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IN

models of concurrency which interleave concurrent actions, and thus reduce parallel-
rminism, some rather strong assumptions have to be made about the nature of events.
ormulation of these assumptions is taken from HOARR [15]:

"occurrence of each event in the life of an object should be regarded as an instantaneous
ic action without duration. Extended or time-consuming actions should be represented by
ents, the first denoting its start and the second denoting its finish.” (p. 24)

semantics the behavior of a system that performs two actions ¢ and b in parallel is
same as the behavior of a system that either does an a followed by a b, or a b followed
aically this leads to equations like

= a-b+ba

ions are reasonable under the assumption that the actions a and b are instantaneous,
hly problematic if a and b are durational or time consuming. Any intuition that in
he b are causally independent and can occur simultaneously, or that allb is faster than
it be captured in interleaving semantics in terms of primitive notions. The postulate of
ces one to consider instantaneous actions only. Hoare however, and with him many
of interleaving semantics, argues that this is not really a restriction because one can
urational actions, by splitting such actions into a beginning and an end. In interleaving
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semantics
at-a |bT b~ Fat-a bbb~ + bt-b"-at-a,

because the process on the left has a trace a*b*a~ b~ which the process on the right has not.
Observations like this make many people believe that at least in theory the idea of splitting offers a
viable approach to the concept of durational actions.

In this paper we show that the representation, in interleaving models, of durational actions by pairs
of actions is impossible in a general setting of concurrent and nondeterministic systems. Basically, the
problem is that in the presence of a sufficient amount of nondeterminism and concurrency, it is not
always clear how start actions match up with finish actions. This confusion leads to the identification
of certain processes that should be distinguished by any semantic equivalence which claims to capture
the notion of actions with duration. Qur counterexamples that illustrate these phenomena are rather
complex and don’t leap out at the casual observer. PRATT [22] compared this situation with the 19th
century engineers who did not notice discrepancies in their day-to-day work due to relativity and
quantum mechanics. And indeed, splitting works in all practical situations that we know of. The
point which we try to make is that when applications become more complex, this situation may
change because splitting is unable to capture the notion of durational actions in general. Given the
widespread belief in the universal power of splitting, we proceed in a very careful manner, with the
aim to eradicate this misconception in all its possible forms. However, we would like to stress in
advance that our results by no means imply that in a setting with durational actions the use of partial
order or ST-semantics is ‘superior’ to a semantics based on interleaving of split actions. In fact we
think that in many specific areas of application interleaving+ splitting can lead to simpler and more
satisfactory solutions. A typical example here is the area of wait-free atomic registers, where
apparently the use of interleaving based models in combination with splitting of the durational read
and write operations (see for instance [3]), is more successful than the use of the partial order based
model of [16].

As it is more general and much simpler, the discussion of this paper will take place at the level of
semantic models and not at the level of the languages that are interpreted in those models. We use
semantic models which are based on partial orders of events, because in these models we can easily
express that actions have duration or structure. In order to argue that a combination of interleaving
and splitting cannot capture these features, we need a model which can! A simple way to capture the
notion of durational actions in a partial order model is to introduce a mapping which associates a
duration to each action. For instance, one can assume that action a takes one hour and action b two
hours. Then in allb the two actions can be completed in two hours; this is not possible in a-b+b-a.
Given an execution sequence, one can construct a real-tfime execution sequence by labeling each event
with a start time and a finish time, in such a way that (1) the starting times of consecutive events in
the sequence are nondecreasing, (2) the start time of each event is greater or equal than the finish time
of all its predecessors in the partial order, and (3) for each individual event the difference between
finish and start time equals the duration of the action which is associated to the event. We postulate
that a treatment of concurrency that claims to capture durational aspects of actions should distinguish
between processes with different real-time execution sequences. Partial order models can also capture
the concept of actions having structure, via action refinement: the operation of refining actions into
more complicated processes. Based on arguments from [5, 16, 21], refinement of actions is advocated
in [11] as a natural operation on processes, allowing to decrease the level of abstraction at which sys-
tems are described. Splitting of actions can be viewed as a simple form of action refinement in which
each action a is refined into a process which first does a* and then a~. We postulate that a treat-
ment of concurrency that claims to capture structural aspects of actions should distinguish between
processes such as allb and a-b+b-a that turn out to be different after refinement of actions. Both
requirements are met by suitable approaches based on partial orders [10], but not by those based on
interleaving.

Given the complexity of our counterexamples, we decided to split the technical part of this paper
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In Sections 2 and 3 we discuss the issue in the linear time model of pomset processes,
; 4 and 5 we discuss it again in the branching time model of labeled prime event struc-
>lish that labeled prime event structures can without loss of information be represented
hs. This representation turns out to be helpful in the analysis of our counterexamples.
the latter sections are more general, but also more difficult to understand because the
:s have to preserve branching structure too. Each counterexample consists of two sys-
ed either as pomset processes or as event structures) which are clearly different if we
tions have duration or structure, but which are identified if we first split the events in
d then compare the interleaving behaviors of the resulting systems.

nterexample that we found (the ow! example) consists of two such systems which are
terleaving semantics after splitting each action into two parts, but which have different
tion sequences and can be distinguished by splitting each action into three parts. It
1 problem ‘whether digram languages of unit cardinality suffice’ posed in GISCHER [6]
1ay lead a fervent splitter to speculate that although durational and structural proper-
cannot be modeled in interleaving semantics by simply splitting actions into a begin-
d, it might still be possible to do so by splitting actions in three or more parts. There-
msider n-splitting, where a sequence a;- - - - - a, is substituted for each action o, and
any n=>2 there are processes with the same interleaving behavior after splitting each
ts, but with different real-time execution sequences and different interleaving behavior
n is split into n +1 parts. These examples show that it is impossible to capture dura-
tural properties of actions by splitting them into sequences of any finite number of

lternative to splitting actions into sequences is the refinement of actions by processes
mplicated internal structure, possibly involving conflicts (+). We review an example
[24] (a variant of which appears already in K.S, LARSEN [17]) involving two processes
aving equivalent after splitting actions in sequences of arbitrary length, but can be dis-
efining actions into processes of the form a;-a;+aj-as. We show that this example
time semantics (in a slightly modified form up to the level of ready trace semantics [9]),
:neralize to branching time semantics. GORRIERI & LANEVE [13] furthermore establish
tion semantics no such example exists.
r power of conflict refinements (at least in linear time semantics) may be taken as an
pose extensions of the splitting doctrine beyond the level of sequence refinement. In
6] shows, in essence, that any systems that can be distinguished in linear time inter-
cs after arbitrary refinements, can already be distinguished by refinements of the form
ing an infinite choice. However, our counterexamples show that applying interleaving
any given refinement of actions into processes with a finite number of internal states
:ntification of systems with a different real-time behavior and a different interleaving
splitting actions in sequences with a greater number of internal states (Section 5.9).
we will not discuss this issue in any detail, we claim that our counterexamples can be
e language level in all major process algebras. In the language Rec of [20] for instance,
e event structure can be denoted up to history preserving bisimulation equivalence,
" the finest partial order equivalences found in the literature. Since all our counterex-
finite structures only, this observation immediately implies that they can be translated
1 & HENNESSY [2] discuss in detail the translation of our owl example into Milner’s
they investigated the largest congruence contained in (interleaved) bisimulation
a subset of CCS without communication and restriction, but with a general refinement
characterized this congruence as the equivalence which declares two processes equal
g actions into begin and end, the results are (interleaved) bisimilar. That equivalence
roposed on a slightly different subset of CCS in HENNEssY [14]; we call it split bisimu-
ce. It follows that our counterexamples do not carry over to the subset of CCS con-
0 and Hennessy, and that their characterization does not carry over to full CCS with
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refinement. In fact, on the domain of processes that can be expressed in Aceto and Hennessy’s
language, split bisimulation equivalence coincides with history preserving bisimulation equivalence.

