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Abstract

To modelcombinatorialdecisionproblemsnvolving uncertaintyandprobabil-
ity, we have proposed'stochasticconstrainfprogranming” [3]. This extends con-
straintprogramning with stochasticvariables,chanceconstraintsand optimized
expectatiors. We proposeextendingthe OPL modellinglanguag@ [1] with these
featuresandshav how they canbe compiledaway usingsomesimplerules.

1 Introduction

Marny decisionprablemscortain uncetainty. Dataabaut everts in the pastmay not
be known exactly dueto errois in measuing or difficulties in sampling whilst data
abou everts in thefuture maysimply notbeknown with certairty. For example,when
schedling power stationswe needo copewith uncertaity in future enegy demauls.
As a secondexampge, nurserosteringin an accidentand emegencg/ departnent re-

quiresusto anticipatevariability in workload. As afinal exanple, whenconstructiig a
balanedbord portfdio, we mustdealwith uncertaity in thefuturepriceof bonds. To

dealwith suchsituations we have propsedan extensionof corstraintprogammirg

called stochastic constraint programming [3] in which we distingush betweendeci-
sionvariabes, which we arefreeto set,andstochastiqdor obsered)variableswhich
follow someprabability distribution. In this paperwe describehow we areexterding

the OPL corstraintmocklling langua@ [1] to dealwith stochastic/ariables.

2 Stochastic constraint programs

We have defineda nunberof modelsof stochasticonstrainjpprogmammingof increas-
ing compleity. In anonestagestochasticonstraintsatishiction problem (stochastic
CSP) thedecisionvariablesaresetbefor the stochasticvariables Thestochastiwvari-
ablesindeendentlytake valueswith probabilitiesgivenby a probability distribution.
This modelssituationswherewe actnow andobsere later. For exanple, we have to



decidenow which nursesto have on duty andwill only laterdiscover the actualwork-
load. We caneasilyinvert theinstantiationorderif the application demauls, with the
stochastiovariables setbefare the decisionvarialles. Constraintsare defined(asin
traditioral constraim satisiction)by relationsof allowedtuplesof values. Constraints
can,however, beimplemenedwith specializedndefficientalgorithnms for consisteng
checling. In addition we allow for both hardconstraint§which arealwayssatisfied)
and“chanceconstraims” (whichmayonly besatisfiedn someof the possilbeworlds).
Eachchanceconstrainthasathrestold, § andmustbe satisfiedn this or more fraction
of thepossibleworlds. A onestagestochasticCSPis satisfiabldff thereexistsvalues
for the decisionvarialles sothat, given randbm valuesfor the stochasticsariablesthe
hardconstraiis arealwayssatisfiedandthe chanceconstraintsaresatisfiedin atleast
thegivenfractionof worlds. Notethatin [?], we only allowedfor one(global)charce
constraim sothe definition hereof stochasticorstraintprogmammingis strictly more
geneal.

In a two stagestochasticCSR therearetwo setsof decisionvaiiables, Vy; and
V42, andtwo setsof stochastiovariables, V,; andV,,. Theaimis to find valuesfor
thevariabesin Vy;, sothatgivenrandm valuesfor V;, we canfind valuesfor Vs,
sothatgivenrandm values for V,,, the hardconstraintsare always satisfiedandthe
charce constraintsaireagainsatisfiedn atleastthe given fractionof worlds. Notethat
thevalueschoserfor the secondsetof decisionvariablesl/;, arecorditionedon both
the valueschoserfor thefirst setof decisionvarialdles V;; andonthe randm values
given to thefirst setof stochastiovariablesVs;. This canmodelsituationsin which
itemsareproducedandcanbe consunedor putin stockfor laterconsumgion. Future
productionthendepeids both on previous production (earlierdecisionvariables)and
on previousdemandearlierstochastivariables) A m stagestochasticCSPis definel
in ananalogaisway to oneandtwo stagestochasticCSPs.

