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This paper proposes a definition of what it means for one system description language to encode

another one, thereby enabling an ordering of system description languages with respect to expressive

power. I compare the proposed definition with other definitions of encoding and expressiveness found

in the literature, and illustrate it on a well-known case study: the encoding of the synchronous in the

asynchronous π-calculus. Several applications of this theory to the relative expressiveness of CSP,

ACP, CCS and the π-calculus are reviewed.

1 Introduction

This paper, like [53], aims at answering the question what it means for one language to encode another

one, and making the resulting definition applicable to order system description languages like CCS, CSP,

ACP and the π-calculus with respect to their expressive power.

To this end it proposes a unifying concept of valid translation between two languages up to a semantic

equivalence or preorder •∼. Roughly, a valid translation up to •∼ of a source language L into a target

language L ′ is a mapping from the expressions of L to those of L ′ that preserves their meaning, i.e.

such that the meaning of the translation of an expression is semantically equivalent to the meaning of the

expression being translated. This requires a semantic equivalence (or preorder) •∼ that is meaningful for

both L and L ′. Additionally, or implicitly, the translation is also required to be compositional. This

means that the translation of a composed expression is completely determined by the translations of the

argument expressions and a translation of the composition mechanism.

Languages can be ordered by their expressiveness up to the chosen equivalence or preorder •∼ ac-

cording to the existence of valid translations between them. When considering multiple choices of •∼,

one obtains multiple expressiveness hierarchies between languages. If one language is at least as expres-

sive as another up to a certain equivalence, it is certainly at least as expressive up to a coarser, or less

discriminating, equivalence. This way, the choice of •∼ is a measure for the quality of the translation,

and thereby for the degree in which the source language can be expressed in the target. Any language

is as expressive as any other up to the universal relation, whereas almost no two languages are equally

expressive up to the identity relation.

The concept of a valid translation between system description languages (or process calculi) was

first formally defined by Boudol [13], and has been generalised by me in [39, 42]. The present paper

contributes a further generalisation. These generalisations concern the class of languages to which the

definition is applicable, and the class of relations •∼ that may be used as parameter.

My definition applies to languages whose semantics interprets the operators and recursion constructs

as operations on a set of values, called a domain. This includes the special case of closed-term languages,

in which the domain in which the language is interpreted consists of the closed expressions from the

language itself. This special case was the sole focus of [13, 53] and most other work in this area.
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As in [42], my aim is to generalise the concept of a valid translation as much as possible, so that it

is uniformly applicable in many situations, and not just in the world of process calculi. Also, it needs

to be equally applicable to encodability and separation results, the latter saying that an encoding of one

language in another does not exist. At the same time, I try to derive this concept from a unifying principle,

rather than collecting a set of criteria that justify a number of known encodability and separation results

that are intuitively justified.

Contributions This paper contributes a generalisation of the notion of a valid translation up to •∼ from

[13, 39, 42], and compares it with other notions of valid translation found in the literature. A language

L ′ is said to be at least as expressive as a language L up to •∼ iff there exists a valid translation up to •∼
of L into L ′. I show that the relation “being at least as expressive as” is a preorder on languages.

I contribute five general theorems on valid translations. The first, a congruence transfer property,

says that if L ′ is at least as expressive as L up to •∼, and ≈ is a congruence for L ′ that is coarser

than or equal to •∼, then ≈ also is a congruence for L . This theorem is useful for separation results. It

implies, for instance, that there exists no encoding of CCS into CSP that is valid up to strong bisimilarity.

Here I employ this general theorem with •∼ in the rôle of strong bisimilarity and ≈ in the role of weak

bisimilarity, using that weak bisimilarity fails to be a congruence for the + of CCS.

The second theorem describes a congruence transfer property that goes in the other direction: if T

is a translation of L into L ′ that is valid up to •∼, and ≈ is a congruence for L that is coarser than or

equal to •∼, then ≈ also is a congruence for the fragment of L ′ that is obtained as the image of T .

My main result is a congruence closure property for valid translations: if a translation T between

L and L ′ is valid up to a semantic equivalence ≈, then it is valid even up to an equivalence that

• on L coincides with the congruence closure of ≈
• on the image of L within L ′ also coincides with the congruence closure of ≈, and

• melts each equivalence class of L with exactly one of L ′.

As an illustration, I recall a translation by Boudol from a synchronous into an asynchronous fragment

of the π-calculus, which has been shown to be valid up to weak barbed bisimilarity
•≈. It might be

argued that this is a weak result, as
•≈ is a rather course semantic equivalence. However,

•≈ has been

used in the literature as method to define or characterise meaningful equivalences on process calculi,

namely as the congruence closures of
•≈. The familiar notion of weak bisimulation congruence on CCS

arises as the congruence closure of
•≈ [74], as does the familiar notion of early weak congruence on

the π-calculus [101]. Consequently, the above congruence closure theorem lifts this weak result about

Boudol’s translation to a stronger one.

Another general theorem states that, under some mild side conditions, if a translation T between L

and L ′ is valid up to ≈, and ∼ is a congruence for L ′ that is finer than or equal to ≈, then T is even

valid up to a an extension of ∼ to the disjoint union of L and L ′, still finer than or equal to ≈, that also

is a congruence for L . I will refer to this result as congruence reflection. Its application is in combining

the features of two languages by translating them into a common target language.

For languages that do not feature variables ranging over the domain in which the language is inter-

preted, I require valid translations to be compositional. However, any language can be upgraded with

variables at no extra cost, and for languages L and L ′ with variables I define a translation from L

to L ′ as function that maps the open terms of L to semantically equivalent open terms of L ′. This

requirement alone entails compositionality: if L ′ is at least as expressive as L , i.e., if there exists a

valid translation from L to L ′, then there exists such a valid translation that moreover is compositional.
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Overview of the paper Section 2 formally defines the concept of a language and a translation between

languages, states that validity of translations is the central concept that this paper and many others aim

to describe, and defines expressiveness in terms of validity. Subsequently, I propose a notion of validity,

and prove the above-mentioned theorems about it, in four stages.

Section 3 deals with closed-term languages without variables, and without recursion or other non-

traditional term-building constructs. Here the definition of validity, which incorporates compositionality,

as well as the proofs of the promised theorems, is fairly straightforward. Section 4 illustrates my approach

on a well-known case study: the encoding of a synchronous into an asynchronous fragment of the π-

calculus. Section 5 argues that my congruence closure result allows verifications in a source language of

a valid translation to be mimicked in the target language, and that one needs congruence reflection for

combining the features of multiple languages by translating them into a common target.

Sections 6–9 generalise this work to closed-term languages with variables, still without variable bind-

ing or term-building constructs other than n-ary operators. Section 6 deals with compositionality, and

Section 7 with the definition of validity. Here I find eight plausible generalisations of the notion of valid-

ity from Section 3, of which, after some deliberation on their properties, I choose one to continue with.

One of the reasons for choosing this notion is that compositionality is not incorporated in the definition,

but comes for free, in the sense that any valid translation up to a preorder •∼ can be modified into such a

translation that moreover is compositional. Section 9 extends the other general theorems to this chosen

notion of validity. Section 8 discusses the difference between absolute and relative expressiveness. My

paper generally deals with relative expressiveness, but absolute expressiveness can be captured by one

of the alternative notions of validity from Section 7.

Section 10 generalises the work to arbitrary closed-term languages, thus dealing with variable bind-

ing, recursion, operators with infinitely many arguments, and possible term-building constructs that are

yet to be invented, provided they obey a simple postulate. The last stage is Section 11, which lifts the

restriction to closed-term languages. It is possible to jump straight from Section 2 to Section 11, reading

in between only Section 10 prior to 10.6.

Section 12 studies the generalisation to arbitrary languages of most of the alternative notions of

validity contemplated in Section 7. Two of those have been studied earlier in [42], and can be seen

as special cases of the notion of validity of the present paper. It is in this sense that the present paper

generalises the work in [42].

Section 13 speculates on suitable choices for •∼ when comparing the expressiveness of process cal-

culi. In particular, it advocates notions of barbed bisimilarity, based on a collection of barbs that is

external to the calculi under consideration. Section 14 reviews applications of this work to the relative

expressiveness of several versions of CSP, ACP, CCS and the π-calculus. It also generalises the notion

of being as least as expressive up to •∼ from a relation between languages to one between parametrised

languages, which are families of languages that differ only in the choice of a parameter, such as a set

of atomic actions. Section 15 compares my approach with full abstraction, and with the approach of

Gorla [53].

Acknowledgement I am grateful to the referees of this paper for their insightful and thorough feed-

back. It is thanks to them that this version of my paper is easier to read then the original one [45], and

includes the motivations of its design decisions.



4 A Theory of Encodings and Expressiveness

2 Languages, valid translations, quality criteria and expressiveness

A language consists of syntax and semantics. The syntax determines the valid expressions in the lan-

guage. The semantics is given by a mapping J K that associates with each valid expression its meaning,

which can for instance be an object, concept or statement.

Following [42], I represent a language L as a pair (TL ,J KL ) of a set TL of valid expressions in

L and a mapping J KL :TL →DL from TL in some set of meanings DL .

In this paper, I consider single-sorted languages L in which expressions or terms are built from

variables (taken from an infinite set X ) by means of operators (including constants) and additional (e.g.

recursion) constructs. Since my main interest is in process calculi, where the expressions of L denote

processes, I sometimes refer to the expressions of L as process expressions, and to the variables from

X as process variables. Even so, the proposed framework is equally well applicable to other settings.

Some process calculi employ multiple types of processes. AWN [27], for instance, features sequential

processes, parallel processes and networks. Other calculi, such as mCRL2 [56], have only one type of

processes but multiple types of data. An action in mCRL2 can be parametrised with data it carries, and

therefore is modelled not as a constant of type process, but as a function from some types of data to

the type of processes. Although in this paper I do not provide definitions of translations between such

multi-sorted languages, I expect that this can be done along the same lines as proposed here.

Let L be a language that features variables, operators f of arity n ∈ N, and possibly additional

constructs. The set TL of L -expressions is inductively defined by:

(i) X ∈TL for each variable X ∈X ,

(ii) f (E1, . . . ,En) ∈TL for each n-ary operator f and expressions Ei ∈TL for i = 1, . . . ,n,

(iii) and clauses for the additional constructs, if any.

Examples of additional constructs are the infinite summation ∑i∈I Ei of CCS, which takes arbitrarily

many arguments, or the recursion construct µX .E , that has one argument E and binds all occurrences of

the variable X in that argument. Another example is the choice quantifier ∑x∈D E [65] of mCRL2 [56].

Although this operator has the same shape and serves the same purpose as the infinite sum of CCS, it

has only one argument E , and binds a data variable x that may occur in E . In this paper I consider a

variant ∑h∈H E[ fh] of choice quantification that can be added to single sorted languages like CCS. It

employs a possibly infinite family [ fh]h∈H of unary renaming operators, and has only a single argument

E . Semantically it behaves the same as the infinite choice between all processes E[ fh] for h ∈H .

Definition 2.1 ([42]) A translation from a language L into a language L ′ is a mapping T :TL→TL ′ .

I will use the word encoding as a synonym for translation. In almost all work on (relative) expressiveness,

including [13, 107, 39, 99, 12, 8, 76, 78, 83, 20, 80, 6, 7, 82, 77, 81, 93, 19, 18, 57, 84, 94, 9, 17, 109,

52, 53, 64, 92, 89, 42, 91, 1, 88, 58, 59, 108, 33, 34, 35, 36, 90, 2, 44, 49, 37, 63, 87, 47, 24, 48, 102],

the key ingredient is some notion of validity of encodings. A translation is valid if and only if it satisfies

certain quality criteria. The choice of these quality criteria varies from one paper to another, and is often

adapted to the expressiveness result a paper sets out to prove. The following definition is a common

understanding of virtually all papers on expressiveness.

Definition 2.2 Language L ′ is at least as expressive as L iff a valid translation from L into L ′ exists.

This way, expressiveness results can be obtained by exhibiting a valid translation between two languages,

and separation results by giving an argument that no valid translation between two given languages

exists.
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Since normally the names of variables are irrelevant and the cardinality of the set of variables satis-

fies only the requirement that it is “sufficiently large”, no generality is lost by insisting that two (system

description) languages whose expressiveness is being compared employ the same set of (process) vari-

ables. For this reason, I use a single set X of variables for all languages, except for languages that do

not feature process variables at all.

The set fv(E)⊆X of variables that occur free in an expression E ∈TL is defined inductively by

(i) fv(X) = {X} for X ∈X ,

(ii) fv( f (E1, . . . ,En)) =
⋃n

i=1 fv(Ei),

(iii) and dedicated clauses for each of the additional constructs, for instance fv(∑i∈I Ei) =
⋃

i∈I fv(Ei),
fv(µX .E) = fv(E)\{X} and fv(∑h∈H E[ fh]) = fv(E).

An expression E is closed if fv(E) = /0. Let TL ⊆TL denote the set of closed terms of L .

3 Closed-term languages without variables or additional constructs

In this section I present my theory of encodings and expressiveness for languages L = (TL ,J KL ) that

are special in three ways:1

(i) They have no process variables. So TL = TL .

(ii) They do not feature any additional syntactic constructs (beyond operators).