In VAANDRAGER [23] it is proved that for deterministic systems, the ability to observe the beginning
and end of events is sufficient for retrieving the causal structure of the systems. Therefore our coun-
terexamples have to be nondeterministic. All counterexamples necessarily involve autoconcurrency as
well, the possibility that two instances of the same action occur simultaneously. If there is no auto-
concurrency, then there can be no confusion about how finish actions match up with start actions,
and splitting becomes a consistent way of dealing with durational actions. This is done in [17,18] on a
simple subset of CCS were autoconcurrency is explicitly excluded. The subset of the language Rec of
[20] which contains injective morphisms only, is a nontrivial example of a langnage without autocon-
currency. Although we do not exclude that such a restricted language can be useful in practice, our
feeling is that autoconcurrency, just like nondeterminism, is a feature which arises naturally if one
tries to give abstract descriptions of concurrent systems. Therefore we think that a theory of dura-
tional actions will be more useful if it allows for autoconcurrency.

For each interleaving equivalence one can define a split-n equivalence, identifying two processes
exactly when they are interleaving equivalent after splitting each action into n parts. Our counterex-
amples show that the split-n equivalences are too course to capture durational and structural aspects
of actions. This means that the interleaving equivalences are too course for this purpose even if
occurrences of actions are represented by a sequence of two or more events. In a previous paper [12]
we introduced a type of equivalence that is very similar to split-2 equivalence, but which in addition
requires that the way start actions match up with finish actions is the same for equivalent processes.
These so-called ST-equivalences are finer than the split-n equivalences but courser then the main par-
tial order equivalences. In [12] and [8] is was established that they do not suffer from the problems
we here encounter with split equivalences, and are as suitable for modeling durational actions as are
the main partial order equivalences. In ST-semantics as well as in partial order semantics no addi-
tional discriminatory power is obtained when actions are split into a beginning and an end (or in
more than two parts) before their behaviors are compared. So whereas in interleaving semantics split-
ting is insufficient, in ST- and in partial order semantics it is unnecessary. In order to capture dura-
tional and structural properties of actions one needs to make the distinctions of ST-semantics. The
additional distinctions made by partial order equivalences do not harm, but are inessential for this

purpose.

2. POMSET PROCESSES

2.1. DEFINITION. A labeled partial order or Ipo over an alphabet A of actions is a structure
p = (E, <<,l) where
- E is a set of evens;
- < is a partial ordering on E, sometimes referred to as the causality relation;
- 1:E—A is a labeling function which assigns an action to each element of E.
Sometimes we will refer to the components of an Ipo p as E,, <, and J,.

Two Ipo’s p and q are isomorphic if there exists an isomorphism from p to g, i.e. a bijective mapping
f from E, to E, which preserves ordering and labels (so e <, ¢ & f(e) < ¢ f(¢) and

L) = L @)).

A partially ordered multiset or pomset is the isomorphism class [p] of an Ipo p. We call a pomset
Jinite if the Ipo’s contained in it have a finite number of events.

Let p be an Ipo. A set E CE, of events is left-closed in p if for all ecE and ¢'€E,, ¢’ <, e implies
geE.

An Ipo p is a prefix of an Ipo ¢ if E, is a subset of E, which is left-closed in ¢, and moreover <,
and [, are the restrictions of <, resp. l to E,. A pomset P is a prefix of a pomset Q if some Ipo in P
isa preﬁx of some Ipo in Q.
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sure PREF(X) of a set of pomsets X is the set consisting of all prefixes of elements of
is prefix-closed if PREF(X)=X (note that, since any pomset is a prefix of itself, it is
that X CPREF (X)).

cess is a non-empty, prefix-closed set of finite pomsets.

. of Ipo’s, then POMPROC(S) denotes the pomset process obtained by taking the

f{lpllpes}.

es were introduced by PRATT [21]. However, his processes were not required to be
prefix-closed, and the underlying pomsets did not have to be finite. A pomset process
record the causal relationships between occurrences of actions in a concurrent system.
events is not preserved. Also, due to the prefix-closure property, a pomset process pro-
iation about the presence or absence of deadlock and infinite behaviors.

)N. Let p be an Ipo over an alphabet A. A sequence e; - - - ¢,&(E,)" is an event
f all events in the sequence are different and for all i=>1 the set {ey, .. .,¢} is left-

1y - - - a,€A" is a (sequential) trace of p if there exists an event sequence ey - * - e, of p
(e)=a;. A sequence ¢ is a (sequential) trace of a pomset P if, for some lpop in P, o is
milarly, o is a (sequential) trace of a pomset process X if, for some pomset P of X, ¢ is

processes X and Y are interleaving trace equivalent, notation X =v; Y, if they have the
[ traces.

“is a trace of some Ipo in a pomset, it is a trace of all Ipo’s in that pomset. Also, if o is
mset P which is a prefix of a pomset @, then o is a trace of Q. Thus, if S is a set of
; of the associated pomset process POMPROC(S) are exactly the traces of the Ipo’s in

)N. Let p be an Ipo over A and let n=>1 be a positive natural pumber. Then
the Ipo over alphabet 4, = {a;la€4 and 1<<i<<n} given by

= {eleck, and 1<i<n},
Gfi Mt e<,for(e= fandi <j),
) = (e

n event e of p has started in an event sequence p of split,(p), if ey occurs in the
avent e has finished if e, occurs in the sequence. If e has started but not finished, then

active in p.
n split, generalizes in the obvious way to pomsets [p] and pomset processes X:

n(p D = [split,(p)};
+ (X) = PREF({split,(P)| P €X}).

ocesses X and Y are split-n trace equivalent, notation X ~7 Y, if split,(X) and split,(Y)
alent. We call X and Y split-w trace equivalent, notation X = Y, if they are split-n
t for all n.

from the definitions that ~;, = =~}.
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2.4. DEFINITION. An ST-configuration of an lpo p is a pair (S,T) with TCSCE,, and for all ecS
and e’'€E,, ¢’ <, e implies e’eT.

Intuitively, in an ST-configuration (S, T), the events in S are the ones that have started and the events
in T are those that are terminated. Since an event always starts before it terminates, T C.S. Moreover
an event cannot start before all its causal predecessors are terminated.

2.5. DEFINITION. Let p be an Ipo over 4. An ST-sequence of p is a sequence e; - - - ¢,€(E,)" in
which each event occurs at most twice, and for all i =0 the pair

({ey, - - -,e},{ele occurs twicein e; - - - ¢})

is an ST-configuration of p.

A sequence (@1,u;) - * - (@,,u,)€(4 XIN)" is an ST-trace of p if p has an ST-sequence e; - - - ¢, such
that for all i: [,(¢;) = a; and y;=max({0}U {j <ile;=¢;}). A sequence o is an ST-trace of a pomset
process X if, for some Ipo p in a pomset of X, o is an ST-trace of p.

Two pomset processes X and Y are ST-trace equivalent, notation X =g, Y, if they have the same

sets of ST-traces.

In an ST-sequence e; - - - ,, the first occurrence of an event e denotes that e starts, and the second
occurrence denotes that e terminates. If we would only consider the labels of the events in an ST-
sequence then, since the identity of the events is not preserved, too much information would get lost.
Therefore the actions in an ST-trace are labeled with an additional number. If this number is 0, then
the action corresponds to the start of an event. If the number is nonzero, say j, then this means that
the action corresponds with the termination of the event whose start is referred to by the j-th action
in the sequence. A

ST-trace equivalence is the linear time version of the ST-bisimulation equivalence which we intro-
duced in [12] on the domain of Petri nets. The name ST-bisimulation originally referred to the fact
that this equivalence was defined in terms of markings which incorporate both places (Stellen) and
transitions (Transitionen) of a Petri net.

3. CLASSIFICATION OF LINEAR TIME EQUIVALENCES
In this section we establish the relationships between the various notions of equivalence on pomset
processes that were introduced in the previous section.

