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Abstract. We describe a detailed experimental investigation of the
phase transition for several different classes of randomly generated
satisfiability problems. We observe a remarkable consistency of fea-
tures in the phase transition despite the presence in some of the
problem classesof clausesof mixed lengths. For instance, each of the
problem classes considered has a sharp transition from satisfiable to
unsatisfiable problems at a critical value. In addition, there is a com-
mon easy-hard-easy pattern in the median difficulty of the problems,
with the hardest problems being associated with the phase transition.
However, the difficulty of problems of mixed clause lengthsis much
more variable than that of fixed clauselength. Indeed, whilst the me-
dian difficulty of random problems of mixed clause lengths can be
orders of magnitude easier than that of equivalently sized problems
of fixed clause length, the hardest problems of mixed clause lengths
can be orders of magnitude harder than the hardest equivalently sized
problems of fixed clause length. Such very hard random problems
may be of considerable practical and theoretical use in analysing
algorithm performance.

1 Introduction

Propositional satisfiability (SAT) isthe problem of decidingif thereis
an assignment for the variablesin apropositional formulathat makes
theformulatrue. SAT is of considerablepractical interest as many Al
tasks can be encoded quite naturally in SAT. Unfortunately, unless
P=NP, SAT isintractable in theworst case asit isaNP-hard problem.
There are, however, many theoretical and experimental results which
show good average-caseperformancefor certain classesof SAT prob-
lems [7]. In considering such average-case results, it is important to
know whether the problems considered are hard and representative
of those met in practice. Cheeseman et al [1] observed that the hard
instances of NP-hard problems are often associated with a phase
transition. With SAT, there is a phase transition as the ratio of the
number of clausesto variablesin a problem is varied. Experiments
have shown that an easy-hard-easy pattern for SAT occurs as this
ratio is increased and that the hard instances occur in the phase trans-
ition [15]. The phase transition for SAT is therefore of considerable
practical and theoretical importance.

In this paper, we present a detailed experimental investigation of
the SAT phase transition. We consider several different classes of
SAT problems, some of which (like real problems) contain clauses of
mixed lengths. We observe a remarkable consistency of features in
the different phase transitions. For example, all the problem classes
show an easy-hard-easy pattern in median problem difficulty, aregion
of highly variable difficulty, and a sharp transition from satisfiable to
unsatisfiableat afixed ratio of clausesto variables. Random problems
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of mixed clause lengths appear, however, to give much more variable
behaviour. The median difficulty of random problems of mixed clause
is typically orders of magnitude less than that of equivalently sized
problems of fixed clause length, yet the hardest problems of mixed
clause lengths can be orders of magnitude harder than the hardest
problems of fixed clause length. With random problems of mixed
clause lengths, certain key properties like the position of the phase
transition also appear to be governed merely by a simple parameter,
the (limiting) distribution of clauselengthsin the problem class. The
phase transition observed for random 3-SAT [15] thus appearsto be
a special case of amore general type of SAT phasetransition.

2 Random k-SAT

We consider SAT problems in conjunctive normal form (CNF); a
formulaisin CNFiff it isaconjunction of clauses, whereaclauseisa
disiunction of literals, and aliteral isanegated or un-negated variable.
A problem in random k-SAT consists of I clauses, each of which
has k literals chosen uniformly from the N possiblevariablesand the
N possible negated variables. We use R (N, L) to denote problems
drawn from this class and Prob(sat, X) to denote the probability
that a problem drawn at random from the class X is satisfiable.
Most recent experimental work has used the random &-SAT model
as it has several features which makes it useful for benchmarks. In
particular, there appearsto be a phasetransition between satisfiability
and unsatisfiability as L / N isvaried. That is, thereexists cx, acritical
valueof 7./ N, such that:
lim Prob(sat, Ri(N,c.N)) = { 0 fore>c
N—oo ’ T 1 fore < cg.