A stochasticonstraim optimizatian problem (stochasticCOP)is a stochasticCSP
plus a costfunction definal over the decisionand stochasticvariables. The aim is
to find a solution that satisfiesthe stochasticCSP which minimizes (or, if desired,
maxinizes)theexpectedvalueof thecostfunction. In thefuture we mayalsoconsicer
other possibilities(e.g. minimizing the maxima value, or maximizirg the minimal
value.

3 Scenario based stochastic CP

In [3], we give asemanticgor stochasticonstrainprogamsbasednpolicies.A pol-
icy is atreeof decisionsEachpathin apolicy repesentadifferen possiblevorld (set
of valuesfor the stochasticsarialles), andthe valuesassignedo decisionvariablesin
thisworld. To find satisfyingpolicies,[3] presentbacktraking andforwardcheckirg
algoiithmsfor finding policieswhich explorestheimplicit AND/OR graph Stochastic
variabdesgive AND nodegaswe mustfind apolicy thatsatisfiesall their values)whilst
decisionvariableggive OR nodeqaswe only needfind onesatisfyingvalue) An alter
native semanticgandsolutionmethod, which wasfirst proposedby Armagan Tarim,
comedrom a scenaridbasedview of stochasticonstraih progams.A scenarids ary
possiblesetof valuesfor the stochastiovariebles. Thus,a scenarids associatedavith



eachpathin the policy. Within eachscenaripwe have a corventioral (non-stochastic)
constraim progamto solve. We simply replacethe stochastiosarigblesby the values
takenin the scenario andensurethat the valuesfound for the decisionvarialles are
consistenticrassscenaris.

4 Stochastic OPL

To implemen stochasticconstrain programmirg, we proposeextendng OPL with
stochastiovariables chane constraintsand optimizedexpectatims. The extersionis
in the spirit of ESRA[2] sincethe extended OPL modelscanbe compileddown into
(regular) OPL modelswith relative ease.

An OPL modelconsistsf two parts:a setof declaratios, followedby aninstruc-
tion. Declaratims definethe datatypes, (input) dataandthe variables. An OPL in-
structionis eitherto satisfya setof constraintsor to maximze/minimizeanexpression
subjectto a setof constraintsWe will extendOPL's declaratimsto include stochastic
variabes,andatimelinegiving theorderin which stochasti@anddecisionvariblesare
set.In addition,we will exterd

4.1 Stochastic variables

Unlike decisionvariables, which the usersets,stochasticvarialles are setby natue
accoding to someprobaility distribution. A stochasticonstrint progam canhave
multiple stageswith the userallowed to setlater decisionvariades accordng to the
values taken by earlier stochasticvariables. Stochasticvariables are definedusinga
commandof theform:

stochastic var <Type> <ld> <Di st >;

Where<Type> is (aswith decisionvariables)a datatype (e.g. a rangeof values,or
anenuneratedist of values)<l d> is (aswith decisionvarialles) the variablename
with an (optional) arrayrange,and<Di st > definesthe probability distribution of the
stochastiwvariabe(s). Probaility distributionsincludeuni f or mpoi sson(| anbda) ,
anduserdefinedvia alist of (nat necessarilynomalized)values. Othertypesof distri-
bution canbesuppatedasneededHerearesomeexampes:

stochastic var 0..1 market[Years] uniform
stochastic var int inconingCalls poisson(100);
stochastic var 100..105 dermand {1, 2, 3,3, 2, 1};

In thefirst, we have a 0/1 variablewhich takeseithervalue with equal probability. In
thelast,we have ademandariable whichtakesthevalue100in 1 outof 12 cases101
in 2 out12cases,.. For simplicity, we will assumeéhatstochastivariablegake values
independetly of eachother However, it would not be hardto extendthe languag of
stochasti®OPL to dropthis assumptionA timelineis thendefinedover the stochastic
anddecisionvariadeswith thecommand:

<Timeline> = start <Seql ds> end;



Where

<Seqlds> = <ld> |
forall (<Var> in <Range) <Tineline> |
<l d> <Seqlds> |
forall (<Var> in <Range) <Ti nmeline> <Seql ds>

For exanple, in thefinancialplannirg exanple, we might have:

start
forall (i in Years) start stocks[i] bonds[i] market[i] end;
end;

Thisensureshatthedecisionvarablest ocks[ i ] comesearlierin thetimelinethan
the decisionvariablebonds|[ i ] , andthat this comesbeforethe stochasticvariabe

mar ket [ i ] . Inaddition, thetimelineensuesthatthestochastivariablemar ket [ i ]

comesefaethedecisionvariablest ocks[ i +1] (andhenealsobeforethestochas-
tic variablemar ket [ i +1] ).