(iii) DL = TL and J KL : TL → TL is the identity function.

Languages satisfying (iii) are called closed-term languages. In such languages there is no separation

between syntax and semantics. Here I call languages satisfying (i)-(iii) simple.

3.1 Compositionality for languages without variables or additional constructs

Let Xn = {X1,X2, ...,Xn} be a set of n specific variables, called holes. Given a language L , let L [Xn] be

the extension of L with the variables from Xn.2 An n-ary L -context C is an expression in the language

L [Xn], i.e., C ∈TL [Xn]. A ternary context C is often introduced as C[ , , ] to remind the reader of the

3 holes that may occur in it. Each hole may occur in C multiple times, or not at all. For C ∈ TL [Xn]

and Ei ∈TL for each i = 1, . . . ,n one writes C[E1, . . . ,En] for the result of substituting Ei for Xi in C, for

each i = 1, . . . ,n.

Definition 3.1 Let L and L ′ be languages without variables or additional syntactic constructs (beyond

operators). A translation T from L into a language L ′ is compositional if for each n-ary operator f of

L there exists an n-ary L ′-context C f such that T ( f (E1, . . . ,En)) =C f [T (E1), . . . ,T (En)].

Proposition 3.2 Let L and L ′ be languages without variables or additional syntactic constructs (be-

yond operators). A translation T from L into a language L ′ is compositional iff for each n-ary context

D of L there exists an n-ary L ′-context C such that T (D[E1, . . . ,En]) =C[T (E1), . . . ,T (En)].

Proof: “If” follows by taking the context D := f (X1, . . . ,Xn) for a given n-ary operator f of L .

“Only if” follows by structural induction on D.

Let D = Xi ∈Xn. Then D[E1, . . . ,En] = Ei. Take C := D = Xi. Then

T (D[E1, . . . ,En]) = T (Ei) =C[T (E1), . . . ,T (En)].

1The material in Section 3.1 only assumes (i) and (ii).
2If L already employs a set of variables X , one takes Xn ∩X = /0.
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Let D= f (D1, . . . ,Dk) for a k-ary operator f of L . By induction, for each subcontext Di of D there exists

a L ′-context Ci such that T (Di[E1, . . . ,En]) =Ci[T (E1), . . . ,T (En)]. Take C :=C f (C1, . . . ,Ck). Then

T (D[E1, . . . ,En]) = T ( f (D1[E1, . . . ,En], . . . ,Dk[E1, . . . ,En]))
=C f [T (D1[E1, . . . ,En]), . . . ,T (Dk[E1, . . . ,En])]
=C f [C1[T (E1), . . . ,T (En)], . . . ,Ck[T (E1), . . . ,T (En)]] =C[T (E1), . . . ,T (En)]. ✷

Any compositional translation between languages L and L ′ without variables or additional syntactic

constructs trivially generalises to a compositional translation between the extensions L [Xn] and L ′[Xn]
of these languages with variables (or holes). The generalisation is defined by T (X) := X for each

X ∈Xn, and for the rest is completely determined by the requirement of compositionality. From this

perspective, the context C of Proposition 3.2 can be characterised as T (D).

Corollary 3.3 Let L ,L ′ be languages without variables or additional constructs. A translation T from

L into L ′ is compositional iff T (D[E1, ...,En])=T (D)[T (E1), ...,T (En)] for each n-ary L-context D.

3.2 Validity for simple languages

In order to compare two simple languages L and L ′ w.r.t. their expressive power, I normally employ

a semantic equivalence or preorder •∼ that is defined (at least) on TL ⊎TL ′ . Intuitively, P′ •∼ P with

P ∈ TL and P′ ∈ TL ′ means that the processes P and P′ are sufficiently alike for our purposes, so that

one can accept a translation of P into P′.
I will be chiefly interested in the case that •∼ is an equivalence—hence the choice of a symbol that

looks like ∼. However, to establish Observation 3.6 and Theorem 3.7 below, it suffices to know that •∼
is reflexive and transitive. My convention is that the dotted end of •∼ points to a translation and the other

end to an original—without offering an intuition for the possible asymmetry.3

For many process calculi, a labelled transition relation between their closed expressions is defined,

so that the expressions in TL and TL ′ can be seen as states in labelled transition systems (LTSs). A

candidate for •∼ could be any semantic equivalence on LTSs; by taking the disjoint union of two LTSs,

such an equivalence also relate states from different LTSs, and thus is defined on TL ⊎TL ′ .

Although for some applications the disjoint union may be appropriate, in most cases an expression

that exists in both TL and TL ′ will have the same meaning in both languages. This applies in particular

when L ′ is a sublanguage of L . In such cases, •∼ needs to be defined on TL ∪TL ′ .

Given a translation T , it is strictly speaking not necessary that •∼ is defined on all of TL ′ . Writing

TT (L ) for {T (P) ∈ TL ′ | P ∈ TL }, it suffices that •∼ is defined on TL ⊎TT (L ).

Definition 3.4 A translation T is valid up to •∼ iff it is compositional and T (P) •∼ P for each P ∈ TL .

3.3 A hierarchy of expressiveness preorders on simple languages

An equivalence or preorder •∼ on a class Z is said to be finer, stronger, or more discriminating than

another equivalence or preorder •≈ on Z if v •∼ w ⇒ v •≈ w for all v ,w ∈ Z.

Observation 3.5 Let T :TL →TL ′ be a translation from L into L ′, with L ,L ′ simple languages,

and let •∼ be finer than •≈. If T is valid up to •∼, then it is also valid up to •≈.

The quality of a translation depends on the choice of the equivalence or preorder up to which it is valid.

Any two languages are equally expressive up to the universal equivalence, relating any two processes.

Hence, the equivalence or preorder needs to be chosen carefully to match the intended applications of

3In line with this, forthcoming relations R between concepts at the source and target of a translation will be systematically

oriented with the target concepts on the left—see e.g. Definition 7.3.
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the languages under comparison. In general, as shown by Observation 3.5, using a finer equivalence or

preorder yields a stronger claim that one language can be encoded in another. On the other hand, when

separating two languages L and L ′ by showing that L cannot be encoded in L ′, a coarser equivalence

or preorder yields a stronger claim.

Observation 3.6 The identity is a valid translation up to any preorder from any language into itself.

Theorem 3.7 If valid translations up to •∼ exists from L into L ′ and from L ′ into L ′′, then there is a

valid translation up to •∼ from L into L ′′.

Proof: Let T1 :TL →TL ′ be a valid translation up to •∼ from L to L ′, and let T2 :TL ′ →TL ′′ be

one from L ′ to L ′′. I will show that the translation T :=T2 ◦T1 :TL →TL ′′ from L into L ′′, given

by T (P) = T2 ◦T1(P) = T2(T1(P)), is valid up to •∼.

Let D be an n-ary L -context. Since L1 and L2 are compositional, by Proposition 3.2 there is an

L ′-context C such that T1(D[P1, . . . ,Pn]) =C[T1(P1), . . . ,T1(Pn)], and hence an L ′′-context B such that

T2(C[Q1, . . . ,Qn]) = B[T2(Q1), . . . ,T2(Qn)]. Thus

T (D[P1, . . . ,Pn]) = T2(T1(D[P1, . . . ,Pn])) = T2(C[T1(P1), . . . ,T1(Pn)]) =
B[T2(T1(P1)), . . . ,T2(T1(Pn))] = B[T (P1)), . . . ,T (Pn))],

so T is compositional. Furthermore T (P) = T2(T1(P)) •∼T1(P) •∼ P, using the transitivity of •∼. ✷

Theorem 3.7 and Observation 3.6 show that the relation “being at least as expressive as up to •∼” is a

preorder on simple languages.

3.4 Congruence transfer properties for simple languages

Definition 3.8 Let L be a simple language. An equivalence relation ∼ on TL is a congruence for L if

P1 ∼Q1∧ . . .∧Pn ∼Qn⇒ f (P1, . . . ,Pn)∼ f (Q1, . . . ,Qn)

for each n-ary operator f of L , and each Pi,Qi ∈ TL (i = 1, . . . ,n).

Proposition 3.9 Let L be a simple language. An equivalence relation ∼ on TL is a congruence iff

P1 ∼ Q1∧ . . .∧Pn ∼ Qn⇒C[P1, . . . ,Pn]∼C[Q1, . . . ,Qn]

for each n-ary L -context C, and each Pi,Qi ∈ TL (i = 1, . . . ,n).

Proof: Exactly as in the proof of Proposition 3.2, “if” follows by taking the context C := f (X1, . . . ,Xn),
and “only if” by a straightforward structural induction on C. ✷

Proposition 3.10 Let L be a simple language. An equivalence relation ∼ on TL is a congruence iff

P∼ Q⇒C[P]∼C[Q]

for each unary L -context C, and each P,Q ∈ TL .

Proof: “Only if” is a trivial consequence of Proposition 3.9.

“If” follows by the transitivity of ∼. Let P1 ∼ Q1∧ . . .∧Pn ∼ Qn. Then

C[P1,P2, . . . ,Pn]∼C[Q1,P2 . . . ,Pn]∼C[Q1,Q2 . . . ,Pn]∼ . . .∼C[Q1,Q2, . . . ,Qn].

Here the first step follows since P1∼Q1⇒D[P1]∼D[Q1] where D :=C[ ,P2, . . . ,Pn] is the unary context

obtained from C by filling in Pi for Xi for i = 2, ...,n. Likewise, the second step follows by taking the

unary context C[Q1, ,P3, . . . ,Pn], and so on ✷
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The following result is a handy tool in proving separation results.

Theorem 3.11 Suppose L ′ is at least as expressive as L up to an equivalence or preorder •∼, and let

≈⊇ •∼ be a congruence for L ′ that is coarser than or equal to •∼. Then ≈ is also a congruence for L .

Proof: By definition, there is a translation T from L into L ′ that is valid up to •∼, and thus certainly

up to ≈. Let P,Q ∈ TL with P≈Q and let D be a unary L -context. Let C := T (D) – see Corollary 3.3.

Then T (P)≈ P≈ Q≈T (Q), so D[P]≈T (D[P])
3.3
= C[T (P)]≈C[T (Q)]

3.3
= T (D[Q])≈D[Q]. ✷

I also contribute a reverse direction of this congruence transfer property, but its validity is limited to the

image of L under a given translation T . Using Proposition 3.10 as a guideline for defining a congruence

for the target language L ′ of T , I weaken this concept to a congruence for the image T (L ) under T

of the source language L , by limiting the expressions P′,Q′ ∈ TL ′ that figure in this definition to those

of the form T (P) and T (Q), and the contexts C to those of the form T (D).

Definition 3.12 Let T : TL → TL ′ be a translation from L into L ′. An equivalence relation ∼ on

TT (L ) is a congruence for T (L ) if

T (P)∼T (Q)⇒T (D)[T (P)]∼T (D)[T (Q)]

for each unary L -context D, and each P,Q ∈ TL .

Theorem 3.13 Let T be a translation of L into L ′ that is valid up to •∼ and let ≈⊇ •∼ be a congruence

for L that is coarser than or equal to •∼. Then ≈ is also a congruence for T (L ).

Proof: Let P,Q ∈ TL with T (P) ≈ T (Q) and let C := T (D) with D be a unary L -context. Then

P≈T (P)≈T (Q)≈ Q, so C[T (P)]
3.3
= T (D[P])≈ D[P]≈ D[Q]≈T (D[Q])

3.3
= C[T (Q)]. ✷

Based on its proof, Theorem 3.11 can be sharpened by merely assuming that ≈ is a congruence for

T (L ).

Theorem 3.11∗ Let T be a translation of L into L ′ that is valid up to •∼ and let≈⊇ •∼ be a congruence

for T (L ) that is coarser than or equal to •∼. Then ≈ is also a congruence for L . ✷

3.5 Congruence reflection for simple languages

The following result says that any congruence relation on the target language of a compositional trans-

lation can be extended to the source language in such a way that it also is a congruence on the source

language, and the translation is valid up to this extended relation.

Theorem 3.14 Let T be a compositional translation between simple languages L and L ′. Then any

equivalence relation ∼⊆ TT (L )×TT (L ) that is a congruence for T (L ) can be extended to an equiva-

lence ∼T on TL ⊎TT (L ), such that T is valid up to ∼T , and ∼T also is a congruence for L .

Moreover, if T is valid up to ≈ and ∼⊆≈ on TT (L ), then ∼T ⊆≈.

Proof: Write P
T→ R for P,R ∈ TL ⊎TT (L ) if either R = P ∈ TL or R = P ∈ TT (L ) or P ∈ TL and

R=T (P)∈TT (L ). Define ∼T on TL ⊎TT (L ) by P∼T Q iff P
T→ R∼ S

T← Q for some R,S∈TT (L ).

This relation is reflexive, symmetric and transitive, since ∼ is. Thus ∼T is an equivalence relation. On

TT (L ) the relation ∼T coincides with ∼. By construction, T (P) ∼T P for all P ∈ TL , so T is valid

up to ∼T . That ∼T is a congruence for L follows by Theorem 3.11∗ (taking ≈ := •∼ :=∼T ).