It is easy to show that ¢o = ¢; = 0. It has been shown theoretically
that ¢ = 1 [2, 9] and 3.003 < ec3 < 4.81. Experiments have
suggested that ¢; =~ 4.24 [4]. The phase transition appears to be
of practical value as, for a given N, problems with ¢;. N clauses
seem to be the hardest problems generated for awide variety of SAT
algorithms [15]. This result needs to be treated with slight caution
since it has not been shown theoretically, and since problems away
from the phase transition can also be hard to solve. For example, all
resolution algorithms need exponential time with probability tending
to 1 for random 3-SAT problems generated with ¢ > 5.6 [3].

To determine satisfiability and problem difficulty, we usetwo variants
of the Davis-Putnam procedure [5]. The major difference between
these variants is their choice of variable upon which to branch. For
small problems, we use asimplevariant used in previousstudies [15]
which branches on thefirst variable in the first clause. We shall refer
to this variant as“DP”. For larger problems, we use ASAT [6] which
branches on the variable having the greatest number of occurrences
in the shortest clauses. ASAT is one of the fastest implementations of
the Davis-Putnam procedure currently distributed.
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Figure 1. Random 4-SAT problems, tested using ASAT,
mean (solid), median (dashed) branches, N = 75

Figure 1 shows a typical random &-SAT phase transition, like that
for 3-SAT in [15], the dotted line giving probability of satisfiability
at each point. For N = 75, we tested 1000 random 4-SAT problems
at each point from /N = 0 to 16 in steps of 0.4. The graph
of observed probability of satisfiability is similar with varying N,
except that the transition from near 100% to near 0% becomessharper
with increasing N. There appearsto be a*“ crossover" point at which
approximately the same percentage of problemsis satisfiable for all
values of N, as previously observed in 3-SAT [13]. To examine this
for 4-SAT we tested problemsfrom /N = 9 to 12 in stepsof 0.04,
for N = 25, 50, 75. The most consistent point appeared to be at
9.76 N clausesat a probability of 65% satisfiable.

Figure 1 shows a typical “easy-hard-easy" pattern in problem dif-
ficulty for 4-SAT using the ASAT procedure. The y-axis gives the
mean and median (to the same scale) number of branchesreported by
ASAT. When L/ N islarge, problems are usually over-constrained,
and thus easily shown to be unsatisfiable. When L / N is small, prob-
lems are usually under-constrained, and a satisfying assignment can
be “guessed” quickly. The really hard instances tend to occur at the
phase transition where the problems are finely balanced between be-
ing satisfiable and unsatisfiable. Note that mean and median behaviour
arevery similar.

3 Random mixed SAT

We now introduce a generalisation of the random &-SAT model,
which we call “random mixed SAT". In thismodel, a set of clausesis
generated with respect to a probability distribution ¢ on the integers.
Each clauseis generated asin random k-SAT. However, &, thelength
of the clause, is chosen randomly according to ¢. For example, if
#(2) = ¢(3) = 1, then clauses of length 2 and 3 appear with
probability £, whilst if ¢(2) = £+ and ¢(4) = 2, clausesof length 2
appear with probability + and of length 4 with probability 2. In this
paper, wewill call these problem classes” 2-3-SAT" and “ 2-4-4-SAT"
respectively. The frequency of occurrence of an integer in the name
reflects the frequency of occurrence of clauses of this length in the
problem. Thus, for “3-4-SAT", $(3) = ¢(4) = 3. Random k-SAT is
a special case of random mixed SAT, where each clause is chosen of
length & with probability 1.

The random mixed SAT model may generate problems more similar
to real-world problemsthan random k-SAT. For example, many struc-
tured problem classes use clauses of mixed lengths (eg. scheduling
problems have large numbers of binary clauses). It would be inter-
esting to compare such problems with random mixed SAT problems
with similar proportions of clauseslengths.