3.1. THEOREM. For all n=1, ~3*1 C ~.

PROOF. Suppose X and Y are pomset processes with X =%*! Y. We prove X ~% Y. For reasons of
symmetry it is sufficient to show that any trace of split,(X) is also a trace of split,(Y). So let o be a
trace of split,(X). Then o is a trace of some lpo split,(p), where p is an Ipo in a pomset of X. Let p be
an event sequence of split,(p) which has ¢ as associated trace. Consider the sequence p’ which is
obtained from p by replacing each e, in p (where e€E,) by the sequence e,e, ;. One can check that
p’ is an event sequence of split, . ;(p) and that its associated trace ¢’ can be obtained from ¢ by
replacing each occurrence of an action g, by the sequence a,a, ;. Next observe that o’ is a trace of
split, +1(X) and thus also of split, ,,(¥). This means that o’ is a trace of some Ipo split, , (), where g
is an lpo in a pomset of Y. Let & be an event sequence of split, . 1(¢) which has o’ as associated trace.
Since in o’ each a, is followed immediately by a label a, .., it must be that in ¢’ each event e, is fol-
lowed immediately by the event e, ,;: after e,, ¢, +; is the only possible event with label a, ;. The
sequence 6 which is obtained from ¢ by replacing each subsequence e,e,.; by e, is an event
sequence of split,(q) and its associated trace is 0. Thus ¢ is a trace of split,(Y). O
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3.2. Qur next aim is to show that all the inclusions of Theorem 3.1 are strict. Figure 1 shows the
obvious, trivial and well-known counterexample that illustrates the difference between (split-1) trace
equivalence and split-2 trace equivalence. ~

PREF({ a b }) =} PREF({ a , b 1D)

FIGURE 1: The difference between splitting in 1 and 2

Less trivial is the claim that the pomset processes X5 and X3%, which are displayed in Figure 2, are
split-2 trace equivalent but not split-3 trace equivalent.

X5 = PREF({ I®)

Bl =~ b S——Y
DD i O t———— )
[ D e I e
Yok e () it N
N e () etk
e e R e e el )

1)

ot it () et 1\
e e R e L
D e O i )
e e e T e e
N i O e N

1
X3% = PREF({ 0
2

FIGURE 2: The difference between splitting in 2 and 3

In fact, we we will show that this example generalizes to a counterexample which distinguishes split-n
trace equivalence from split-n +1 trace equivalence for all n=2. In Definition 3.3 we will define
pomset processes Xo*" and X2%, and in Proposition 3.4 and Theorem 3.5 we will prove that for any
n=2, X& and X% are split-n trace equivalent but not split-n + 1 trace equivalent.

In order to see that the pomset processes X5**" and X5 are different in a setting where actions
have duration, assume that action 1 takes 1 time unit, action 2 takes 2 time units, and action O takes
3 time units. By choosing the leftmost pomset, process X3 can complete the execution of 6 actions in
6 time units. One can easily check that the pomset process X5 has no possibility to obtain a similar
performance.
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3.3. DEFINITION. Let n>>2 and let (54, . . . ,5,) be a permutation of (1, . . . ,n). The Ipo p(sy, . . . ,5,)
is defined as follows. Its set of events is

{(1! 0)’ (0>l)) (Si; l)l 1<i<n},
its causality relation < is the least partial ordering relation satisfying for 1<<i<cn:
(i) 0) < (O’l) < (Si, l)’

and its labeling function associates label j to event (f,k).
For j,ke{l, ...,n} with with j7k, the Ipo p;(sy, - - . ,5,) is defined in exactly the same way as
p(sy, - - - ,5,), only now there is one additional causal link:

©./) < (0.k).
We define the pomset process X7 by
X7 = POMPROC({{p(sy, - - .,S)(s1, - - . ,5,) is an even permutation} U
{PiG1, - - - 8151, - - - ,5,) is an odd permutation and jF#k}).
Symmetrically, the pomset process X% is defined by
X% = POMPROC({p(s1, - - - s8)| (15 - - - ,8,) is an odd permutation} U

{pixCs1s - - -, 8)1(51, - - -, 5,) is an even permutation and jz£k}).

3.4. PROPOSITION. For all n=2, the pomset processes X5 and X2* are not split-n+1 trace
equivalent.

ProoF. Since (1,...,n) is an even permutation, the following sequence is a .trace of
split, 1 1(p (1, . . ., n)), and hence also of split, . ;(X7"*"). Here, as in the rest of this paper, we abbrevi-
ate a sequence a; - * - @, +] by 4, for a an action.

10] 0,, 201 0,,_1 301 On—-2 M 01 0,,+] ]0,, 0,,.4..1 20,,_1 0,, 0,,+13 ctt 02 vor 0,,+1 n.

In the sequence both occurrences of the action i (for i =1, . . . ,n) must stem from the same (i ) com-
ponent. Therefore the sequence is not a trace of split,, . l(X‘,id"). O

3.5. THEOREM. For all n=2, the pomset processes X;*" and X o qre split-n trace equivalent.

ProoF. For reasons of symmetry it is sufficient to show that each trace of split,(X;*") is also a trace
of split,(X3™). So suppose ¢ is a trace of split,(X5'™). If ¢ is a trace of an Ipo split,@u(s1, - - - ,5))
for some odd permutation (sy, . . .,s,) and indices j and k, then ¢ will also be a trace of the Ipo
split,(p(s1, - - . ,5,)) and thus of X%%. Otherwise, o is a trace of an Ipo split,(p(sy, - - - ,5,)) for some
even permutation (54, . ..,s,). Let p be an event sequence of split,(p(sy, . . . ,s,)) which has ¢ as
associated trace. If, in p, an event (0,5) ends before another event (0,k) starts, then p is also an event
sequence of the Ipo split,(pu (s, . - - ,5,)) and consequently o is a trace of split, (X%, and we are
done. Also, if p is a ‘short’ event sequence on which not even parts of maximal events (i.e. events (i,f)
with both i and j nonzero) occur, then we can easily prove that o is a trace of spliz,(X2%), by observ-
ing that p is also an event sequence of split,(p (s,,532, . . . ,5,—1,51)); and since swapping two elements
of an even permutation leads to an odd permutation this Ipo underlies a pomset of split,(X2%). The
above observations leave as the remaining case one in which p is of the form 6y and after 4 all events
0,i) (for 1<<i<n) are active. Since each event is split into n parts, and since, after 4, the n events
©,1), . . ., (0,n) have all started but not yet finished, it must be that two of these events, say (0,;) and
(0,k) with j <k, are in the same stage of development. Now let 7" be the sequence obtained from n by
replacing each sub-event (i,j), by (i,k), and vice versa. We observe that &y’ is an event sequence of
the Ipo

Wlitn(P(sb LR )Sj—lsskysj+b ... ,Sk_],Sj,Sk+], e .. ,S")),
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which has an associated trace 6. Using again that swapping two elements in an even permutation
leads to an odd permutation gives that this Ipo underlies a pomset of split,(X%%). Thus o is a trace of
split, (Xo%). O

3.6. Note that similar examples, also validating Proposition 3.4 and Theorem 3.5, are obtained using
the pomset processes Y2'*" and Yo%, given by:

Y& = POMPROC({p(sy, - - - ,8)|(51, - - . ,5,) is an even permutation} U
12 CTT ) | I is any permutation and j7£k}),
Yo% = POMPROC({p (51, - - - ys)1(51, - - - ,5,) is an odd permutation} U
P, - - - sty - - -, 8,) is any permutation and j%<k });
or Z, and Z’,, given by:
. = POMPROC({p(s1, - ..,S:)|(51, - - . ,$,) is any permutation},
Z’, = POMPROC({p(s1, - - -»8)1(51, - - -585) (1, - . . ,n)} U{pp(l, . . . ,n)lj5£k)).

3.7. THEOREM. For all n=1, ~g¢ry C ~}.

PrROOF. Using Theorem 3.1, we can assume w.Lo.g. that n=2. Suppose X and Y are pomset processes
with X ~¢p, Y. We prove X =~} Y. For reasons of symmetry it is sufficient to show that any trace of
split,(X) is also a trace of split,(Y). So let o be a trace of split,(X). Then o is a trace of some lpo
split,(p), where p is an Ipo in a pomset of X. Let p be a corresponding event sequence of split,(p).
Consider the sequence p’ which is obtained from p by replacing events ¢, and e, in p (where e€E,)
by e, and removing all events e; for 1<<i<<n. Then p’ is an ST-sequence of p. Let ¢’ be its associated
ST-trace. Then o’ is an ST-trace of X and, consequently, also of Y and of some Ipo ¢4 in a pomset of
Y. Let & be an ST-sequence of g which has ¢’ as associated trace. Then there exists a unique bijective
mapping f from the events occurring in p’ to the events occurring in 6 with the property that the
homomorphic extension of this mapping to sequences maps p’ to 6. Now let & be the sequence
obtained from p by replacing each event e, by f (e),. Then @ will be an event sequence of split,(g).
Since f preserves labels, the associated trace of @ is just the associated trace of p, i.e. 6. Thus 6 is a
trace of split,(¢g) and hence also of split,(Y). O

As =z§ is the limit of the split-n equivalences, it follows immediately from Theorem 3.7 that
~gpy C m§. That also this inclusion is strict follows from the following example, due to VOGLER
[24). A similar example was described earlier by K.S. LARSEN [17].

