
































the a-button (if the process under investigation is capable of doing an a-move at all); 
(ii) The weather has only finitely many states - at least as far as choice-resolution is concerned; 
(iii) We can control the weather. 
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Now it can be ensured that all possible moves a process can perform in reaction on an a-experiment 
will be investigated by simply performing the experiment in all possible weather conditions. Unfor­
tunately, as remarked in MILNER [26], the second assumption implies that the amount of different a­
moves an investigated process can perform is bounded by the number of possible weather conditions; 
so for general application this condition has to be relaxed. 

A different implementation of global testing is given in LARSEN & SKou [23]. They assumed that 
every transition in a transition system has a certain probability of being taken. Therefore an observer 
can with an arbitrary high degree of confidence assume that all transitions have been examined, sim­
ply by repeating an experiment many times. 

As argued among others in BLOOM, IsTRAIL & MEYER [8], global testing in the above sense is a 
rather unrealistic testing ability. Once you assume that the observer is really as powerful as in the 
described scenarios, in fact more can be tested then only bisimulation equivalence: in the testing 
scenario of Milner also the correlation between weather conditions and transitions being taken by the 
investigated process can be recovered, and in that of Larsen & Skou one can determine the relative 
probabilities of the various transitions. 

An observation in the global testing scenario can be represented as a formula in Hennessy-Milner 
logic [17] (HML). An HML formula is a simulation formula in which it is possible to indicate that 
certain branches are not present. 

DEFINITION: The HMLformulas and the corresponding satisfaction relation are defined by adding to 
the definitions in Subsection 1.9 the following extra clauses: 
4. If q,E I:. then -,lf,E I:.. 
4. p l=-,q, if p qi. 

Let HML(p) denote the set of all HML-formula that are satisfied by the process p: 
HML(p) = { q, E!:. Jp l=q,}. Two processes p and q are HML-equivalent if HML(p) = HML(q). 

For finitely branching processes HENNESSY & MILNER [ 17] provided the following characterization of 
this equivalence. 

DEFINITION: Let p,q EA be finitely branching processes. Then: 
p ~ 0 q is always true. 
p ~n + l q if for all a EAct: 

p p' implies 3q': q q' and p' ~n q'; 

q q' implies 3p': p p' and p' ~n q'. 
p and q are observational equivalent, notation p ~ q, if p ~ nq for every n EJN. 

PROPOSITION 1.7: Let p ,q EA be finitely branching processes. Then p ~ q <=> HML(p)=HML(q). 
PROOF: In HENNESSY & MILNER [18]. 0 

As observed by PARK [29], for finitely branching processes observation equivalence can be reformu­
lated as bisimulation equivalence. 

DEFINITION: A bisimulation is a binary relation R on processes, satisfying, for a EAct: 

ifpRq andp p', then 3q': q q' andp'Rq'; 

ifpRq and q q', then 3p': p p' andp'Rq'. 
Two processes p and q are bisimilar, notation p q, if there exists a bisimulation R with pRq. 
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The relation ~ is again a bisimulation. As for similarity, one easily checks that bisimilarity is an 
equivalence on A. Hence the relation will be called bisimulation equivalence. Finally note that the 

concept of bisimulation does not change if in the definition above the action relations ➔ were 

replaced by generalized action relations ~ . 

PROPOSITION 1.8: Let p,q EA be finitely branching processes. Then p ~ q ¢9 p ~ q. 
PROOF: "=}" : Straightforward with induction. "¢=" follows from Theorem 5.6 in MILNER [25]. D 

For infinitely branching processes ~ is coarser then ~ and will be called finitary bisimulation 
equivalence. 

Another characterization of bisimulation semantics can be given by means of AczEL's universe CV of 
non-well-founded sets [3]. This universe is an extension of the Von Neumann universe of well­
founded sets, where the axiom of foundation (every chain x 0 3x 13 · · · terminates) is replaced by an 
antifoundation axiom. 

DEFINITION: Let B denote the unique function qB:A➔CV satisfying qB(p)= { <a, qB(q)> IP ➔ q} for 
allp EA. Two processesp and q are branching equivalent if B(p)=B(q). 

It follows from Aczel's anti-foundation axiom that such a solution exists. In fact the axiom amounts 
to saying that systems of equations like the one above have unique solutions. In [3] there is also a 
section on communicating systems. There two processes are identified iff they are branching 
equivalent. 