We write c,, for the critical value of /N for agiven random mixed
SAT (if such avalueexists). If ¢(0) > 0 or (1) > 0, then we know
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that ¢4 = 0, asempty and unit clauseswill occur,andascq = ¢1 = 0.
Henceforth we assumethat ¢(0) = ¢(1) = 0. Although we do not
know the value of ¢4 in other cases, it is at least simple to give an
upper bound on its value if it exists. For a given ¢, we define the
density of ¢, dy as:

do =aer 3 6(K)(1 — (5)°)

The density gives the mean fraction of al truth assignmentsthat are
consistent with any given clausegenerated by ¢. Theexpected number
of models of aclausesetwith N variablesand I, clausesis 2 (d4)*.
A satisfiableformula has at least one model, so for fixed L/N, prob-
ability of satisfiability vanishesas N — oo if 2(dg)2/" < 1. Re-
arranging, we see that

Cp < —ro. Q)
¢ 10g2(d¢)
For k = 2, the bound gives ¢, < 2.41, but it isknown that c; = 1.

For k = 3, (1) givescs < 5.20 whileit isbelieved c; ~ 4.24, and
our experiments suggest ¢4 = 9.76 while (1) gives ¢, < 10.75.

Prob(sat) | 1
i 08
. 06
.04

.02

1 1.5 2 25

Figure 2. Random 2-3-SAT, N = 50, 100, 150

For random 2-3-SAT, we get dy = % giving abound ¢y < 3.34.
In our exploration of the phase transition, this gives a useful upper
bound on how far experiments need be performed. Figure 2 shows
how the probability of satisfiability varies with theratio of clausesto
variables. For N=50, 100, 150, experiments were performed with L
varying in stepsof 0.2N from 0 to 3.4 V. Thehigher valuesof N are
characterised by a sharper transition, the dotted line being N = 150.
It can be seenthat, asfor random k-SAT, the probability graphs seem
to be converging on somelimit. Thereisagain acrossover, but at ahigh
percentage satisfiability. To investigate this further, we performed a
more detailed investigation of the crossover region. For values of NV
from 50 to 150 in steps of 10, and from 150 to 350 in steps of 50,
we tested 500 problems at values of L from 1.3V to 2N in steps
of at most N/50. Analysis of the data suggests that the crossover
appears close to 94% satisfiable and . = 1.75N, where we take
the crossover to be where we observe the smallest differencein the
probability of satisfiability with changing problem size. By contrast,
theratio L/ N where50% of problemswere satisfiabledeclined from
2.32 for N = 50t02.08 for N = 200.

For random 2-4-4-SAT, we get dy = g the same as 3-SAT, giving
ce < 5.20. Once again, a similar pattern is observed when graphs
of probability are plotted. However, the crossover appears at quite a
different point compared to 3-SAT. For values of N from 50 to 130
in steps of 10, we tested 500 problems at values of L from 2.3 N to
3.3N in steps of at most V/25. The crossover point appears to be
about L = 2.74 N where 96% of problemsare satisfiable. By contrast
the 50% satisfiablepoint ranged from 3.78 N at N = 5010 3.48 N at
N = 150. Thissuggestsan estimate for ¢, of 2.74.
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4  Problem Hardness

The identification of phasetransitions is of considerable importance
in the study of heuristics for NP-hard problems since the hardest in-
stances of randomly generated problems tend to occur in the phase
transition. Asobservedin [15] for random 3-SAT, the hardest random
k-SAT problems appear to occur in the transition between satisfiab-
ility and unsatisfiability. This is seen very clearly for random 4-SAT
in Figure 1.
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Figure 3. Random 2-4-4-SAT problems, DP, N = 75

Random mixed 2-4-4-SAT gives very different behaviour to 3-SAT
or 4-SAT. Figure 3(a) showsthe median and mean problem difficulty
for 2-4-4-SAT, using DP without branching heuristics. Thereis very
little relation between mean and median problem difficulty. Median
problem difficulty shows a slight easy-hard-easy pattern, though the
peak median difficulty is only 4 branches. Mean behaviour is excep-
tionally noisy, even though each data point represents the mean of
10, 000 experiments, and we have plotted the the mean on alog scale.
Thisbehaviour isclarified by Figure 3(b) which showscontoursof the
difficulty of problems representing percentiles from 90% to 99.9%.
Again a log plot has been used. Hard problems are still associated
with the transition but the hardest problems no longer occur around
the 50% satisfiable point. The most difficult problems can be either
satisfiable or unsatisfiable, and occur at high percentage satisfiabil-
ity. Similar behaviour has been observed by Hogg and Williams for
randomly generated 3-colourability problems[10].