3.8. DEFINITION. Let p be the Ipo with events {e,f,g,k}, ordering relation {(e,g), (e,h), (g,h)}, and
labeling {(e,a), (f,b), (g,b), (h,c)}. Let g be the Ipo which is identical to p except that (g,k) is
replaced by (f,%) in the ordering. Both Ipo’s p and g are depicted in Figure 3. Here the labels occur
as subscripts of the events. The pomset processes X and Y are defined by

X = POMPROC({p,q}) Y = POMPROC({g)).

3.9. PROPOSITION. The pomset processes X and Y are not ST-trace equivalent.
ProoF. The following sequence is an ST-trace of p but not of ¢, and hence of X but not of Y:

(@,0) (5,0) (a1) 0 5,9 (c, 0). o



10

p = Jo € g = Jo €
&b h, &b
h,

FIGURE 3: The difference between ST-trace semantics and arbitrary splitting

3.10. TueOREM. For all n=1, the pomset processes X and Y are split-n trace equivalent.

PROOF. It is sufficient to show that any trace of split,(p) is also a trace of split,(g). So let ¢ be a trace
of split,(p) and let p be a corresponding event sequence. If it is not the case that in p event & starts
before event f terminates, then p is also an event sequence of split,(q) and consequently o is a trace of
split,(g) and we are done. Otherwise, there is a point in p where % has started and f is not yet
finished. The key observation we can make in this case is that when A starts it must be that g has
already finished. Thus, somewhere in p the event g ‘overtakes’ f; in the sense that p is of the form fn
and there is a 0<<k<<n such that @ contains e,, f; and g; for all 1<<i<k but not f; o1 or gx 1. There-
fore, if we swap in p, for k<<u<n, the subevents f, and g,, we obtain a valid event sequence of lpo
split,(g) which, since f and g both have the same label, corresponds with a trace o of splir,(q). O

3.11. In order to complete our classification of the equivalences on pomset processes, we recall the
counterexample which shows that ST-trace equivalence is different from pomset process equality. Let
po be the Ipo with two events with labels a resp. b, which are causally unrelated. Let p; be identical
to po, except for the presence of a causal link between the g-event and the b-event. The reader can
easily check that POMPROC({p,}) and POMPROC ({py, p1}) have the same ST-traces, even though
they are different as pomset processes.

The final theorem of this section summarizes the relationships between the equivalences on pomset
processes.

3.12. THEOREM. _
z,-,=~;',3w,2,3m,3,3'-':)m;',3'--Dwﬁ'}jwsnjz_
ProOF. By combination of the results of this section. O

4. EVENT STRUCTURES

In order to present the branching time version of our counterexamples we use the model of labeled
prime event structures to represent concurrent systems. Prime event structures are introduced in
WINSKEL [25] and generalize the better known prime event structures with a binary conflict relation,
introduced earlier under the name ‘event structures’ in NIELSEN, PLOTKIN & WINSKEL [19]. The
definition of a prime event structure given below is consistent with the one in [25] apart from the fact
that in [25] instead of the conflict relation § its complement Con (the consistency relation) is used.
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ON. A labeled prime event structure (over an alphabet A4) is a 4-tuple E=(E, <, {, ),

of events;
7 is a partial order (the causality relation) satisfying the principle of finite causes:

'eEle'<<e} is finite for eck;

s a set of finite, nonempty, nonsingleton subsets of E (the conflict relation) satisfying the
of extension: ,

= A YCE finite = XUYef
ct heredity:

Helef N\ ed<e = XU{e}ef;
s a labeling function.

ne event structure represents a concurrent system in the following way: action names
i actions the system may perform, an event e €E labeled with a represents an occurrence
possible run of the system, e’<e means that e’ is a prerequisite for e, and X }f means
s from X cannot happen together in the same run.

. structure is said to have binary conflict if every set X4 has a subset Y €f containing
ts. In this case the conflict relation is completely determined by the binary relation #

={ee’} .

vards we leave out the adjectives “labeled’ and ‘prime’ of our event structures. One usu-
te for e’<<e V e'=¢, > for <~ ! and = for <™. Xef is also denoted as #X, and in
e that X={e,¢’} also as effe’. The components of an event structure E will be denoted
'Eg, <g, $g and /. The derived relations will be denoted <g, > and =g.

iwctures E and F are isomorphic, E = F, iff there exists a bijection between their sets of
ing <<, § and labeling. Generally, we will not distingnish between isomorphic event

epresentations of event structures, following [23], the conflict relation is denoted by
ed lines between pairs of conflicting events — we only picture event structures with
— and the causality relation by arrows. We omit causal links derivable by transitivity
derivable by conflict heredity and extension. Instead of events only their labels are
ce these pictures determine event structures merely up to isomorphism.

ON. Let E be an event structure over some alphabet 4. A sequence e; - - - ¢,(Eg)" is
nce of E if all events in the sequence are different, {e), .. .,e,} ¢, and whenever e
sequence and e’<ge then the occurrence of e is preceded by an occurrence of ¢’. In
., €, } is called a configuration of E.

xquence ey - --e, of an event structure E is inferleaving equivalent with an event
* fm of an event structure F if n =m and for 1<<i<<n: Ig(e;)=Ip(f;). They are pomset
dreover, for 1<<i,j<n: ¢;<ge; & fi<gf;.

structures E and F are interleaving trace equivalent (pomset trace equivalent), notation
» F), if for any event sequence of E there is an interleaving equivalent (pomset
nt sequence of F, and vice versa.
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Two event structures E and F are interleaving bisimulation equivalent (history preserving bisimulation
equivalent), notation E =~; F (E =, F), if there exXists a binary relation between the event sequences
of E and F (a bisimulation), only relating interleaving equivalent (pomset equivalent) event sequences,
such that the empty event sequences of E and F are related and if two event sequences are related
then each extension of one of them must be related to an extension of the other.

4.3. The equivalences of Definition 4.2 are four extremes in a 2-dimensional classification of semantic
equivalences. By definition ~; D &~ D ~; and ~; D &, I &%. The two bisimulation
equivalences are known as branching time equivalences. They distinguishing between systems such as
the first two event structures of Figure 4, that only differ in the branching point between two different
courses of action. The trace equivalences, that do not make such distinctions, are known as linear time
equivalences. In between there are several decorated trace equivalences [9], where part of the branching
structure is taken into account.

Pomset trace equivalence and history preserving bisimulation equivalence are partial order
equivalences. They distinguish between systems such as the last two event structures of Figure 4, that
bave the same traces but differ in the causal relationships between action occurrences in the
corresponding runs. These distinctions are not made by the interleaving equivalences. Again there are
various equivalences in between, such as the ST-equivalences [8, 12] and the split equivalences that are
the subject of this paper.

a —~ Qevovres A i Py P b
o + a b i
b’/\c Fib g c Fp It i
a+c) ab +ac allb ab +ba
a
b c

FIGURE 4: Linear time versus branching time and interleaving versus partial orders (standard examples)

Directly below each of the four event structures in Figure 4 we have given their representations as
process expressions. As the relation between process expressions and event structures is not treated in
this paper, these serve merely as illustration. Besides, they form a compact notation to refer to these
event structures. At the bottom of the figure the four event structures are represented as process
graphs. As such representations are useful in understanding our forthcoming examples we will define
the translation to process graphs formally.

4.4. DEFINITION. A process graph (over an alphabet A) is a triple g=(S, T,1) where

- S is a set of states or nodes,

- TCSXAXS is a set of transitions or edges,

- IeS is the initial state or root.

The process graph S(E) associated to an event structure E is (Cg,Tg, @) where Cg is the set of
configurations of E and (X,q,Y)eTg iff X CY and a is the label of the unique event in ¥ — X.

Two process graphs are isomorphic iff there exists a bijection between their sets of states preserving
transitions and the initial state. Again, we will not distinguish between isomorphic process graphs.
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Process graphs are mostly used in the context of interleaving semantics, where the rightmost two
processes of Figure 4 are identified. However, as pointed out in [7], there is no need for this restric-
tion. Process graphs have enough structure to express causality and all other features expressible by
event structures. This is illustrated by the last two process graphs of Figure 4: a square, as in allb,
denotes concurrency, whereas branching, as in ab + ba, denotes conflict. That this feature makes pro-
cess graphs at least as expressive as event structures follows from the following theorem.