A similar idea underlies the semantics of DE BAKKER & ZUCKER [6], but there the domain of 
processes is a complete metric space and the definition of B above only works for finitely branching 
processes, and only if = is interpreted as isometry, rather then equality, in order to stay in well­
founded set theory. For finitely branching processes the semantics of De Bakker and Zucker coin­
cides with the one of Aczel and also with bisimulation semantics. This is observed in VAN GLABBEEK 
& RUTTEN [13], where also a proof can be found of the next proposition, saying that bisimulation 
equivalence coincides with branching equivalence. 

PROPOSITION 1.9: Letp,q EA. Then p ~ q ¢9 B(p)=B(q). 
PROOF: "¢=". Let B be the relation, defined by pBq iff B(p) = B(q), then it suffices to prove that Bis 

a bisimulation. SupposepBq andp ➔ p'. Then <a,B(p')> EB(p) = B(q). So by the definition of 

B(q) there must be a process q' with B(p') = B(q') and q ➔ q'. Hence p'Bq', which had to be 
proved. Of course the second requirement for B being a bisimulation can be proved likewise. 

"=}". Let B* denote the unique solution of 'ffi *(p)= { <a, 'ffi* (r')> J 3r: r ~ p & r ➔ r'}. As for B 
it follows from the anti-foundation axiom that such a unique solution exists. From the symmetry and 
transitivity of ~ it follows that 

(*) 

Hence it remains to be proven that B • = B. This can be done by showing that B • satisfies the equa­

tions 'ffi (p) = { <a, 'ffi(q) > IP ~ q}, which have B as unique solution. So it has to be established 

that B*(p) ={ < a, B*(q) > IP ➔ q}. The direction"-;;)_" follows directly from the reflexivity of ~. 

For "<.:", suppose < a,X >EB.(p). Then 3r: r ~ p, r ➔ r' and X = B*(r'). Since t:t is a bisimu­

lation, 3p': p ➔ p' and r' ~ p'. Now from (*) it follows that X = B*(r') = B*(p'). Therefore 

< a,X> E{ <a, B *(q)> IP ➔ q}, which had to be established. D 
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2. THE SEMANTIC LATTICE 

2.1. Ordering the equivalences for finitely branching processes. In Section I twelve semantics were 
defined that are different for finitely branching processes. These will be abbreviated by T, CT, F, R, 
FT, RT, S, CS, RS, PF, 2S and B. Write & ~ '5if semantics & makes at least as much identifications 
as semantics 'J. This is the case if the equivalence corresponding with & is equal to or coarser than 
the one corresponding with '5. 

THEOREM 2.1: T ,< CT ,< F ,< R ,< RT, F ,<FT,< RT,< RS ,< 2S ,< B, T ,< S ,< CS ,< RS, 
CT ,< CS and R ,< PF ,< 2S. 

PROOF: The first statement is trivial. For the next five statements it suffices to show that CT(p) can 
be expressed in terms of F(p), F(p) in terms of R(p), R(p) in terms of RT(p), F(p) in terms of FT(p) 
and FT(p) in terms of RT(p). 

CT(p)= { a EAct* I < a,Act> EF(p)} . 
< a,X >EF(p) tj 3Yc;Act : <a,Y> ER(p) & XnY=0 . 
< a,X >ER(p) tj aX ERT(p). 
< a,X >EF(p) tj aX EFT(p) . 
a= a1a2 · · · an EFT(p) (a; EActU '!J'(Act)) tj 3p= p1P2 · · · PnERT(p) (p; EActU'!J'(Act)) such 
that for i = 1, ... ,n either a;= P; EA ct or a;,P; c;Act and a; n P; = 0. 

The remaining statements are (also) trivial. □ 

Theorem 2.1 is illustrated in Figure 1. There, however, completed simulation semantics is Inissing, 
since it did not occur in the literature. 

2.2. Ordering the equivalences for infinitely branching processes. When the restriction to finitely branch­
ing processes is dropped, there exists a finitary and an infinitary variant of each of these semantics, 
depending on whether or not infinite observations are taken into account. These versions will be 
notationally distinguished by means of superscripts '*' and 'w' respectively; the unsubscripted abbrevi­
ation will, for historical reasons, refer to the infinitary versions in case of 'simulation' -like semantics 
and to the finitary versions otherwise. For the semantics that are based on refusal sets, there exists 
even a third version, namely when also the refusal sets are required to be finite. These will be 
denoted by means of a superscript '-'. So F - denotes failure semantics as defined in [9] (see Sub­
section 1.4), R - denotes acceptance-refusal semantics [33] (Subsection 1.7), FT - denotes refusal 
semantics (Subsection 1.11), RS - denotes refusal simulation semantics {also Subsection 1.ll) and B ­
denotes HML-semantics (Subsection 1.13). Now the ,<-relation is represented by arrows in Figure 7. 