The last statement of Theorem 3.14 follows directly from the definition of ∼T . ✷
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3.6 A congruence closure property for translations between simple languages

For any equivalence relation ≈ on TL there exists a largest congruence ≈c
L

contained in ≈, called the

congruence closure of≈ on L . It is characterised by P≈c
L

Q iff C[P]≈C[Q] for every unary L -context

C, and denoted ≈c when L is understood.

Lemma 3.15 Let T be a translation of L into L ′ that is valid up to≈. If T (P) =T (Q) then P≈c
L

Q.

Proof: Suppose T (P) = T (Q) for some P,Q ∈ TL . Let D be a unary L -context and C := T (D).

Then T (D[P])
3.3
= C[T (P)] =C[T (Q)]

3.3
= T (D(Q)), so D(P)≈T (D(P)) = T (D(Q))≈ D(Q). ✷

Given a compositional translation T from L into L ′, I also speak of the congruence closure ≈c
T (L ) of

≈ on T (L ). This is the largest congruence for T (L ) that is contained in ≈. It can be characterised by

T (P)≈c
T (L ) T (Q) iff C[T (P)]≈C[T (Q)] for every unary L ′-context C of the form T (D).

In many applications, processes P ∈ TL are only meaningful up to a semantic equivalence ∼, and

the intended semantic domain could just as well be seen as the set of ∼-equivalence classes of processes.

For this purpose it is essential that ∼ is a congruence for L . Often ∼ is the congruence closure of a

coarser semantic equivalence ≈, so that two processes end up being identified iff they are ≈-equivalent

in every context. We will see an example of this in Section 4, with
•≈ in the rôle of ≈ and ∼=c in the rôle

of ∼=≈c. Now Theorem 3.16 below says that if a translation T from L into L ′ is valid up to ≈, then

it is even valid up to an equivalence ≈c
T

that extends both ≈c
L

and ≈c
T (L ), and melts each equivalence

class of TL with exactly one of TT (L ), and vice versa.

Theorem 3.16 Let T be a translation between simple languages L and L ′ that is valid up to a semantic

equivalence ≈. Then T is valid even up to a semantic equivalence ≈c
T

, contained in ≈, such that

(1) the restriction of ≈c
T

to TL is the largest congruence for L contained in ≈,

(2) the restriction of ≈c
T

to TT (L ) is the largest congruence for T (L ) that is contained in ≈, and

(3) each equivalence class of ≈c
T

is the union of an equivalence class of ≈c
L

and one of ≈c
T (L ).

Proof: Define ≈c
T

on TL ⊎TT (L ) by R≈c
T

S iff R
T← P≈c

L
Q

T→ S for some P,Q ∈ TL . Trivially, this

relation is symmetric, since ≈c
L

is. It is reflexive, since ≈c
L

is reflexive and each R ∈ TL ⊎TT (L ) has

the form P ∈ TL or T (P) with P ∈ TL . Finally, it is transitive by Lemma 3.15 and the transitivity of

P≈c
L

Q. Thus ≈c
T

is an equivalence relation.

That≈c
T
⊆≈ holds is because P≈T (P) and≈c

L
⊆≈. That T is valid up to≈c

T
holds by definition.

Property (1) of Theorem 3.16 holds by construction. Regarding Property (2), by Theorem 3.13 (taking

∼ := •∼ := ≈c
T

) ≈c
T

is a congruence for T (L ), contained in ≈. To show that it is the largest, let ∼
be any other congruence for T (L ) contained in ≈. Let ∼T be the extension of ∼ to TL ⊎TT (L ) as

defined in the proof of Theorem 3.14: P∼T Q iff P
T→ R∼ S

T← Q for some R,S∈TT (L ). This definition

entails that ∼T ⊆≈, and by Theorem 3.14 ∼T is a congruence for L .

Now suppose R∼ S with R,S ∈ TT (L ). Let R = T (P) and S = T (Q). Then P∼T Q. Since ∼T is

a congruence for L contained in ≈, and ≈c
L

is the largest such congruence, one has P≈c
L

Q, and thus

R≈c
T

S. This shows that ∼⊆≈c
T

and yields Property (2).

Each equivalence class of ≈c
T

contains a process P ∈ TL and its translation T (P) ∈ TT (L ). Using

this, Property (3) is a simple consequence of (1) and (2). ✷

4 Example: translating a synchronous into an asynchronous π-calculus

As an illustration of the concepts introduced above, consider the π-calculus mπ as presented by Milner

in [71], i.e., the one of Sangiorgi and Walker [101] without matching, τ-prefixing, and choice.
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Given a set of names N , the set Tmπ = Tmπ of process expressions, processes or terms P of the

calculus is given by
P ::= 0 | x̄y.P | x(z).P | P|P′ | (νz)P | !P

with x,y,z ranging over N . One usually writes x̄y for x̄y.0 and x(z) for x(z).0. The π-calculus is com-

monly presented as a closed-term language, in that the semantic value associated with a (closed) term is

simply itself. Yet, the real semantics is given by a reduction relation between processes, defined below.

Definition 4.1 An occurrence of a name z in π-calculus process P ∈ Tmπ is bound if it occurs within

a subexpression x(z).P′ or (νz)P′ of P; otherwise it is free. Let n(P) (resp. bn(P)) be the set of names

occurring (bound) in P ∈ Tmπ .

Structural congruence, ≡, is the smallest congruence relation on processes satisfying

P1|(P2|P3) ≡ (P1|P2)|P3 !P ≡ P|!P (νw)(P|Q) ≡ P|(νw)Q if w /∈ n(P)
P1|P2 ≡ P2|P1 (νz)0 ≡ 0 x(z).P ≡ x(w).P{w/z} if w /∈ n(P)

P|0 ≡ P (νz)(νw)P ≡ (νw)(νz)P (νz)P ≡ (νw)P{w/z} if w /∈ n(P).

Here P{w/z} denotes the process obtained by replacing each free occurrence of z in P by w.4 5

Definition 4.2 The reduction relation,→⊆ Tmπ ×Tmπ , is generated by the following rules.

z /∈ bn(Q)

x̄z.P|x(y).Q→ P|Q{z/y}
P→ P′

P|Q→ P′|Q
P→ P′

(νz)P→ (νz)P′
Q≡ P P→ P′ P′ ≡ Q′

Q→ Q′

Let =⇒ be the reflexive and transitive closure of→. The observable behaviour of π-calculus processes

is often stated in terms of the outputs they can produce, abstracting from the value communicated on an

output channel.

Definition 4.3 Let x ∈ N . A process P has a strong output barb on x, notation P↓x̄, if P can perform an

output action x̄z. This is defined inductively:

(x̄z.(P))↓x̄

P↓x̄

(P|Q)↓x̄

Q↓x̄

(P|Q)↓x̄

P↓x̄ x 6= z

((νz)P)↓x̄

P↓x̄

(!P)↓x̄

A process P has a weak output barb on x, notation P⇓x̄, if there is a P′ with P =⇒ P′⇓x̄.

A common semantic equivalence applied in the π-calculus is weak barbed congruence [74, 100, 101].

Definition 4.4 Weak (output) barbed bisimilarity is the largest symmetric relation
•≈ ⊆ Tmπ ×Tmπ such

that

• P
•≈ Q and P↓x̄ implies Q⇓x̄, and

• P
•≈ Q and P =⇒ P′ implies Q =⇒ Q′ for some Q′ with P′

•≈ Q′.

Weak barbed congruence, ∼=c, is the largest congruence included in
•≈.

Often input barbs, defined similarly, are included in the definition of weak barbed bisimilarity [101].

This is known to induce the same notion of weak barbed congruence [101].6

4Here I apply P{w/z} only when w /∈ bn(P). When extending the definition of P{w/z} to arbitrary names w, one additionally

needs to rename bound occurrences of w in P so as to avoid capture of free names.
5A more common approach is to merely require w /∈ fn(P) := n(P)\bn(P) above, and likewise omit the premise in the first

rule of Definition 4.2. My definition is simpler, as it doesn’t involve implicit renaming of bound names. It yields the same

result, since, using the last two rules for ≡, any bound occurrence of w in P or z in Q can always be renamed first.
6This remark does not extend to the asynchronous π-calculus, defined below. There the restriction to output barbs is

meaningful.
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Example 4.5 x̄z 6∼=c (νu)(x̄u|u(v).v̄z). For7 let P := x̄z and Q := (νu)(x̄u|u(v).v̄z), and take the unary

context C[ ] := X1|x(u).ūv. Then C[Q]→ (νu)
(

(u(v).v̄z)|ūv
)

→ (v̄z)↓v̄ but (C[P])6⇓v̄.

The asynchronous π-calculus, as introduced by Honda & Tokoro in [61] and by Boudol in [14], is the

sublanguage aπ of the fragment mπ of the π-calculus presented above where all subexpressions x̄y.P have

the form x̄y.0. Asynchronous barbed congruence, ∼=c
a, is the largest congruence for the asynchronous π-

calculus included in
•≈. As all expressions used in Example 4.5 belong to aπ , one even has x̄z 6∼=c

a

(νu)(x̄u|u(v).v̄z).8 Since aπ is a sublanguage of mπ , ∼=c
a is at least as coarse an equivalence as ∼=c,

i.e. ∼=c ⊆ ∼=c
a. The inclusion is strict, since !x(z).x̄z.0 ∼=c

a 0, yet !x(z).x̄z.0 6∼=c 0 [101]. This situation is

illustrated in Figure 1, which depicts the sets of closed terms Tmπ and Taπ of the (mini) π-calculus mπ
and its asynchronous fragment aπ , respectively, together with some relevant equivalence relations on

these sets. When seeing Taπ as a strict subset of Tmπ , the equivalence ∼=c on the right is the exact same

as weak barbed congruence ∼=c on the left: the congruence closure w.r.t. mπ of weak barbed bisimilarity
•≈. Since ∼=c

a is the congruence closure of
•≈ w.r.t. a smaller set of operators, it comes out coarser.

As aπ is a sublanguage of mπ , trivially mπ is at least as expressive as aπ . This is testified by the

identity function mapping Taπ into Tmπ , which surely is a valid translation up to any semantic equiva-

lence. Many specialists on π-calculi agree that aπ is in fact equally expressive as mπ . This is supported

by the following encoding of mπ into aπ .

Boudol [14] defined a translation T from mπ to aπ inductively as follows:

T (0) = 0

T (x̄z.P) = (νu)
(

x̄u|u(v).(v̄z|T (P))
)

choosing u,v /∈ n(P)∪{x,z}, u 6= v

T (x(y).P) = x(u).(νv)
(

ūv|v(y).T (P)
)

choosing u,v /∈ n(P))∪{x}, u 6= v

T (P|Q) = T (P)|T (Q)
T (!P) = !T (P)

T ((νx)P) = (νx)T (P)

Example 4.5 shows that T is not valid up to ∼=c. In fact, it is not even valid up to ∼=c
a. However, as

shown in [49], it is valid up to
•≈. (The compositionality of this translation will be further discussed in

Section 14.3.) Thus the translation T induces a bijection between the equivalence classes of
•≈ on Tmπ

and those on the image TT (mπ) ⊆ Taπ of T within aπ . This bijection is indicated in red in Figure 1.

By Theorem 3.16 Boudol’s translation T is also valid up to an equivalence
•≈c

T , defined on the

disjoint union of Tmπ and TT (mπ) ⊆ Taπ , i.e., on the processes of the source language mπ and those pro-

cesses in the target language aπ that arise as translations of source-language processes. This equivalence

is contained in
•≈, and on the source domain Tmπ coincides with ∼=c =

•≈c

mπ , the congruence closure of
•≈

on mπ . Moreover, on TT (mπ) it coincides with
•≈c

T (mπ), the congruence closure of
•≈ on T (mπ).

As ∼=c
a is a congruence for all of aπ on all of Taπ , and contained in

•≈, it is certainly a congruence for

T (mπ), and thus contained in
•≈c

T (mπ). This inclusion turns out to be strict. As an illustration of that,

note that x̄z|x̄z ∼=c x̄z.x̄z. (This follows since these processes are strong (early) bisimilar [101] and thus

strong full bisimilar by [101, Def. 2.2.2].) Consequently, their translations must be related by
•≈c

T (mπ).

7This word “For” at the beginning of a sentence is a coordinating conjunction. “A. For B” can be read as “A, because B”.

Here B is a sentence, or group of sentences, that explains why the statement A is true. I use it a lot when A and B are large

sentences that themselves consist of comma-separated parts. This way, the period “binds weaker” than the various commas

within A and B.
8In fact, all expressions from Example 4.5 belong to the localised π-calculus Lπ [66], a subcalculus of aπ in which a

received name y may not be used in input position y(z).R. Consequently, P and Q are even distinguished by the congruence

closure of
•≈ w.r.t. Lπ .
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T⇒

Tmπ

weak barbed bisimilarity
•≈

weak barbed congruence ∼=c

∼=c
a,T

TT (mπ) Taπ

weak barbed bisimilarity
•≈

asynchronous barbed congruence ∼=c
a•≈c

T (mπ)
∼=c

Figure 1: Semantic equivalences for the (a)synchronous π-calculus
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So, for distinct u,v,y,w,x,z ∈ N ,

(νu)
(

x̄u|u(v).(v̄z|0)
)∣

∣(νu)
(

x̄u|u(v).(v̄z|0)
) •≈c

T (mπ) (νy)
(

x̄y|u(w).
(

w̄z|(νu)
(

x̄u|u(v).(v̄z|0)
)))

.

