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Abstract. Expertsat modelling constraintsatistction problems(CSPs)care-
fully choosemodeltransformationgo reducegreatly the amountof effort that
is requiredto solve a problemby systematicsearch.t is a considerablechal-
lengeto automatesuchtransformationsand to identify which transformations
areuseful. Transformationsncludeaddingconstraintdhatareimplied by other
constraintsaddingconstraintghateliminatesymmetricakolutions removing re-
dundantconstraintsandreplacingconstraintswith their logical equivalents.This
paperdescribeghe CGRASS (ConstraintGenerationAnd Symmetry-breaking)
systemthatcanimprove a problemmodelby automaticallyperformingtransfor
mationsof thesekinds. We focushereon transformingndividual CSPinstances.
Experimentonthe GolumbRulerproblemsuggesthatproducinggoodproblem
formulationssolely by transformingprobleminstancesds, generally infeasible.
We arguethat, in certaincasesijt is betterto transformthe problemclassthan
individual instancesand, furthermore,it can sometimese betterto transform
formulationsof a problemthataremoreabstracthana CSP

1 Intr oduction

Constraintsatisfctionis a successfutechnologyfor tackling a wide variety of search
problemsincludingresourcellocation transportatiorandschedulingConstructingan
effective modelof a constraintsatishction problem(CSP)is, however, a challenging
taskasnew userstypically lack specializedexpertise.One difficulty is in identifying
transformationsyhich are sometimescomple, that can dramaticallyreducethe ef-
fort neededo solve the problemby systematicsearch(see,for example,[9]). Such
transformationsnclude addingconstraintghat areimplied by otherconstraintgn the
problem,addingconstraintsthat eliminate symmetricalsolutionsto the problem,re-
moving redundantonstraintsandreplacingconstraintswith their logical equivalents.
Unfortunately outsidea highly focuseddomainlike planning(see,for example,[3]),
therehasbeenlittle researcton how to performsuchtransformationsutomatically
Ourinitial focusis ontheutility of transformingndividual CSPinstancesWe show
how Bundy’s proof planning[1] technologycanbe extendedandadaptedo this task.
The CGRASs system(ConstrainiGeneratiorAnd Symmetry-breakingis describedand
its operationllustratedonthe Golombruler problem[9], adifficult combinatoriaprob-
lemwith mary applicationsOur resultssuggesthatmakingtransformationgo single



probleminstancesloneis not generallypractical.We arguethatit is essentiato make
transformationst the level of abstractiorat which they are moststraightforvard. For
example,we might also considerquantifiedconstraintexpressionsaand high level de-
scriptionsof anentire problemclass CGRASS providesan extensibleplatformwhich
will, in future,supporttransformationst multiple levels of abstraction.

2 Proof Planning

Proof planningis a techniqueusedto guidethe searchfor a proofin automateaheo-
rem proving. Commonpatternsin proofs areidentified and encapsulateth methods
Proofplanninghasoftenbeenassociateavith “rippling”, a powerful heuristicfor guid-
ing searchin inductive proof. However, proof planningcaneasilybe adaptedo other
mathematicataskslik e finding closedform sumsto seriesor, as here,transforming
constraintsatishctionproblems.

A proofplannetike CLAM [2] takesagoalto prove,andselectdrom adatabasef
methodsonewhich matcheghis goal. The proof plannerchecksthatthe pre-conditions
of the method(which are a sequencef statementsn a meta-logic)hold. If the pre-
conditionshold thenthe proof plannerexecutesthe post-conditiongwhich arealsoa
sequencef statementsn the meta-logic). This constructsthe outputgoal or goals.
A typical methodis thei nduct i on method,whoseinputis a universallyquantified
goal,andwhosepreconditionghenselecta suitableinductionvariable,andinduction
schemeTheoutputof thei nduct i on methodareappropriatédbaseandstepcases.

