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Abstract. Expertsat modelling constraintsatisfaction problems(CSPs)care-
fully choosemodel transformationsto reducegreatly the amountof effort that
is requiredto solve a problemby systematicsearch.It is a considerablechal-
lengeto automatesuchtransformationsand to identify which transformations
areuseful.Transformationsincludeaddingconstraintsthatareimplied by other
constraints,addingconstraintsthateliminatesymmetricalsolutions,removing re-
dundantconstraintsandreplacingconstraintswith their logicalequivalents.This
paperdescribesthe CGRASS (ConstraintGenerationAnd Symmetry-breaking)
systemthatcanimprove a problemmodelby automaticallyperformingtransfor-
mationsof thesekinds.Wefocushereon transformingindividual CSPinstances.
ExperimentsontheGolumbRulerproblemsuggestthatproducinggoodproblem
formulationssolely by transformingprobleminstancesis, generally, infeasible.
We arguethat, in certaincases,it is betterto transformthe problemclassthan
individual instancesand, furthermore,it can sometimesbe betterto transform
formulationsof a problemthataremoreabstractthanaCSP.

1 Intr oduction

Constraintsatisfactionis a successfultechnologyfor tacklinga wide varietyof search
problemsincludingresourceallocation,transportationandscheduling.Constructingan
effective modelof a constraintsatisfactionproblem(CSP)is, however, a challenging
taskasnew userstypically lack specializedexpertise.Onedifficulty is in identifying
transformations,which are sometimescomplex, that candramaticallyreducethe ef-
fort neededto solve the problemby systematicsearch(see,for example,[9]). Such
transformationsincludeaddingconstraintsthatareimplied by otherconstraintsin the
problem,addingconstraintsthat eliminatesymmetricalsolutionsto the problem,re-
moving redundantconstraintsandreplacingconstraintswith their logical equivalents.
Unfortunately, outsidea highly focuseddomainlike planning(see,for example,[3]),
therehasbeenlittle researchon how to performsuchtransformationsautomatically.

Ourinitial focusis ontheutility of transformingindividualCSPinstances.Weshow
how Bundy’s proof planning[1] technologycanbeextendedandadaptedto this task.
TheCGRASS system(ConstraintGenerationAnd Symmetry-breaking)is describedand
its operationillustratedontheGolombrulerproblem[9], adifficult combinatorialprob-
lem with many applications.Our resultssuggestthatmakingtransformationsto single



probleminstancesaloneis not generallypractical.We arguethatit is essentialto make
transformationsat the level of abstractionat which they aremoststraightforward.For
example,we might alsoconsiderquantifiedconstraintexpressionsandhigh level de-
scriptionsof anentireproblemclass. CGRASS providesanextensibleplatformwhich
will, in future,supporttransformationsatmultiple levelsof abstraction.

2 Proof Planning

Proof planningis a techniqueusedto guidethe searchfor a proof in automatedtheo-
rem proving. Commonpatternsin proofsareidentifiedandencapsulatedin methods.
Proofplanninghasoftenbeenassociatedwith “rippling”, apowerful heuristicfor guid-
ing searchin inductive proof. However, proof planningcaneasilybeadaptedto other
mathematicaltaskslike finding closedform sumsto seriesor, ashere,transforming
constraintsatisfactionproblems.

A proofplannerlikeCLAM [2] takesagoalto prove,andselectsfrom adatabaseof
methodsonewhichmatchesthisgoal.Theproofplannerchecksthatthepre-conditions
of the method(which area sequenceof statementsin a meta-logic)hold. If the pre-
conditionshold thenthe proof plannerexecutesthe post-conditions(which arealsoa
sequenceof statementsin the meta-logic).This constructsthe output goal or goals.
A typical methodis theinduction method,whoseinput is a universallyquantified
goal,andwhosepreconditionsthenselecta suitableinductionvariable,andinduction
scheme.Theoutputof theinduction methodareappropriatebaseandstepcases.

Proofplanningoffersseveralpotentialadvantagesoverothertheoremproving tech-
niquesfor the taskof transformingCSPsautomatically. First, methodscan be given
verystrongpreconditionsto limit thetransformationsto thosethatarelikely to produce
aproblemthatis simplerto solve.Second,methodscanactataveryhigh level.For ex-
ample,they canperformcomplex rewriting, simplifications,andtransformations.Such
stepsmight requirevery longandcomplex proofsto justify at thelevel of individual in-
ferencerules.And third, thesearchcontrol in proof planningis cleanlyseparatedfrom
theinferencesteps.We canthereforetry out avarietyof searchstrategieslikebest-first
searchor limited discrepancy search.