The difference between hardness of 4-SAT and 2-4-4-SAT does not
seem to be caused merely by the use of two different proceduresin
Figures 1 and 3. Although ASAT finds all 2-4-4-SAT problems at
N =75 easy,at N = 300 it needed more than 3 million branches
for onesatisfiable problemin aregion of high percentagesatisfiability
while needing less than 100 branches for almost all other problems.
Experiments with other random mixed SAT problems and other pro-
ceduresalso show that the hardest problemswith mixed clauselengths
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can be orders of magnitude harder than the hardest problems with a
fixed clause length, and that these hard problems tend to occur in
regions of high percentage satisfiability.

5 Constant Probability M odel

Another common problem classwhich gives clausesof mixed lengths
is the constant probability model. This class has also been the sub-
ject of much theoretical attention. In the constant probability model,
clauses with N variables and L clauses are generated according to
a parameter p, 0 < p < 1. For each clause, each literal (that is, a
variable or the negation of a variable) is included with probability
p, independently of the inclusion of other literals. In particular, the
empty clauseisallowed. Our experimentsuse avariant of the constant
probability model proposed in [11] in which if a clauseis generated
containing either no literals or only one literal, it is discarded and
another clause generated in its place. Thisis becausethe inclusion of
empty or unit clausestypically makes problems easier. We shall call
this the “CP” model.

This model cannot strictly be seen as an example of arandom mixed
SAT, because the probability of a given clause length being chosen
varies with N. However, we observe very similar effects to those
seen with random mixed SAT, provided that we omit empty and unit
clauses, and provided that wefix thevalue2 N p andsovary pas1/N.
Thiskeepsthe expected clause length nearly constant. Indeed, for any
givenvalueof 2 NV p, thisgivesalimiting distribution of clauselengths
determined by the Poisson distribution with parameter 2 N p (adjusted
for theomission of clausesof length 0 and 1). For comparatively small
values such as 2Np = 3, we get quite fast convergence to the true
distribution of clause lengths. For example, for N = 25, the true
probability of length 3 clauses is 0.285, while the Poisson model
gives a probability of 0.280.

For the Poisson approximation to the constant probability model
with parameters N and p, we have ¢(k) = e >YP(2Np)*/k! by
definition. We can derive an expression for the density d. If empty
and unit clauses are allowed, then we can derive 1 — dg = e~ Np,
Allowing for the omission of empty and unit clauses, if we choose
2Np = 3,wegetd, ~ 0.877, avalue close to the density of 3-SAT,
0.875.
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Figure4.CP, 2Np = 3, N = 25,50, 75,100

Our observationsin §3 and §4 seem to apply to CP. In particular, if
2N p is kept constant as in Figure 4, graphs of probability of sat-
isfiability show the same features, with a crossover at about 2.80.
Very interestingly, the distribution of problem difficulty in Figure 5
is similar to the very variable distribution seenin Figure 3(b). Again,
we plot different percentile branches on alog scale, with each data
point representing the result over 5000 problems. The hardest prob-
lems in the CP model can be three orders of magnitude harder than
the hardest equivalently sized problems of fixed clause length [8].
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These hard problems again tend to occur in regions of high per-
centage satisfiability. By comparison, the median displays a simple
easy-hard-easy pattern. In [8], we give further experimental analysis
to show that this highly variable and hard behaviour in CP cannot
be eliminated by the use of better heuristics. We conjecture that this
hardness arises from hard unsatisfiable problems in a region of oth-
erwise satisfiable problems, or satisfiable problems which give hard
unsatisfiable subproblems.
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Figure 5. CP, percentilebranches, 2Np = 3, N = 75, DP

6 Conjectures about the Crossover

We have presented experimental evidenceto show that many features
of the phase transition for random &-SAT are also present in random
mixed SAT and in the CP model. Our experiments suggest that for
any distribution ¢ of clause lengths, there is a critical value cg. In
$3, we gave an upper bound on ¢y in terms of d, the density. In this
section, we derive further bounds and conjecture an estimate for c
interms of cy.