4.5. THEOREM. The mapping 8 from event structures to process graphs is injective.
PRrOOF. In order to show injectivity we construct a map & from process graphs to event structures,
such that every event structure E is isomorphic to &(8(E)).

Let g be a process graph. If (p,a,q) is a transition in g we write p > g. Let ~ be the smallest
equivalence relation on the transitions of g satisfying

P —a>q —55‘, )4 -jér -‘-I)S, qgFr = (p,a,q)~(1,a,s).

Note that the transitions (p,a,q) and (r,a,s) above are ‘opposites in a square’. As squares denote con-
currency, these edges must be understood to represent the same action occurrence. Therefore we call
the equivalence classes w.r.t. ~ events. A transition in such an equivalence class is said to represent
that event and [p,a,q] denotes the event represented by transition (p,a,q). A path in g is a connected

sequence of transitions pg SN P21 L —ai’ép,, starting in the root of g. We define &(g) to be the
event structure (E, <,f,/) where E is the set of events of g, / is the function associating to each event
the (unique) label of its representatives, ¢’<<e for e,e'eE iff ez*¢’ and all paths that contain a
representative of e also contain a representative of ¢, and for X a finite, nonempty, nonsingleton sub-
set of E, #X iff g does not have a path containing representatives of all events in X.

Now let E be an event structure. We construct an isomorphism between F=56(8(E)) and E. Note
that if (X,a,Y)~(X",a,Y") then Y—~X =Y —X and the unique event in ¥ —X has label a. Let
[ :Ep—Eg be the function that associates to [X,q, Y] the unique event in ¥ —X. In order to establish
that fis an isomorphism we need the following lemma.

DEerFINITION. Let X be a finite set of events of an event structure E. The left-closure of X is the set
JX={deEgle¢<gecX}. For ecEg we abbreviate [{e} by le. X is left-closed if [ X=X. X is
conflict-free if X ¢{fy.

LeMMA. Let E be an event structure and let Y be a finite subset of Eg. Then

1. If Yefg, then |Y is a configuration of E,

2. Every event in Eg occurs in an event sequence of E.

PrOOF. Suppose Y ¢ftg. Note that a finite set of events is a configuration iff it is left-closed and
conflict-free. As Y is left-closed by definition, we only have to check conflict-freeness. Suppose that
Y €ftg. Take e[ Y — Y. As Y contains an event ¢’ with e<<ge’ the principle of conflict heredity (with
X=]Y—{e}) implies | Y —{e} €ftg. Repeating this argument yields Y €}z, contradicting the assump-
tions. The second statement follows from the first because singleton sets cannot be in conflict. 0

We now check that fis an isomorphism:

- fis sugjective by part 2 of the lemma.

- Suppose f(e)=f(¢) for e,/ cEyp. Let e=[X,aq,Y] and ¢=[X,q,Y’]. Note that X=Y —{f (e)}.
Suppose that Y contains an event d¢|f(e) that is maximal in Y w.at. <g. Then E has
configurations X —{d} and Y —{d} and (X —{d},a,Y — {d})~(X,a,Y). Repeating this argument
yields

&a, N)~(f @©—{f@)alf @)=Uf ()~ {f (@)}a f ()~(X,aY).
This implies that f'is injective.
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- By construction we have lg(f (€))=1r(e), f (€)<gf (e)=>¢'<re and fix(f C))=Hr(X).
- f(X)e# implies X ¢ffp by part 1 of the lemma.
- Suppose that not f (¢))<<gf (e)- Then |f (¢)eCg by the lemma, contradicting ¢’<<pe. O

Modeling concurrency by means of squares (or cubes, hypercubes etc. in case of three or more con-
current actions) is particularly useful when actions are thought to have a duration or structure. A con-
current execution of a and b in the process allb can now be thought of as a continuous path through
the surface of the square, starting at the top and terminating at the bottom node, while being nonde-
creasing when projected on any edge. This makes splitting of actions an easy to visualize operation on
the graph representations of event structures, as will be illustrated below.

4.6. DEFINITION. Let E be an event structure over alphabet 4 and let n=1. The event structure
F = split,(E) over alphabet 4, = {g;la€4 and 1<<i<n} is defined by

Ep = {¢lecEg and 1<i<n},

e <gf; iff e<gfor(e = fandi <j),

X e 4y iff origin(X) € §g, where origin(e;) = e and origin(X) = {origin(f)| feX},
Ip(e) = Ul

As before, we say that an event e of E has started in an event sequence or configuration X of split,(E)
if e; occurs in X. The event e has finished if e, occurs in X. If e has started but not finished, then we
say that e is active in X.

Two event structures E and F are split-n trace equivalent, notation E =~ F, if split,(E) =~ split,(F).
They are split-n bisimulation equivalent, E ~14 W, if split,(E) ~;, split,(F). Split-w trace (resp. bisimula-
tion) equivalence is again defined to be the intersection of ~7 (resp. ~},) for all n. ‘

In the same way one could define split-n pomset trace equivalence and split-n history preserving bisimu-
lation equivalence, but as pomset trace and history preserving bisimulation equivalence are preserved
under refinement of actions [10] these notions would coincide with =¥,, and =, respectively.

4.7. ExaMPiE. Below the operation split, is applied to an event structure as well as to its associated
process graph. We do not formally define splitting on graphs; the graph obtained is just the process
graph associated to the split event structure. However, it helps thinking of the operation as filling in
squares with quadrants, etc.

FIGURE 5: Splitting an event structure and its corresponding process graph

4.8, DEFINITION. Let E be an event structure over some alphabet 4. A sequence e; - - - ¢,€(Eg)" is
an ST-sequence of E if each event occurs at most twice in the sequence, {ey, ... ,e,} ¢} and if e
occurs in the sequence and e’ <ge then the first occurrence of e is preceded by two occurrences of e’.
A sequence e; - - e, of events from an event structure E is ST-equivalent with a sequence
f1°** fm of events from an event structure F if n =m, for 1<<i<n: Ig(e;))=Ig(f;) and for 1<i,j<n:
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€ =e _/ <> f; = f}-.

Two event structures E and F are ST-trace equivalent, notation E ~gp, F, if for any ST-sequence of
E there is an ST-equivalent ST-sequence of F, and vice versa.

Two event structures E and F are ST-bisimulation equivalent, notation E =g, F, if there exists a
binary relation (an ST-bisimulation) between the ST-sequences of E and F, only relating ST-equivalent
ST-sequences, such that the empty ST-sequences of E and F are related and if two ST-sequences are
related then each extension of one of them must be related to an extension of the other.

It is left as an easy exercise for the reader to verify that our Definitions 4.2 and 4.8 agree with the
more configuration oriented ones in [10] and [8].

4.9. Event structures classify as a branching time model of concurrency, because systems like a (b +c)
and ab +ac in Figure 4 have different representations. This gives us the freedom to divide out either a
linear time or a branching time equivalence. Pomset processes on the other hand constitute a linear
time model of concurrency: systems like a(b +c) and ab+ac have the same representation, and con-
sequently there is no option to consider branching time equivalences. The relation between event
structures and pomset processes is formalized by the canonical translation POM from event structures

to pomset processes, defined by
POM (E)={[p]|E, is a configuration of E, <,=<g I'E,, [,=Ig[E,}.
Note that POM (a(b +c)) = POM (ab +ac) whereas POM (allb) and POM (ab +ba) are the two

pomset processes of Figure 1. Under this translation the linear time equivalences on event structures
correspond exactly with those on pomset processes:

4.10. PROPOSITION. Two event structures E and F are interleaving trace, split-n trace, split-w trace,
respectively ST-trace equivalent, iff the associated pomset processes POM (E) and POM (F) are. They are

pomset trace equivalent iff POM (E)=POM (F).
PROOF. Fairly straightforward. As this result is not crucial for the main contributions of this paper we

leave the elaboration to the reader.

