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Abstract

We study the computational complexity of finding the
next most preferred solution in some common for-
malisms for representing constraints and preferences.
The problem is computationally intractable for CSPs,
but is polynomial for tree-shaped CSPs and tree-shaped
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preferred solution according to the preferences that we do
know. Finally, an efficient next operation can be used as a
tool for producing diverse solutions, a feature which is in-
creasingly interesting in practical applications. Thip@a
summarizes results appearing in (Brafman et al. 2010) and
(Pilotto et al. 2009).

fuzzy CSPs. On the other hand, it is intractable for
weighted CSPs, even under restrictions on the constraint
graph. For CP-nets, the problem is polynomial when the
CP-net is acyclic. This remains so if we add (soft) con-
straints that are tree-shaped and topologically compati-
ble with the CP-net.

Background

Hard and soft constraints. A constraint satisfaction prob-
lem (CSP) (Dechter 2003) is a set of variables, each with
a domain of possible values, and a set of constraints. Each
. constraint involves some of the variables and is satisfiég on
Introduction by some combination of values of such variables. A solution
In combinatorial satisfaction and optimization, we often of a CSP is an assignment of all variables which satisfies all
want to find a satisfying or optimal solution, as well as to constraints.
decide if one solution is better than another. Howevergher A soft CSP is a CSP where all constraints are soft. A soft
are other useful reasoning tasks. One such task is finding the constraint (Meseguer, Rossi, and Schiex 2005; Bistarelli,
nextsolution — the solution that comes next according to an Montanari, and Rossi 1997) assignes a preference value,
ordering where more preferred solutions are ordered first. taken from a given set, to each instantiation of its varisble
We have therefore started a systematic study of the compu- The set of preference values is ordered: a better prerferenc
tational complexity of computing the next solution in some s higher in the ordering. Soft CSPs come equipped also with
common constraint and preference-based formalisms. Our g combination operator that tells us how to combine the pref-
results cover general CSPs, fuzzy CSPs, weighted CSPs anderences of two or more constraints. In soft CSPs, the pref-
CP-nets, as well as their acyclic versions. erence of each solution is given by the combination of all
We came across this problem when computing stable the preferences given by the constraints to the solution. A
marriages (Gusfield and Irving 1989a). This problem has solution is optimal if there is no other solution with a bette
many practical applications (from matching resident doc- preference.

tors to hospitals, to matching students to schools, to match Fuzzy CSPs (Meseguer, Rossi, and Schiex 2005) are ob-
ing applicants to job offers, to any two-sided market). FOr 5inaq by considering preference values in [0,1], where a
large stable marriage problems, we have proposed using for- piqhar yalue denotes a better preference, and by combining
malisms like CP-nets which can cqmpa_ctly represent pr_ef— them via themin operator: optimal solutions maximize the
erences. Computing a stable marriage in an algorithm like ‘ ininm preference. Finally, the so-called weighted CSPs
Gale-Shapley’s then requires being able to find the nextmost ,qq hreferences i+ that are interpreted as costs, thus a
preferred marriage partner in such a p_refe_rence representa higher value denotes a worse cost, and costs are combined
t'or?' However, co;npgtmg the next SOI‘;“?”E useful mkn;)anz via sum optimal solutions minimize the sum of the costs.
other scenarios. For instance, it is useful when we ask ér t

: . f ; nstraint pr ionin classical CSPs r variabl
op: solutons i aeb search. A a N exanol, sppese , COVSUATLBIOBeGaLor ) clsscs CoPs educes vl
¥ye are (;_onﬂgu_rmg a produ(;:t, and thelusker doehsn_t I|kef the CSPs di’rectional arc-consistency (DAC) abplied bottgm-u
irst configuration computed as we only know their prefer- ' X ¢ . .

9t V. Wi _ph h y h b finds a solution without backtracking. Constraint propaga-
ences partially. We might choose to compute the next most tion can be applied also to soft CSPs. DAC is enough to find
the optimal solution to a fuzzy CSP when the problem has a
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CP-nets. CP-nets (Boutilier et al. 2004a) are a graphical
model for compactly representing conditional and qualita-
tive preference relations. CP-nets are setsebdéris paribus

tion of the solution orderingex(O), where given two vari-
able assignments,ands’, we write s <;.,(0) s’ (that is,
s precedess’) if either s is a solution ands’ is not, ors

(cp) preference statements. A CP-net has a set of featuresprecedes’ in the lexicographic order induced &y (that

F = {z1,...,z,} with finite domainsD(x1), ...,D(zy).

For each feature;;, we are given a set giarentfeatures
Pa(xz;) that can affect the preferences over the values of
x;. This defines alependency grapim which each node;
hasPa(z;) as its immediate predecessors. Given this struc-
tural information, the agent explicitly specifies her prefe
ence over the values af for each complete assignmeat
Pa(z;). This preference is assumed to take the form of to-
tal or partial order oveD(x;). An acyclic CP-net is one in
which the dependency graph is acyclic.

