationin this regionis positively correlatedwith back-
bonesize. However, the correlationis lessstrongthanthat
betweerbackbonesizeandoptimizationcost. Datafrom this
region with non-emptybackbonesasa Pearsorcorrelation
coeficient, » of 0.152,anda Spearmamank correlationco-
efficient, p of 0.139. In the secondregion, problemshave
completel/2-backbonesThe costof findinganapproximate
solutionsin thisregionis now typically ashardasthatfor the
hardesproblemswith incompletel/2-backbones.
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Figure 9: Costof finding approximatesolution within fac-
tor 2 of optimal (y-axis, logscale)againstnormalized1/2-
backbonesize (x-axis) for then = 24 numberpartitioning
problemsfrom Figure 5. The straightline givesthe least
squaredit to thoseproblemswvhosebackbones neithercom-
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8 Rdated work

First momentmethodscan be usedto show that, at the sat-
isfiability phasetransition,the expectednumberof solutions
for a problemis exponentiallylarge. Kamathet al. proved
that, whilst mostof theseproblemshave few or no solutions,
a few have a very large numberof clusteredsolutions[Ka-
mathetal., 1999. This was verified empirically by Parkes
who showved that mary variablesare frozen althoughsome
arealmostfree[Parkes,1997. He arguedthatsuchproblems
arehardfor local searchalgorithmsto solve assolutionsare
clusterecandnotdistributeduniformly overthesearctspace.
Monassonet al. introducedthe 2+p-SAT problem class
to study computationatomplexity in NP-completedecision
problems[Monassoretal., 1994. Forp < po ~ 0.41, ran-
dom 2+p-SAT behaes like the polynomial random2-SAT
problem,whilst for p > po, random2+p-SAT behaeslike
the NP-completerandom3-SAT problem[Monassoret al.,
1998; Singeret al., 20004. The rapid changein backbone



sizeis continuougqsecondrder)for p < pg, anddiscontinu-
ous(first order)for p > po. This transitionmay explain the
onsetof problemhardnessndcouldbeexploitedin search.

Backbonehave alsobeenstudiedin TSP(approximation)
problemdKirkpatrick andToulouse 1985;Boese1995. For
example Boeseshavsthatoptimalandnearoptimaltoursfor
thewell known ATT 532-cityproblemtendedarehighly clus-
tered[Boese,1995. Heuristicoptimizationmethodsfor the
TSP problemhave beendevelopedto identify and eliminate
suchbackbone$Schneideetal., 1996.

A relatednotion to the backbonein satisfiability is the
spine[Bollobaset al., 2001]. A literal is in the spineof a
setof clausedff thereis a satisfiablesubsetin all of whose
modelstheliteral is false. For satisfiableproblems the defi-
nitionsof backboneandspinecoincide.Unlike thebackbone,
thespineis monotoneasaddingclausenly everenlagesit.

9 Conclusions

We have studiedbackbonesdn optimizationandapproxima-
tion problems.We have shavn thatsomeoptimizationprob-
lemslike graphcoloring resembledecisionproblems,with
problem hardnesgositively correlatedwith backbonesize
and proofs of optimality that are usually easy With other
optimizationproblemslik e blocksworld and TSP problems,
problemhardnesds weakly and negatively correlatedwith
backbonesize,andproofsof optimality thatareusuallyvery
hard. The costof finding optimal andapproximatesolutions
tends, however, to be positively correlatedwith backbone
size. A third classof optimizationproblemlike numberpar
titioning have regionsof bothtypesof behavior.
Whatgeneralessonganbe learntfrom this study?First,
backbonesreoftenanimportantindicatorof hardnessn op-
timizationandapproximatioraswell asin decisionproblems.
Second,(heuristic) methodsfor identifying backbonevari-
ablesmay reduceproblemdifficulty. Methodslike random-
izationandrapidrestart§ Gomesetal., 1994 mayalsobeef-
fective on problemswith large backbonesThird, it is essen-
tial to eliminatetrivial aspect®f a problem like symmetries
anddecisionswhich aretrivially forced, beforeconsidering
its hardness Finally, this and other studieshave shovn that
thereexist an numberof useful parallelsbetweencomputa-
tion andstatisticalphysics.It maythereforepayto mapover
otherideasfrom areadik e spinglassesandpercolation.
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