Proofplanningoffersseveralpotentialadvantage®ver othertheoremproving tech-
niguesfor the task of transformingCSPsautomatically First, methodscan be given
very strongpreconditiongo limit thetransformationso thosethatarelik ely to produce
aproblemthatis simplerto solve. Secondmethodscanactatavery highlevel. For ex-
ample they canperformcomple rewriting, simplifications andtransformationsSuch
stepsmightrequireverylongandcomplex proofsto justify atthelevel of individualin-
ferencerules.And third, the searchcontrolin proof planningis cleanlyseparatedrom
theinferencesteps We canthereforetry out a variety of searchstratgyieslik e best-first
searchor limited discrepang search.

3 Extensionsto Proof Planning

Whilst proof planninghasa numberof featureshat malke it well suitedto the task of
transformingCSPs,jn constructingCGRASS we have hadto extendit alonga number
of dimensiongo dealwith thefollowing issues:

Non-monotonicity: Someof CGRASS methodsaddnew constraintswhereasothers
replacea constraintby atighterone,or eliminateredundantonstraintsThe con-
straintsetmaythereforeincreaseor decreaseHence we replacethe method‘out-
put’ by ‘add’ and‘delete’lists asusedin classicaplanning.

Pattern matching: Existingproofplannergypically usefirst orderunificationto match
amethodsinputagainsthe currentgoal or subgoal CGRASS usesaricherpattern
matchinglanguagespecialisedo thetaskof reasoningboutsetsof constraints.



Looping: Unlessa methoddeletessomeof its input constraintsits preconditionson-
tinueto hold, allowing repeatediring. We incorporatedan historymechanismnto
CGRASS to preventthis.

Termination: Previousapplicationsof proof planninghave a clearterminationcondi-
tion: goalsarereducedo subgoalsauntil all areproven.In transformingCSPsit is
lessclear We mustdecidewhento stopmakingtransformationandstartsearching
for ananswer CGRASS' methodscurrentlyhave strongenoughpreconditionghat
they canberunto exhaustion We mayin thefuture have to addanexecutivein the
styleof aproof critic [6] which terminate<CGRA Ss whenfuturerewardslook poor.

Constraint utility: CGRASS usesmeasuresik e constraintarity andtightnesgo elim-
inate obviously uselessconstraintsWe are inventing heuristicsto help with the
difficult decisionasto which of theremainingderivedconstraintgo keep.

Explanation: In orderfor the userto seehow a nev modelwasderived, we adapted
the existing proof planningtactic mechanismCGRASS' tacticswrite out text ex-
plainingthe applicationof the methods.

4 CGRASS

Theimplementatior{in Java) of CGRASS discussedheretakesaprobleminstanceasin-
put. We aredevelopinganimplementatiorwhich will consideranentireproblemclass.
CGRASS' input consistf afinite setof initial instancevariables gachwith anassoci-
atedfinite domain(eitherexplicitly or asbounds)andconstraintsover thesevariables.
Outputis createdin the samesimple format. Hence,very little effort is necessaryo
translateCGRASS' outputinto therequiredinputfor avariety of existing solvers.

Internally; CGRA ss workswith a simplified syntax,not only to promoteefficiency,
but alsoto reducethe numberand compleity of methodsneededFor example,in-
equalitiesare alwaysrearrangednto theform z < y or z < y. Hencetheinputto a
methodnever hasto matchx > y or x > y, halving the numberof methodsin some
casesA furtherexampleis thatsubtractioris replacedy a sumanda coeficientof -1.
Theserestrictionsarenot placedupontheinput.

4.1 Normalisation

CGRASs transformghe constraintsetinto a normalform, inspiredby that usedin the
HARTMATH computeralgebrasystem. A normalform is necessaryo dealwith as-
sociative andcommutatve operatorslt allows us, to an extent, to replacethe testfor
semantiequivalencewith amuchsimplersyntacticcomparisonThenormalform used
is a combinationof a lexicographicorderingwithin individual constraintsandthe con-
straintsetasawhole,andcertainsimplifications.