3 Extensionsto Proof Planning

Whilst proof planninghasa numberof featuresthatmake it well suitedto the taskof
transformingCSPs,in constructingCGRASS we have hadto extendit alonga number
of dimensionsto dealwith thefollowing issues:

Non-monotonicity: Someof CGRASS’ methodsaddnew constraints,whereasothers
replacea constraintby a tighterone,or eliminateredundantconstraints.Thecon-
straintsetmaythereforeincreaseor decrease.Hence,we replacethemethod‘out-
put’ by ‘add’ and‘delete’ lists asusedin classicalplanning.

Pattern matching: Existingproofplannerstypicallyusefirstorderunificationto match
a method’s inputagainstthecurrentgoalor subgoal.CGRASS usesaricherpattern
matchinglanguagespecialisedto thetaskof reasoningaboutsetsof constraints.



Looping: Unlessamethoddeletessomeof its inputconstraints,its preconditionscon-
tinueto hold,allowing repeatedfiring. We incorporatedanhistorymechanisminto
CGRASS to preventthis.

Termination: Previousapplicationsof proof planninghavea clearterminationcondi-
tion: goalsarereducedto subgoalsuntil all areproven.In transformingCSPsit is
lessclear. Wemustdecidewhento stopmakingtransformationsandstartsearching
for ananswer. CGRASS’ methodscurrentlyhave strongenoughpreconditionsthat
they canberunto exhaustion.We mayin thefuturehaveto addanexecutivein the
styleof aproofcritic [6] whichterminatesCGRASS whenfuturerewardslook poor.

Constraint utility: CGRASS usesmeasureslike constraintarity andtightnessto elim-
inate obviously uselessconstraints.We are inventingheuristicsto help with the
difficult decisionasto whichof theremainingderivedconstraintsto keep.

Explanation: In orderfor the userto seehow a new modelwasderived,we adapted
the existing proof planningtactic mechanism.CGRASS’ tacticswrite out text ex-
plainingtheapplicationof themethods.

4 CGRASS

Theimplementation(in Java)of CGRASS discussedheretakesaprobleminstanceasin-
put.We aredevelopinganimplementationwhichwill consideranentireproblemclass.
CGRASS’ input consistsof a finite setof initial instancevariables,eachwith anassoci-
atedfinite domain(eitherexplicitly or asbounds)andconstraintsover thesevariables.
Output is createdin the samesimple format. Hence,very little effort is necessaryto
translateCGRASS’ outputinto therequiredinput for a varietyof existingsolvers.

Internally, CGRASS workswith a simplifiedsyntax,not only to promoteefficiency,
but also to reducethe numberand complexity of methodsneeded.For example,in-
equalitiesarealwaysrearrangedinto the form ����� or ���	� . Hencethe input to a
methodnever hasto match ��
�� or ��
�� , halving thenumberof methodsin some
cases.A furtherexampleis thatsubtractionis replacedby asumandacoefficientof -1.
Theserestrictionsarenot placedupontheinput.

4.1 Normalisation

CGRASS transformstheconstraintsetinto a normalform, inspiredby thatusedin the
HARTMATH computeralgebrasystem1. A normal form is necessaryto dealwith as-
sociative andcommutative operators.It allows us, to an extent, to replacethe testfor
semanticequivalencewith amuchsimplersyntacticcomparison.Thenormalform used
is a combinationof a lexicographicorderingwithin individual constraintsandthecon-
straintsetasa whole,andcertainsimplifications.

We definea total orderover the typesof expressionsthat CGRASS supports.The
constraintsetis transformedinto a minimal statewith respectto this order. Constants
areat thetop of theorder, followedby variables,fractions,sumsandproducts.Further
down the order are constrainttypessuchas equalities,inequations,inequalitiesand

1 http://www.hartmath.org



specialconstraintssuchas‘all-dif ferent’.Expressionsof differenttypeareorderedvia
their positionin theorder. Expressionsof thesametypeareorderedrecursively; each
typehasanassociatedmethodof self-comparison.Thebasecaseis wheretwo constants
or two variablesarecompared.In theformercase,thecomparisonis by value,with least
first andin thelatter thecomparisonis lexicographicallyby name.Sumsandproducts
arerepresentedin a ‘flattened’form, hencetheir argumentsaresimply sortedusingthe
above comparisonto maintaina lexicographicorder. Similarly, the lexicographically
leastsideof anequationor inequationis forcedto betheleft handside.

