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Abstract

We studythe impactof backbonesin optimization
andapproximationproblems.We show that some
optimizationproblemslike graphcoloring resem-
ble decisionproblems,with problemhardnesspos-
itively correlatedwith backbonesize.For otherop-
timizationproblemslikeblocksworld planningand
traveling salespersonproblems,problemhardness
is weaklyandnegatively correlatedwith backbone
size,while thecostof finding optimalandapprox-
imatesolutionsis positively correlatedwith back-
bonesize. A third classof optimizationproblems
likenumberpartitioninghaveregionsof bothtypes
of behavior. We find that to observe the impactof
backbonesizeon problemhardness,it is necessary
to eliminatesomesymmetries,perform trivial re-
ductionsandfactorout theeffectiveproblemsize.

1 Introduction

Whatmakesa problemhard?Recentresearchhascorrelated
problemhardnesswith rapid transitionsin the solubility of
decisionproblems[Cheesemanet al., 1991;Mitchell et al.,
1992]. Thepictureis, however, muchlessclearfor optimiza-
tion andapproximationproblems.Computationalcomplexity
providesa wealthof (largely negative)worst-caseresultsfor
decision,optimizationandapproximation.Empiricalstudies
likethosecarriedouthereaddimportantdetailto suchtheory.
Oneinterestingnotion,borrowed from statisticalphysics,is
thatof thebackbone. A percolationlattice,whichcanbeused
asamodelof fluid flow or forestfires,undergoesarapidtran-
sition in theclustersizeatacritical thresholdin connectivity.
Thebackboneof sucha latticeconsistsof thoselatticepoints
that will transportfluid from onesideto the otherif a pres-
suregradientapplied. The backboneis thereforethe whole
clusterminusany deadends. The sizeandstructureof this
backbonehasa significant impact on the propertiesof the
lattice. In decisionproblemslike propositionalsatisfiability,
ananalogousnotionof “backbone”variableshasbeenintro-
ducedandshown to influenceproblemhardness[Monasson
etal., 1998]. Here,we extendthisnotionto optimizationand
approximationandstudyits impacton thecostof findingop-
timal andapproximatesolutions.

2 Backbones
In thesatisfiability(SAT) decisionproblem,thebackboneof
aformula � is thesetof literalswhicharetruein everymodel
[Monassonet al., 1998]. The sizeof the backboneand its
fragility to changehave beencorrelatedwith thehardnessof
SAT decisionproblems[Parkes,1997;Monassonetal., 1998;
Singeretal., 2000a;Achlioptasetal., 2000]. A variablein the
backboneis oneto whichit is possibleto assignavaluewhich
is absolutelywrong– suchthatnosolutioncanresultnomat-
ter what is donewith the othervariables.A large backbone
thereforemeansmany opportunitiesto makemistakesandto
wastetime searchingemptysubspacesbeforecorrectingthe
badassignments.Putanotherway, problemswith largeback-
boneshave solutionswhich areclustered,makingthemhard
to find both for local searchmethodslike GSAT andWalk-
SAT andfor systematiconeslikeDavis-Putnam.

The notion of backbonehasbeengeneralizedto the de-
cision problemof coloring a graphwith a fixed numberof
colors, � [Culbersonand Gent, 2000]. As we can always
permutethecolors,a pair of nodesin a � -colorablegraphis
definedto be frozenif f eachhasthesamecolor in every pos-
sible � -coloring. No edgecanoccurbetweena frozenpair.
Thebackboneis thensimply thesetof frozenpairs.

To generalizetheideaof abackboneto optimizationprob-
lems,weconsiderageneralframework of assigningvaluesto
variables.Thebackboneis definedto bethesetof frozende-
cisions: thosewith fixedoutcomesfor all optimal solutions.
In somecases,“decision” just amountsto “assignment”:for
example,in MAX-SAT, thebackboneis simply thesetof as-
signmentsof valuesto variableswhich arethesamein every
possibleoptimal solution. In general,however, the relevant
notion of decisionis obtainedby abstractionover isomor-
phismclassesof assignments.In graphcoloring, for exam-
ple, the decisionto color two nodesthe sameis a candidate
for beingin the backbonewhereasthe actualassignmentof
“blue” to themis not becausea trivial permutationof colors
couldassign“red” instead.