We definea total orderover the typesof expressionghat CGRASS supports.The
constraintsetis transformednto a minimal statewith respecto this order Constants
areatthetop of the order, followed by variablesfractions,sumsandproducts Further
down the order are constrainttypes such as equalities,inequationsjnequalitiesand

Yhttp://ww. hartmath. org



specialconstraintsuchas‘all-dif ferent’. Expression®f differenttype areorderedvia
their positionin the order Expression®f the sametype are orderedrecursiely; each
typehasanassociatedhethodof self-comparisonThebasecases wheretwo constants
ortwo variablesarecomparedin theformercasethecomparisons by value,with least
first andin thelatterthe comparisoris lexicographicallyby name.Sumsandproducts
arerepresenteth a ‘flattened’form, hencetheir argumentsaresimply sortedusingthe
above comparisorto maintaina lexicographicorder Similarly, the lexicographically
leastsideof anequationor inequationis forcedto betheleft handside.
Considerthefollowing example:

g + X7 # g + T
Tya*2+ 23 =2%21 + o

In normalform:

To+2%x1 =23 +2%xx34

x5 + T6 £ T7 + T8

Equality is higherin the type orderthanan inequation,hencethe re-orderingof the
two constraints.The sumsare orderedinternally and recursvely, thenre-orderedas
appropriateo the constraint.

Simplification proceduregonsistof the collection of like terms,cancellationand
theremoval of commonfactors.Considerthefollowing example:

2%x6x21 +4*%x2o0 =6%x21 +23%2%x24+6*1q
Following lexicographicabrdering,we collectthe constantandoccurrencesf z; :
dxxo+12%x1 =4 %23+ 12% 131
Next we performcancellation;
4dxxy =4 %23
Finally, we removethecommonfactor:
To = T3

Lexicographicordering and simplification are interleared until no further changeis
possible They reducethe workloadof CGRASS substantiallybothin providing a syn-
tactic testfor equality and avoiding suchsimplification routinesbeing written as ex-
plicit methodsThelattersaving is substantiala largermethodbasemeansmorework
in matchingagainstthe constraintsetat eachiterationof the CGRASs inferenceloop.
Normalisationpnthe otherhand,is performedmmediatelywheneer possible.

5 Methods

We illustrate the methodscurrentlyimplementedn CGRASS by meansof a smallin-
stanceof the Golombruler problem.Petervan Beek hasproposedhe Golombruler



problemasa challengingconstraintsatistctionproblemfor the CSPLibbenchmarki-
brary (availableaspr ob006 athtt p: / / www. cspl i b. or g). A Golombruleris a
setof n ticks atintegerpointson aruler of lengthm suchthatall theinter-tick distances
areunique.Thelongestknown optimalruler has21 marksandis of length333. Such
rulershave practicalapplicationsn radioastronomySmithetal. [8] usedthe Golomb
ruler asthe basisof aninterestingexercisein modellingCSPsandidentifieda number
of implied constraintsy hand.

We begin with aconcisemodelof the problemwith n ticks representetly variables
71, ..., Tn, €achwith domain{0, ...,n%}:

minimise:maz;(z;)
(Vi kL€ L] (s —ay # o —a) |G £ D) ABEDAG# RV #D)

Takenliterally, thisis a poormodel.Theconstraintarequaternaryandwill bedelayed
by mostsolvers.Thereis alsoa large amountof symmetrypresentHowever, it senes
toillustratehow CGRASS canmake a substantialmprovementto a basicmodel.

We focuson the 3-tick ruler for the purposeof this example.The basicmodelpro-
duces30 constraints CGRASS' initial normalisationof the constraintsetimmediately
reduceghisnumberto 12. Thisis achievedin two ways.Firstly, constraintswith reflec-
tion symmetryacrossaninequationareidenticalfollowing normalisationhenceonly
onecopy is kept.Secondlysomecancellatioris possible suchasin thefollowing case:

371—.%'2#.’171—1'3

Following cancellationand removal of the commonfactor we get the much simpler
form, to which severalinput constraintseduce.

Ty # X3

Hence,alarge saving is madebefore CGRASS hasperformedary methodapplication.
Table 1 presentghe stateof the problemat this point. The ‘minimise’ statemenis
omittedthroughouftor brevity.

1 7&.’1:2 Ty 7é.z‘3 .Z‘z;é.z‘:g
T1— T2 # T2 — T1|T1 — T2 F# T2 — T3|T1 — T2 # T3 — T1
T1 — T3 # Ta — T1|T1 — T3 # T3 — T1|T1 — T3 # T3 — T2
To — 1 #m3—$2 w2—x37é$3—$1 $2—$37é$3—$2

Table 1. 3-tick GolombRuler Initial statefollowing normalisation.