THEOREM 2.2: Let &, '5 be any two of the semantics mentioned above. Then &,<'5 whenever this is 
indicated in Figure 7. 

Again the proof is straightforward. If the labelled transition system A on which these semantic 
equivalences are defined is large enough, then they are all different and & ,< '5 holds only if this fol­
lows from Theorem 2.2 (and the fact that ,< is a partial order), as will be shown in Subsection 2.8. 
However, for certain labelled transition systems much more identifications can be made. Is has been 
remarked already that for finitely branching processes all semantics that are connected by dashed 
arrows in Figure 7 coincide. This result will be slightly strengthened in the next subsection. In the 
subsequent subsection a class of processes will be defined on which all the semantics coincide. 
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B 

FIGURE 7. The infinitary linear time - branching time spectrum 

2.3. Image finite processes. 

DEFINITION: A process p EA is image finite if for each aEAct• the set { q EA IP ~ q} is finite. 

Note that finitely branching processes are image finite, but the reverse does not hold. 

THEOREM 2.3: On a domain of image finite processes, semantics that are connected with a dashed 
arrow in Figure 7 coincide. 

PROOF: For the upper two arrows, connecting HML-semantics with finitary bisimulation semantics 
and finitary bisimulation semantics with bisimulation semantics, the proof has been given in HEN­
NESSY & MILNER [18). For the other simulation-like semantics the proof goes likewise. For the trace­
like semantics the correspondence between the finitary and infinitary versions (the arrows on the 
right) follows directly from Konig's lemma. Here I only prove the correspondence between F - and 
F; the remaining cases can be proved likewise. 

It has to be established that, for image finite processesp and qEA, F - (p)=F - (q) ~ F(p)=F(q), 
where F - (p) denotes the set of failure pairs <a,X> of p with finite refusal set X. The reverse impli­
cation is trivial. For finitely branching processes F(p) is completely determined by F - (p) (Proposi­
tion 1.1), from which the implication follows. For arbitrary image finite processes this is no longer 
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the case, but the implication still holds. 
Let p and q EA be two image finite processes with F(p )o:/=F(q). Say there is a failure pair 

<a,X > EF(p) - F(q). By image finiteness of q there are only finitely many processes r; with 

q ➔ r;, and for each of those there is an action a; EI(r;)nX (otherwise <a,X> would be a failure 
pair of q). Let Y be the set of all those a/s. then Yis a finite subset of X, so <a, Y> EF - (p). On 
theotherhanda; El(r;)nYforallr;, so < a,Y > f!cF - (q). □ 

2. 4. Deterministic processes. 

DEFINITION: A process p is deterministic if p ➔ q & p ➔ r =9 q = r. 

REMARK: If pis deterministic and p ➔ p' then also p' is deterministic. Hence any domain of processes 
on which action relations are defined, has a subdomain of deterministic processes with the inherited 
action relations. (A similar remark can be made for image finite processes.) 

PROOF: Suppose p' 4 q and p' 4 r. Then p ~ q and p ~ r, so q =r. □ 

THEOREM 2.4 (PARK [29]): On a domain of deterministic processes all semantics on the infinitary linear 
time - branching time spectrum coincide. 

PROOF: Because of Theorem 2.2 it suffices to show that BS~TS. This is the case if T(p)=T(q) =9 

p ~ q for any two deterministic processes p and q. Let R be the relation, defined by pRq iff 

T(p) = T(q), then it suffices to prove that Risa bisimulation. Suppose pRq and p ➔ p'. Then 

a ET(p) = T(q) . So there is a process q' with q ➔ q'. Now let pET(p'). Then 3r: p' 4 r. Hence 

p ~ rand ap ET(p) = T(q). So there must be a process s with q ~ s. By the definition of the 

generalized action relations 3t: q ➔ t 4 s, and since q is deterministic, t = q'. Thus pET(q'), and 
from this it follows that T(p') c:; T(q'). Since also pis deterministic the converse can be established in 
the same way, and together this yields T(p')= T(q'), or p'Rq'. This finishes the proof. □ 

2.5. Process graphs. In process theory it is common practice to represent processes as elements in a 
mathematical domain. The semantics of a process theory can then be modelled as an equivalence on 
such a domain. In Section 1 several semantic equivalences were defined on any domain of sequential 
processes which is provided with action relations. Such a domain was called a labelled transition sys­
tem. In Section 3 a term domain IJJ> with action relations will be presented for which these definitions 
apply. The present subsection introduces one of the most popular labelled transition systems: the 
domain G of process graphs or state transition diagrams. 