Considerthefollowing example:

������������ ���������
����� �!����" � �#���%$�����&

In normalform:

� & �'�!��� $ � � " �(�!��� �
� � ��� � �� � � ��� �

Equality is higher in the type order thanan inequation,hencethe re-orderingof the
two constraints.The sumsare orderedinternally and recursively, then re-orderedas
appropriateto theconstraint.

Simplificationproceduresconsistof the collectionof like terms,cancellationand
theremoval of commonfactors.Considerthefollowing example:

�!��)*��� $ ��+,��� & � )*��� $ ��� " � �!� �!�()*�-� $
Following lexicographicalordering,we collecttheconstantsandoccurrencesof � $ :

+,����&��/.0�!���%$ � +*����" �/.0� ���1$
Next we performcancellation:

+,��� & � +*��� "
Finally, we removethecommonfactor:

��& � ��"
Lexicographicorderingand simplification are interleaved until no further changeis
possible.They reducetheworkloadof CGRASS substantially, bothin providing a syn-
tactic test for equalityandavoiding suchsimplification routinesbeingwritten asex-
plicit methods.Thelattersaving is substantial:a largermethodbasemeansmorework
in matchingagainsttheconstraintsetat eachiterationof the CGRASS inferenceloop.
Normalisation,on theotherhand,is performedimmediatelywheneverpossible.

5 Methods

We illustratethe methodscurrentlyimplementedin CGRASS by meansof a small in-
stanceof the Golombruler problem.Petervan Beekhasproposedthe Golombruler



problemasa challengingconstraintsatisfactionproblemfor theCSPLibbenchmarkli-
brary(availableasprob006 athttp://www.csplib.org). A Golombruler is a
setof 2 ticksat integerpointsonarulerof length 3 suchthatall theinter-tick distances
areunique.The longestknown optimal ruler has21 marksandis of length333.Such
rulershave practicalapplicationsin radioastronomy. Smithet al. [8] usedtheGolomb
ruler asthebasisof aninterestingexercisein modellingCSPsandidentifieda number
of impliedconstraintsby hand.

Webegin with aconcisemodelof theproblemwith 2 ticksrepresentedby variables
� $5476869684 ��: , eachwith domain ; 0, ..., 2 &=< :

minimise: 3?>@��ACBD��AFE
;HG%I 4KJL4CM%4CNPO�Q . 4 2%RPS!BT� APU �WV��� ��X U ��YZEP[7BDI*�� J EP\]B M �� N EP\^BDI!�� M`_�J �� N E <

Takenliterally, this is apoormodel.Theconstraintsarequaternary, andwill bedelayed
by mostsolvers.Thereis alsoa largeamountof symmetrypresent.However, it serves
to illustratehow CGRASS canmakea substantialimprovementto abasicmodel.

We focuson the3-tick ruler for thepurposeof this example.Thebasicmodelpro-
duces30 constraints.CGRASS’ initial normalisationof the constraintsetimmediately
reducesthisnumberto 12.This is achievedin two ways.Firstly, constraintswith reflec-
tion symmetryacrossan inequationareidenticalfollowing normalisation,henceonly
onecopy is kept.Secondly, somecancellationis possible,suchasin thefollowing case:

� $�U � & �� � $ U � "
Following cancellationandremoval of the commonfactor, we get the muchsimpler
form, to which severalinput constraintsreduce.

� & �� � "
Hence,a largesaving is madebeforeCGRASS hasperformedany methodapplication.
Table 1 presentsthe stateof the problemat this point. The ‘minimise’ statementis
omittedthroughoutfor brevity.

a�b#cd afe a�b#cd aWg afe,cd aWga bPh a e cd a eih a b a bjh a e cd a ekh a g a bPh a e cd a gih a ba bPh a g cd a eih a b a bjh a g cd a gih a b a bPh a g cd a gih a eafe h a�b#cd aWg h afe aWe h aWglcd aWg h a�b afe h aWglcd aWg h aWe
Table1. 3-tick GolombRuler. Initial statefollowing normalisation.

5.1 Symmetry

Often themostusefulconstraintscanonly bederivedwhensomeor all symmetryhas
beenbroken.Hence,CGRASS attemptsto detectandbreaksymmetrywith new con-
straintsasa pre-processingstep.It begins by looking for symmetricalvariables,i.e.



pairsof variableswith identicaldomainssuchthat,if all occurrencesof this pair in the
constraintsetareexchangedandtheconstraintsetis re-normalised,it returnsto its orig-
inal state.Candidatevariableswith a uniform numberof occurrencesin theconstraint
setarefirst groupedtogetherbeforecomparisonsaremade.Thetransitivity of symme-
try is usedto compareassmalla numberof pairsof variablesaspossible.Efficiency is
furtherimprovedby makingpairwisecomparisonsof normalisedconstraintsets.