5.1 Symmetry

Oftenthe mostusefulconstraintcanonly be derivedwhensomeor all symmetryhas
beenbroken. Hence,CGRASS attemptsto detectand breaksymmetrywith new con-
straintsas a pre-processingtep.It begins by looking for symmetricalvariablesii.e.



pairsof variableswith identicaldomainssuchthat, if all occurrencesf this pairin the

constrainsetareexchangedndtheconstrainsetis re-normalisedit returnsto its orig-

inal state.Candidatevariableswith a uniform numberof occurrencen the constraint
setarefirst groupediogethetbeforecomparisonsiremade.Thetransitvity of symme-
try is usedto compareassmalla numberof pairsof variablesaspossible Efficiency is

furtherimprovedby makingpairwisecomparison®f normalisedconstraintsets.

This processartitionsthe variablesinto symmetryclassesThe elementsf each
classare formedinto a list, and orderedlexicographically Symmetryis broken by
addingweakinequalitiesbetweenadjacentvariablesin eachlist, e.g.z1 < x5, 22 <
z3, ... We avoid addingconstraintdbetweenrall pairs,sincesimpleboundsconsisteng
maintainsconsisteng on the transitive closure.The inequalitiesare not implied since
they do notfollow from theinitial model.However, symmetrybreakingconstraintsare
usefulbothfor reducingsearchandfor generatingurtherimplied constraints.

Symmetrytestingon our examplerevealsthatthevariablese; , 2 andzs aresym-
metrical,hencethe constraintdelow areadded:

1 < T2
22 < I3

It is also possibleto identify symmetriesamongnon-atomicterms.This is poten-
tially anexpensve processhenceCGRASS adoptsaheuristicapproachenly comparing
termsthatarelik ely to besymmetrical Theseheuristicsarebasedn structural equiva-
lence Two termsarestructurallyequivalentif they areidenticalwhenexplicit variable
namesn eacharereplacedvith acommonindistinguishablamarker. For example,

z1 T4

To *x X3 Ty * Tg

become:
# #

HxAt Hr#
andarethereforestructurallyequivalent.Eachpair of variablesz; andzy, x2 andzs,
andzxz andzg areexchangedhroughouthe constraintsetbeforere-normalisatiorand
a checkfor equialence.This processdoesnot reveal ary further symmetriesin the
exampleproblem,but is usefulin generalsee[4], for example).

CaGRAss cannow firethest r engt henl nequal i t y methodaspresentedh fig-
urel. Thisis oneexampleof anumberof simplebut usefulmethodgo which CGRASS
ascribesa high priority duringmethodselection Otherexamplesarevariousinstances
of thenodeConsi st ency andboundsConsi st ency methodswhich dealwith
thefiltering of domainelementsThesemethodsarenot only cheapto fire, but oftenre-
sultin areductionin the sizeof the constraintset. This promotesefficiengy by leaving
fewer constraintdor the morecomplicatednethodgo attemptto matchagainst.

IndeedtheboundsConsi st ency methodcannow fire, pruningthe domainsof
x1, T2 andzz accordingto their strict ordering. This leavesthe problemin the state
aspresentedn table2. Notethatthe constraintz; # x3 is now redundantOnecould
foreseethe addition of a relatively simple methodthat takes asinput a set of strict
inequalitiesandaninequationin orderto detectandremove sucharedundang.




Preconditions:
1. Thereexisttwo expressionsy # y andz < y
Postconditions:

1. Add anew constrainof theform, z < y
2. Deletex #y andz <y

Fig.1. Thest r engt henl nequal i t y method.

z1 € {0..7} z2 € {1..8} z3 € {2..9}
r1 < T2 T2 < T3 .’L‘17é.’L‘3
Tl — T2 F Tz —T1|T1 — T2 # T2 — XT3|T1 — T2 # T3 — L1
.’L‘1—$3¢$2—.’K1 $1—CL‘3¢CL‘3—.’L‘1 $1—$3¢$3—$2
Ty — L1 F# XT3 — T2|T2 — T3 £ Tz — T1|T2 — T3 # T3 — T2

Table 2. Statefollowing symmetry-breakinghoundsconsisteng.