DEFINITION: A process graph over a given alphabet Act is a rooted, directed graph whose edges are 
labelled by elements of Act. Formally, a process graph g is a triple (NODES (g),EDGES (g),R00T (g)), 
where 

NODES (g) is a set, of which the elements are called the nodes or states of g, 
ROOT (g) EN0DES (g) is a special node: the root or initial state of g, 
and EDGES(g)CNODES(g) X Act X N0DES(g) is a set of triples (s,a,t) with s, t EN0DES(g) and 
a EA ct: the edges or transitions of g. 

If e = (s,a,t) EEDGES(g), one says that e goes from s tot. A (finite)path 7T in a process graph is an 
alternating sequence of nodes and edges, starting and ending with a node, such that each edge goes 
from the node before it to the node after it. If 7r=so(so,a1,s1)s1(s1,a2,s2) · · · (sn - 1,an,sn)sn, also 
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denoted as 7T: so ➔ s 1 ➔ · · · ~ s n, one says that 7T goes from s O to s n; it starts in s O and ends in 
end(7T)=sn. Let PATHS (g) be the set of paths in g starting from the root. Ifs and t are nodes in a 
process graph then t can be reached from s if there is a path going from s to t. A process graph is said 
to be connected if all its nodes can be reached from the root; it is a tree if each node can be reached 
from the root by exactly one path. Let G be the domain of connected process graphs over a given 
alphabet Act. 

DEFINITION: For g EG ands ENODES (g), let gs be the process graph defined by 
NODES (gs)= {t ENODES (g) J there is a path going from s tot}, 
ROOT (gs)=s ENODES (gs), 
and (t,a,u)EEDGES(gs) iff t,uENODES(gs) and (t,a,u)EEDGES(g). 

Of course gsEG. Remark that gRoor(g)=g. Now on G action relations ➔ for aEAct are defined 

by g ➔ h iff (ROOT(g),a,s)EEDGEs(g) and h =gs. This makes G into a labelled transition system. 
Hence all semantic equivalences of Section 1 are well-defined on G. Below the sets of observations 
O(g) for OE{T, CT, R, F, RT, FT} and gEG, are characterized in terms of the paths of g, rather 
than the generalized action relations between graphs. 

a, a2 a 
DEFINITION: Let gEG and let 7T: s 0 ➔s 1 ~ • • • 4snEPATHs(g). Consider the following 
notions: 

the trace associated to 7T: T(7r)=a 1a 2 · · · anEAct*; 
the menu of a nodes ENODES (g): I(s)= {a EA ct J 3t: (s,a,t)EEDGES (g)}; 
the ready pair associated to 7T: R(7r)= <T(7r),l(sn)>; 
the failure set of 7T: F(7r)= { <T(7r),X> J J(sn) n X = 0 }; 
the ready trace set of 7T: RT(7r) is the smallest subset of (Act U '3'(Act))* satisfying 

l(so)a1I(s1)a2 · · · anl(sn)ERT(7r), 
aXpERT(7r) ==} apERT(7r), 
aXpERT(7r) ==} aXXpERT(7r); 

and the failure trace set of 7T: FT(7r) is the smallest subset of (Act U ~(Act))* satisfying 
(A -I(so))a1(A -I(s1))a2 · · · an(A -I(sn))EFT(7r), 
aXpEFT(7r) ==} apEFT(7r), 
aXpEFT(7r) ==} aXXpEFT(7r), 
aXpEFT(7r)/\Yc;;,_X ==} aYpEFT(7r). 

PROPOSITION 2.5: 

T(g)= {T(7r) j 7TEPATHS (g)} 

CT(g)= {T(7r) j 7TEPATHS (g)/\l(end(7r))= 0} 

R(g)= {R (7T) j 7TEPATHS (g)} 

F(g)= U F(7r) 
'IT E PATHS (g) 

RT(g) = LJ RT(11) 
'IT E PATHS (g) 

FT(g)= U FT(7r) 
'IT E PATHS (g) 

PROOF: Straightforward. □ 

Analogously, the simulation-like equivalences can be characterized by means of simulation relations 



21 

between the nodes of two process graphs, rather than between process graphs themselves. Below this 
is done for bisimulation equivalence. 