3 Graph coloring
Wefirst considertheoptimizationproblemof findingthemin-
imal numberof colors neededto color a graph. A pair of
nodesin a graphcoloring optimizationproblemis frozenif f
eachhasthe samecolor in every possibleoptimal coloring.
No edgecanoccurbetweena frozenpair without increasing
the chromaticnumberof the graph. The backboneis again



the setof frozenpairs. In a graphof � nodesand � edges,
we normalize� the sizeof the backboneby �����	��

��������� ,
the maximumpossiblebackbonesize. As with graphcolor-
ing decisionproblems[CulbersonandGent,2000], we inves-
tigate the “frozen development”by taking a randomlist of
edgesandaddingthemto the graphoneby one,measuring
thebackbonesizeof theresultinggraph.Westudythefrozen
developmentin singleinstancessince,aswith graphcoloring
decisionproblems[CulbersonandGent,2000], averagingout
over anensembleof graphsobscuresthe very rapidchanges
in backbonesize.
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Figure 1: Frozendevelopmentin a single 50 nodegraph.
Backbonesize(y-axis)is plottedagainst����� . Thenumberof
edges� is variedfrom � to 
���� in stepsof 1. Backbonesize
is normalizedby its maximumvalue.Thechromaticnumber,
which increasesfrom 2 to 7, is plottedon thesameaxes.
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Figure2: Costto color graphoptimally for thesamegraphs
asFigure1. Nodesvisited(y-axis)is plottedagainst����� .

In Figure1, we plot the frozendevelopmentfor a typical

50 nodegraph. Justbeforethe chromaticnumberincreases,
therearedistinctpeaksin backbonesize.Whenthechromatic
numberincreases,the backbonesizeimmediatelycollapses.
In Figure2, we plot thesearchcostto find theoptimalcolor-
ing for thesame50nodegraph.To find optimalcolorings,we
useanalgorithmdueto MikeTrick which is baseduponBre-
laz’s DSATUR algorithm[Brelaz,1979]. Searchcostpeaks
with the increasesin chromaticnumberandthepeaksin the
backbonesize.Optimizationherecloselyresemblesdecision
sinceit is usuallynothardto provethatacoloringis optimal.
Thereis thusa strongcorrelationbetweenbackbonesizeand
bothoptimizationanddecisioncost.

4 Traveling salesperson problem
We next considerthetravelingsalespersonproblem.A leg in
a traveling salesperson(TSP)optimizationproblemis frozen
if f it occursin everypossibleoptimaltour. TheTSPbackbone
is simplythesetof frozenlegs.WesaythattheTSPbackbone
is completeif f it is of size � . In sucha situation,theoptimal
tourisunique.Notethatit is impossibletohaveabackboneof
size ����
 . It is, however, possibleto haveabackboneof any
size ����� or less. Computingthe TSPbackbonehighlights
a connectionwith sensitivity analysis. A leg occursin the
backboneiff addingsomedistance,� to the corresponding
entry in the inter-city distancematrix increasesthe lengthof
the optimal tour. A TSPproblemwith a large backboneis
thereforemoresensitiveto thevaluesin its inter-city distance
matrix thana TSPproblemwith a smallbackbone.

To explore the developmentof the backbonein TSPopti-
mizationproblems,wegenerated2-D integerEuclideanprob-
lemswith ��� cities randomlyplacedin a squareof length � .
We varied �! �"$#��%�&� from 2 to 18, generating100problemsat
eachintegervalueof �' (" # �)�)� , andfoundthebackboneandthe
optimal tour usinga branchandboundalgorithm basedon
theHungarianheuristic.Thecostof computingthebackbone
limited theexperimentto ��*+��� . Thebackbonequickly be-
comescompleteas �! �" # �)�)� is increased.Figure3 is a scatter
plot of backbonesizeagainstthe cost to find andprove the
tour optimal.