4.2 Chance constraints

Oneway in which stochastiovariablesareusedis in “chanceconstrants”. Theseare
constraims that hold in someof the possibleworlds. Chanceconstraintsare defined
usingacommand of theform:

prob(<Constraint>) <ArithQp> <Expr>;

Where<Const r ai nt > is ary OPL expression,<Ari t hQp> is ary of the arith-
metically comparisonoperatios (=,<,>, <=, or >=) and<Expr > is ary arithmetic
expression(it may containdecisionvariablesor mayjust bearationalor afloatin the
range 0to 1). For exampe, thefollowing commaundl specifieshechanceconstrainthat
in eachquarterthe stochastiosariade, demanddoesnot exceedthe decisionvarialde,
productionplusthe stockcarriedforward in eachquater with 96% prokability:

forall(i in 0..n)
prob(demand[i] <= production[i]+stock[i]) >= 0.96;

Constraintswhich are not charce constraits are hard and have to hold in possible
worlds. For examge, the stock carriedforwards (which is modelledas a decision
variable eventhoud it is notsetby theuser)is compuedyvia the hardconstrain:

forall(i in 1..n)
stock[i] = stock[i-1] + production[i] - denmand[i];
4.3 Optimized expectations

If the objective function beingmaximzed or minimizedincludesstochastioariables
or decisionvarialdes which are depenént on stochasticvarialles, we now interpret
this asmaximizirg or minimizing the expectatia of the function. For exanple, in the



bod productionexanple of [3], we wantto minizethe expededcostof storingsurplus
bodks. Eachbookcosts£l perquarterto store. This canbe specifiecby thefollowing
mockl:

mnimze
expect ed cost
subject to
cost = sum(i in 0..n) nmax(stock[i],0);
forall(i in 1..n)
stock[i] = stock[i-1] + production[i] - demand[i];

In additionto expectationsye canconside otherextersions(e.g.we maytry to mini-
mize the maximum cost,or maximize the minimum profit).

5 Anexample

Let’s put all this together We will consicr a financial plannirg example from the
stochastirogammirg literature. Briefly, we have to divide our investmentportfdio
eachof 3 yearsbetweenstocksandbords. The market goes up or down with equal
probability. If the market goesup, bords return 100% profit but stocksreturn300%.
However, if the market goesdown, bords returnno prdfit (thowgh we keepthe prin-
cipal) andstockslooseall their value Our goalis to turn £5 into £25. The utility of
retuming morethan£25is thesurplustimesa constante. Theutility of retumingless
than £25 is the deficit times a negative constant,3. This problemis definedby the
following model:

int n = 3;

int Alpha = ..;
int Beta = ..;

int StockUp = 3;
int StockDown = -1;
int BondUp =
i nt BondDown

range Years O..

1
= O;
n-1;

var int bonds[ Years];
var int stocks[Years];
var int wealth[0..n];
stochastic var 0..1 market[Years] uniform
start
forall (i in Years)
start wealth[i] bonds[i] stocks[i] nmarket[i] end;
weal t h[ n]
end;

maxi m ze



expect ed Al pha*max(0, weal t h(n)-25) + Beta*m n(0, weal t h(n)-25)
subject to
weal t h(0)
forall (i i
weal t h(i
forall (i i
weal th(i)

5;
Year s)
= bonds(i)+stocks(i);
1..n)
= (1+StockUp) *stocks(i-1)*market (i-1) +
(1+BondUp) *bonds(i - 1) *market (i-1) +
(1+St ockDown) *st ocks(i-1)*(1-market (i-1)) +
(1+BondDown) *bonds(i-1)*(1-market(i-1));
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6 Compiling stochastic OPL

Stochasti®®PL modds canbe compled down to (regular) OPL modelswithout muc
difficulty by exploiting the scenaricbasednterpretationof stochasticcorstraintpro-
grams.