This processpartitionsthe variablesinto symmetryclasses.The elementsof each
classare formed into a list, and orderedlexicographically. Symmetryis broken by
addingweakinequalitiesbetweenadjacentvariablesin eachlist, e.g. � $ �	� &L4 � & �
� "L4768696 We avoid addingconstraintsbetweenall pairs,sincesimpleboundsconsistency
maintainsconsistency on the transitive closure.The inequalitiesarenot impliedsince
they do not follow from theinitial model.However, symmetrybreakingconstraintsare
usefulbothfor reducingsearchandfor generatingfurtherimpliedconstraints.

Symmetrytestingon our examplerevealsthatthevariables� $=4 � & and � " aresym-
metrical,hencetheconstraintsbelow areadded:

� $ �'� &
� & �'� "

It is alsopossibleto identify symmetriesamongnon-atomicterms.This is poten-
tially anexpensiveprocess,henceCGRASS adoptsaheuristicapproach,only comparing
termsthatarelikely to besymmetrical.Theseheuristicsarebasedonstructural equiva-
lence. Two termsarestructurallyequivalentif they areidenticalwhenexplicit variable
namesin eacharereplacedwith acommonindistinguishablemarker. For example,

�1$
� & ��� " 4

���
� � ��� �

become: m
m � m 4

m
m � m

andarethereforestructurallyequivalent.Eachpair of variables,� $ and � � , � & and � � ,
and � " and � � areexchangedthroughouttheconstraintsetbeforere-normalisationand
a checkfor equivalence.This processdoesnot reveal any further symmetriesin the
exampleproblem,but is usefulin general(see[4], for example).

CGRASS cannow fire thestrengthenInequalitymethod,aspresentedin fig-
ure1. This is oneexampleof anumberof simplebut usefulmethodsto which CGRASS

ascribesa high priority duringmethodselection.Otherexamplesarevariousinstances
of thenodeConsistency andboundsConsistency methodswhich dealwith
thefiltering of domainelements.Thesemethodsarenotonly cheapto fire, but oftenre-
sult in a reductionin thesizeof theconstraintset.This promotesefficiency by leaving
fewerconstraintsfor themorecomplicatedmethodsto attemptto matchagainst.

Indeed,theboundsConsistency methodcannow fire, pruningthedomainsof
� $ , � & and � " accordingto their strict ordering.This leavesthe problemin the state
aspresentedin table2. Note that theconstraint� $ �� � " is now redundant.Onecould
foreseethe addition of a relatively simple methodthat takes as input a set of strict
inequalitiesandaninequationin orderto detectandremovesucha redundancy.



Preconditions:

1. Thereexist two expressions,a?cdon and aqp n
Postconditions:

1. Add a new constraintof theform, aqr n
2. Deletea?cdon and a�p n

Fig.1. ThestrengthenInequality method.

a bts �7u5vwv x � a e�s �=yzv{v | � a g�s �7}5v{v ~ �a b r�a e a e r�a g a b cd a ga�b h afe,cd afe h a�b a�b h afe,cd afe h aWg a�b h afe,cd aWg h a�ba�b h aWglcd afe h a�b a�b h aWglcd aWg h a�b a�b h aWglcd aWg h aWea ekh a b cd a gth a e a eih a g cd a gih a b a ekh a g cd a gih a e
Table 2. Statefollowing symmetry-breaking,boundsconsistency.

5.2 Intr oduce

Themodelasit standsstill contains9 quaternaryconstraints.Onepowerfulmeansof re-
ducingthearity of theseconstraintsis to introduceoneor morenew variableswhichthe
eliminate method(seebelow) thenusesto replacesub-termswithin them.There-
fore, we have developedtheintroduce method,aspresentedin figure2. Sincethis

Preconditions:

1. Thereexistsa sub-term,Exp, with arity greaterthan1 thatoccursmorethanonce.
2. someVariable = Exp is notalreadypresent.

Postconditions:

1. Generatea new variable,a , with domainderivedfrom Exp.
2. Add a constraintof theform a d Exp.

Fig.2. Theintroduce method.

methodintroducesnew terms,it hasa potentiallyexplosive effect. CGRASS therefore
only attemptsto apply it whenall thesimplermethods,which tendto have a reductive
effect, are inapplicable.In addition,complex preconditionsare attachedto intro-
duce to prevent its applicationunlessthereis strongevidencethat the new variable
will beuseful.First of all, we insist that thesub-term,Exp, underconsiderationhasan



arity (i.e. thenumberof differentvariablesit contains)of at least2: thereis little point
in addinga new variablewhich is asimpleexpressionof onealreadyin existence.