Yet, these processes are not ∼=c
a-equivalent, as can be seen by putting them in a context x(y).x(y).r̄(s)|X1.

In this context, only the left-hand side has a weak barb ⇓r̄.

5 Integrating language features through translations

Theorem 3.16 shows how valid translations are satisfactory for comparing the expressiveness of simple

languages. If there is a valid translation T from L to L ′ up to≈, then all truths that can be expressed in

terms of L can be mimicked in L ′. For the congruence classes of≈c
L

translate bijectively to congruence

classes of an induced equivalence relation on TT (L ) ⊆ TL ′ , and all operations on those congruence

classes that can be performed by contexts of L have a perfect counterpart in terms of contexts of T (L ).
This state of affairs was illustrated in the previous section on Boudol’s translation from a synchronous to

an asynchronous π-calculus.

The expected behaviour of processes in TT (L ), when being interpreted as translations of processes

from L , can be disturbed by composition with processes from L ′ outside of TT (L ). This was illustrated

by the context employed at the very end of the previous section.

There is a desirable application of translations between simple languages that is not achieved by

Theorem 3.16, namely to combine the powers of two languages into one unified language. If both

languages L1 and L2 have valid translations into a language L ′, then everything that can be done

with L1 can be mimicked in a fragment of L ′, and all that can be done with L2 can be mimicked in

another fragment of L ′. In order for these two fragments to combine, one would like to employ a single

congruence relation on L ′ that specialises to congruence relations for T1(L1) and T2(L2), which form

the counterparts of relevant congruence relations for the source languages L1 and L2. This is offered by

Theorem 3.14.

In terms of the translation T from mπ to aπ , the equivalence ∼=c
a on Taπ , which is strictly finer

than
•≈c

T (mπ), is the right congruence relation to consider for aπ . By Theorem 3.14 it extends to an

equivalence ∼=c
a,T on the disjoint union Tmπ ⊎Taπ , such that the restriction to Tmπ is a congruence for

mπ . Necessarily, this congruence on Tmπ distinguishes the mπ-processes x̄z|x̄z and x̄z.x̄z, since their

translations are distinguished by ∼=c
a. Hence ∼=c

a,T is strictly finer than ∼=c. It could be considered to have

a non-interleaving flavour. Here it is important that the union of Tmπ and Taπ on which this congruence

is defined is required to be disjoint. For if one considers Taπ as a subset of Tmπ , then one obtains that the

restriction of ∼=c
a,T to that subset (1) coincides with ∼=c

a and (2) is strictly finer than ∼=c. This contradicts

the fact that ∼=c is strictly finer than ∼=c
a.

6 Compositionality for languages with variables, but without binding

In this section I generalise the notion of compositionality from Section 3.1 to languages that do have

process variables, yet do not feature any additional syntactic constructs, beyond operators.

For languages with process variables, a natural requirement on translations is that T (X) = X for

each process variable X ∈X . It says that a process in the source language whose identity is not yet

disclosed, translates into a process in the target language whose identity is not yet disclosed. As I use the

same collection of variables for all languages with variables, defining T (X) := X instead of T (X) :=Y
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for a variable Y 6= X simplifies the bookkeeping when substituting processes for these variables. I stick

this requirement in the definition of compositionality.

Definition 6.1 Let L and L ′ be languages with variables from X , but without additional syntactic

constructs (beyond operators). A translation T from L into a language L ′ is compositional if T (X)=X

for each X ∈X , and for each n-ary operator f of L there exists an n-ary L ′-context C f such that

T ( f (E1, . . . ,En)) =C f [T (E1), . . . ,T (En)] for any L -expressions E1, . . . ,En ∈TL .

I will present an alternative formulation of Definition 6.1 that does not involve the auxiliary concept of a

context. The main idea is that it doesn’t matter at all that the holes X1, ...,Xn that appear in contexts are

fresh variables, i.e., chosen outside X ; one can just as well pick some variables X1, ...,Xn ∈X . When

doing this, a context is nothing else than an open term (= an expression that may contain variables).

Lemma 6.2 Let an exterior L -context be defined as in Section 3.1, i.e., with Xn ∩X = /0, whereas

an interior L -context is defined for some arbitrary but fixed choices Xn ⊆X . Then the versions of

Definition 6.1 that use interior vs. exterior contexts yield the same concept of compositionality.

Proof: In the equation T ( f (E1, . . . ,En)) =C f [T (E1), . . . ,T (En)] no variables occur in either the left-

or the right-hand side. All that matters is that the expression T (Ei) is substituted for the occurrences in

C f of the variable called Xi. Whether Xi ∈X is irrelevant. ✷

Since the variables that occur in an open term E ∈ TT are not numbered or ordered, there is a priori

no notation E[E1, ...,En]—as one has for contexts—denoting the substitution of expression Ei for the i th

hole or variable Xi. Instead I have to use ordinary substitutions.

Definition 6.3 Let L be a language with variables from X , but without additional syntactic constructs

(beyond operators). A substitution in L is a function σ : X → TL from the variables to the L -

expressions—it is closed 9 if σ(X)∈TL for all X . For a given L -expression E ∈ TL , E[σ ] ∈ TL

denotes the L -expression E in which each occurrence of a variable X ∈X is replaced by σ(X).

If σ is a closed substitution, then E[σ ] is a closed expression, for each E ∈TL .

Let σ : X → TL be a substitution in L , and T : TL →TL ′ a translation of L into L ′. Then

their composition T ◦σ : X → TL ′ is a substitution in L ′. Using this, I can present the alternative

formulation of Definition 6.1:

Proposition 6.4 Let L and L ′ be languages with variables from X , but without additional syntactic

constructs (beyond operators). A translation T from L into L ′ is compositional iff T (X) = X for each

X ∈X and T (E[σ ]) = T (E)[T ◦σ ] for each E ∈TL and σ : X →TL .

Proof: Let T be a translation from L into L ′ that satisfies the conditions of Proposition 6.4. I will

show that it is compositional. Using Lemma 6.2 I may use interior contexts in Definition 6.1, for some

arbitrary but fixed choices Xn ⊆X . Let f be an n-ary operator of L , and let Xn = {X1, ...,Xn}. Take

E := f (X1, ...,Xn) and let C f := T (E). I have to show that T ( f (E1, . . . ,En)) =C f [T (E1), . . . ,T (En)]
for any L -expressions E1, . . . ,En ∈ TL . Let the substitution σ : X → TL satisfy σ(Xi) = Ei for

i = 1, ...,n. Then T ( f (E1, . . . ,En)) = T (E[σ ]) = T (E)[T ◦σ ] =C f [T (E1), . . . ,T (En)].
Now assume that T is a compositional translation from L into L ′. Let σ : X →TL be a substi-

tution. With structural induction on E I show that T (E[σ ]) = T (E)[T ◦σ ] for each E ∈TL .

As induction base, let E = X ∈X be a variable, and let σ(X) = F . Then

T (E[σ ]) = T (F) = X [T ◦σ ] = T (E)[T ◦σ ].

9While it may be more appropriate to call a substitution σ : X → TL closing rather than closed, I here follow widespread

terminology.
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As induction step, let E = f (E1, ...,En). By induction, assume that T (Ei[σ ]) = T (Ei)[T ◦σ ] for

i = 1, ...,n. Since T is compositional, there is an L ′-context C f such that

T (E[σ ]) = T ( f (E1[σ ], . . . ,En[σ ]))
= C f [T (E1[σ ]), . . . ,T (En[σ ])]
= C f [T (E1)[T ◦σ ], . . . ,T (En)[T ◦σ ]]
= C f [T (E1), . . . ,T (En)][T ◦σ ]
= T ( f (E1, . . . ,En))[T ◦σ ]
= T (E)[T ◦σ ]. ✷

The characterisation of compositionality from Proposition 6.4 not only bypasses the concept of a context;

it also characterises compositionality in a way that does not refer to the operators of the language. As such

it forms a candidate definition for languages that also feature other constructs, besides operators. In fact,

it applies perfectly to languages that feature the infinite sum of CCS; here a term may contain infinitely

many variables, so that infinitary contexts ought to be used. For this application the characterisation of

Proposition 6.4 is preferable to the one of Corollary 3.3. However, in the presence of binding, as in µX .E ,

the notion of compositionality from Proposition 6.4 turns out to be too restrictive—see Section 10.5.

7 Validity for simple languages with variables

In this section I generalise the definition of validity from Section 3.2 to languages L = (TL ,J KL ) that

satisfy restrictions (ii) and (iii) of Section 3, but do feature process variables. I refer to such languages

as simple languages with variables. Until Section 10, I still restrict attention to translations T such that

T (P) is a closed expression for each closed expression P.

The simplest way to generalise Definition 3.4 to simple languages with variables is to stick to the

formulation of Definition 3.4, that is, to require compositionality, as well as T (P) •∼ P for each closed

expression P ∈ TT . In this section, I will call this A-validity. A possible alternative is to require some-

thing like T (E) •∼ E even for open expressions E ∈TT . However, it is a priori not clear how to define

•∼ on open expressions from different languages.

Let L be a simple language with variables. Any semantic equivalence or preorder defined on TL

naturally extends to TL by

F •∼ E iff F[ς ] •∼ E[ς ] for each closed substitution ς : X → TL . (1)

A problem with defining F •∼ E when E and F are open expressions from different languages L and

L ′, is that a substitution ς : X → TL in L generally is not also a substitution in L ′. Below I will

contemplate three possible solutions to this problem, giving rise to three notions of validity up to an

equivalence or preorder •∼. In this section, I will address those notions as B-, C- and D-validity. I will

also consider A−-, B−-, C−- and D−-validity, obtained by dropping the requirement of compositionality.

These notions can be ordered by the strength of their requirements as follows.

A � B � C � D

� � � �

A− � B− � C− � D−

This means that when a translation is D-valid, it is certainly A−-valid, etc. These 8 notions of a valid

translation, and their associated expressiveness preorders, although defined for simple languages with
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variables, can also be applied to simple languages without variables, namely by extending both the

source and target language with variables before evaluating their relative expressiveness.

In the end, I pick one of those notions as the concept of validity that I propose in this paper. My

choice is guided by the following considerations.

The requirement T (E) •∼ E is natural, and semantic. It says that the meaning of a translated object

should be equivalent to the meaning of the original. This requirement is just as much applicable to

translations between process calculi as to translations between French and English.

Compositionality is a syntactic or structural requirement. Whereas it can surely be deemed a good

property of translations, in my view it does not directly say something about their correctness. For that

purpose I would intuitively hold the semantic requirement T (E) •∼ E to be the only relevant one. Hence

I am predisposed towards notions A−, B−, C− and D− over A, B, C and D.

Nevertheless, as discussed in Section 8, simply dropping compositionality from Definition 3.4 yields

a unacceptably weak criterion (A−-validity), validating many intuitively unsatisfactory translations. This

issue is mitigated by extending the requirement T (E) •∼E to open expressions E . This fits with intuition:

one wants to preserve the meaning of any expression under translation, not just the closed ones. Hence I

am predisposed towards one of the notions B, C or D over A.

Below I will reject B−-validity based on an example of an intuitively unsatisfactory translation that

is deemed B−-valid. A−-validity is a useful concept, but, as discussed in Section 8, it is too weak to

capture the notion of expressiveness I try to formalise in this paper. D−-validity and D-validity are also

useful concepts, and they describe the same notion of expressiveness, but they are too strong to capture

the form of expressiveness I try to formalise in this paper. In particular, they reject the validity up to
•≈

of the encoding from Section 4 of mπ into aπ .

The notions of A-, B- and C-validity turn out to coincide, and although C−-validity is slightly weaker,

I show that it describes the same notion of expressiveness. Based on this, I settle on C−-validity as the

notion of validity proposed in this paper.

7.1 D-validity

To generalise (1) to the case that E ∈ TL and F ∈ TL ′ , when •∼ is a binary relation on TL ⊎TL ′ , I

relate two closed substitutions ς : X → TL and η : X → TL ′ by

η •∼ ς ⇔ ς(X) •∼ η(X) for each X ∈X .

Using this, I define

F •∼ E iff F[η ] •∼ E[ς ] for each ς : X → TL and η : X → TL ′ with η •∼ ς

and D-validity requires T (E) •∼ E in the above sense, for each E ∈ TL . Additionally, I require that

there exists at least one pair ς : X → TL and η : X → TL ′ with η •∼ ς , for otherwise any translation

would be gratuitously valid.

D−-validity was proposed in [42] under the name correctness. [42, Theorem 3] shows that if any

correct translation from L to L ′ up to an equivalence ∼ exists, then there even exists a compositional

translation that is correct up to ∼. In view of Definition 2.2, in which only the existence of a valid

translation between two languages matters, the notions of D−-validity and D-validity thus give rise to

the same family of expressiveness preorders between languages.

Proposition 1 in [42] says that if a correct translation up to ∼ from L to L ′ exists, then ∼ is a

congruence for L . Since weak barbed bisimilarity,
•≈, is not a congruence for mπ , it follows that there
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can exist no translation from mπ to aπ that is D−-valid up to
•≈. Thus D- and D−-validity are too

demanding concepts to justify the validity up to
•≈ of Boudol’s translation. As such they are not the right

generalisations to languages with variables of the notion of a valid translation from Section 3.2.