6.1 Stochastic variables

Fromthedeclaratims of the stochasticvariales andthe timeline,we cancompute the
possiblescenaris andtheir probabilities. We thenintroducenew decisiorvariabdesfor
eachof the possiblescenaris. To dothiswe needto introduceraggel arraysinto OPL.
Again, thesecaneasilybe compiledout, perhgsusingrecods. As anexamge, in the
financialplanring example thebonds arraycanbecompled down into thefollowing
declargions:

int Scenarios[0..2] =[1..1,1..2,1..4]]
var int bonds|[ Years, Scenari os];

Notethatbonds is now araggedarray with elementsbonds|[ 0, 1] ,bonds[ 1, 1],
bonds[ 1, 2] ,bonds][ 2, 1] ,bonds[ 2, 2] , bonds|[ 2, 3], andbonds|[ 2, 4] .
6.2 Hard constraints

Hard constrants needto be expardedout in termsof the different scenariosFor ex-
ample considetthehardconstrants:

forall (i in Years)
weal th(i) = bonds(i)+stocks(i);

Thisis compileddown into:

forall (i in Years)
forall(j in Scenarios[i])
weal th(i,j) = bonds(i,j)+stocks(i,j);



6.3 Chanceconstraints

We canrewrite charte corstraintsasreified sumconstraints.For exanple, considr
thechanceconstrainfrom the productionplannirg exanple:

forall (i in 0..n)
prob(demand[i] <= production[i]+stock[i]) >= 0.96;

Thisbecones:

forall (i in 0..n)
sum(j in Scenarios[i])
(Demand[i,j] <= production[i,j]+stock[i,j])*P[i,j] >= 0.96

WhereP[ i, j] is the probability of thej th scenariofrom Scenari os[i]. And
Demand[ i, j] isnolongeravariablebut anarrayof data,giving the valuetakenby
thestochasticvariableDermand[ i ] in thej th scenarioThus,

i nt Demand[ Years, Scenarios] = [[100, 101, 102, 103, 104, 105],
[100, 101, 102, 103, 104, 105], ..];

Notethatstochastiwariablesarecompletelyeliminatedby this mears. They areelim-
inatedin a similar fashionfrom hardcorstraints.

6.4 Optimized expectations

Objectivefundionsover stochastizvariablesor decisionvariadeswhich aredepeient
onstochasticvariabesarereplacedy their expectationin asimilarway. For examge,
in thefinancially planring exanple, we have the objectie:
maxi m ze
expect ed Al pha*max(0, weal th(n)-25) +
Bet a*ni n( 0, weal t h( n) - 25)
subject to

Thisis replacedy:
maxi m ze
sum(j in Scenarios[n])
P[n,j]l * (A pha*max(0, weal th(n,j)-25) +
Beta*mi n(0,weal th(n,j)-25))
subject to

WhereP[ n, j ] is agan theprobability of thej th scenaridrom Scenari os[ n] .



7 Conclusions

To modé combiratorial decisionprodemsinvolving uncetainty and probaility, we
have propsed*“stochasticconstraintprogammirg” [3]. This extends constrain pro-

granming with stochasticvarialles, chanceconstraits and optimizedexpectatims.
We have proposedextendng the OPL modelling language[1] with thesefeatues. We

have shovn haw they canbe compiledaway usingsomesimplerules.We arecurrerly

implementing stochastidOPL asa compilerto OPL. Futurework includes otherlan-
guage extensims (e.g. optimization fundionslike maxinizing the minimum of some
objectie function, and dependenciedetweenstochasticvariables),and compilatian

optimizations(e.g efficienciesin thesizeof thecompiledOPL model).
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