5.2 Intr oduce

Themodelasit standsstill containg quaternaryonstraintsOnepowerful meanof re-
ducingthearity of theseconstraintss to introduceoneor morenew variablesvhichthe
el i mi nat e method(seebelow) thenusesto replacesub-termswithin them.There-
fore, we have developedthei nt r oduce method,aspresentedn figure 2. Sincethis

Preconditions:

1. Thereexistsasub-term Exp, with arity greatetthanl thatoccursmorethanonce.
2. some¥riable = Expis notalreadypresent.

Postconditions:

1. Generate new variable,z, with domainderivedfrom Exp
2. Add aconstraintof theform z = Exp.

Fig.2. Thei nt r oduce method.

methodintroducesnew terms,it hasa potentially explosive effect. CGRASS therefore
only attemptsgto applyit whenall the simplermethodswhich tendto have areductive
effect, areinapplicable.In addition, complex preconditionsare attachedo i nt r o-

duce to preventits applicationunlessthereis strongevidencethat the new variable
will beuseful.First of all, we insistthatthe sub-term Exp, underconsideratiorhasan



arity (i.e. thenumberof differentvariablesit contains)of atleast2: thereis little point
in addinga new variablewhichis a simpleexpressiorof onealreadyin existence.

Secondly variableswith a higher numberof occurrenceshave a wider reaching
effect whenpropagatioris performedon them.We requireExpto occurat leasttwice
in the constraintsetbeforeit canbe consideredor replacemenby a variable.Finally,
we checkthat someothervariableis not alreadydefinedto be equalto Exp. If these
conditionsaremet, CGRASS generates new variable,z, calculatingthe boundsof its
domainfrom the upperandlower boundson Exp.

5.3 Eliminate

The sub-termz; — z- in the examplemeetsthe input preconditionsof i nt r oduce.

CGRASss bindsanew variable,zg, to it with domain{-8 .. 6}. In orderto make useof z,

however, thecompaniorel i ni nat e methods necessaryl herearemultiple versions
of el i m nat e, usingequalities(figure 3) andinequalitiesto perform Gaussian-lik

eliminationof a particularsub-term.

Preconditions:

1. Thereexistsa constraini_.hs= CommonExuchthat CommonExjis alsopresenin
aconstraintg, in theconstraintset.

2. Constraintnew is obtainedby replacingall occurrencesf CommonExgy Lhsin c.

3. Thecompleity of cnew is lessthanthatof c.

4. cnew is notobviously redundant.

Postconditions:

1. Add cnew to theconstraintset.
2. Remawe ¢ from the constraintset.

Fig.3. TheEl i mi nat e(equal i ty) method.

As peri nt r oduce, theuncontrolledapplicationof el i m nat e canresultin an
explosionin the sizeof the constraintset,hencethe strongpre-andpost-condition®n
this method.Theresultingconstraintmustbe of lower compleity (i.e. smallernumber
of constituenterms)thantheoriginal. Also, we performsimplechecksfor redundang
suchasO arity (e.g.1 < 2) or, in the caseof equality the left handside beingequal
to theright handside.Finally, wheneliminatingwith equalitythe original constraintis
removedfollowing eliminationin orderto avoid clutteringthe constraintset.El i m -
nat e is oneof themethodghatmustbe exhaustedeforei nt r oduce canfire again.
Sinceel i m nat e simplifiesthe constraintset,it reduceghe chanceof sub-termge-
curring, preventingthe preconditionsf i nt r oduce beingmetprematurely

Following the introductionof zg = x; — z2 in the example,variousinstancesof
el i m nat e canfire. Forinstancewe caneliminatez; in favourof x5 in thisequation



usingz; < z to give: zg < 0. Thisis a unaryconstraintwhich is immediatelyused
to trigger the nodeConsi st ency method,reducingthe domainof z, to {-8 .. 0}.
We canalso substitutez, into a numberof the quaternaryinequationsyeducingthe
compleity of each.This leavesthe problemin the statepresentedh table3.

x1 € {0..7} T2 € {1..8} T3 € {2..9}
1 < X2 T2 < x3 1 # 23
20 = T1 — T2 20 # T2 — T3 Zo # T3 — X1

T1 — T3 # XT3 —T1|T1 — T3 £ T3 — T2|T1 — T3 # —20
Ty — X3 # T3 — T1|T2 — T3 # T3 — T2|T3 — T2 £ —20

Table 3. Statefollowing introductionof andeliminationwith zo.