DEFINITION: Let g,h EG. A bisimulation between g and h is a binary relation 
R C NODES (g) X NODES (h ), satisfying: 
1. ROOT (g)RROOT (h). 
2. If sRt and (s,a,s') EEDGES (g), then there is an edge (t,a,t') EEDGES (h) such thats' Rt'. 
3. If sRt and (t,a,t')EEDGES (h), then there is an edge (s,a,s')EEDGES (g) such that s'Rt'. 
This definition is illustrated in Figure 8. Now it follows easily that two graphs g and h are bisiinilar 
iff there exists a bisimulation between them. 

al 

t ______ --------

FIGURE 8 

Proposition 2.5 yields a technique for deciding that two process graphs are ready trace equivalent, c.q. 
failure trace equivalent, without calculating their entire ready trace or failure trace set. 

a 1 a 2 a. a 1 a 2 a. 
Let g,hEG, 'TT: So ➔s1 ➔ · · · ➔snEPATHS(g) and 'TT': to ➔t1 ➔ · · · ➔tmEPATHS(h). 
Path 'TT' is a failure trace augmentation of 'TT, notation 'TT,,;;;;,_n'TT', if FT('TT) c;FT('TT'). This is the case 
exactly when n =m and I(t;)Cl(s;) for i=l, ... ,n. Write 'TT=n'TT' for 'TT,,;;;;,_n'TT'/\'TT',,;;;;,_n'TT. It follows 
that 'TT= rr'TT' # FT('TT)=FT('TT') # RT('TT)=RT('TT'). From this the following can be concluded. 

COROLLARY 2.5: Two process graphs g,h EG are ready trace equivalent ifJ 
for any path 'TTEPATHS (g) in g there is a 'TT' EPATHS (h) such that 'TT= n'TT' 
and for any path 'TTEPATHS (g) in h there is a 'TT' EPATHS (g) such that 'TT= n'TT'. 

They are failure trace equivalent ifJ 
for any path 'TTEPATHS (g) in g there is a 'TT' EPATHS (h) such that 'TT,,;;;;,_n'TT' 
and for any path 'TTEPATHS (g) in h there is a 'TT' EPATHS (g) such that 'TT,,;;;;,_n'TT'. 

If g and h are moreover without infinite paths, then it suffices to check the requirements above for maxi­
mal paths. 

2. 6. Drawing process graphs. 

DEFINITION: Let g,h EG. A graph isom01phism between g and h is a bijective function 
f :NODES (g)➔NODES (h) satisfying 

f(ROOT(g))=ROOT(g) and 
(s,a,t)EEDGES (g) # (f (s),a,f (t))EEDGES (h). 

Graphs g and h are isomorphic, notation g~h, if there exists a graph isomorphism between them. 
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In this case g and h differ only in the identity of their nodes. Remark that graph isomorphism is an 
equivalence on G. 

PROPOSITION 2.6: For g,h EG, g~h ifJ there exists a bisimulation R between g and h, satisfying 
4. If sRt and uRv then s =u ~ t = v. 

PROOF: Suppose g~h. Let f :NODES (g)➔NODES (h) be a graph isomorphism. Define 
R kNODES (g)XNODES (h) by sRt iff f (s) = t. Then it is routine to check that R satisfies clauses I, 2, 
3 and 4. Now suppose R is a bisimulation between g and h, satisfying 4. Define 
f:NODES(g)➔NODES(h) by f(s) = t iff sRt. Since g is connected it follows from the definition of a 
bisimulation that for each s such a t can be found. Furthermore direction "=9" of clause 4 implies 
that f(s) is uniquely determined. Hence f is well-defined. Now direction "~" of clause 4 implies 
that f is injective. From the connectedness of h if follows that f is also surjective, and hence a bijec­
tion. Finally clauses I, 2 and 3 imply that f is a graph isomorphism. □ 

COROLLARY: If g~h then g and hare equivalent according to all semantic equivalences of Section 1. 

Finitely branching connected process graphs can be pictured by using open dots (0 ) to denote nodes, 
and labelled arrows to denote edges, as can be seen in Subsection 2.8. There is no need to mark the 
root of such a process graph if it can be recognized as the unique node without incoming edges, as is 
the case in all my examples. These pictures determine process graphs only up to graph isomorphism, 
but usually this suffices since it is virtually never needed to distinguish between isomorphic graphs. 

2. 7. Embedding labelled transition sy stems in G. Let A be an arbitrary labelled transition system and 
let p EA. The canonical graph G (p) of p is defined as follows: 

NODES (G(p)) = {q EA I 3a EA •: p ➔ q}, 
ROOT (G(p)) =p ENODES (G(p)), 
and (q,a,r) EEDGES (G(p)) iff q,r ENODES (G(p)) and q ➔ r . 