Secondly, variableswith a higher numberof occurrenceshave a wider reaching
effect whenpropagationis performedon them.We requireExp to occurat leasttwice
in theconstraintsetbeforeit canbeconsideredfor replacementby a variable.Finally,
we checkthat someothervariableis not alreadydefinedto be equalto Exp. If these
conditionsaremet,CGRASS generatesa new variable,� , calculatingtheboundsof its
domainfrom theupperandlowerboundson Exp.

5.3 Eliminate

Thesub-term� $*U � & in theexamplemeetsthe input preconditionsof introduce.
CGRASS bindsanew variable,�z� , to it with domain; -8 .. 6 < . In orderto makeuseof ��� ,
however, thecompanioneliminatemethodis necessary. Therearemultipleversions
of eliminate, usingequalities(figure 3) andinequalitiesto performGaussian-like
eliminationof a particularsub-term.

Preconditions:

1. Thereexistsa constraintLhs= CommonExpsuchthatCommonExpis alsopresentin
a constraint,� , in theconstraintset.

2. Constraint� new is obtainedby replacingall occurrencesof CommonExpby Lhs in � .
3. Thecomplexity of � new is lessthanthatof � .
4. � new is notobviously redundant.

Postconditions:

1. Add � new to theconstraintset.
2. Remove � from theconstraintset.

Fig.3. TheEliminate(equality) method.

As perintroduce, theuncontrolledapplicationof eliminate canresultin an
explosionin thesizeof theconstraintset,hencethestrongpre-andpost-conditionson
this method.Theresultingconstraintmustbeof lowercomplexity (i.e. smallernumber
of constituentterms)thantheoriginal.Also, weperformsimplechecksfor redundancy
suchas0 arity (e.g. .���� ) or, in the caseof equality, the left handsidebeingequal
to theright handside.Finally, wheneliminatingwith equalitytheoriginal constraintis
removedfollowing eliminationin orderto avoid clutteringtheconstraintset.Elimi-
nate is oneof themethodsthatmustbeexhaustedbeforeintroduce canfire again.
Sinceeliminate simplifiestheconstraintset,it reducesthechanceof sub-termsre-
curring,preventingthepreconditionsof introduce beingmetprematurely.

Following the introductionof �z� � � $`U � & in the example,variousinstancesof
eliminate canfire. For instance,wecaneliminate� $ in favourof � & in thisequation



using � $ ��� & to give: �z����� . This is a unaryconstraintwhich is immediatelyused
to trigger thenodeConsistency method,reducingthe domainof �z� to ; -8 .. 0 < .
We canalsosubstitute�z� into a numberof the quaternaryinequations,reducingthe
complexity of each.This leavestheproblemin thestatepresentedin table3.

a b�s �7u5vwv x � a e�s �=yzv{v | � a g�s �7}5v{v ~ �a b r�a e a e r�a g a b cd a g�7� d a�b h afe �H�lcd afe h aWg �H�`cd aWg h a�ba�b h aWglcd aWg h a�b a�b h aWglcd aWg h afe a�b h aWglcd h �H�a ekh a g cd a gth a b a eih a g cd a gih a e a gih a e cd h � �
Table 3. Statefollowing introductionof andeliminationwith �H� .

5.4 All-differ ent

CGRASS now introduces,andeliminateswith, a further two variables,�5$ � ��& U ��"
and � & � � "�U ��. . This leadsto themuch-improvedsituationpresentedin table4. One

a�b s �7u5vwv x � afe s �=yzv{v | � aWg s �7}5v{v ~ �a b r�a e a e r�a g a b cd a g� � d a bPh a e � b d a ekh a g � e d a gth a b�H��cd �0b �7�`cd �7e �0b#cd �7e
Table 4. Statefollowing introductionof andeliminationwith � � .

furthermethodavailableto CGRASS is genAllDiff which, asits namesuggest,at-
temptsto generateanall-differentconstraintfrom acliqueof not-equalsconstraints.An
all-differentconstraintis desirablebecauseof thepowerful propagationmethodsavail-
ablefor it within constraintsolvers[7]. Sincemaximal-cliqueidentificationis anNP-
completeproblem,CGRASS usesagreedyprocedureto quickly find aslargeacliqueas
possible.Typically this is themaximalclique.