5. CLASSIFICATION OF BRANCHING TIME EQUIVALENCES
In this section the equivalences introduced in Section 4 will be ordered by inclusion. The results are

summarized in Figure 6:

~ip = ~ ) ~} 2 ce - R 2 Ssp D g
N n n N M N

~ = ~ ) - z D - ~2 D -

~it - ~it ~it ~it ~ STt ~pt

FIGURE 6: Semantic equivalences

Note that the bottom row of this figure is a restatement of Theorem 3.12, thanks to Proposition 4.10.
We will prove these results again however, since, with one exception, they are easy corollaries from
the lemma’s we need to establish for the classification of branching time equivalences in the top row
of Figure 6. At the end of this section we will discuss the relationships between the split-w
equivalences and the ST-equivalences.

5.]1. THEOREM. For n=1, &1+ C &4 and =3,%! C =0,

PrROOF. Let n=>1. In this proof, for any event structute E, let #g be the function on sequences of
events of split,(E), replacing each event e, by the sequence ¢,e, ;. Before we comne to the main argu-
ment of this proof we establish three lemmas.
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EDGE LEMMA. ¢ is an event sequence of split,(E) iff mg(0) is an event sequence of split, , ;(E).
PROOF. Straightforward. Another edge lemma will be proved in Section 5.2. |

SQUARE LEMMA. Let E and F be event structures, let o and B be interleaving equivalent event sequences
of split, (E) and split, . \(F) and let o be an event sequence of split,(E) with wg(c) = o Then there
exists exactly one event sequence p of split,(F) which is interleaving equivalent with o and for which

78(p) = B.
PROOF. Leta = el ---efand B = f1 .- f" Obtain p as ¢(0), where ¢ is the function on sequences
of events that replaces each occurrence of e* by f* (h=1,...,k). Since in a, and hence in B, each

event with label g, is immediately followed by an event with label 4, ,;, it follows (by induction on
the length of B) that in B8 each event ¢, is immediately followed by e, .; (with the same e). Therefore,
7p(${0)) = H(7g(0)). As a consequence mrp(p) = B and hence, by the edge lemma, p is an event
sequence of split,(F). By construction o and p are interleaving equivalent.

Since, for any p’, mp(p") = B implies that p’ can be obtained from B by leaving out all events of the

form f;, 1, p is the only sequence p’ with mg(p") = B. O
g < o :
I 4 a
o Ll [
8 < B
split, split, 1

TFIGURE 7: The cube of the cube lemma

CuUBE LEMMA. Let E and F be event structures, let a and o be event sequences of split, . {(E), B and B’
be event sequences of split, .1(F), 0 and o’ be event sequences of split,(E) and p’ be an event sequence of
split,(F). Furthermore let o be a prefix of &, B’ of B and o' of o; let « be interleaving equivalent with B,
o with B’ and o with p’; and let mg(0)=a, mg(0’)=a and wg(p’)=p". Then there is an event sequence p
of split,(F) which is interleaving equivalent with 6, an extension of p’, and for which mg(p)=p.

PROOF. Note that the aim of this proof is to complete the cube of Figure 7. By the square lemma
there is an event sequence p of splif,(F) which is interleaving equivalent with ¢ and for which
7r(p) = B. Let ¢ be as in the proof of the square lemma, then p=¢(o) is an extension of ¢(¢”). By con-
struction ¢(0") is an event sequence of splir,(F) which is interleaving equivalent with ¢’. Moreover, just
as in the proof of the square lemma, 7g(¢(0”))=¢(mg(0"))=0'. Another application of the square
lemma gives ¢(c)=p’". O

For the proof of ~2*! C =7, let E and F be event structures with E =~%*! F, and let ¢ be an event
sequence in split,(E). Then a = wg(0) is an event sequence of split, ;. 1(E), and hence there must be an
interleaving equivalent event sequence B in split, . 1(F). Now the square lemma yields an event
sequence p of split,(F) which is interleaving equivalent with o. The ‘vice versa’ follows by symmetry
and therefore E =~ F. O
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of ~%*t! C ~7%, let E and F be event structures with E ~%*! F, and let R be a
etween the event sequences of splif, (;(E) and split,  ((F). Define the relation R’
snt sequences of split,(E) and split,(F) by

p < o and p are interleaving equivalent and 7 (6)R7p(p).

nt sequences are related by R’ since they are related by R. Now suppose that ¢’R’p’
tension of o’. Define a’=mg(0"), f'=mp(p") and a=wg(s). Then o¢’RP’ and « is an
- Since R is a bisimulation, there must be an extension 8 of 8" with aRB. According to
1 there must be an extension p of p’ that is interleaving equivalent with ¢ and for which
efinition oR’p. The “vice versa’ follows by symmetry and therefore R’ is a bisimulation

a

e have, for n=1, =% C =~} and =§ C ~},.

For n=2, mgy C ~j and ~sp C =~
=2. A sequence of events in an event structure split,(E) is well-formed if no event
the sequence and each occurrence of an event of the form e;; for certain ecEg and
preceded by an occurrence of ¢;. Note that each event sequence of spliz,(E) is a well-
;e of events. Let in this proof, for any event structure E, wg be the function on well-
ces of events of split,(E) that leaves out all events of the form e; for ecEg and
1 replaces each event of the form e; or e, by e. We again prove three lemmas.

A well-formed o is an event sequence of split,(E) iff mg(o) is an ST-sequence of E.

ippose o is an event sequence of spliz,(E). Since all events in ¢ are different, no event
an twice in mg(0). An event e occurs in wg(o) only if e; occurs in 0. Hence the set of
g in mg(o) must be conflict-free. Now let e occur in mg(o) and e’<<ge. The first
2 in wg(o) must originate from an occurrence of e; in o. Since e;<gpume;, this
1 is preceded by an occurrence of e’; as well as an occurrence of ¢, Hence in 7wy
nce of e is preceded by two occurrences of e’.

: mg(0) is an ST-sequence of E and assume o is a well-formed sequence of events of
no event occurs twice in o, and an event e; occurs in o only if e occurs in 7g(0).
f events occurring in ¢ must be conflict-free. Now let e; occur in o and e'; <y g)€)-
r (¢'=e and i<j). In the latter case ¢; occurs in o by the requirement of well-
the former case e; occurs in o by well-formedness, so e occurs in 7g(0), e’ occurs twice
surs in ¢ and by well-formedness e’; occurs in 6. im|

t E and F be event structures. An event sequence e' - - - e* of split,(E) is ST-split-
an event sequence f - - - f' of split,(F) if k=1, for 1<h<<k: Iy, @y(e™)=lpu, (™)
<k: origin(e8)=origin(e") & origin (f&)=origin(f*).

Let E and F be event structures, let o and B be ST-equivalent ST-sequences of E and F
event sequence of split,(E) with wg(6) = o Then there exists exactly one event sequence
ich is ST-split-equivalent with o and for which mz(p) = B.
el ---efand B = f' - - - f*. Obtain p as ¢(0), where ¢ is the function on sequences
teplaces each occurrence of et by f" and of e! by ﬂ' =1,k i=1,..,n). Then
:(6)). As a consequence mp(p) = B and hence, by the edge lemma, p is an event
\»(F). By construction ¢ and p are ST-split-equivalent.
another event sequence of split, (F) which is ST-split-equivalent with ¢ and for which
d be the first event in p that differs from the corresponding event d” in p’. If either d
orm f; with i >1, a contradiction is obtained with the observation that p and p’ are
:nt. If both are of the form f; a contradiction is obtained with 7g(p) = 7p(p"). 0
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CUBE LEMMA. Let E and F be event structures, let « and of be ST-sequences of E, B and B’ be ST-
sequences of F, o and o’ be event sequences of split,(E) and p’ be an event sequence of split,(F). Further-
more let o be a prefix of o, B’ of B and o’ of o; let o be ST-equivalent with B, o with B’ and ¢’ with p’;
and let mg(0)=a, mg(0)=0o’ and mp(p")=p'". Then there is an event sequence p of split,(F) which is ST-
split-equivalent with o, an extension of p’, and for which wg(p)=p.

ProoF. Exactly as the one of the previous cube lemma. O
The remainder of the proof of Theorem 5.2 proceeds exactly as the proof of Theorem 5.1. O
COROLLARY. =gy C =~§ and =g C ~§. O

5.3. FFI‘IEOREM. Npl g NST{ and %h g wSTb'
PrOOF. Let for any event structure E, mg be the function on sequences of events, that omits for every
event its second occurrence. Apart from the edge lemma, the proof goes along the same lines as the

previous ones.