ThePearsoncorrelationcoefficient, , betweenthenormal-
izedbackbonesizeandthelog of thenumberof nodesvisited
to find andprove the tour optimal is just -0.0615.This sug-
geststhatthereis a slight negativecorrelationbetweenback-
bonesizeandTSPoptimizationcost. We took thelog of the
numberof nodesvisited as it variesover 4 ordersof mag-
nitude. This conclusionis supportedby the Spearmanrank
correlationcoefficient, - which is a distribution free testfor
determiningwhetherthereis a monotonicrelation between
two variables.The datahasa Spearmanrank correlationof
just -0.0147.

To explore the differencebetweenoptimizationanddeci-
sion cost,in Figure4 we plot the (decision)costfor finding
the optimal tour. The Pearsoncorrelationcoefficient, , be-
tweenthenormalizedbackbonesizeandthe log of thenum-
ber of nodesvisited to find the optimal tour is 0.138. This
suggeststhatthereis apositivecorrelationbetweenbackbone
sizeandTSPdecisioncost. This conclusionis supportedby
theSpearmanrankcorrelationcoefficient, - which is 0.126.
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Figure 3: Cost to find and prove the tour optimal (y-axis,
logscale)againstnormalizedbackbonesize(x-axis) for 2-D
integer EuclideanTSP problemswith ��� cities placedon a
squareof length � . Nodesvisited by a branchandboundal-
gorithm(y-axis,logscale)is plottedagainstnormalizedback-
bonesize (x-axis). 100 randomproblemsare generatedat
eachintegervalueof �' (" # �)�)� from 2 to 18. Thestraightline
givestheleastsquaresfit to thedata.

TSPis unlike graphcoloring in that optimizationappears
significantlydifferentfrom decision.We conjecturethis is a
resultof thereusuallybeingno easyproofsof tour optimal-
ity. Indeed,the cost of proving tours optimal is negatively
correlatedwith backbonesize. This roughly cancelsout the
positivecorrelationbetweenthe(decision)costof finding the
optimal tour andbackbonesize. But why doesthe cost of
proving tours optimal negatively correlatedwith the back-
bonesize?If we havea smallbackbone,thentherearemany
optimalandnear-optimaltours.An algorithmlikebranchand
boundwill thereforehaveto exploremany partsof thesearch
spacebeforewearesurethatnoneof thetoursis any smaller.

5 Number partitioning
We have seenthat whetheroptimizationproblemsresemble
decisionproblemsappearsto dependon whetherthereare
cheapproofsof optimality. Numberpartitioningprovidesa
domainwith regions whereproofs of optimality are cheap
(andthereis a positivecorrelationbetweenoptimizationcost
andbackbonesize),andregionswhereproofsof optimality
aretypically not cheap(andthereis a weaknegativecorrela-
tion betweenoptimizationcostandbackbonesize).

Onedifficulty in definingthebackboneof a numberparti-
tioningproblemis thatdifferentpartitioningalgorithmsmake
differenttypesof decisions.For example,Korf’sCKK algo-
rithm decideswhetherapairof numbersgoin thesamebin as
eachotheror in oppositebins[Korf, 1995]. Onedefinitionof
backboneis thusthosepairsof numbersthatcannotbeplaced
in thesamebin or thatcannotbeplacedin oppositebins. By
comparison,thetraditionalgreedyalgorithmfor numberpar-
titioning decidesinto which bin to placeeachnumber. An-
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Figure4: Costto find optimal tour (y-axis, logscale)against
normalizedbackbonesize (x-axis) for the 20 city problems
from Figure3. Thestraightline againgivestheleastsquares
fit to thedata.

otherdefinitionof backboneis thusthosenumbersthatmust
be placedin a particularbin. We canbreaka symmetryby
irrevocablyplacingthelargestnumberin thefirst bin. Fortu-
nately, thechoiceof definitiondoesnot appearto becritical
aswe observevery similar behavior in normalizedbackbone
sizeusingeitherdefinition. In whatfollows,wethereforeuse
just theseconddefinition.
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Figure5: Frozendevelopmentaveragedover 100problems.
Averagebackbonesize (y-axis) against �! �" # �%�&����� (x-axis).
Problemscontain� randomnumbersin theinterval 0 �213�)� , and
�! �" # �%�&� is variedfrom � to ��� in stepsof 1. Backbonesizeis
normalizedby its maximumvalue.