7.2 B-validity

This approach refrains from giving a general definition of F •∼ E when E ∈TL and F ∈TL ′ , but it does

so for the special case that F = T (E), with T a translation from L into L ′ that satisfies T (P) •∼ P for

each closed expression P ∈ TT . Namely

T (E) •∼ E iff T (E)[T ◦ ς ] •∼ E[ς ] for each closed substitution ς : X → TL .

This equation uses on the right-hand side a closed substitution in L , and on the left-hand side its trans-

lation as a closed substitution in L ′. Using this yields the following alternative definition of validity.

Definition 7.1 A translation T between simple languages with variables is B-valid up to •∼ if it is com-

positional and T (E)[T ◦ ς ] •∼ E[ς ] for each E ∈TL and each closed substitution ς : X →TL in L .

Trivially, B-validity implies A-validity, as the latter can be obtained by applying Definition 7.1 only to

closed expressions E ∈ TL . In fact, B-validity is the same as A-validity. Namely, by applying com-

positionality of T and Proposition 6.4, the requirement T (E)[T ◦ ς ] •∼ E[ς ] of Definition 7.1 can be

rewritten as T (E[ς ]) •∼ E[ς ], and as E[ς ] is a closed expression, this is already implied by A-validity.

Also note that B−-validity is implied by D−-validity. Namely, a D−-valid translation T satisfies

T (P) •∼ P for each closed expression P ∈ TT . Consequently, T ◦ ς •∼ ς for each ς : X →TL in L .

Example 7.2 Let the language L feature a constant ε and a unary operator f . Its expressions model the

states of the 1-person game “build a high stack of cards”. The constant ε models the initial state of the

game, in which the stack of cards built so far is empty. The operator f models the only legal move in

this game, namely adding a card to the stack. Clearly, all terms in this language have the form f n(ε) or

f n(X), where X ∈X . Here f n(E) denotes the result of applying the operator f n times to the expression

E . The expression f n(X) models the extension of an unspecified game X by playing n more cards. The

game awards 1 point for each card in the stack. The equivalence relation ∼ on TL declares two closed

terms equivalent iff they model states of the game which earn the same number of points. This turns out

to be the identity relation on TL .

Let the language L ′ model a more challenging version of this game, with black and red cards. It

features the constant ε denoting the empty stack, and unary operators b and r of adding a black or a red

card to the stack. Again one can earn 1 point for each card added, but only as long as the cards in the

stack alternate between red and black. Whenever the current stack is nonempty, and one accidentally

adds another card with the same colour as the topmost card in the stack, all cards already played are

taken away, and the points earned are reset to 0. The equivalence relation ∼ extends to TL ⊎TL ′ by

declaring two closed terms equivalent iff they model states which earn the same number of points. For

example, bbb(ε) ∼ b(ε) and f f f (ε)∼ brb(ε). Note that one doesn’t have bb(X)∼ ε .

We now wonder whether language L ′ is at least as expressive and as L , and to this end consider the

following translation T :TL →TL ′ .

T ( f 2n(ε)) := (rb)n(ε) T ( f 2n(X)) := (rb)n(X)
T ( f 2n+1(ε)) := (rb)nr(ε) T ( f 2n+1(X)) := b(rb)n(X)
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To show that this translation is B−-valid, I have to establish that

(rb)n(ε) ∼ f 2n(ε) (rb)n(T ( f k(ε))) ∼ f 2n( f k(ε))
(rb)nr(ε) ∼ f 2n+1(ε) b(rb)n(T ( f k(ε))) ∼ f 2n+1( f k(ε))

for each n,k ∈N. As a result of the careful design of T , this is indeed the case. Namely, if k > 0, the

topmost card in the translation of the closed expression f k(ε) is red, whereas if m > 0, the bottom card

in the translation of the game extension f m(X) is black. Consequently there are never two adjacent cards

with the same colour in T ( f m(X))[ς ], where the closed substitution ς sends f k(ε) to T ( f k(ε)).

Yet T fails to be compositional. Compositionality requires that T ( f (E)) = C[T (E)], for a unary

context C that is independent of E ∈ TL . This requirement is not met here, as T ( f (ε)) = r(ε), yet

T ( f (X)) = b(X). I conjecture that no compositional A-valid translation from L into L ′ exists.

Intuitively, I find T an unsatisfactory translation. Namely, since T ( f (ε)) = r(ε), one would have

to admit that r(ε) is a good translation of f (ε), and therefore the result of substituting r(ε) for X in

T ( f (X))—which is br(ε)—should be a good translation of f f (ε). Based on this, using the same rea-

soning once more, the result of substituting br(ε) for X in T ( f (X))—which is bbr(ε)—should be a

good translation of f f f (ε). Yet this is not the case.

7.3 C-validity

Based on Example 7.2, which classifies an intuitively unsatisfactory translation as B−-valid, I reject B−-

validity as my proposed notion. Instead I propose a new concept that lays strictly in between B−-validity

and D−-validity. Its definition is inspired by the reasoning in Example 7.2.

Definition 7.3 A semantic translation from L into L ′ is a relation R⊆ TL ′ ×TL such that

∀P ∈ TL .∃P′ ∈ TL ′ .P′ R P.

Intuitively, P′ R P says that the closed L ′-expression P′ is a good translation or counterpart of the closed

L -expression P. Every closed term of L needs to have a counterpart in L ′—possibly multiple ones.

For closed substitutions η : X → TL ′ and ς : X → TL , I write η R ς iff η(X)R ς(X) for each X ∈X .

Definition 7.4 A translation T :TL →TL ′ is correct w.r.t. a semantic translation R if T (E)[η ]R E[ς ]
for all expressions E ∈TL and all closed substitutions η : X → TL ′ and ς : X → TL with η R ς .

Thus T is correct iff the meaning of the translation of an expression E is a counterpart of the meaning

of E , no matter what values are filled in for the variables, provided that the value filled in for a given

variable X occurring in the translation T (E) is a counterpart of the value filled in for X in E .

Definition 7.5 A translation T is C−-valid up to •∼ iff it is correct w.r.t. some semantic translation R⊆ •∼.

Clearly, D−-validity implies C−-validity: it can be obtained by strengthening the requirement on R of

Definition 7.5 to R = •∼ ↾ (TL ′×TL ). Moreover, if T is correct w.r.t. R then T (P) R P for each closed

expression P ∈ TL , and thus (T ◦ ς) R ς for each closed substitution ς : X → TL . This entails that

C−-validity implies B−-validity.

Proposition 7.6 A-, B- and C-validity coincide.

Proof: We already know that C-validity implies B-validity, and B-validity implies A-validity. Let T

be an A-valid translation from L into L ′. Define R ⊆ TL ′ × TL by P′ R P iff P′ = T (P). Then

R is a semantic translation and R ⊆ •∼. Let E ∈ TL , and let η : X → TL ′ and ς : X → TL be

closed substitutions with η R ς . Then η = T ◦ ς . Since T is compositional, Proposition 6.4 yields

T (E[ς ]) = T (E)[η ], that is, T (E)[η ] R E[ς ]. Hence T is correct w.r.t. R and thus C-valid up to •∼. ✷
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The above proof also shows that the concept of C-validity is unaffected if in Definition 7.5 one would

require R to be a(n inverse) function. For C−-validity, on the other hand, allowing general R increases

the class of valid translations.

Example 7.7 Take the variant of Example 7.2 with the same syntax, but without the penalty in L ′ on

playing the same card twice in a row, so that now bbb(ε) ∼ f f f (ε) ∼ brb(ε). Then the translation

T defined in Example 7.2 is C−-valid. This can be seen by taking R := ∼ ↾ (TL ′ ×TL ). It even is

D−-valid. Yet this translation is not correct w.r.t. any semantic translation R that is a function.

Although a C−-valid translation is not necessarily compositional, I show that it can always be converted

into a C-valid translation, i.e., a C−-valid translation that is compositional. Hence the concept of one

language being at least as expressive as another is the same, regardless whether it is based on A-, B-, C-

or C−-validity.

Theorem 7.8 If a translation between simple languages with variables exists that is C−-valid up to a

preorder •∼, then there exists a compositional translation that is C-valid up to •∼.

Proof: Enumerate a countable subset of X as X1, X2, etc., so that each term E with fv(E)⊆{X1, . . . ,Xn}
can be seen as an n-ary context. Given a translation T0 that is C−-valid up to •∼, and thus correct w.r.t. a

semantic translation R⊆ •∼, define the translation T inductively by

T (X) := X for X ∈X

T ( f (E1, ...,En)) := T0( f (X1, ...,Xn))[T (E1), ...,T (En)].

This translation is compositional by construction. It remains to show that T is A-valid, and thus C-valid,

i.e., that T (P) •∼ P for each closed expression P∈TL . I fact, I show that T (P) R P, and do this with

structural induction on P. I assume that there exists a closed expression P0 ∈ TL , since otherwise the

statement holds trivially.

So let P= f (P1, ...,Pn) and assume that T (Pi) R Pi for i=1, ...,n. Let ς : X →TL and η : X →TL ′

be closed substitutions satisfying ς(Xi) =Pi and η(Xi) =T (Pi) for i = 1, ...,n; let ς(X)=P0 and η(X)=
T0(P0) for each variable X /∈ {X1, ...,Xn}. Then η R ς . Therefore

T ( f (P1, ...,Pn)) = T0( f (X1, ...,Xn))[T (P1), ...,T (Pn)] (by definition of T )

= T0( f (X1, ...,Xn))[η ] (by definition of η)

R f (X1, ...,Xn)[ς ] (by Definition 7.4 for T0)

= f (P1, ...,Pn) (by definition of ς ). ✷

7.4 Conclusion

In this section I contemplated eight definitions of a valid

translation for simple languages with variables, giving rise

to six different concepts of a valid translation and four dif-

ferent notions of expressiveness, as indicated on the right.

A = B = C � D

� � � �

A− � B− � C− � D−

I pick C−-validity as my preferred notion, and henceforth call is validity. It induces the same notion

of expressiveness as A-, B- and C-validity, which generalise the notion defined in Section 3.2 for simple

languages without variables. The appeal of C−-validity is that it only involves a single semantic require-

ment, with matches intuition and could be applied to translations between French and English just as

well as to translations between process calculi. The notions of A-, B- and C-validity on the other hand

also involve the syntactic requirement of compositionality.
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D- and D−-validity are stronger requirements, which do not recognise the validity up to
•≈ of Boudol’s

translation of the synchronous mini-π calculus into its asynchronous fragment. A−-validity is a weaker

requirement that will be discussed in Section 8, and B−-validity is an intermediate notion that I felt to be

unsatisfactory in the light of Example 7.2.

8 Absolute versus relative expressiveness

In the literature, when comparing the expressiveness of system description languages, it is common to

distinguish absolute and relative expressiveness [84]. The present paper is about relative expressiveness,

broadly defined in Definition 2.2. Absolute expressiveness compares the class of systems or processes

that can expressed in a language. A typical way to refute that a language L is as most as expressive as

a language L ′ in the absolute sense is to exhibit a concrete system or process, such as mutual exclusion

or leader election, that can be satisfactorily represented in L , but not in L ′.
My preferred formalisation of absolute expressiveness involves a semantic equivalence (or preorder)

•∼, similar to my formalisation of relative expressiveness (in Definitions 3.4 and 7.5). Language L ′

matches the absolute expressiveness of L iff each process that can be denoted by a closed term of L

can, up to •∼, also be denoted in L ′. The below definition makes this precise for closed-term languages.

Definition 8.1 Language L ′ has at least the same absolute expressiveness as language L up to •∼ iff

∀P ∈ TL . ∃Q ∈ TL ′ . Q •∼ P.

The next observation says that this is the case iff there exists a translation from L to L ′ that is A−-

valid as defined in Section 7. A−-validity was obtained from A-validity (Definition 3.4) by dropping the

requirement of compositionality.

Observation 8.2 Language L ′ has at least the same absolute expressiveness as language L up to •∼ iff

there exists a translation T : TL → TL ′ from L into L ′ such that T (P) •∼ P for all P ∈ TL .

Example 8.3 Let L be the recursion-free fragment of the language CCS, as defined in Section 14.6, and

let L ′ be the fragment of L that lacks the parallel composition operator. Strong bisimilarity between

CCS processes is defined in Section 14.4. Due to the CCS expansion theorem [70], each L -expression

can be rewritten into an L ′ expression—by eliminating the parallel composition operator—that denotes

a strongly bisimilar state in a labelled transition system. Hence L and L ′ have the very same absolute

expressiveness. Yet the relative expressiveness of L is larger than that of L ′, because the parallel

composition operator cannot be mimicked by an L ′-context without parallel composition.

This example shows the key difference between relative and absolute expressiveness: when dealing with

relative expressiveness one wants not only the processes that can be denoted in L to be denotable in L ′

as well, but also the operators on processes. Observation 8.2 shows that A−-validity measures absolute

expressiveness, whereas A-validity, or C−-validity, measures relative expressiveness.

9 Congruence transfer, reflection and closure properties with variables

I show that all results on validity from Section 3 generalise smoothly to simple languages with variables,

now using the notion of validity from Definition 7.5. Moreover, I reformulate these results so as to avoid

reference to the operators of a language, as well as to the concept of a context.