Of course G (p) E G. This means G is a function from A to G. 

PROPOSITION 2.7: G:A➔G is an injective/unction, satisfying.for a EAct: G(p) ➔ G(q) ~ p ➔ q. 
PROOF: Trivial. □ 

COROLLARY: Forp EA andO E{T, CT, F, R, FT, RT, S, CS, RS, PF, 2S, B}, O(G(p)) = O(p). 

Proposition 2.7 says that G is an embedding of A in G. It implies that any labelled transition system 
over Act can be represented as a subclass G(A) = {G(p) EG IP EA} of G. 

Since G is also a labelled transition system, G can be applied to G itself. The following proposition 
says that the function G : G➔G leaves its arguments intact up to graph isomorphism. 

PROPOSITION 2.8: For. g EG, G (g)~g. 
PROOF: Remark that NODES (G(g)) = {gs Is ENODES (g)}. Now the function 
f :NODES (G(g))➔NODES (g) defined by f (gs)= s is a graph isomorphism. □ 

2. 8. Counterexamples. In this subsection a number of examples will be presented, showing that on G 
all semantic notions mentioned in Theorem 2.2 are different and ~ ~ '5" holds only if this follows from 
that theorem. Moreover, apart from the examples needed to show the difference between semantics 
that are connected by a dashed arrow in Figure 7, all examples will use finite processes only. Thus it 
follows that neither the ordering of Theorem 2.1 nor the ordering of Theorem 2.2 can be further 
expanded. Let H be the set of finite connected process graphs. Here a process graph g is finite if 
PATHS (g) is finite. Finite graphs are acyclic and have only finitely many nodes and edges. They 
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represent finite processes. 

THEOREM 2.9: Let~ and ':r be semantics on H from the series T, CT, F, R, FT, RT, S, CS, RS, PF, 2S, 
B. Then ~ ~ ':r only if this fallows from Theorem 2.1. ( and the fact that ~ is a partial order). 

PROOF: The following counterexamples provide for any statement ~~'3", not following from Theorem 
2.1 and the fact that ~ is a partial order, two finite connected process graphs that are identified in ~ 
but distinguished in ~-

b0 -T 

:j =l=cr 

-s 

ab +a ab 

FIGURE 9 

1. T':k= CT. For the graphs of Figure 9, T(left)= T(right)= { £, a, ab}, whereas CT(left)=j=CT(right) 
(since a ECT(/ejt)- CT(right)). Hence they are identified in trace semantics but distinguished in 
completed trace semantics. Furthermore the two graphs are simulation equivalent (the construction 
of the two simulations is left to the reader). Since ~ is a partial order, the same example shows that 
~~'3"for ~E{CT, CS, F, R, FT, RT, RS, PF, 2S, B} and ':J'E{T, S}. 

-CT 

~ =l=F 
b C 

-cs 

ab +a(b +c) a(b+c) 

FIGURE 10 

2. CT':k= F. For the graphs of Figure 10, CT(/eft) = CT(right) = { ab, ac }, whereas F(left)=j=F(right) 
(since <a, { b} > EF(/ejt)- F(right)). Hence they are identified in completed trace semantics but dis­
tinguished in failure semantics. Furthermore the two graphs are completed simulation equivalent (the 
construction of the two completed simulations is again left to the reader). Since ~ is a partial order, 
the same example shows that ~~ '3" for ~ E { F, R, FT, RT, RS, PF, 2S, B} and '3" E { CT, CS}. 
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A 
bi le 

ab +ac 

-F 

=FR 
-FT 

=FRT 

FIGURE 11 

~ 
b~c 

ab +a(b +c)+ac 

3. FT~ R. For the graphs of Figure 11, FT(left)= FT(right), whereas R (left)=faR (right). The first 
statement follows from Corollary 2.5, since the new maximal paths at the right-hand side are both 
failure trace augmented by the two maximal paths both sides have in common. The second one fol­
lows since <a, { b, c} > ER (right) - R (left). Hence these processes are identified in failure trace 
semantics but distinguished in readiness semantics. Since ~ is a partial order, the same example 
shows that §~~Tfor any §~FT and ~R, so in particular F~R and FT~RT. 

a 

d e e d 

a(b +cd)+a(f +ce) a(b +ce)+a(f +cd) 