5.4 All-differ ent

CGRASS now introducesandeliminateswith, a furthertwo variables,z; = zo — 3
andzs; = z3 — z1. Thisleadsto the much-impro/edsituationpresentedh table4. One

z1 € {0..7} | z2 € {1..8} | z3 € {2..9}
xr1 < T2 xr2 < X3 1 # x3
Z0 =1 —T2|21 = T2 —XT3|22 = T3 — T1
20 # 21 20 # 22 2 # 2

Table 4. Statefollowing introductionof andeliminationwith zo.

further methodavailableto CGrRAsSs isgenAl | Di f f which, asits namesuggestat-
temptsto generat@nall-differentconstrainfrom aclique of not-equalconstraintsAn
all-differentconstraints desirablebecaus®f the powerful propagatiormethodsavail-
ablefor it within constraintsolvers[7]. Sincemaximal-cliqueidentificationis an NP-
completeproblem,CGRASS usesa greedyprocedurdo quickly find aslargeacliqueas
possible Typically thisis the maximalclique.

ThegenAl | Di ff methodtakesasinputthe subsebf all inequationswith single
variableson both the left and right handsides.The greedyproceduretraversesthis
subsetgeneratinga list for eachvariableof the variableswith which it is not equal.
Startingwith thosevariablesassociateavith the largestlists, it attemptsto determine
whetherthey form a clique. If a variableis not part of the currentcliqueit is thrown
out. If the cliqueis reducedto a singlevariable,the procedurdooks for the variables
associateavith the next largest-sizedists, andsoon.

IntheexamplegenAl | Di f f successfullyeplacesheinequationsnvolving the z
variableswith asingleall-differentconstraintThis leadsto thefinal problemstate(see
table5). This methodhasa lower priority thani nt r oduce: waitingfor i nt r oduce
to be exhaustednaximiseghe chanceof finding the largestclique of inequations.



z1 € {0..7} z2 € {1..8} | z3 € {2..9}

1 < T2 ro < X3 .’Kl?él':i
20 =T1 — X2 21 = T2 —T3|z2 =3 —T1
all-differentgo, 21, 22)

Table5. Final state.

6 Results

We comparedhe performanceof llog Solver on basicand transformedmodelsof 5
instance®f the Golombruler problem.The transformedmnodelsaresimilar to the one
presentedn table 5. The resultsare presentedn table 6. The smallestinstancesare
so easyto solwve thatit is not worth the effort of transformationFor largerinstances,
however, the transformedmodelbecomesignificantlyeasierto solve, with the gapin
performancencreasingapidly with n.

The size of the input generatedrom the basicmodel alsoincreasesiramatically
with n. Forinstancen = 6 generate870constraintsThisis accompaniethy amarked
increasen the time requiredby CGRASS to make the transformationsOn the small
instancedested this meanghatthe total time for transformatiorandsolutionexceeds
thetime for solutionof the basicmodelalone.However, thetime requiredby CGRASS
asn increasegrows moreslowly thanthetime takento solve the basicmodel.Hence,
atlarger(andthereforemoreinteresting)valuesof n, a netbenefitcanbe expected.

Model 3ticks 4ticks 5 ticks 6 ticks 7 ticks
Basic Fails 10 103 3632 111094 -
Choice-points 12 107 3637 111101
Time 0.06s 0.06s 0.4s 28.8s
Transformed Fails 3 7 55 374 3611
Choice-points 5 10 59 381 3618
Time 0.05s 0.05s 0.06s 0.1s 0.3s

Table 6. ResultsGolombRuler. Dashindicategproblemunsolhedwithin 1 hour

Onemeansf overcomingtheproblemof overwhelmingCGRA Ss with alargenum-
ber of constraintslerived from a basicmodelis to useit interactively. Giventhe final
modelof the 3-tick ruler, it is not difficult for ahumanto seehow this modelcouldbe
generalisedo n ticks. The comparatie resultsof the basicandfinal modelspresented
in table6 indicatethatthe effort expendedbn sucha processouldeasilybejustifiedas
n growslarger.