Definition 3.4 defined the validity of a translation T : TL → TL ′ between languages L and L ′

up to a preorder •∼ that by default is defined at least on TL ⊎TL ′ . At the end of Section 3.2, however,
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it was remarked that in fact it suffices to assume that •∼ is defined on TL ⊎TT (L ). When working with

Definition 7.5 one may encounter relations R ⊆ TL ′ ×TL such that dom(R) 6⊆ TT (L ). To deal with

such a case, I simply allow •∼ to be defined on any subset of TL ⊎TL ′ . The requirement R ⊆ •∼ of

Definition 7.5 implies this subset to contain TL ⊎R(L ), where R(L ) := {Q ∈ TL ′ | ∃P∈ TL . Q R P}.
Since T (P) R P for each closed expression P ∈ TL , one moreover has TT (L ) ⊆ R(L ).

9.1 A hierarchy of expressiveness preorders on simple languages with variables

Observation 9.1 Let T :TL →TL ′ be a translation from L into L ′, with L ,L ′ simple languages

with variables, and let •∼ be finer than •≈. If T is valid up to •∼, then it is also valid up to •≈.

Observation 9.2 The identity is a valid translation up to any preorder from any language into itself.

Theorem 9.3 If valid translations up to •∼ exists from L into L ′ and from L ′ into L ′, then there is a

valid translation up to •∼ from L into L ′′.

Proof: Let T1 :TL →TL ′ be a valid translation up to •∼ from L to L ′, and let T2 :TL ′ →TL ′′ be

one from L ′ to L ′′. I will show that the translation T :=T2 ◦T1 :TL →TL ′′ from L into L ′′, given

by T (E) = T2 ◦T1(E) = T2(T1(E)), is valid up to •∼.

For i = 1,2 let Ti be correct w.r.t. the semantic translation Ri ⊆ •∼. Let R := R2 ◦R1 ⊆ TL ′′ ×TL

be the relation given by P′′ R P iff ∃P′ ∈ TL ′ . P′′ R2 P′∧P′ R1 P—it is again a semantic translation, and

satisfies R2 ◦ R1 ⊆ •∼, using the transitivity of •∼. Now let E ∈TL , ς : X → TL and θ : X → TL ′′ ,

with θ R ς . Then there is a substitution η : X → TL ′ with θ R2 η R1 ς . Hence, applying Definition 7.4,

T2(T1(E))[θ ] R2 T1(E)[η ] R1 E[ς ], so T (E)[θ ] R E[ς ] and T is correct w.r.t. R. ✷

9.2 The concept of a congruence for simple languages with variables

Definition 3.8 of a congruence for L , as well as Propositions 3.9 and 3.10, apply verbatim to simple lan-

guages with variables. However, similar to the treatment of compositionality in Section 6, I reformulate

this definition so as to avoid reference to the operators of L , as well as to the concept of a context.

Proposition 9.4 Let L be a simple language with variables. An equivalence relation ∼ on TL is a

congruence for L iff E[ς1]∼ E[ς2] for any E ∈TL and any ς1,ς2 : X→TL with ς1 ∼ ς2.

Proof: Suppose ∼ satisfies the condition of Proposition 9.4. I will show that it is congruence. Let f be

an n-ary operator of L and suppose Pi,Qi ∈ TL satisfy Pi ∼ Qi for i = 1, ...,n. Take E := f (X1, ...,Xn)
for certain variables X1, ...,Xn ∈X and let the substitutions ς2,ς1 : X →TL satisfy ς2(Xi) = Pi and

ς1(Xi) = Qi for i = 1, ...,n, so that ς2 ∼ ς1. Then f (P1, ...,Pn) = E[ς2]∼ E[ς1] = f (Q1, ...,Qn).

Now suppose that ∼ is a congruence. Let ς1,ς2 : X → TL be substitutions with ς1 ∼ ς2. With

structural induction on E ∈TL I show that E[ς1]∼E[ς2].

As induction base, let E=X be a variable. Let ς1(X)=P and ς2(X)=Q. Then E[ς1] =P∼Q=E[ς2].

As induction step, let E = f (E1, ...,En). By induction, assume that Ei[ς1] ∼ Ei[ς2] for i = 1, ...,n.

Then, applying Definition 3.8, E[ς1] = f (E1[ς1], ...,En[ς1])∼ f (E1[ς2], ...,En[ς2]) = E[ς2]. ✷

I now contribute an analogue of Proposition 3.10. Here ς1 ∼1 ς2, for substitutions ς1,ς2 : X → TL ,

means that ς1(X)∼ ς2(X) for some variable X ∈X , and ς1(Y ) = ς2(Y ) for all other variables Y 6= X .

Proposition 9.5 Let L be a simple language with variables. An equivalence relation ∼ on TL is a

congruence for L iff E[ς1]∼ E[ς2] for any E ∈TL and any ς1,ς2 : X → TL with ς1 ∼1 ς2.
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Proof: Suppose that ∼ satisfies the property of Proposition 9.5. It suffices to show that it then also

satisfies the stronger property of Proposition 9.4. So let E ∈ TL and ς1,ς2 : X →TL with ς1 ∼ ς2.

Define ς ′2 : X→TL by ς ′2(X) := ς2(X) if X occurs in E , and ς ′2(X) := ς1(X) otherwise. Since E is finite

it has only n ∈N variables. Thus there are substitutions ς i
1 : X→TL for i = 0, . . . ,n such that ς 0

1 = ς1,

ς i
1 ∼1 ς i+1

1 for all 0≤ i < n, and ς n
1 = ς ′2. Now E[ς1] = E[ς 0

1 ]∼ E[ς 1
1 ]∼ . . .∼ E[ς n

1 ] = E[ς2]. ✷

Definition 3.12 of a congruence for T (L ) was only stated for the case that T (D) is a context that

features no other holes or variables than those from D. In that case, similar to Lemma 6.2, one may

just as well assume the single hole in D and in T (D) to be a variable X1 ∈X , so that D is a open

L -expression. The resulting notion of a congruence for T (L ) is easily seen to be a special case of the

following generalisation of this concept to translations between simple languages with variables.

Definition 9.6 Let L ,L ′ be simple languages with variables, and T : TL →TL ′ a translation from

L into L ′. A subset W of TL ′ is closed under T (L ) if T (E)[η ] ∈W for any expression E ∈ TL

and substitution η : X →W. An equivalence ∼ on a closed set W is a congruence for T (L ) on W if

T (E)[η1]∼T (E)[η2] for any E ∈TL and any η1,η2 : X →W with η1 ∼ η2.

If W ⊆ TL ′ is closed under T (L ), then surely TT (L ) ⊆W. The parameter W was not mentioned

in Definition 3.12; there is was simply instantiated with TT (L ). This is not always appropriate in the

present setting with variables, since it is not guaranteed that TT (L ) is closed. Instead, the following

proposition gives a default choice of W.

Proposition 9.7 Let T be a translation from L into L ′ that is correct w.r.t. a semantic translation

R⊆ TL ′ ×TL . Then R(L ) is closed under T (L ).

Proof: Let E ∈TL and η : X → R(L ). Take ς : X → TL with η R ς . Then T (E)[η ] R E[ς ] by

Definition 7.4. Since E[ς ] ∈ TL one has T (E)[η ] ∈ R(L ). ✷

I now show that for each translation T , valid up to •∼, there exists a smallest semantic relation R ⊆ •∼
for which T is correct. The corresponding set R(L ) is the smallest set that is closed under T (L ).

Proposition 9.8 Let T be a translation from L into L ′ that is correct w.r.t. a semantic translation

R′ ⊆ TL ′ ×TL and let W ⊆ TL ′ be closed under T (L ). Then there T is correct w.r.t. a semantic

translation R⊆R′ for which R(L )⊆W.

Proof: For each ordinal λ define the relation Rλ ⊆ TL ′ ×TL as follows:

• P′ R0 P iff P ∈ TL and P′ = T (P) ∈ TL ′ ,

• P′ Rλ+1 P if P = E[ς ] and P′ = T (E)[η ] for some E ∈TL and substitutions ς ,η with ς Rλ η ,

• Rλ=
⋃

κ<λ Rκ if λ is a limit ordinal.

A straightforward induction yields that this is an increasing sequence: κ < λ ⇒ Rκ ⊆ Rλ . Thus, it must

have a limit, which I call R. Clearly, R is a semantic translation, and T is correct w.r.t. R. Another

straightforward induction yields R⊆ R′. A third induction yields R(L )⊆W. ✷

Given a translation T from L into L ′ and a set W ⊆ TL ′ that is closed under T (L ), I speak of the

congruence closure ≈c
T (L ),W of ≈ w.r.t. T (L ) on W. This is the largest congruence for T (L ) on W

that is contained in≈. It can be characterised by P≈c
T (L ),W Q for P,Q∈W iff F[η1]≈F [η2] for all L ′-

expressions F of the form T (E) and all substitutions η1,η2 : X →W with η1(X) = P and η2(X) = Q

for some X ∈X and η1(Y ) = η2(Y ) for all variables Y 6= X .
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9.3 Congruence transfer properties for simple languages with variables

Using the above, I now generalise the remaining results of Section 3.4.

Theorem 9.9 Suppose L ′ is at least as expressive as L up to an equivalence or preorder •∼, and let

≈⊇ •∼ be a congruence for L ′ that is coarser than or equal to •∼. Then ≈ is also a congruence for L .

Proof: By assumption, there exists a valid translation T up to •∼ from L into L ′. Using Definition 7.5,

it must be correct w.r.t. some semantic translation R ⊆ •∼ ⊆≈. Let E ∈TL and ς1,ς2 : X → TL with

ς1≈ ς2. As R is a semantic translation, there must be closed substitutions η1,η2 : X → TL ′ with η1 R ς1

and η2 R ς2. Then η1 ≈ ς1 ≈ ς2 ≈ η2, so by Definition 7.4, E[ς1] R−1 T (E)[η1] ≈ T (E)[η2] R E[ς2].
✷

Based on its proof, Theorem 9.9 can be sharpened by merely assuming that ≈ is a congruence for T (L )
on R(L ), and in view of Proposition 9.8, we may take R so that R(L )⊆W for a given closed set W.

Theorem 9.9∗ Let T be a translation of L into L ′ that is valid up to •∼ and let ≈⊇ •∼ be a congruence

for T (L ) on a closed set W. Then ≈ is also a congruence for L . ✷

Theorem 9.10 Let T be a translation of L into L ′ that is correct w.r.t. a semantic translation R and let

≈⊇ R be a congruence for L . Then ≈ is also a congruence for T (L ) on R(L ).

Proof: Let E ∈ TL and η1,η2 : X → R(L ) with η1 ≈ η2. By the definition of R(L ) there exists

closed substitutions ς1,ς2 : X → TL with η1 R ς1 and η2 R ς2. Thus ς1 ≈ η1 ≈ η2 ≈ ς2, so by Defini-

tion 7.4 and Proposition 9.4, T (E)[η1] R E[ς1]≈ E[ς2] R−1 T (E)[η2]. ✷

9.4 Congruence reflection and closure for simple languages with variables

Theorem 3.14 generalises trivially to simple languages with variables.10 Theorem 9.12 below moreover

establishes a version of this result that does not require T to be compositional. The price to pay for that

is that ∼ must contain the equivalence relation ≡R defined next.

Definition 9.11 Given any semantic translation R⊆ TL ′×TL , let≡R ⊆ (TL ⊎R(L ))2 be the smallest

equivalence relation on TL ⊎R(L ) containing R.

Theorem 9.12 Let T be a translation between simple languages with variables L and L ′ that is correct

w.r.t. a semantic translation R. Then any equivalence relation ∼ ⊆ R(L )×R(L ) that contains the

restriction of ≡R to R(L ) and is a congruence for T (L ) on R(L ) can be extended to an equivalence

∼R on TL ⊎R(L ), such that T is valid up to ∼R, and ∼R also is a congruence for L .

Proof: Define ∼R on TL ⊎R(L ) by P ∼R Q iff P≡R R∼ S ≡R Q for some R,S ∈ R(L ). Since the

restriction of ≡R to R(L ) is contained in ∼, this relation is transitive. Trivially, it is also symmetric,

since≡R and∼ are. It is reflexive, since∼ is reflexive and for each P∈TL ⊎R(L ) there is an R∈R(L )
with P ≡R R. Thus ∼R is an equivalence relation. On TT (L ) the relation ∼R coincides with ∼. Since

R⊆≡R ⊆∼R, T is valid up to ∼R. That ∼T is a congruence for L follows by Theorem 9.9∗. ✷

Theorem 9.14 below is my generalisation of Theorem 3.16; it needs a bit of preparation.

Lemma 9.13 If a translation T is correct w.r.t. a semantic translation R, then ≡R is a congruence for L.

10Its proof establishes A-validity of T up to ∼T , which is the same as C-validity and implies (C−-)validity.
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Proof: Let E ∈TL and ς1,ς2 : X → TL with ς1 ≡1
R ς2. Using Proposition 9.5 it suffices to show that

E[ς1]≡R E[ς2].