In Figure5, weplot thefrozendevelopmentaveragedover
100 problems.The frozendevelopmentin a singleproblem
is very similar. As in [GentandWalsh,1998], we partition
� randomnumbersuniformly distributed in 0 �213�)� . We gen-
erate100 problem instancesat each � and �547698 , and then
prunenumbersto thefirst �' (" # �%�&� bits usingmodarithmetic.
The sizeof the optimal partition is thereforemonotonically



increasingwith � . We seecharacteristicphasetransitionbe-
haviour: in thebackbonesize. Thereis a very sharpincrease
in backbonesizein the region �<; =�>?�! �" # �)�)�3�
�+>@
 where
eventhebestheuristicslikeKK fail to find backtrackfreeso-
lutions.By thedecisionphaseboundaryat �' ("$#(�%�)�3�
�BAC�<; D(E
[GentandWalsh,1998], the backbonetendsto be complete
andtheoptimalsolutionis thereforeunique.This rapidtran-
sition in averagebackbonesizeshouldbecomparedto graph
coloringwhere[CulbersonandGent,2000] typically hadto
look at singleinstancesto seelargejumpsin backbonesize.
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Figure 6: Optimizationcost (y-axis, logscale)againstnor-
malizedbackbonesize(x-axis) for the ��*F��G numberpar-
titioning problemsfrom Figure5. Thestraightline givesthe
leastsquaresfit to thoseproblemswhosebackboneis neither
completenor empty.

In Figure6, wegiveascatterplot for theoptimizationcost
for Korf’s CKK algorithmagainstbackbonesize. The data
fallsinto two regions.In thefirst, optimizationproblemshave
backboneslessthan80% complete.Optimizationin this re-
gion is similar to decisionasproofsof optimality are typi-
cally easy, andoptimizationcostis positively correlatedwith
backbonesize. Datafrom this region with non-emptyback-
boneshasa Pearsoncorrelationcoefficient, , of 0.356,anda
Spearmanrankcorrelationcoefficient, - of 0.388.In thesec-
ondregion,optimizationproblemshavecompletebackbones.
The costof proving optimality is now typically greaterthan
thecostof findingtheoptimalsolution.Dueto therapidtran-
sitionin backbonesizewitnessedin Figure5, weobservedno
problemswith backbonesbetween80%and100%complete.

6 Blocks world planning
Our fourth exampletaken from the field of planningraises
interestingissuesaboutthe definition of a backbone.It also
highlightstheimportanceof consideringthe“effective” prob-
lemsizeandof eliminatingtrivial aspectsof a problem.

We might considera solutionto a blocksworld planning
problemto be the plan andthe backboneto be thosemoves
presentin all optimal(minimal length)plans.However, since
mostmovessimply put blocks into their goal positionsand

are thereforetrivially presentin all plans, almost all of a
planis backbone.A moreinformativedefinitionresultsfrom
considering“deadlocks”. A deadlockis a cycle of blocks,
eachof which hasto be moved beforeits successorcanbe
put into the goal position. Eachdeadlockhasto be broken,
usuallyby putting oneof the blockson the table. Oncethe
setof deadlock-breakingmoveshasbeendecided,generat-
ing the plan is an easy(linear time) problem [Slaney and
Thiébaux,1996]. A betterdefinition of solutionthenis the
setof deadlock-breakingmoves. However, this is not ideal
asmany deadlockscontainonly oneblock. Thesesingleton
deadlocksgive forcedmoveswhich inflatethebackbone,yet
aredetectablein low-orderpolynomialtime andcanquickly
be removedfrom consideration.We thereforedefinea solu-
tion asthesetof deadlock-breakingmovesin a plan,exclud-
ing thosewhich breaksingletondeadlocks.Thebackboneis
thesetof suchmovesthatarein everyoptimalsolution.