Forany k,if wehavec.¢(k) > cx,thencertainly ¢ > c4. Thisimme-
diately gives usthat, ¢4 < maxz—, % For example, for 2-3-SAT,
this gives us c¢g < cz/% = 2 and for 2-4-4-SAT, ¢y < c2/1 = 3.
These are tighter boundsthan those obtained earlier by consideration
of the density. Furthermore, they show that the value of ¢, cannot
be determined by d4 alone, as 3-SAT and 2-4-4-SAT have the same
density, but it is known theoretically that c¢s > 3, whilst ¢y < 3
for 2-4-4-SAT. We can also observethat ¢y > ming(xyso cx. This
bound takes no account of ¢ (k) except in being non-zero. Thus for
both 2-3-SAT and 2-4-4-SAT wederiveonly ¢y > ¢2 = 1.

Neither of the above bounds, or the bound obtained earlier, give
good predictions for ¢4 in the cases we have tested. We would like
to have a formula for ¢4 in terms of ¢ and its constituent cx. An
intuitively appealing possibility is that ¢4 is given by the weighted
parallel sum of the constituent c;. The intuition behind this conjec-
ture is that ¢x. N clauses of length & are “equivalent” in terms of
preventing a truth assignment being amodel asc..V binary clauses.
Thus, asc; = 1, aclauseof length k is ¢ times less effective at fil-
tering out modelsas abinary clause. At the crossover, thereare ¢ IV
clauses of which ¢(k).c4.N are of length k. These clauses contrib-
ute to defeating possible models the same as ¢(k).c4. N /¢ binary
clauses. In total, we need an effective contribution from all clauses
which is the same as the combined effect of NV binary clauses. Thus,

#(2)cy N | #(3)cy N | ¢(4).cy. N .
- + - + ” +...=Nor
1 3 4
_:¢(2)+¢() ¢()+... 2
Co c3 C4

A physical analogy is that of electrical resistance. A set of clauses of
length & offer some “resistance” to whether a truth assignment is a
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model. The total resistance of a mixed SAT problem is the “sum” of
the resistances of the sets of clausesof different lengths. We take the
parallel sum since a truth assignment can be defeated by any of the
sets independently.

This conjecture obeys all the firm bounds derived in this paper, very
easily the two bounds derived in this section. Some tedious manipu-
lation showsthat the parallel sum also obeys the bound given by (1).
Furthermore, the valuesit predicts seem to be close to those derived
earlier in this paper from our experimental analysis. Using the val-
ues, co = 1,¢3 &2 4.24, ¢4 = 9.76, we get the following results. For
calculating ¢ for CP, we approximate ¢, for & > 5 using (1). The
slight error between observed and predicted ¢, might be explained
by interactions between clauses of different lengths.

Predicted Ce Observed Ce
2-3-SAT 1.62 1.76
3-4-SAT 5.91 5.88
2-4-4-SAT 2.49 2.74
CP 2.67 2.80

7 Conjectures about Scaling
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Figure 6. Scaling of 4-SAT, oo, = 9.76, v = 1.25

Phase transitions occur frequently in natural systems. One of the
most unusual and theoretically interesting systems is that of spin
glasses. Each of the N atoms in a spin glass has a magnetic spin
which can have only one of two values, ‘up’ or ‘down’. The system
therefore has 2 possible configurations. Macroscopic properties of
a configuration (eg. the energy, entropy) depend only on interactions
between the spins of nearest neighbours. Due to the differences in
separation of the atoms, some of theseinteractions are ferromagnetic
(promoting alignment of spins) whilst others are anti-ferromagnetic
(promoting opposite spins). The net effect is arandom force leading
to alarge number of equilibrium configurations. An analogy can be
made between such spin glasses and random &-SAT. Each of the
N variables in a truth assignment has one of two values, ‘True’ or
‘False’. The system therefore has 2% possible configurations. Mac-
roscopic properties (eg. satisfiability) depend only on the interaction
between variables in each clause. Due to the random polarities of
these variables, the net effect on avariable is arandom “ preference”
towards ‘True' or ‘False’. [14] have used this analogy to suggest a
fascinating scaling result for random k-SAT. They propose that for
random k-SAT, thereis afundamental function f, and values o and
v, such that