ThegenAllDiff methodtakesasinput thesubsetof all inequationswith single
variableson both the left and right handsides.The greedyproceduretraversesthis
subset,generatinga list for eachvariableof the variableswith which it is not equal.
Startingwith thosevariablesassociatedwith the largestlists, it attemptsto determine
whetherthey form a clique. If a variableis not part of the currentclique it is thrown
out. If the clique is reducedto a singlevariable,the procedurelooks for the variables
associatedwith thenext largest-sizedlists,andsoon.

In theexample,genAllDiff successfullyreplacestheinequationsinvolving the �
variableswith asingleall-differentconstraint.This leadsto thefinal problemstate(see
table5). Thismethodhasa lowerpriority thanintroduce: waiting for introduce
to beexhaustedmaximisesthechanceof finding thelargestcliqueof inequations.



a bts �7u5vwv x � a e�s �=yzv{v | � a g s �7}5v{v ~ �a b r�a e a e r�a g a b cd a g�7� d a�b h afe �0b d afe h a�g �7e d aWg h a�b
all-different(�H�����0b����7e )

Table 5. Final state.

6 Results

We comparedthe performanceof Ilog Solver on basicand transformedmodelsof 5
instancesof theGolombruler problem.Thetransformedmodelsaresimilar to theone
presentedin table5. The resultsarepresentedin table6. The smallestinstancesare
so easyto solve that it is not worth the effort of transformation.For larger instances,
however, thetransformedmodelbecomessignificantlyeasierto solve, with thegapin
performanceincreasingrapidlywith 2 .

The sizeof the input generatedfrom the basicmodelalso increasesdramatically
with 2 . For instance,2 � ) generates870constraints.This is accompaniedby amarked
increasein the time requiredby CGRASS to make the transformations.On the small
instancestested,this meansthat thetotal time for transformationandsolutionexceeds
thetime for solutionof thebasicmodelalone.However, thetime requiredby CGRASS

as 2 increasesgrowsmoreslowly thanthetime takento solve thebasicmodel.Hence,
at larger(andthereforemoreinteresting)valuesof 2 , anetbenefitcanbeexpected.

Model 3 ticks 4ticks 5 ticks 6 ticks 7 ticks
Basic Fails 10 103 3632 111094 -

Choice-points 12 107 3637 111101
Time 0.06s 0.06s 0.4s 28.8s

Transformed Fails 3 7 55 374 3611
Choice-points 5 10 59 381 3618

Time 0.05s 0.05s 0.06s 0.1s 0.3s

Table6. Results:GolombRuler. Dashindicatesproblemunsolvedwithin 1 hour.

Onemeansof overcomingtheproblemof overwhelmingCGRASS with alargenum-
berof constraintsderivedfrom a basicmodelis to useit interactively. Giventhefinal
modelof the3-tick ruler, it is not difficult for a humanto seehow this modelcouldbe
generalisedto 2 ticks.Thecomparativeresultsof thebasicandfinal modelspresented
in table6 indicatethattheeffort expendedonsuchaprocesscouldeasilybejustifiedas
2 growslarger.



7 Reasoningat Higher Levelsof Abstraction

If we wish to make automatictransformationsefficiently, however, we must lift our
reasoningto a higherlevel. Direct supportfor quantifiedconstraintexpressionswould
immediatelyreducethesizeof theinput to two constraintsin our example:

minimise: 3?>@� A BD� A E
;HG%I 4KJL4CM%4CNPO�Q . 4 2%RPS!BT� APU �WV��� ��X U ��YZEP[7BDI*�� J EP\]B M �� N EP\^BDI!�� M`_�J �� N E <

Althoughwriting methodswould typically becomplicatedby theneedto supportquan-
tified constraints,sometransformationsareverystraightforwardat this level of abstrac-
tion. For example,thegenAllDiff methodrequiresjust thefollowing simpleinput.

G%I 4�J I-� Jq� � A �� �WV
Comparethis with therelatively complicatedprocessoutlinedin section5.4.

A further benefitis the ability to reasonaboutan entireclassof problemsrather
thanparticularinstances.The classof GolombRuler problems,parameterisedby the
numberof ticks 2 , canbedescribedby thepair of constraintsabove.Hence,all trans-
formationsmadeat this level of abstractionarevalid for thewholeproblemclass.This
is clearlymoreefficient thanrepeatinga largeamountof work for eachinstanceunder
consideration.This is not to saythatwe shouldabandonreasoningaboutproblemin-
stancesaltogether, however. It is likely thatsometransformationswill bevalid only for
asubsetof theinstancesof aclass.Therefore,we intendto extend(ratherthanreplace)
therangeof transformationsCGRASS canmake to supporttransformationsat thelevel
of abstractionat which they aremoststraightforward.