The semantics of CP-nets depends on the notion of a
worsening flip This is the change in the value of a variable to
a less preferred value according to the cp statement for tha
variable. One outcome is betterthan another outcomg
(writtena = p) iff there is a chain of worsening flips from
to 5. This induces a preorder over the outcomes, and a partial
order if the CP-net is acyclic. In general, finding the optima
outcome of a CP-net, as well as comparing two outcomes,
is NP-hard (Boutilier et al. 2004a). However, in acyclic CP-
nets, there is only one optimal outcome which can be found
in linear time by sweeping through the dependency graph,
assigning the most preferred values to each variable.

Solution orderings

The constraint and preference-based formalisms intratiuce

in the previous section generatesalution orderingover

the variable assignments, where solutions dominate non-
solutions, and more preferred solutions dominate less pre-
ferred ones. This can be a total order, a total order with ties

or even a partial order with ties. However, the problem of

finding the next solution requires a strict linear order. We

may therefore have to linearize the solution ordering.

CSPs generate a solution ordering which is total order
with ties: all the solutions are in a tie (that is, they are
equally preferred), and dominate in the ordering all the-non
solutions, which again are in a tie. If we consider fuzzy or
weighted CSPs, there can be no incomparability (since the
set of preference values is totally ordered), so we haveah tot
order with ties, and a solution dominates another one if its
preference value is higher. In acyclic CP-nets, the salutio
ordering is a partial order.

In the following, given a problem P and a linearization |
of its solution ordering (given implicitely), Next(P,si$ the
problem of finding the solution just after s in the lineariza-
tion I. Note that, while there is only one solution ordering
for a problem P, there may be several linearizations of this
solution ordering.

Finding the next solution in CSPs

Let P be a CSP witm variables. Consider any variable or-
deringo = (z1,. .., z,) and any value orderings, . . ., 0,,
whereo; is an ordering over the values in the domain of vari-
ablex;. We denote by the set of ordering&o, 01, . .., 0, }.
These orderings naturally induce a lexicographical lirzear

is, s = (s1,...,8n), & (sh,...,s),), and there exists
i € [1,n] such thats; <,, s; ands; = s for all j < 7).
For the linearizatiofiex(O), the problem of finding the next
solution is computationally intractable.

Theorem 1. Computing Next(P,s,lex(0)), whefeis a CSP
ands is one of its solutions, is NP-hard.

This result can be extended to a wider class of orderings.

Theorem 2. Consider any polynomially describable and
computable total ordew over variable assignments whose
top element does not depend on the constraints of the CSP,

t and the linearizatiorl(w) of the solution ordering induced

by w. Then there exists a CSP and a solutions such that
computing Next(P,s¢() is NP-hard.

The proof of both theorems are based on a polynomial
reduction from SAT.

We know that finding an optimal solution becomes poly-
nomial if the constraint graph is a tree. It is therefore natu
ral to consider this class to see whether also the Next prob-
lem becomes polynomial. In this section we focus on tree-
shaped CSPs. However, the same results hold for bounded
tree-width. For a tree-shaped CSP with variable Xet=
{z1, -+ ,zn}, let us consider the linearizatiotiex(O),
which is the same akx(O) defined in the previous sec-
tion, with the restriction that the variable orderingespects
the tree shape: each parent comes before its children.

We have defined an algorithm (called CSP-Next) that,
given as input a directionally arc consistent tree-shagid C
P and a solutior for P, either returns the satisfying assign-
ment following s according tatlex(O), or detects that is
the last satisfying assignment in this ordering. The atbari
works bottom-up in the tree, looking for new values for chil-
dren that are consistent with the value assigned to their par
ent and successive to the ones assignedimthe domain
orderings. As soon as it finds a variable for which such a
value exists, it resets all the following variables (ac@ogd
to the variable ordering) to their smallest compatible val-
ues w.r.t. the domain orderings.

Theorem 3. ComputingNext(P, s, tlex(O)), whereP is a
tree-shaped and DAC CSP, is polynomial.

In fact, if | D| is the cardinality of the largest domain, it
is easy to see that the worst case complexity of CSP-next is
O(n|D|), since both looking for consistent assignments and
resetting to the smallest consistent assignment t@kgs3)|),
and such operations are dobén) times. The following re-
sults shows that the choice of the linearization is cru@al
tractability.

Theorem 4. Computing Next(P,s,l), wher® is a tree-
shaped CSHR; is one of its solutions, antlis an arbitrary
linearization, is NP-hard.

The proof is based on a polynomial reduction from the
subset sum problem.