WEAK EDGE LEMMA. Let o and p be ST-equivalent sequences of events of event structures E and ¥
respectively, such that mg(o) and wg(p) are pomset equivalent event sequences. Then o is an ST-sequence
of E iff p is an ST-sequence of E.

PROOF. Let 6 = ¢! -+ -¢" and p = f! - - - f". Clearly each event occurs at most twice in o and in p
and {e',...,e"}efg, (f', ..., "} ¢t As o and p are ST-equivalent, second occurrences of events
in the one occur at the same position as second occurrences of events in the other. Hence, two events
ecEg and feEy occur in the same position in ¢ and p iff they occur in the same position in 7g(0)
and 7p(p). Thus also for ¢ and p we have that for 1<<j,j<n: € <ge¢; © f;<gpf;- Now suppose o is an
ST-sequence of E. Let f occur in p, say its first occurrence is in position k, and f<gf. Then f oecurs
in mp(p), and since mg(p) is an event sequence also f occurs in it, prior to f. Hence f” occurs in p, say
in position i<k. It follows that e/<ge* and hence e* is preceded by two occurrences of e, say in
positions i,j<k. As ¢ and p are ST-equivalent, f* and f/ are the two occurrences of f that precede
the first occurrence of f. K|

SQUARE LEMMA. Let E and ¥ be event structures, let a and B be pomset equivalent event sequences of E
and ¥ and let 0 be an ST-sequence of E with wg(0) = o Then there exists exactly one ST-sequence p of
F which is S T-equzvalent wzth ¢ and for whzch ar(p) = B.

PrOOF. Leta = e! -+ -e*¥and g = 11 - f" Obtain p as ¢(o), where ¢ is the function on sequences
of events that replaces each occurrence of e by f* (#=1, - - - k). By construction ¢ and p are ST-
equivalent and 7p(¢(0)) = ¢(mg(0)). As a consequence mp(p) = B and hence, by the weak edge
lemma, p is an ST-sequence of F.

Suppose p’ is another event sequence of F which is ST-equivalent with o and for which 7z(0) = 8.
Let d be the first event occurrence in p that differs from the corresponding event occurrence d’ in p’.
If either d or 4’ is a second occurrence of an event, a contradiction is obtained with the observation
that p and p’ are ST-equivalent. If both are first occurrences, a contradiction is obtained with

7r(p) = me(p). a
The cube lemma and the remainder of the proof of Theorem 5.3 go exactly as in the previous two
cases. |

5.4. Thus we established all horizontal inclusions of Figure 6. The vertical ones follow immediately
from the definitions. It remains to show that all inclusions, with the possible exception of
~gry C =}, are strict, and that there are no further inclusions. In the vertical direction this follows
from the processes a(b +c) and ab +ac of Figure 4, that separate the trace equivalences from the
bisimulation equivalences. Furthermore, the processes allb and ab +ba of Figure 4 are split-2 trace
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distinguishable, and therefore separate the interleaving (=split-1) equivalences from the split-n
equivalences (for n=>2). The process allb is ST-bisimulation equivalent to

but the two are not pomset trace equivalence. This example separates the partial order equivalences
from the ST-equivalences. Note that applying the operator POM of Section 4.9 to these processes
yields the two pomset processes of Section 3.11. We now come to the main contribution of this paper,
namely a parametrized example separating the split-n equivalences from the split-n + 1 equivalences,
for n=2.

In Figure 8 two event structures E and F can be found that are split-2 bisimulation equivalent, but
not split-3 trace equivalent (and therefore also not split-3 bisimulation equivalent).

a » e a - d

g |

- o

€y i )

oy
-

N, -
|
o

L)

A

E F
FIGURE 8: Event structure representation of the owl example

Although these event structures are esthetically pleasing, they are not as easy to analyze as their asso-
ciated process graphs, displayed in Figure 9. These show the example in the shape we found it. Asin
Proposition 34, after splitting in 3, only the first process has a trace a c1 ca bcycsdcycse and
allocating 1 time unit to actions a, d and e, 2 units to action b and 3 units to action ¢ shows a
difference in their real-time behavior.

In Figure 10 one sees what happens to these processes when they are split in 2. Any step of the one
process can be matched in a bisimulation by an identical step of the other, until both processes pass
through one of the black nodes in the middle. Suppose both processes arrive at their leftmost black
node. From there on their futures look entirely identical. Any move made in the body of one owl is
mimicked by a move in the wing of the other, and vice versa, The same holds for the black nodes on
the right. Finally, if both processes arrive at the black node in the middle, their futures are identical



FIGURE 10: Split owls
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from the one process is now matched by a move from the other in mirror image. It
: split owls are bisimulation equivalent, and hence the original ones are split-2 bisimi-

y, this example does not generalize straightforwardly to higher dimensions. However, a
h both owls have 4 wings — two at each side, so that both processes have identical

of the event structure E; and its behavior. The event structure E; (n=2,
consists of n sequential components C; (i =1,...,n). Fori=1,..,n, component C; is as
are 11, where the causality relation is represented by arrows and unordered events are
¢ in pairwise conflict.

//o/é\o\o
AN, AN AN AN,

(even wing n) (kernel) (odd wing 1) (odd wing n)
FIGURE 11: Component C;

C; consists of one initial event, n — 1 ‘even wings’, numbered from 1 to n but skipping
nd n —1 ‘odd wings’, also numbered from 1 to i —1 and i +1 to n. The kernel and
-2 wings have n +1 events. Component C; first performs an action i, announcing its
hen the action 0 (for which it can choose from 2r —1 events) and finally one action s;
set {1,...,n}.

structure E; the components C; are in principle independent. Only the events in the
the even wing j of component i are dependent on the O-event in the kernel of com-
#i). Furthermore, all wings of different components are pairwise in conflict. Thus at
nent can execute a wing instead of its kernel and this can only happen if some other
pleted the O-event in its kernel first. Finally, equal actions s; and s; of different com-
are in pairwise conflict, and there is an n-ary conflict between 5, . . . , s, unless

) is an even permutation and one s; is in an even wing,

} is an odd permutation and one s; is in an odd wing, or

) is a m permutation and no s; is in a wing.

yonent C; should perform a different action s;, and the last (= 3n”') action of E7 can
ed in the three cases listed above.

r n=2 and we{even,odd}, E; is the event structure (E, <,4,/) given by:
1CG={G 0}V {(RDI0O<h<sn}U{(hijp)l0<h<n; I<j<n, j5i; p c{even,0dd}}

O<i,h=<n, (,m)7(0,0)
O<sh<<n; 1<<i,j<n, j=i; p {even,0dd})

) ti=1,.,n)
(h,i,j,p) (hij = 1,m, i7f; p=even,odd)
(i9]: 1:"-9’1, l#j; p =even,odd)

(gh=0,..,n; i,j=1,...n, iz=]; p=even,odd)

) if G,j,p)#kLg) (g.h=0,...,n; ijkl=1,...n, i], k+l; p,q=even,odd)
» if g=£h ®hij=1,...n, i¥=j; p=even,odd)
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(08 if gh (ghi=1,.,n)

(h, Dk, k) if is=k hik=1,..,n)

(h, Dk, k. j,p) if is£k (i j,k =1,..,n, k55j ; p=even,odd)

#{(,10)y e — L 1), (1,0, 1), (1 + Liy 1), oo (,8) } 3E (i4...8,) is @ noN-p permutation of (12...n)
#,i1),2,i0), - (1,8)} if (i;...i,) is a non-m permutation of (12...n).

For fixed i, the events in C; constitute a component; (i, 0) is the initial event of C;, {(h,i)|0<h<n} is
the kernel of C; and, for fixed j,p, {(h,i,j,p)|0<<h<n} is a wing of C;, where j is the wing number and
p the parity of the wing.

Note that POM(E})= Y}, for n=2 and we{even,odd} (cf. Section 3.6).

We find it convenient to distinguish three kinds of configurations in split,,(E;). An upper
configuration is one in which at least one event (0,/) has not started (i.e. for certain 1<<i<n the
configuration does not contain the event (0,1),), a middle configuration is one in which all n events
(0,i) are active, and an under configuration is one in which all events (0,i) have started and at least
one of them has terminated (i.e. for certain 1=<<i=<Cn the configuration contains the event (0,#),,). Note
that all configurations that contain any event from a wing count as upper configurations.