Let X ∈X be such that ς1(X)≡R ς2(X) and ς1(Y ) = ς2(Y ) for all Y 6= X . Then, for some n≥ 0 there

are P0, ...,Pn∈TL and Q1, ...,Qn∈TR(L ) with ς1(X)=P0 R−1 Q1 R P1 R−1 Q2 R P2 R−1· · ·R Pn=ς2(X).
For i = 0, . . . ,n let ς i

2 : X → TL be given by ς i
2(X)=Pi and ς i

2(Y ) = ς2(Y ) for Y 6= X , and for i = 1, . . . ,n
let η i : X → TR(L ) be given by η i(X) = Qi and η i(Y ) = η(Y ) for Y 6= X , using some η : X → TR(L )

such that η R ς1. Then ς1 = ς 0
2 R−1 η1 R ς 1

2 R−1 η2 R ς 2
2 R−1 · · · R ς n

2 = ς2. So by Definition 7.4,

E[ς 0
2 ] R−1 T (E)[η1] R E[ς 1

2 ] R−1 T (E)[η2] R E[ς 2
2 ] R−1 · · · R E[ς n

2 ]. Thus E[ς1]≡R E[ς2]. ✷

Theorem 9.14 Let T be a translation between simple languages with variables L and L ′ that is valid

up to an equivalence ≈. Then T is valid even up to an equivalence ≈c
T

, contained in ≈, such that

(1) the restriction of ≈c
T

to TL is the largest congruence for L contained in ≈,

and there exists a closed set W with TT (L ) ⊆W⊆ TL ′ such that

(2) the restriction of ≈c
T

to W is the largest congruence for T (L ) on W that is contained in ≈, and

(3) each equivalence class of ≈c
T

is the union of an equivalence class of ≈c
L

and one of ≈c
T (L ),W.

Proof: By assumption the translation T from L into L ′ is correct w.r.t. a semantic translation R⊆≈.

Take W := R(L ). Let ≈c
L,R, the congruence closure of ≈ w.r.t. L and R, be the binary relation on

TL ⊎W defined by R≈c
L,R S iff R≡R P≈c

L
Q≡R S for some P,Q ∈ TL . Here ≈c

L
is the largest

congruence for L , defined on TL , that is contained in ≈ (cf. Section 3.6).

As ≈ is an equivalence relation defined om TL ⊎W that contains R, and ≡R is the smallest such

equivalence, one has ≡R ⊆ ≈. By Lemma 9.13 ≡R is a congruence for L . Since ≡R restricted to TL

is a congruence for L contained in ≈, and ≈c
L

is the largest congruence for L contained in ≈, one has

P≡R Q⇒ P≈c
L

Q for all P,Q ∈ TL . From this it follows that ≈c
L,R is transitive. Trivially, this relation

is also symmetric, since ≡R and ≈c
L

are. It is reflexive, since ≈c
L

is reflexive and for each R ∈ TL ⊎W

there is a P ∈ TL with R≡R P. Thus, ≈c
L,R is an equivalence relation. Since ≈c

L
and R, and hence also

≡R, are contained in ≈, so is ≈c
L,R. Moreover, R⊆≡R ⊆≈c

L,R, so T is valid up to ≈c
L,R. It remains

to check properties (1)–(3).

Since ≡R restricted to TL is included in ≈c
L

, Property (1) of Theorem 9.14, saying that ≈c
L,R

restricted to TL coincides with ≈c
L

, follows immediately from the definition of ≈c
L,R.

Regarding Property (2), by Theorem 9.10 (taking ≈ := ≈c
L,R) ≈c

L,R is a congruence for T (L ) on

W, contained in ≈. To show that it is the largest, let ∼ ⊆W×W be any other congruence for T (L )
on W contained in ≈. By Lemma 9.13 and Theorem 9.10 also ≡R is a congruence for T (L ) on W

contained in ≈. Let ∼′ ⊆W×W be the smallest equivalence on W containing both ∼ and ≡R; one has

R∼′ S if R = R0 ∼ S0 ≡R R1 ∼ S1 ≡R · · · ≡R Rk ∼ Sk = S for some k≥ 0. Using Proposition 9.4, also ∼′
is a congruence for T (L ) on W contained in ≈.

Let ∼R be the extension of ∼′ to TL ⊎W as defined in the proof of Theorem 9.12: P ∼R Q iff

P≡R R∼′ S≡R Q for some R,S ∈R(L ). This definition entails that ∼R ⊆≈, and by Theorem 9.12∼R

is a congruence for L .

Now suppose R∼ S with R,S ∈W. Take P,Q ∈ TL such that R R P and S R Q. Then P∼R Q. Since

∼R is a congruence for L contained in ≈, and ≈c
L

is the largest such congruence, one has P≈c
L

Q, and

thus R≈c
L,R S. This shows that ∼⊆≈c

L,R and yields Property (2).

Each equivalence class of ≈c
L,R contains a process P ∈ TL and its translation T (P) ∈W. Using

this, Property (3) is a simple consequence of (1) and (2). ✷
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10 Variable binding

In this section I will generalise my theory of encodings and expressiveness to languages that merely

satisfy requirement (iii) of Section 3; they may feature variables as well as additional syntactic constructs

(beyond operators). I call such languages closed-term languages. In this paper I allow languages with any

additional syntactic constructs, as long as they satisfy a postulate that will be formulated in Section 10.4.

Just like an n-ary operator f builds a new term from an n-tuple of subterms, the additional constructs

that I consider build new terms from collections ~E of subterms. These collections may be finite or infinite,

and whereas my notation ~E suggests that these terms are arranged in a list, or vector, I also allow sets,

multisets, or other collections of subterms. When an additional construct is called C , the term it builds

from the subterms ~E can be abstractly denoted as C (~E), even though notation differs in concrete cases.

In case of the recursion construct µX .E mentioned in Section 2, one has C = µX . and ~E is required to

be a singleton term E .

Such a construct may bind certain variables within some of its arguments—the scope of the binding.

An occurrence of a variable X in an expression is bound if it occurs within the scope of a construct that

binds X , and free otherwise.

10.1 Substitution and α-conversion

I generalise Definition 6.3 to general languages.

Definition 10.1 A substitution in a language L is a function σ : X →TL from the variables to the L -

expressions—it is closed if σ(X)∈TL for all X ∈X . For a given L -expression E ∈TL , E[σ ] ∈TL

denotes the L -expression E in which each free occurrence of a variable X ∈X is replaced by σ(X),
after a suitable renaming of the bound variables in E to prevent variable capture. Here capture is a

situation where a free occurrence of a variable in σ(Y ), with Y ∈X , would become bound in E[σ ].

Definition 10.2 α-conversion is the act of renaming all occurrences of a bound variable X within the

scope of its binding into another variable, say Y , while avoiding variable capture.

Write E
α
= F if expression E can be converted into F by multiple acts of α-conversion.

The result of applying a substitution is determined only up to
α
=. For this reason it makes sense to employ

a semantic equivalence ∼ with
α
= ⊆ ∼. However, if σ is a closed substitution, then E[σ ] is uniquely

determined, without of the need for α-conversion, for there are no variables that could be captured.

Observation 10.3 If E
α
= F then fv(E) = fv(F).

For substitutions σ ,ξ : X →TL write σ
α
= ξ if σ(X)

α
= ξ (X) for all X ∈X .

Observation 10.4 If E
α
= F and σ

α
= ξ then E[σ ]

α
= F[ξ ].

The following notation and observation are used below.

Definition 10.5 The composition ξ•σ of substitutions σ,ξ : X→TL is given by (ξ•σ)(X)=σ(X)[ξ ].

Observation 10.6 E[σ ][ξ ]
α
= E[ξ •σ ].

10.2 Variables versus holes

In the presence of binding, there are two sensible ways to define substitution, and to capture both in

one go, one makes a distinction between variables and holes. Both serve as basic building blocks for

expressions, just like constants. Let X be the collection of variables, and H the collection of holes one

may use in a given language L . Then clause (i) in Section 2, the induction base in the definition of the

L -expressions, should be amended to
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(i) X ∈TL for each variable X ∈X and for each hole X ∈H .

Only variables can be bound; an occurrence of a hole in an L -expression is always free. An expression

without holes is called a term, and one with holes a context.

Example 10.7 Consider the expression µX .(aX + bY ), with Y 6= X . Here a is a unary action prefix

operator and + a choice, as occur in CCS and many other process calculi. This expression denotes a

process that can perform the action a and subsequently behave like itself—this is the binding at work—

or perform the action b and behave like the process Y , which is as of yet not specified. In other words,

µX .(aX + bY ) can perform infinitely many a-actions in succession, or finitely many, followed by a b,

and whatever is specified by Y . Now if σ is a substitution with σ(X) = c0 (a process that first performs

action c and then stops) and σ(Y ) = d0, then (µX .(aX +bY ))[σ ] = µX .(aX +bd0). Here we see that d0

is substituted for Y , but no substitution is made for X . This is because this variable only occurs bound.

However, one does have that (aX +µX .(aX +bY ))[σ ] = ac0+µX .(aX +bd0).
Next consider the substitution ξ with ξ (Y ) = dX . Here is makes a crucial difference whether Y is a

variable or a hole. In case Y is a hole, applying the substitution ξ is straightforward:

(µX .(aX +bY ))[ξ ] = µX .(aX +bdX).

However, in case Y is a variable, it is seen as box whose entire contents is outside the scope of the binder

µX . To keep this so after substitution, one renames the bound variable X into a fresh variable Z before

performing the substitution:

(µX .(aX +bY ))[ξ ] = µZ.(aZ +bdX).

This practice rests on the assumption that µX .(aX + bY ) is semantically equivalent to µZ.(aZ + bY ),
in the sense that for most purposes either of these expressions can be replaced by the other without ill

effects. However, when substituting for holes, such replacements do have ill effects: if Y is a hole then

(µX .(aX +bY ))[ξ ] = µX .(aX +bdX) 6= µZ.(aZ +bdX) = (µZ.(aZ +bY ))[ξ ].

This example suggests that variables and holes do not mix well. In all system description languages I

know, the valid expressions are terms rather than contexts, that is, they do not contain holes. This is the

reason I did not introduce holes in Section 2, and will not employ them below. Contexts are sometimes

used in the analysis of languages, but I do not need them in the remainder of this paper. Earlier in

this paper I used holes and contexts, but in the sections where this happened I didn’t consider variable

binding.

10.3 Mixing name binding and process variable binding

Some languages may have multiple binding constructs. As an example I consider a version of the π-

calculus, which features name binding, that also has the process variable binding construct µX .E . The

process P := µX .(z̄y|x(y).X) features both bindings. This process does two things in parallel: (1) it

sends the name y on the channel z, and (2) it reads a name y on the channel x, after which it behaves

like P again. Given the semantics of µX .E , the behaviour of P is by definition equal to the behaviour

of its unfolding (z̄y|x(y).X)[P/X ]. Here [P/X ] denotes the substitution that sends X to P, and leaves all

other variables untouched. There are essentially two different ways to define the substitution [P/X ], and

thereby the semantics of P.

My default assumption, implicit in Definitions 10.1 and 10.2, is that a substitution for process vari-

ables is completely agnostic to binding issues on the level of names. This yields (z̄y|x(y).X)[P/X ] =
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z̄y|x(y).P. In this approach, process P will, after reading a name b on channel x, send this b on on chan-

nel z. This happens because the name y is bound by the binder x(y) and this binding captures the free

name y occurring in the P that is substituted for X . Hence from the perspective of the binder x(y), the

variable X is treated more like a hole. One can define a concept of α-conversion for names, as is usual

in the π-calculus, but this notion is a different one from the one for variables from Definition 10.2.

The alternative approach is to treat variable and name binding on equal footing, and modify Defini-

tions 10.1 and 10.2 to avoid capture of free names as well as variables. In this approach the free name

y in P remains free when P is substituted for X ; we get (z̄y|x(y).X)[P/X ] = z̄y|x(u).P, where the bound

name y is renamed into u in order to prevent capture of y. Now P keeps sending y on channel z, no matter

what its reads to channel x. We can then use a concept of α-conversion that incorporates names and

variables in one go.

In what follows, it doesn’t matter which is these two approaches is chosen. Observations 10.3–10.6

hold either way.

10.4 A unique decomposition of terms

An expression E of the form f (E1, . . . ,En) can be written as H[ξ ], where H is an expression f (X1, . . . ,Xn)
and ξ is a substitution with ξ (Xi) = Ei for i = 1, . . . ,n. Here H and ξ ↾{X1, . . . ,Xn} are completely

determined by E , except for the choice of the variables X1, . . . ,Xn. The term H is called a head of E .

In this paper, for the proofs below, I propose a unique decomposition of expressions E into H and ξ ,

by making an arbitrary choice for the variables X1, . . . ,Xn. Moreover, I extend this decomposition to all

terms E that are not variables. This requires a postulate that says, in essence, that such a decomposition

is always possible, and restricting attention to languages satisfying this postulate.

Definition 10.8 ([42]) A term E ∈TL is a prefix of a term F, written E ≤ F, if F
α
= E[ξ ] for some

substitution ξ .

Using Observation 10.6, ≤ is reflexive and transitive, and hence a preorder. Write ≡ for the kernel of ≤,

i.e. E ≡ F iff E ≤ F ∧F ≤ E . Note that E
α
= F implies E ≡ F . If E ≡ F then E can be converted into F

by means of an injective renaming of its variables.