FIGURE 12 

4. R ~ FT. For the graphs of Figure 12, R (left)= R (right), whereas FT(left)=faFT(right). The first 
statement follows since in the second graph only 4 ready pairs swopped places. The second one fol­
lows since a{ b }ce EFT(lejt)- FT(right). Hence these processes are identified in readiness semantics 
but distinguished in failure trace semantics. Since ~ is a partial order, the same example shows that 
§~':Jfor any §~Rand ~FT, so in particular F~FT and R~RT. Since PF(lejt)=faPF(right) this 
example does not show that PF~ FT. It it left as an exercise to the reader to adapt the example so 
that also that is established. 
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a 

b b 

C d C d 

abc +abd a(bc +bd) 

FIGURE 13 

5. RT':k=S. For the graphs of Figure 13, RT(left)=RT(right), whereas S(left)=/=S(right). The first 
statement follows immediately from Corollary 2.5. The second one follows since 
a(bcT/\bdT)ES(right)-S(left). Hence these processes are identified in ready trace semantics but 
distinguished in simulation semantics. Since ~ is a partial order, the same example shows that ~':k='5" 
for any ~~RT and ~S, so in particular T':k= S, CT':k= CS and RT':k= RS. 

a 

b b 

C C d C d 

abc +a(bc +bd) a(bc +bd) 

FIGURE 14 

6. RS':k=2S. The graphs of Figure 14 are ready simulation equivalent, but not 2-nested simulation 
equivalent. There exists exactly one simulation from right by left, namely the one mapping right on 
the right-hand side of left, and this simulation is a ready simulation as well as a 2-nested simulation. 
There also exists exactly one simulation from left by right, which maps the black node on the left on 
the black node on the right. This simulation is a ready simulation (related nodes have the same menu 
of initial actions) but not a 2-nested simulation (the two subgraphs originating from the two black 
nodes are not simulation equivalent). Hence RS ':k= 2S. Furthermore PF (left)=/=P F (right), since 
<a,{£, b, be}> EPF(left)-PF(right). Hence ~':k=PF for any ~~RS. 
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abc + a(bc + b) a(bc +b) 

FIGURE 15 

7. 2S':it= B. The graphs of Figure 15 are 2-nested simulation equivalent, but not bisimulation 
equivalent. There now exists 2-nested simulations in both directions since the two subgraphs originat-
ing from the two black nodes are simulation equivalent. However, 
a-,b-,cT EHML (left) - HML (right) . □ 

THEOREM 2.10: Let ~ and ~ be semantics on G mentioned in Subsection 2.2. Then ~~ ~ only if this fol­
lows from Theorem 2.2. (and the fact that ~ is a partial order). 

PRooF: The following counterexamples, together with the ones used in the previous proof, provide for 
any statement ~~ ~. not following from Theorem 2.2 and the fact that ~ is a partial order, two con­
nected process graphs that are identified in ~ but distinguished in ~-

a a a -B a a a a 

a a =l='f a a 
t 

a a 

' 
FIGURE 16 

8. B • ':it= T"'. The graphs of Figure 16 are finitary bisimulation equivalent (as follows straightforward 
with induction) but not infinitary trace equivalent (since only the graph at the right has an infinite 
trace). Since~ is a partial order it follows that ~':it= ~ for ~~B• and ~ T"' . 
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=/=er 

FIGURE 17 

9. B - ':k=CT. For the graphs of Figure 17, HML(lejt) = HML(right) , whereas CT(/eft)=/=CT(right). 
The first statement follows since by means of HML-formulas one can only say that a finite set of 
actions can not take place in a certain state. The second one follows since a ECT(lejt)- CT(right). 
Since ~ is a partial order it follows that ~~ '5 for ~~B - and ~CT. □ 

One could say that a semantics ~ respects deadlock behaviour iff ~~CT. The example above then 
shows that non of the semantics on the left in Figure 7 respects deadlock behaviour; only the left­
hand process of Figure 17 can deadlock after an a-move. 

3. COMPLETE AXIOMA TIZA TIO NS 

3.1. A language for finite, concrete, sequential processes. Consider the following basic CCS- and CSP­
like language BCCSP for finite, concrete, sequential processes over a finite alphabet Act: 

inaction: 0 (called nil or stop) is a constant, representing a process that refuses to do any action. 
action : a is a unary operator for any action a EAct. The expression ap represents a process, starting 

with an a-action and proceeding with p. 
choice : + is a binary operator. p + q represents a process, first being involved in a choice between 

its summands p and q, and then proceeding as the chosen process. 

The set I? of (closed) process expressions or terms over this language is defined as usual: 
OE I?, 

ap El? for any a EAct and p El?, 
p + q E I? for any p,q EI?. 