7 Reasoningat Higher Levelsof Abstraction

If we wish to make automatictransformationsfficiently, however, we mustlift our
reasoningo a higherlevel. Direct supportfor quantifiedconstraintexpressionsvould
immediatelyreducethe sizeof theinputto two constraintsn our example:

minimise:maz;(z;)
(Vi k€ [Ln]: (@i —zj #an—a) | (£ AREDAG#EV]#D)

Althoughwriting methodswvould typically becomplicatedy the needto supportquan-
tified constraintssometransformationarevery straightforvardat this level of abstrac-
tion. For example thegenAl | Di f f methodrequiregustthefollowing simpleinput.

Vi,ji<j—>.’£i75$j

Comparehis with therelatively complicatedprocessutlinedin section5.4.

A further benefitis the ability to reasonaboutan entire classof problemsrather
than particularinstancesThe classof Golomb Ruler problems parameterisethy the
numberof ticks n, canbe describedy the pair of constraintsabove. Hence all trans-
formationsmadeat this level of abstractiorarevalid for the whole problemclass.This
is clearly moreefficient thanrepeatinga large amountof work for eachinstanceunder
considerationThis is not to saythatwe shouldabandorreasoningaboutproblemin-
stancesltogetherhowever. It is likely thatsometransformationsvill bevalid only for
asubsedf theinstance®f a class.Thereforewe intendto extend(ratherthanreplace)
therangeof transformationsCGRASS canmake to supporttransformationst the level
of abstractiorat which they aremoststraightforvard.

7.1 A Higher Level Input Language

Evenfollowing theintroductionof quantifiedconstraintexpressionssometransforma-
tionsremaindifficult. Oneof thekey transformationsnadein section5 wasto recognise
thesymmetryof thetick variablesandbreakthis symmetryia theintroductionof weak
inequalities By inspectionijt is clearthatdetectingthis symmetrygivenonly thequan-
tified problemrepresentatiors a difficult task.For this reasonwe believe thata higher
level inputlanguageperhapsalongthelinesof OPL[10], is necessary
This sectiondescribeshow we might transforma high level descriptionof the

Golomb Ruler probleminto (a family of) instancessuitablefor input to a constraint
solver. We begin with an Englishdescriptionof this problem:

— Putn ticks on a ruler of sizem suchthatall the inter-tick distancesare unique.
Minimise m.

We cannotexpect CGRASS to work with this level of input, hencethe usermustmalke
theinitial transformatiorshovn belov. We arguethatthisis lesswork thanproducing
the quantifiedinput statementisedpreviously. It is certainlymorenaturalto be ableto
write amodelin termsof ‘distance’.



. FindT C {0, ...,m} subjectto:

. Minimisem

T =n

. {distance{z,y}) # distance(s’,y'})| {z,y} C T\ {',y'} C T. {z,y} # {«',4'}}
. distance{z,y}) = |z — y|

O~ wWNPEF

Notethat{z,y} denotes setof size2.

This descriptionis nota constraintsatishctionproblem,hencaeit is not yet suitable
for inputto asystemlike llog’s Solver. We will userefinementulesin orderto moveto
lower levels of abstractiomasnecessaryA straightforvardrefinementfrom this initial
representatiomould produceareasonabléputmodel.Already, we gainover previous
attemptdecauséndicesinto asetarenotdefined.Thisis asymmetrywe canbreakvia
inequalitiesaswe createit, whencreatinga variableperelementHowever, we wish to
continueto work at this high level for aslong aspossibleso that our transformations
hold for all Golombrulers.

Giventherecurrencef distance{z, y}), it is naturalto introducea setof distance
variables.