7.1 A Higher Level Input Language

Evenfollowing theintroductionof quantifiedconstraintexpressions,sometransforma-
tionsremaindifficult. Oneof thekey transformationsmadein section5wasto recognise
thesymmetryof thetick variablesandbreakthissymmetryvia theintroductionof weak
inequalities.By inspection,it is clearthatdetectingthissymmetrygivenonly thequan-
tified problemrepresentationis adifficult task.For this reason,webelieve thatahigher
level input language,perhapsalongthelinesof OPL [10], is necessary.

This sectiondescribeshow we might transforma high level descriptionof the
GolombRuler probleminto (a family of) instancessuitablefor input to a constraint
solver. We begin with anEnglishdescriptionof thisproblem:

– Put 2 ticks on a ruler of size 3 suchthat all the inter-tick distancesareunique.
Minimise 3 .

We cannotexpectCGRASS to work with this level of input,hencetheusermustmake
the initial transformationshown below. We arguethat this is lesswork thanproducing
thequantifiedinput statementusedpreviously. It is certainlymorenaturalto beableto
write a modelin termsof ‘distance’.



1. Find ����;z� 4�6968684 3 < subjectto:
2. Minimise 3
3. [ ��[ � 2
4. ; distance(;z� 4 � < ) �� distance(;z��� 4 �W� < ) [H;�� 4 � < �'� , ;���� 4 �W� < �'� , ;�� 4 � < �� ;���� 4 �W� <L<
5. distance(;�� 4 � < ) = [ � U �1[

Notethat ;�� 4 � < denotesasetof size2.
This descriptionis not a constraintsatisfactionproblem,henceit is not yet suitable

for input to asystemlike Ilog’sSolver. Wewill userefinementrulesin orderto moveto
lower levelsof abstractionasnecessary. A straightforwardrefinementfrom this initial
representationwouldproduceareasonableinputmodel.Already, wegainoverprevious
attemptsbecauseindicesinto asetarenotdefined.This is asymmetrywecanbreakvia
inequalitiesaswe createit, whencreatinga variableperelement.However, wewish to
continueto work at this high level for aslong aspossibleso that our transformations
hold for all Golombrulers.

Giventherecurrenceof distance(;�� 4 � < ), it is naturalto introducea setof distance
variables.

6. ;z�@��� = distance(;z� 4 � < ) [�;�� 4 � < �(� <
Substituting(6) into (4) gives:

7. ;z�@������ �@�z�w�H�i[=;z� 4 � < �'� , ;�� � 4 � � < �'� , ;z� 4 � < �� ;�� � 4 � � <�<
It shouldnot bedifficult to noticethat (7) definesa clique.A lifted versionof our all-
differentintroductionmethodwould produce:

8. all-diff( ;0�L�z��[�;z� 4 � < �(� < )
Next, weneedageneralrefinementrule:

– To pick asubsetof size 2 from aset   of size 3 , totally orderedby � , introducea
set ¡ of 2 variables,;0¢ $04�6968684 ¢z: < . Thedomainof each¢ A is   . Wecouldconceivably
build in the simpleboundsconsistency argumentinto this, e.g. ¢ $ ��3 U 2£�¤. .
Assignmentsto variablesin ¡ mustalsoform asettotally orderedby � with respect
to theirsubscripts.Thatis, wehaveconstraints¢=$,�¥¢z&�� 68686 ��¢ : .

Applying this rule:

9. AssignS=;0¢=$ 4 ¢�& 476869684 ¢ : < , whereeach¢zA hasdomain ;z� 476869684 3 < .
¢ $ ��¢ & � 69686 �/¢�: .

10. ;z� A V = distance(;=¢ AK4 ¢HV < ) [�;0¢ A�4 ¢�V < ��¡ <
11. all-diff( ;0� A V�[�;=¢ A¦4 ¢HV < �/¡ < )
Thedomainof each¢zA is boundedabove by 3 which, from (2), we aretrying to min-
imise.