We considereduniformly distributedrandomblocksworld
problemsof 100 blocks, with both initial and goal states
completelyspecified. To obtainoptimal solutions,we used
thedomain-specificsolver reportedin [Slaney andThiébaux,
1996] andmeasuredhardnessasthe numberof branchesin
the searchtree. As in [Slaney andThiébaux,1998], we ob-
serveda costpeakasthenumberof towersin the initial and
goalstatesreachesacritical valueof 13–14towers.Wethere-
fore plottedbackbonesizeagainstthenumberof towers,and
foundthatthispeaksaroundthesamepoint (seeFigure7).
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Figure 7: Mean backbonesize for 100 block optimization
problemsagainstnumberof towersin initial andgoalstate.

Although problemhardnessis in a sensecorrelatedwith
backbonesize, this result must be interpretedcarefully be-
causesolutionsizealsopeaksat the samepoint. With more
thanabout13–14towers,few deadlocksexist sosolutionsize,
aswe measureit, is small. With a smallernumberof towers,
theprobleminstanceis dominatedby singletondeadlocks,so
againthesolutionis small.Thesizeof thebackboneasapro-
portion of the solutionsizeshows almostno dependenceon
thenumberof towers.

Another importantfeatureof the blocksworld is that the
numberof blocksin an instanceis only a crudemeasureof
problem “size”. At the heart of a blocks world planning
problemis the sub-problemof generatinga hitting setfor a



collectionof deadlocks.The effectivesizeof an instanceis
thereforeI thenumberof blocksthathave to beconsideredfor
inclusionin this hitting set.This effectivesizedominatesthe
solutioncost,overshadowing any effect of backbonesize. In
our next experiment,therefore,we filtered out all but those
instancesof effective size35. We obtainsimilar resultsre-
strictingto othersizes.Of 9000randomproblems,335were
of effectivesize35. For eachof those,wemeasuredthehard-
nessof solving two decisionproblems:whetherthereexists
a plan of length ��JLKNM (the optimal plan length),andwhether
thereexistsa planof length � JLKNM ��
 . Thesecanberegarded
asmeasuringthe costof finding an optimal solutionandof
proving optimality respectively.
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Figure8: Costof findinganoptimalsolution( O ) andof prov-
ing optimality ( P ) againstbackbonesizeasa proportionof
solutionsize,for 100blockproblemsof effectivesize35. The
straightlinesgive theleastsquaresfits to thedata.

Figure 8 shows the resultsare similar to TSP problems.
Findinganoptimalsolutiontendsto beharderif thebackbone
is larger, for thefamiliarreasonthatif solutionsareclustered,
mostof the searchspaceis empty. This datahasa Pearson
correlationcoefficient, , of 0.357andaSpearmanrankcorre-
lationcoefficient, - of 0.389.Proving optimality, ontheother
hand,tendsto beslightly easierwith a largerbackbone.This
datahas,Q*R�S�<;'

��E and -T*U�S�2; ��E(= .

7 Approximation and V -backbones
Our definitionof backboneignoresthosesolutionswhich are
closeto optimal. In many real-world situations,we arewill-
ing to acceptanapproximatesolutionthatis closeto optimal.
We thereforeintroducethenotionof the � -backbone: theset
of frozendecisionsin all solutionswithin a factor �W
X���Y� of
optimal.For �Z*[� , thisgivesthepreviousdefinitionof back-
bone.For �\*]
 , the � -backboneis by definitionempty. For
example, the TSP � -backboneconsistsof thoselegs which
occurin all toursof lengthlessthanor equalto � J^KNM �_�9
`�a�Y� .

In Figure9, we give a scatterplot of the sizeof the 

��� -
backbonefor numberpartitioningproblemsagainstthe cost

of finding an approximatesolution within a factor2 of op-
timal. Similar plots areseenfor othervaluesof � . As with
�b*c� , the datafalls into two regions. In the first, problems
have 1/2-backboneslessthan80%complete.Thecostof ap-
proximationin this region is positively correlatedwith back-
bonesize. However, the correlationis lessstrongthanthat
betweenbackbonesizeandoptimizationcost.Datafrom this
region with non-emptybackboneshasa Pearsoncorrelation
coefficient, , of 0.152,anda Spearmanrankcorrelationco-
efficient, - of 0.139. In the secondregion, problemshave
complete1/2-backbones.Thecostof findinganapproximate
solutionsin this regionis now typically ashardasthatfor the
hardestproblemswith incomplete1/2-backbones.
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Figure 9: Cost of finding approximatesolution within fac-
tor 2 of optimal (y-axis, logscale)againstnormalized 

��� -
backbonesize (x-axis) for the �d*e��G numberpartitioning
problemsfrom Figure 5. The straight line gives the least
squaresfit to thoseproblemswhosebackboneis neithercom-
pletenor empty.