5.6. PROPOSITION. For all n=72, the event structures 2" and E?* are not split-n +1 trace equivalent.
ProoF. Since (1, . . . ,n) is an even permutation, the following sequence is a trace of split, ;. ((E7").

10] 0" 201 . On-—l 301 On—-Z et n 0] 0,,.;.] 10,, On+1 20,'_] O" 0n+13 e Oz . 0n+1 n.

Just before the first 0, ., action the computation passes through a middle configuration. This implies
that all » kernels are executed. Moreover, the second occurrence of the action i (i = 1,...,n) must stem
from the i component. It follows that the sequence is not a trace of split, +1(E2%). [

5.7. It remains to be shown that EZ** and E* are split-n bisimulation equivalent. For this purpose
we need the following notions.

DEFINITION. If E is an event structure with configuration X, then F=E gfter X is the event structure
given by
- EF={eeEE]eeEX/\{e}UXeE:ﬂ:E},
- d <pe iff d <g6
- Yeip iff YUXel,
- Ir(e)=Ig(e)
If X and Y are two configurations of E with ¥ — X ={e) and Ig(e)=a we write X —> Y.
An abbreviated bisimulation between two event structures E and F is a binary relation R between
the configurations of E and F such that
- 9RY,

- if XRY and X =5 X" then Y —> ¥’ for a Y’ with either X'RY’ or E after X’ = F after Y',
- if XRY and Y =5 ¥’ then X —> X’ for an X’ with cither X'RY" or E after X' = F after Y'.

PROPOSITION. If there exists an abbreviated bisimulation between two event structures, then they are
interleaving bisimulation equivalent.
PROOF. Trivial. O

THEOREM. For all n=>2, the event structures EZ* and E2* are split-n bisimulation equivalent.
PROOF. Note that the upper configurations of split,(E;*") are the same as the the upper configurations

of split,,(Eg"d)- The same observation can be made for middle configurations, but not for under
configurations. We claim that the identity relation between their upper configurations is an
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abbreviated bisimulation between split,(EZ") and split,(E3).

- The empty configuration is an upper configuration of both event structures.

- Suppose (X,Y)eR, ie. X=Y and X is an upper configuration, and X —5 X'. There are three
possibilities:

1. X is an upper configuration of split,(EF*"), and hence of Wlit,,(Eﬁdd). In this case the
requirement is trivially satisfied.

2. X is a middle configuration of split,(EF"), and hence of ojplit,,(Ef,d"). Choose Y'=X'. Now
it suffices to show that split,(ET*") after X' = split,(E;, ) after X'. Note that for each
ie{l,..,n} there is an w;e{l,..,n—1} such that (0,i), €X” but (0,i),+¢X. By the
pigeonhole principle, there must be i,je{l,..,n}, i), with u;=u;. Now the mapping
S “Eptit &) after x—=>Eplic ®*) afier x> defined by

S ®,1))= G, f)u
S )= B0y
S @K )= k), if ki, j

is an isomorphism. The only non-trivial requirement is the preservation of n-ary conflict.
Here the argument is that an even permutation (i, - - * i,) changes in an odd one (and vice
versa) when i and j are exchanged.

3. X is an under configuration of split,(E7*"). Since X was an upper configuration, it must be
the case that X" — X = {(0,i),} for certain i{1,...,n} and X" contains an event (0,j), for cer-
tain jz4i. Choose Y'=Y U {(0,,],even); }. Since all prerequisites of the event (0,, j,even); are
already in Y, and since Y contains no events (h,/) and no wing events (these are the only
events that can be in conflict with (0,i,j,even);), we have Y -5 Y'. Furthermore
split, (ES*) after X’ = split,(E%*) after Y’ through the isomorphism f; defined by:

S (B,0),)=(h,i,j,even),
F(k))= k), if ki

- The remaining requirement follows by symmetry. O

3.8 The difference between sequence refinements and conflict refinements. Figures 12 and 13 provide a
branching time version of the example of Definition 3.8, showing that split-w trace equivalence differs
from ST-trace equivalence.

E = b

©

©) s QY4 s )
(33
L)

FIGURE 12: The difference between splitting and conflict refinements

We claim that for any n=2, E=x}F. In order to see that this is true, first observe that one can obtain
the process graph of split,(E) (resp. split,(F)) by placing an n Xn grid in each square of Figure 13. As



FIGURE 13: Graph representations of E and F

have depicted in Figure 14 the process graphs of split,(E) and split;(F). This reveals
f say split,(E) can be depicted as a zig-zag line through the graph of E.

FIGURE 14: Graph representations of split,(E) and split,(F)

F clearly corresponds to a zig-zag of E. The only zig-zag's of E for which it is non-
:is a corresponding zig-zag in F (i.e. one determining the same action sequence), are
:nter the rightmost square of the graph of E. To deal with these zig-zag's we consider
raph of E that corresponds to the moments at which the first @ has finished and both
me stage of their execution (see Figure 15). We observe that for any zig-zag in the
f E, one can construct a corresponding zig-zag for F by mirroring anything on the
symmetry line in E and placing the resulting zig-zag in the process graph of F. This
lot carry over to ST-traces, as the end of one b may not be matched by the end of the
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FIGURE 15: Mirroring executions

to note that E and F can be distinguished if we consider refinements which introduce
ill not bother here to state a formal definition of these refinements,! because we think
o make this point without it: If one refines » in E and F by the event structure
1en the refined version of E has a trace bjabib,c, which the refined version of F does

ration above may be taken as an incentive to propose extensions of the splitting doc-
e level of sequence refinement. Could it be that durational and structural aspects of
captured in interleaving semantics after refining actions a into a;-a; +ajz-a4, or other
' The example E7 of Section 5.5 tells that this is not possible. Let an internal state be
graph representation of a process that is not initial or final (for this purpose take the
e the ones without outgoing transitions). The process @;:ay" + - - - a, that is substituted
semantics for instance has n — 1 internal states, whereas a-a; +a3-a4 has two. Now a
generalization of the proof of Theorem 5.7 shows that after splitting each action into
less than n internal states, the systems E®* and E% are interleaving bisimulation
I, these systems have different real-time execution sequences and can be distinguished
ons in n +1 parts.

aple of Section 5.8 does not show that ~j differs from ~gr;, as the two process
e 13 are not even interleaving bisimulation equivalent. Namely only F can execute ab
hat afterwards no c is possible. In fact, GORRIERI & LANEVE [13] show that at least
S processes these equivalences coincide, as conjectured in [12]. This is the only point
ion where the picture for branching time equivalences looks different from the one for
:quivalences. It is therefore natural to ask, at which point in the linear time - branching
] the limit of the split equivalences collapses with ST-equivalence. The example above
neralized to one that distinguishes split-w ready trace equivalence from ST-ready trace
1ely by comparing F with E+F, where the + is implemented on event structures by
int union and putting all events on the left in conflict with all those on the right. On
graphs this amounts to identifying their roots (and keeping the rest disjoint). F and

definition is nontrivial on the domain of event structures we consider in this paper because one has to du-
ich more natural definition has been given in [11] using the flow event structures of [4].
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E-+F are still ST-tra. lifferent, as only the latter one has an ST-trace as mentioned in Proposition
3.9. However, every event sequence of split,(E+F) can be matched by one of split, (F), in such a way
that in every pair of corresponding configurations the set of enabled actions is the same. This makes
these systems ready trace equivalent [9]. E and F are not ready trace equivalent, as the latter can exe-
cute ab in such a way that afterwards no c is possible. Moreover, ¥ and E+F are not simulation
equivalent [9], and we know no example showing a difference between split-w simulation equivalence
and ST-simulation equivalence.

5.11. Note that omitting the causal link between a and ¢ in both event structures of Figure 12 (yield-
ing an extra square in Figure 13) gives us an equally satisfactory example. Yet another one (that does
not generalize to ready trace semantics or even failure semantics) is given by the process expressions
(bllabc) + (bcllab) and (bcllab). This example stems from K.S. LARSEN [17]. It is especially interest-
ing because it fits in the subset of CCS studied by ACETO & HENNESSY [1]. On this language split-2
bisimulation equivalence coincides with =~ and even with history preserving bisimulation
equivalence (as observed in [8]). The example above shows that on this language split-2 trace
equivalence does not coincide with ST-bisimulation however.
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