Prob(sat, Ri(N, L)) = f((L/N — a.)N''") ©)
f can be estimated experimentally and used to give accurate pre-
dictions of the value Prob(sat, Rx(N, L)). For 3-SAT, [14] report

a. = 4.15, v = 1.5. Their value for «. isslightly lower than recent
experimental values of ¢; [4].
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A restatement of (3) isthat all graphsof Prob(sat, Rx(N, L)) will
be identical if the z-ordinate used is (L/N — a.)N'/*. Figure 6
shows our experimental data for 4-SAT for N = 25,50, 75, scaled
in this way. For convenience, we have multiplied the z-ordinate by
100~1/7 and added «. so that the values on the z-axis give the
equivalent value of L at N = 100. The dashed line gives the point
a.. By trial and error, we found a good fit using «. = 9.76, our
experimentally observed value of ¢4, and v = 1.25. Indeed, the
curves are never more than 0.08 N apart. We have also looked at
problems generated from the random mixed SAT model. Figure 7
showsdatafor 2-3-SAT for N = 50, 100, 150, 200 using v, = 1.76
and v = 2.5. Wetested 500 problemsin stepsof N /50 clauses. The
curves are never more than 0.06 N apart. For 2-4-4-SAT, for N up
to 150, we observed a good fit using « = 2.74, v = 3.5. These
graphs suggest that Kirkpatrick et al’s conjecture can be extended
from random k-SAT to random mixed SAT.
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8 Related Work

Phase transitions are attracting increasing attention in Al. Huberman
and Hogg [12] predict that many large scale systems will undergo
sudden phasetransitionsthat affect computational performance. They
show, for example, that a simple model of heuristic search changes
from linear to exponential behaviour at aphaseboundary. Cheeseman
el al. [1] observed that many NP-hard problems have an order para-
meter, that hard problems occur at a critical value of this parameter,
and that this value separates a region of underconstrained, typically
soluble, problems from a region of overconstrained, typically insol-
uble, problems. Mitchell et al. [15] demonstrated that for random
3-SAT the order parameter is I/ NV, the ratio of clausesto variables,
and that median performance of DP has an easy-hard-easy pattern
with the hardest median instance occurring at the phase transition.
Crawford and Auton [4] accurately identified the position of the phase
transition for random 3-SAT as L/ N = 4.24. [15] aso report that
the CP model has an easy-hard-easy pattern for median performance,
but prematurely dismiss CP as being too easy compared with random
k-SAT. Although median performance is easy, worst case perform-
anceisnot [8]. The hardest CP problems can be orders of magnitude
harder than the hardest comparably sized random k-SAT problems.

9 Conclusions

We have performed adetailed experimental investigation of the phase
transition for randomly generated SAT problems. The sharp change
from satisfiable to unsatisfiable problems previously observed at a
critical value in random k-SAT problemsis also present in the more
general class of random mixed SAT problems, aswell as in random
problems generated by the constant probability model. We have used
our experimental results to conjecture the critical value for these
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problem classes in terms of the critical values of the constituent k-
SAT classes. Furthermore, we have been able to extend Kirkpatrick
et al’s conjecture on the scaling of transition behaviour to random
mixed SAT.

Aswith random &-SAT, we have observed an easy-hard-easy pattern
in the median difficulty for random mixed SAT problems, with the
hardest problems being associated with the phasetransition. However,
the difficulty of problems of mixed clause lengths is much more
variable than that of random k-SAT problems. Indeed, the hardest
problems of mixed clause lengths can be orders of magnitude harder
than comparably sized problems of fixed clause length. Such very
hard problems tend to occur in otherwise easy regions where most
problems are satisfiable. Theseresults are of considerablevalue both
to experimental and theoretical Al sincethe empirical comparison of
algorithms for NP-hard problems and average-case analysesrequires
the identification of hard instances of randomly generated problems.
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