8 Related work
First momentmethodscanbe usedto show that, at the sat-
isfiability phasetransition,theexpectednumberof solutions
for a problemis exponentiallylarge. Kamathet al. proved
that,whilst mostof theseproblemshave few or no solutions,
a few have a very large numberof clusteredsolutions[Ka-
mathet al., 1995]. This wasverified empirically by Parkes
who showed that many variablesare frozenalthoughsome
arealmostfree[Parkes,1997]. Hearguedthatsuchproblems
arehardfor local searchalgorithmsto solve assolutionsare
clusteredandnotdistributeduniformly overthesearchspace.

Monassonet al. introducedthe 2+f -SAT problemclass
to studycomputationalcomplexity in NP-completedecision
problems[Monassonet al., 1998]. For fg>hfjiTAk�2; G<
 , ran-
dom 2+f -SAT behaves like the polynomial random2-SAT
problem,whilst for f�lkf i , random2+f -SAT behaveslike
the NP-completerandom3-SAT problem[Monassonet al.,
1998;Singeret al., 2000b]. The rapid changein backbone



sizeis continuous(secondorder)for fm>	f<i , anddiscontinu-
ous(first

n
order)for fol�f<i . This transitionmayexplain the

onsetof problemhardnessandcouldbeexploitedin search.
Backboneshavealsobeenstudiedin TSP(approximation)

problems[KirkpatrickandToulouse,1985;Boese,1995]. For
example,Boeseshowsthatoptimalandnear-optimaltoursfor
thewell knownATT 532-cityproblemtendedarehighly clus-
tered[Boese,1995]. Heuristicoptimizationmethodsfor the
TSPproblemhave beendevelopedto identify andeliminate
suchbackbones[Schneideretal., 1996].

A relatednotion to the backbonein satisfiability is the
spine[Bollobaset al., 2001]. A literal is in the spineof a
setof clausesif f thereis a satisfiablesubsetin all of whose
modelsthe literal is false.For satisfiableproblems,thedefi-
nitionsof backboneandspinecoincide.Unlikethebackbone,
thespineis monotoneasaddingclausesonly everenlargesit.

9 Conclusions
We have studiedbackbonesin optimizationandapproxima-
tion problems.We have shown thatsomeoptimizationprob-
lems like graphcoloring resembledecisionproblems,with
problemhardnesspositively correlatedwith backbonesize
and proofs of optimality that are usually easy. With other
optimizationproblemslike blocksworld andTSPproblems,
problemhardnessis weakly and negatively correlatedwith
backbonesize,andproofsof optimality thatareusuallyvery
hard. Thecostof finding optimalandapproximatesolutions
tends,however, to be positively correlatedwith backbone
size. A third classof optimizationproblemlike numberpar-
titioning haveregionsof bothtypesof behavior.

Whatgenerallessonscanbelearntfrom this study?First,
backbonesareoftenanimportantindicatorof hardnessin op-
timizationandapproximationaswell asin decisionproblems.
Second,(heuristic)methodsfor identifying backbonevari-
ablesmay reduceproblemdifficulty. Methodslike random-
izationandrapidrestarts[Gomesetal., 1998] mayalsobeef-
fective on problemswith largebackbones.Third, it is essen-
tial to eliminatetrivial aspectsof a problem,like symmetries
anddecisionswhich are trivially forced,beforeconsidering
its hardness.Finally, this andotherstudieshave shown that
thereexist an numberof usefulparallelsbetweencomputa-
tion andstatisticalphysics.It maythereforepayto mapover
otherideasfrom areaslike spinglassesandpercolation.
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