Next on weighted CSPs

With weighted CSP, finding the next solution means that,
given a solution, we return the next assignment in lexico-
graphical order with the same cost or, if there is no such as-
signment, the first assignment in lexicographical ordehwit
the next smallest cost. Unfortunately, the following résul
holds:

Theorem 5. Computing Next(P,s,l), whet® is a weighted
CSP ands is one of its solutions, is NP-hard, fany lin-
earization!.

The proof is based on a polynomial reduction from the
subset sum problem. Note that theorems 4 and 5, whilst hav-
ing similar proofs, have quite differentimplications. &edl,
for tree-shaped CSPs computing Next is NP-hard only for
some choices of the linearizatidrwhile for weighted CSPs
computing Next isalwaysNP-hard, irrespective of the lin-
earization, because the “native” solution ordering isadse
sufficient for NP-hardness. However, if we consider just
lexicographical orderings, and weighted CSPs with unary
constraints only, then Next is not strongly NP-hard since a
pseudo-polynomial algorithm exists.

Theorem 6. Given a weighted CSE’ with unary con-
straints only, a solutiom, and a linearizatiori induced by a
lexicographic ordering, computing Next(P,a,l) is weakR-N
hard.

The proof uses a simple generalization of the dynamic
programming algorithm for deciding subset sum. Thus, the
complexity here only comes when the weights are large.

Next on tree-shaped fuzzy CSPs

With fuzzy CSPs, Next appears more tractable. In particular
Next on tree-like fuzzy CSPs is polynomial. The algorithm
proposed in (Brafman et al. 2010) exploits the fact that, in
a fuzzy CSP, a solution can have preferepamly if it in-
cludes a tuple that has preferenceThe worst case time
complexity of the algorithm i) (|T'|| D|n), where|T'| is the
number of tuples o’ and|D| the cardinality of the largest
domain.

Theorem 7. Given a tree-shaped DAC fuzzy C&Rand a
solutions, computing Next(P,s,lex(O)) is polynomial.

Again, the choice of the order is crucial for the complex-
ity of the algorithm. For instance, Theorem 4 implies that
Next(P,s,l) is NP-hard on tree-shaped fuzzy CSPs in general

Next on acyclic CP-nets

On acyclic CP-nets, Next is polynomial to compute if we
consider a certain linearization of the solution orderivg.
first define the concept afontextual lexicographical lin-
earizationof the solution ordering. Let us consider any or-
dering of the variables where, for any variable, its parargs
preceding it in the ordering. Let us also consider an antyitra
total ordering of the elements in the variable domains. For
simplicity, we consider Boolean domains. Given an acyclic
CP-net withn variables, we associate a Boolean vector of
lengthn to each complete assignment, where element in po-
sition 7 corresponds to variable(in the variable ordering),

and its value is 0O if the variable has its most preferred value
given the values of the parents, and 1 otherwise. The optimal
solution thus gives a vector afzeros.

To compute such a vector from a complete assignment, we
just need to read the variable values in the variable orderin
and for each variable we need to check if its value is the most
preferred or not, considering the assignment of its parents
This is polynomial if the number of parents of all variables
is bounded. Given a vector, it is also polynomial to compute
the corresponding assignment.

Thecontextual lexicographical linearizatioof the order-
ing of the solutions linearizes incomparability via a lexic
graphical ordering over the vectors associated to therassig
ments. We will call such a linearizationcentextual lexico-
graphical linearization Note that there is at least one such
linearizations for every acyclic CP-net.

Theorem 8. Computing Next(N,s,l), whe®¥ is an acyclic
CP-net,s is one of its solutions, ands any contextual lexi-
cographical linearization of its solution ordering, is yolo-

mial.

Next on constrained CP-nets

It is often useful to consider problems where CP-nets and
CSPs, or soft CSPs, coexist (Boutilier et al. 2004b). We thus
consider here the notion of@nstrained CP-newhich is
just a CP-net plus some (soft) constraints (Boutilier et al.
2004b). Given a CP-ne¥ and a constraint problel®, we

will write (N,P) to denote the constrained CP-net given by N
and P. Its solution orderings y p, is the ordering given by
the (soft) constraints, where ties are broken by the CP-net
preferences. Unfortunately, computing the next solut®n i
intractable if we take the lexicographical linearizatigivén

o, which is an ordering over the variables)-ef,,,, denoted

by lex(o, <np).

Theorem 9. Computing Next((N, P), s,lex(o,<np)),
where (N, P) is a constrained CP-net ansl is one of its
solutions, is NP-hard.

The proof uses a polynomial reduction from the Next
problem on CSPs.

Next becomes polynomial if we consider acyclic CP-nets,
tree-shaped CSPs, and we add a compatibility condition be-
tween the acyclic CP-net and the constraints. This compat-
ibility condition is related to the topology of the constrai
graph and the dependency graph of the CP-net. Informally,
compatibility means that it is possible to take a tree of the
constraints where the top-down parent-child links, togeth
with the CP-net dependency structure, do not create cycles.
If the compatibility holds for any root taken from a set S,
then we will write that N and P are S-compatible.