12. Minimise(maximalelementof ¡ )

Straightforwardly from (9) and(12):



13. Minimise(¢z: )
Substituting(5) into (10)gives:

14. ;z� A V = [ ¢ A1U ¢HV@[�[5;0¢ A�4 ¢�V < ��¡ <
Refining(11)and(14) from setsto orderedpairs:

15. all-diff( ;0� �z� [��(� 4 ��
	�¥¡'§¨¡ 4 I�� J < )
16. ;z� A V = [ ¢ A1U ¢HV@[�[���¢ A¦4 ¢HVl
	�¥¡'§¨¡ 4 I�� J <
In (16)we have ¢zAt�¥¢ V . Fromthesemanticsof absolute,we canre-write:

14. ;z� A V = ¢HV U ¢ A [��/¢ A�4 ¢�V�
��/¡'§?¡ 4 I-� J <
The final problemstateis as follows. It is equivalent to the final representation

obtainedin section5, but holds for the entireproblemclass.Symmetryamongstthe
tick variableshasbeenbroken,andall-differentdifferencevariablesfor the inter-tick
distanceshavebeenintroduced.

– AssignS=;0¢ $z4 ¢ &�476869684 ¢z: < , whereeach¢ A hasdomain ; 0, ..., m < .
¢=$,��¢z&`� 69686 �/¢ : .

– Minimise(¢ : )
– ;z� A V = ¢HV U ¢ A [��/¢ A�4 ¢�V�
��/¡'§?¡ 4 I-� J <
– all-diff( ;0� �z� [��(� 4 ��
	�¥¡'§¨¡ 4 I�� J < )

Working with a higher level input languagehasallowed us to avoid the problem
of detectingsymmetryby makinguseof sets.We have alsoretainedtheadvantageof
making valid transformationsfor the whole problemclass.Furthermorewe avoided
theoverwhelmingsizeof theinput that inevitably causesproblemswhentransforming
naive representationsof individual instances.The useof refinementrules allows us
to move to progressively moreconcretelevels of abstractionasnecessaryto perform
transformationsat theappropriatelevel.

8 Conclusions

WehavedescribedCGRASS, asystemfor theautomatictransformationof anaivemodel
of a constraintsatisfaction probleminto one that requiressignificantly lesseffort to
solve. CGRASS adoptsa proof planningstyle architecture,transforminga modelvia
the applicationof methodswhich encapsulatemodelling expertise.The openended
natureof thesearchfor a goodmodelnecessitatedseveralextensionsto standardproof
planning,suchas the ability to supportnon-monotonicityand prevent looping. The
setof methodsdescribedhereshouldbe viewed asa representative sample.It is not
completein any sense,andwewill continueto extendit in future.

Thecurrentimplementationof CGRASS is ableto transformindividualproblemin-
stancesonly. Resultsobtainedfrom experimentson theGolombRulerproblemsuggest
that this approachis impracticalin general.We have discussedthe needfor the abil-
ity to reasonat multiple levelsof abstraction,sinceattemptinga transformationat the
‘wrong’ level canprove extremelydifficult. We have outlinedhow the GolombRuler



might be effectively transformedfrom a high level descriptioninto a goodmodel.A
principle elementof future work is to extend CGRASS’ setof methodsto allow it to
reasonat higherlevelsof abstraction.In addition,wewill introducerefinementrulesto
movefrom higherto lower levelsof abstractionasnecessary.

As afurtherpieceof futurework, wewill alsoconsiderwhetherCGRASS’ methods
canbeimplementedvia constrainthandlingrules[5]. Possibleobstaclesincludemore
complex patternmatching,the useof best-firstsearchas the methodbasegrows in
complexity, andtheuseof anexecutivewhich decideswhento stopinferring andstart
searching.

AcknowledgementsThisprojectis supportedby EPSRCGrantGR/N161292. Theau-
thorswish to thankBrahimHnich for discussionsaboutgeneratingimplied constraints
automatically. JulianRichardson’sadaptationof PRESSto manipulateinequalitiesand
its successat generatinga numberof implied constraintsautomaticallyinfluencedour
approach.

References

1. A. Bundy. A scienceof reasoning.In J-L. LassezandG. Plotkin, editors,Computational
Logic: Essaysin Honor of Alan Robinson, pages178–198.MIT Press,1991.

2. A. Bundy, F. van Harmelen,C. Horn, andA. Smaill. The Oyster-Clam system. In M.E.
Stickel, editor, 10th International Conferenceon AutomatedDeduction, pages647–648.
Springer-Verlag,1990.LNAI 449.

3. M.D. Ernst,T.D. Millstein, andD.S.Weld. AutomaticSAT-compilationof planningprob-
lems. In Proceedingsof the 15th InternationalJoint Conferenceon Artificial Intelligence,
pages1169–1176,1997.

4. A.M. Frisch,I. Miguel, andT. Walsh. Extensionsto proof planningfor generatingimplied
constraints.In Proceedingsof Calculemus-01, pages130–141,2001.
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