6. {d,, =distance{z,y}) | {z,y} CT}
Substituting(6) into (4) gives:
7. {dwy 7£ dw'y' | {.T,y} g T' {xlayl} g T! {-'L',y} 7£ {mlayl}}

It shouldnot be difficult to noticethat (7) definesa clique. A lifted versionof our all-
differentintroductionmethodwould produce:

8. all-diff({dyy|{z,y} C T})
Next, we needa generakefinementule:

— To pick asubsebf sizen from asetA of sizem, totally orderedby <, introducea
setS of n variables{si, ..., s, }. Thedomainof eachs; is A. We couldconcevably
build in the simpleboundsconsisteng argumentinto this,e.g.s; < m —n + 1.
Assignmentso variablesn S mustalsoform a settotally orderedoy < with respect
to their subscriptsThatis, we have constraints; < s3 < ... < sp.

Applying thisrule:

9. AssignS={si, s2, ..., $n }, Whereeachs; hasdomain{0, ..., m}.
s1 <82 < ...< 8y
10. {dij = distance(s,-, 8]}) | {Si,Sj} - S}

The domainof eachs; is boundedabove by m which, from (2), we aretrying to min-
imise.

12. Minimise(maximalelementof S)

Straightforvardly from (9) and(12):



13. Minimise(s,)

Substituting(5) into (10) gives:

14. {di; = |si — 5| [ {ss,85} © S}
Refining(11) and(14) from setsto orderedpairs:

15. all-diff({dy,| < 7,y > C S x S,i < 5})
16. {dij:|si—8j||<8i,8j > gSXS,’L'<j}

In (16)we have s; < s;. Fromthe semantic®f absolutewe canre-write:
14, {dij =8;— S8 | < Si, 85 > CSxS,i <j}

The final problemstateis asfollows. It is equivalentto the final representation
obtainedin section5, but holdsfor the entire problemclass.Symmetryamongstthe
tick variableshasbeenbroken, and all-differentdifferencevariablesfor the inter-tick
distancedhave beenintroduced.

— AssignS={sy, s2, ..., $n. }, Whereeachs; hasdomain{0, ..., m}.
§1 < 82 < ... < 8y,

— Minimise(s,)

—{dij =sj —si| <si,8; > C S x 5,0 < j}

— all-diff({dzy| < z,y > C S x S,i < j})

Working with a higherlevel input languagehasallowed us to avoid the problem
of detectingsymmetryby makinguseof sets.We have alsoretainedthe advantageof
making valid transformationgor the whole problem class.Furthermorewe avoided
the overwhelmingsizeof theinput thatinevitably causegroblemswhentransforming
naive representationsf individual instancesThe use of refinementrules allows us
to move to progressiely more concretelevels of abstractioras necessaryo perform
transformationstthe appropriatdevel.

8 Conclusions

We havedescribedCGRASS, asystenfor theautomatidransformatiorof anave model
of a constraintsatisiction probleminto one that requiressignificantly lesseffort to
solve. CGRASS adoptsa proof planningstyle architecture fransforminga model via
the applicationof methodswhich encapsulatenodelling expertise.The openended
natureof the searchifor agoodmodelnecessitatedeveral extensionso standardgroof
planning, suchas the ability to supportnon-monotonicityand prevent looping. The
setof methodsdescribechereshouldbe viewed as a representatie sample.lt is not
completein any senseandwe will continueto extendit in future.
Thecurrentimplementatiorof CGRASS is ableto transformindividual problemin-
stance®nly. Resultsobtainedrom experimentson the GolombRulerproblemsuggest
thatthis approachis impracticalin general. We have discussedhe needfor the abil-
ity to reasonat multiple levels of abstractionsinceattemptinga transformatiorat the
‘wrong’ level canprove extremely difficult. We have outlined how the GolombRuler



might be effectively transformedrom a high level descriptioninto a good model. A
principle elementof future work is to extend CGRASS' setof methodsto allow it to
reasorat higherlevelsof abstractionln addition,we will introducerefinementulesto
move from higherto lower levelsof abstractiorasnecessary

As afurtherpieceof futurework, we will alsoconsidemwhetherCGRASS methods
canbeimplementedria constrainthandlingrules[5]. Possibleobstaclesncludemore
comple patternmatching,the use of best-firstsearchas the methodbasegrows in
compleity, andthe useof an executive which decideswvhento stopinferring andstart
searching.
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