Sub terms a O may be abbreviated by a. 

On I? action relations ➔ for a EA ct are defined as the predicates on I? generated by the action 
rules of Table I. Here a ranges over Act and p and q over I?. 

a 
ap ➔ p 

a 
p ➔ p' 

a 
q ➔ q' 

a 
p+q ➔ p' 

a 
p+q ➔ q' 

TABLE 1 

Now all semantic equivalences of Section 1 are well-defined on I?, and for each of the semantics it is 
determined when two process expressions denote the same process. 
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3.2. Axioms. In Table 2 complete axiomatizations for ten from the twelve semantics of this paper that 
differ on BSSCP can be found. Axioms for 2-nested simulation and possible-futures semantics are 
more cumbersome, and the corresponding testing notions are less plausible. Therefore they have been 
omitted. In order to formulate the axioms, variables have to be added to the language as usual. In 
the axioms they are supposed to be universally quantified. Most of the axioms are axiom schemes, in 
the sense that there is one axiom for each substitution of actions from Act for the parameters a,b,c. 
Some of the axioms are conditional equations, using an auxiliary operator I. Thus provability is 
defined according to the standards of either first-order logic with equality or conditional equational 
logic. I is a unary operator that calculates the set of initial actions of a process expression, coded as a 
process expression again. 

THEOREM 3.1: For each of the semantics O E{T, S, CT, CS, F, R, FT, RT, RS, B} two process expres­
sions p,q ErP are O-equivalent ifJ they can be proved equal from the axioms marked with '+' in the 
column for O in Table 2. The axioms marked with 'v' are valid in O-semantics but not needed for the 
proof 

B RS RT FT R F cs CT s T 
x+y=y+x + + + + + + + + + + 
(x +y)+z = x +(y +z) + + + + + + + + + + 
x+x = x + + + + + + + + + + 
x+0 = x + + + + + + + + + + 

I(x) = I(y) ~ a(x +y) = ax +a(x +y) + V V V V V V V V 

I(x) = I(y) ~ ax +ay = a(x +y) + + V V V V 

ax +ay = ax +ay +a(x +y) + V V V 

a(bx +u)+a(by +v) = a(bx +by +u)+a(bx +by +v) + + V V 

ax +a(y +z) = ax +a(x +y)+a(y +z) + V V 

a(bx +u +y) = a(bx +u)+a(bx +u +y) + V V V 

a(bx + u)+a(ry +v) = a(bx +ry +u +v) + V 

a(x +y) = ax +a(x +y) + V 

ax +ay = a(x +y) + 

1(0) = 0 + + + + + + + + + + 
/(ax) = a0 + + + + + + + + + + 
I (x + y) = I (x) + I (y) + + + + + + + + + + 

TABLE 2 

PROOF: For F, R and B the proof is given in BERGSTRA, KLOP & OLDEROG [7] by means of graph 
transformations. A similar proof for RT can be found in BAETEN, BERGSTRA & KLoP [4]. For the 
remaining semantics a proof can be given along the same lines. □ 

CONCLUDING REMARKS 
In this paper various semantic equivalences for concrete sequential processes are defined, motivated, 
compared and axiomatized. Of course many more equivalences can be given then the ones presented 
here. The reason for selecting just these, is that they can be motivated rather nicely and/ or play a 
role in the literature on semantic equivalences. In ABRAMSKY & VICKERS [2] the observations which 
underly many of the semantics in this paper are placed in a uniform algebraic framework, and some 
general completeness criteria are stated and proved. 
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It is left for a future occasion to give (and apply) criteria for selecting between these equivalences 
for particular applications (such as the complexity of deciding if two finite-state processes are 
equivalent, or the range of useful operators for which they are congruences). The work in this direc­
tion reported so far, includes [8] and [15]. 

Also the generalization of this work to a setting with silent moves and/ or with parallelism is left for 
the future. In this case the number of equivalences that are worth classifying is much larger. How­
ever, in many papers parts of a classification can be found already (see for instance [32]). 

A generalization to preorders, instead of equivalences, can be obtained by replacing conditions like 
O(p)=O(q) by O(p)<;;;O(q). Since preorders are often useful for verification purposes, it seems to be 
worthwhile to have to classify them as well. 

Furthermore it would be interesting to give explicit representations of the equivalences, by 
representing processes as sets of observations instead of equivalence classes of process graphs, and 
defining operators like action prefixing and choice directly on these representations, as has been done 
for failure semantics in [9] and for readiness semantics in [28]. 
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