Theorem 10. Consider an acyclic CP-nelV and a tree-
shaped CSPP, and assume thaY and P are S-compatible,
where S is a subset of the variables of P. Taken a solu-
tion s for (N, P), and a variable ordering which respects
the tree shape of’ whose root is an element of S, then
Next((N, P), s,lex(o,<np)) is polynomial.

Under these same conditions, Next remains polynomial
even if we consider CP-nets constrained by fuzzy CSPs
rather than hard CSPs.



Next for stable marriage problems

The stable marriage problem is a well-known matching-
problem (Gusfield and Irving 1989b). Givenmen andn
women, where each person strictly orders all members of
the opposite sex, we wish to marry the men to the women
such that there is not a man and woman who would both
rather be married to each other than to their current part-
ners. If there is no such couple, the matching is caltable
Surprisingly, a stable marriage always exists. A well-know
algorithm to solve this problem is the Gale-Shapley (GS)
algorithm (Gale and Shapley 1962). The algorithm consists

are executed on demand (GS1), when the linearization for
the menis precomputed, but Compare for the women is exe-
cuted on demand (GS+pre-m), and when both linearizations
are precompted (GS+pre-mw). We see that is is inefficient
to pre-compute the linearizations in advance, even for just
the men. This is perhaps not too surprising, since computing
the linearizations needs to run the Next operation exactly

(or 2n?) times, while the GS algorithm ©(n?) time in the
worst case but may in practice require only a much smaller
number of proposals. Our tests show that algorithm GS takes
less than 1 second even for CP-nets with 10 features. This is

of a number of rounds in which each un-engaged man pro- a prac'[ical Sized Setting as |t mOdels pl’_0b|emS W|th about a
poses to the most preferred woman to whom he has not yet thousand members of each sex where it would be unreason-
proposed_ Each woman receiving a proposal becomes “en- able to ask. eaCh (’:-lgent-to rank a” memberS Of the Othel’. sex.
gaged”, provisionally accepting the proposal from her most BY comparison, itis a simple task to ask an user to specify a
preferred man. The main operations that this algorithm re- CP-netover 10 features.
quires are: for a man, to compute his most preferred woman
and, given any woman, the next best one; for a woman, to Acknowledgments
compare two men according to her preferences. This research is partially supported by the Italian
In some applications, the number of men and women can MIUR PRIN project 20089M932N: “Innovative and multi-
be large. For example, the men and women might represent disciplinary approaches for constraint and preference rea
combinatorial structures. It may therefore be unreas@nabl soning”.
to assume that each man and woman provides a strict or-
dering of the members of the other sex. Here we assume
that each man and woman has an acyclic CP-net decribing
hls/her_preferences _overthe members of the othgrsexsln thi based constraint satisfaction and optimizatialournal of
scenario, the operations needed by the GS algorithm must bethe ACMA4:201-236
computed on acyclic CP-nets. The existing literature tedls o : '
that finding the best outcome is easy. The results of the pre- Boutilier, C.; Brafman, R. I.; Domshlak, C.; Hoos, H. H.;
vious sections assure us that finding the next best woman is @nd Poole, D. 2004a. CP-nets: A tool for representing and
polynomial in the number of features for an appropriate lin- réasoning with conditional ceteris paribus preferenceesta
earization. In this same linearization, it is also easy tmco ~ Ments. Journal of Artificial Intelligence Researchl:135-
pare two outcomes (Pilotto et al. 2009). 191.
We can either precompute the whole linear order, or we Boutilier, C.; Brafman, R. I.; Hoos, H. H.; and Poole, D.
can compute just the part of the ordering that GS needs dur- 2004b. Preference-based constrained optimization with CP
ing its execution. In the first scenario, we compext nets.Computational Intelligenc20(2):137-157.

n? times and then GS can run m.(NQ) time. In terms of Brafman, R.; Rossi, F.; Salvagnin, D.; Venable, B.; and
space, we need to store all the linearizations, which takes \walsh, T. 2010. Finding the next solution in constraint-

O(n?) space. In the second scenario, no pre-computation is and preference-based knowledge representation fornslism
required but each step of GS requires additional time to per- | pProc. KR 2010

form a Next (and possibly &ompare) operation. GS now
runs in O(n%log(n)) time but justO(nlog(n)) space. We

ran some experiments to see which of these two scenarios
is more effective in practice with randomly generate acycli
CP-nets.
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Figure 1: Execution time for three versions of GS.

Figure 1 gives the log-scale time needed to run three dif-
ferent version of the GS algorithm: when Next and Compare