Definition 10.9 ([42]) A term H ∈TL is a head if H is not a single variable and E ≤ H implies that E

is a single variable or E ≡ H . It is a head of another term F if it is a head, as well as a prefix of F .

Example 10.10 Let c be a constant, g a unary operator, f a binary operator, and µX .E the recursion

construct of Section 2. Then f (X ,Y ) is a head of the term f (c,g(c)), and µX . f (Y,g(g(X))) is a head of

µX . f (g(c),g(g(X))). See [42] for further detail.

Postulate 10.11 ([42]) Each expression E , if not a variable, has a head that is unique up to ≡.

This is easy to show for each common type of system description language, including the ones with the

additional constructs described in the introduction to Section 10:

Proof sketch: Call a subterm F of a term E free if F doesn’t contain any free variables that are bound

in E . Note that a subterm G of free subterm F of E is a free subterm of E . A proper subterm of E is any

subterm different from E itself. A (free) proper subterm F of E is maximal if it is not a proper subterm

of another (free) subterm of E . Now obtain a head of an expression E /∈X by changing all its maximal

free proper subterm occurrences into fresh variables. ✷

However, while striving for maximal generality, I consider languages with (recursion-like) constructs

that are yet to be invented, and in view of those, this principle has to be postulated rather than derived.

This means that in this paper I consider only languages that satisfy this postulate.
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Proposition 10.12 Let L be a language. There exists a set H ⊆TL of standard heads and a decom-

position function decomp : TL \X → H× (X → TL ) that associates with each term E /∈X a pair

(H,ξ ) of a standard head H ∈H and a substitution ξ : X →TL , such that

(i) E
α
= H[ξ ],

(ii) ξ (X) is a proper subterm of E for all X ∈ fv(H), whereas ξ (X) = X when X /∈ fv(H),
(iii) if E ′ α

= E then decomp(E ′) α
= decomp(E), and

(iv) if H ∈H and ξ : X →TL then decomp(H[ξ ])
α
= (H,ξ ).

Here (H ′,ξ ′) α
= (H,ξ ) is a shorthand for “H ′ = H and ξ ′(X)

α
= ξ (X) for all X ∈X ”.

Proof: Pick a representative from each≡-equivalence class of heads, and call the chosen representatives

standard heads. By Postulate 10.11, each expression E /∈X can be written as E
α
= H[ξ ], with ξ some

substitution and H the unique standard head of E . Define decomp(E) := (H,ξ ) by picking a substitution

ξ for which this holds, and which satisfies ξ (X) = X when X /∈ fv(H).
Now decomp satisfies (i) and (ii) by construction. Regarding (iii), if E ′

α
= E then E ′ and E must have

the same standard head H , so there are substitutions ξ ′ and ξ such that H[ξ ′]
α
= E ′

α
= E

α
= H[ξ ]. This

implies ξ ′(X)
α
= ξ (X) for each X ∈ fv(H), so decomp(E ′)

α
= decomp(E). Towards (iv), let H ∈H and

ξ : X → TL . By construction, H is the standard head of H[ξ ]. Hence decomp(H[ξ ]) = (H,ξ ′) for

some substitution ξ ′. Again H[ξ ]
α
= H[ξ ′], so decomp(E ′) α

= decomp(E). ✷

10.5 Compositionality

The following definition generalises the concept of compositionality from Section 6 to general languages,

that may feature variable binding.

Definition 10.13 A translation T from L into L ′ is compositional if

(1) T (E[σ ])
α
= T (E)[T ◦σ ] for each E ∈TL and σ : X →TL ,

(2) E
α
= F implies T (E)

α
= T (F) for all E,F ∈TL ,

(3) and moreover T (X) = X for each X ∈X .

In the absence of binding,
α
= is simply equality, and the above definition is exactly the characterisation

of compositionality given in Proposition 6.4. Requiring equality rather than
α
= even in the presence of

variable binding is too demanding, as the following example illustrates.

Example 10.14 Take a source language L that features a unary replication operator !, as in the π-

calculus, and a target language L ′ that instead has a recursion construct µX .E; both languages have

a constant 0. A suitable translation T satisfies T (!X1) = µX .(X |X1) and T (0) = 0. Applying Def-

inition 10.13(1) with σ(X1) = 0 gives T (!0)
α
= µX .(X |0), whereas applying it with σ(X1) = X gives

T (!X)
α
= µY.(Y |X). Here the bound variable X needed to be renamed (into Y ) to avoid capture of the

free variable X that is substituted for X1. Furthermore, applying Definition 10.13(1) with E :=!X and

σ(X) := 0 gives T (!0)
α
= T (!X)[T ◦σ ]

α
= µY.(Y |X)[T ◦σ ] = µY.(Y |0). Since X 6= Y , this shows that

α
= cannot consistently be replaced by =.

Lemma 10.15 If T1 :TL1
→TL2

and T2 :TL2
→TL3

are compositional translations, then so is their

composition T2 ◦T1 :TL1
→TL3

, defined by T2 ◦T1(E) := T2(T1(E)) for all E ∈L1.

Proof: (1) T2(T1(E[σ ]))
α
=T2(T1(E)[T1 ◦σ ])

α
=T2(T1(E))[T2 ◦T1 ◦σ ]) for each σ : X ⇀TL1

and

E ∈TL1
. Here the derivation of the first

α
= uses Property (2) of Definition 10.13—and this is the reason

for requiring that property.

(2) E
α
= F implies T1(E)

α
= T1(F) and hence T2(T1(E))

α
= T2(T1(F)) for all E,F ∈TL .

(3) T2(T1(X)) = T2(X) = X for each X ∈X . ✷
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10.6 Validity for closed-term languages

Next I generalise the notion of validity chosen in Section 7 to general closed-term languages, at the same

time dropping the restriction that closed terms must be translated into closed terms. Definitions 7.3, 7.4

and 7.5 can be lifted verbatim.

Definition 7.3 A semantic translation from L into L ′ is a relation R⊆ TL ′ ×TL such that

∀P ∈ TL .∃P′ ∈ TL ′ .P′ R P.

Definition 7.4 A translation T :TL →TL ′ is correct w.r.t. a semantic translation R if T (E)[η ]R E[ς ]
for all expressions E ∈TL and all closed substitutions η : X → TL ′ and ς : X → TL with η R ς .

Definition 7.5 A translation T is valid up to •∼ iff it is correct w.r.t. some semantic translation R⊆ •∼.

Given a relation R⊆ TL ×TL ′ , define Rα by Q Rα P iff ∃Q′,P′. Q
α
= Q′ R P′ α

= P.

Lemma 10.16 If a translation T between languages L and L ′ is correct w.r.t. a semantic translation

R, then it is also correct w.r.t. Rα .

Proof: Let R ⊆ TL ×TL ′ be a semantic translation, and T a translation that is correct w.r.t. R. Let

E ∈ TL , η : X → TL ′ and ς : X → TL , with η Rα ς . Then there must be closed substitutions

η ′ : X → TL ′ and ς ′ : X → TL with η
α
= η ′ R ς ′

α
= ς . Now T (E)[η ′] R E[ς ′], as T is correct w.r.t.

R. By Observation 10.4 T (E)[η ]
α
= T (E)[η ′] R E[ς ′]

α
= E[ς ], so T (E)[η ] Rα E[ς ]. It follows that T

is correct w.r.t. Rα . ✷

10.7 Valid translations can be made compositional

This section is devoted to proving a generalisation to closed-term languages of Theorem 7.8, showing

that any valid translation can be converted into one that also is compositional.

Theorem 10.17 Suppose •∼⊇ α
=. Let L and L ′ be closed-term languages. If any valid translation from

L into L ′ up to •∼ exists, then there exists a compositional translation that is valid up to •∼.

Proof: Let T1 be a valid translation from L into L ′ up to •∼. It must be correct w.r.t. a semantic

translation R⊆ •∼. Take H and decomp as specified in Proposition 10.12, and define the translation T

inductively by
T (X) := X for X ∈X

T (E) := T1(H)[T ◦ξ ] when decomp(E) = (H,ξ ).

First I show that T is compositional. It satisfies Property (3) of Definition 10.13 by construction. I

establish Property (2) by structural induction on E . The base case E ∈X is trivial. Suppose E ′
α
=E /∈X .

Let decomp(E ′) = (H ′,ξ ′) and decomp(E) = (H,ξ ). Then H ′ = H and ξ ′(X)
α
= ξ (X) for all X ∈X ,

using Proposition 10.12(iii). Thus T1(H
′) =T1(H). By induction T (ξ ′(X))

α
=T (ξ (X)) for all X ∈X ,

using Proposition 10.12(ii). So T (E ′)=T1(H
′)[T ◦ξ ′] α

= T1(H)[T ◦ξ ]=T (E) by Observation 10.4.

Next I establish Property (1) by structural induction on E . So let E ∈ TL and σ : X → TL . I have

to show that T (E[σ ])
α
= T (E)[T ◦ σ ]. The case E ∈X is trivial, so let decomp(E) = (H,ξ ). By

Proposition 10.12(ii) and the induction hypothesis T (ξ (X)[σ ])
α
= T (ξ (X))[T ◦ σ ] for all X ∈ X .

Thus (T ◦ (σ •ξ ))(X) = T ((σ •ξ )(X)) by definition of functional composition ◦
= T (ξ (X)[σ ]) by definition of the operation • on substitutions
α
= T (ξ (X))[T ◦σ ] derived above

= ((T ◦σ)• (T ◦ξ ))(X) by definition of the operations ◦ and •.
This shows that the substitutions T ◦(σ •ξ ) and (T ◦σ)•(T ◦ξ ) are equal up to α-conversion, implying
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F[T ◦ (σ •ξ )]
α
= F[(T ◦σ)• (T ◦ξ )] for all terms F ∈TL ′ , using Observation 10.4.

Hence T (E[σ ])
α
= T (H[ξ ][σ ]) since E

α
=H[ξ ] by 10.12(i), also using 10.4 and (2)

α
= T (H[σ •ξ ]) by Observation 10.6, again using (2)
α
= T1(H)[T ◦ (σ •ξ )] by definition of T , using 10.12(iv), (2) and 10.4
α
= T1(H)[(T ◦σ)• (T ◦ξ )] derived above
α
= (T1(H)[T ◦ξ ])[T ◦σ ] by Observation 10.6
α
= T (E)[T ◦σ ] by definition of T .

Note that Rα ⊆ •∼. It remains to be shown that T is correct w.r.t. Rα , i.e. that T (E)[η ] Rα E[ς ] for all

expressions E ∈TL and all closed substitutions η : X → TL ′ and ς : X → TL with η Rα ς . Let η and

ς be such substitutions. I proceed with structural induction on E . The base case E ∈X is trivial, so let

decomp(E) = (H,ξ ). By Proposition 10.12(ii) and the induction hypothesis, T (ξ (X))[η ] Rα ξ (X)[ς ]
for all X ∈X . Using Definition 10.5, this can be reworded as η • (T ◦ξ ) Rα ς •ξ . (*)

Therefore T (E)[η ] = T1(H)[T ◦ξ ][η ] by definition of T
α
= T1(H)[η • (T ◦ξ )] by Observation 10.6

Rα H[ς •ξ ] by (*) above, as T1 is correct w.r.t. R, and thus w.r.t. Rα

α
= H[ξ ][ς ] by Observation 10.6
α
= E[ς ] by Proposition 10.12(1) and Observation 10.4. ✷

10.8 Free-variable respecting translations

In Sections 7–9 I restricted attention to translations T :TL →TL ′ with the property that T (P) ∈ TL ′

for all P ∈ TL —that is, closed terms are translated into closed terms. This restriction (only) affected

the definitions of A- and B-validity, the argument in Section 7.2 that B−-validity is implied by D−-

validity, the argument in Section 7.3 that C−-validity implies B−-validity, Proposition 7.6, Theorem 7.8,

Proposition 9.8, and the generalisation of Theorem 3.14 to simple languages with variables.

Throughout the literature one employs translations T with the property that for any E ∈ TL any

free variable of T (E) is also a free variable of E—I call these free-variable respecting translations, or

fvr-translations [42]. The following result says that for the purpose of comparing the expressiveness

of languages (Definition 2.2) restricting attention to (compositional) fvr-translations is quite harmless.

The above-mentioned restriction that T (P) ∈ TL ′ for all P ∈ TL is even weaker, and thus also quite

harmless.

Proposition 10.18 Let L and L ′ be closed-term languages with TL 6= /0. If any valid translation from

L into L ′ up to •∼ exists, then there exists a compositional fvr-translation that is valid up to •∼.

Proof: Let T2 be a valid translation from L into L ′ up to •∼. It must be correct w.r.t. a semantic

translation R ⊆ •∼. Take a pair (Q,P) ∈ R. For E ∈ TL let σE : X → TL and ζE : X → TL ′

be the substitutions given by σE(X) = P and ζE(X) = Q for all X /∈ fv(E), and σE(X) = ζE(X) = X

for all X ∈ fv(E). Define the translation T1 : TL → TL ′ by T1(E) = T2(E)[ζE ] for all E ∈ TL .

By construction, T1 is an fvr-translation. To show that it is correct w.r.t. R, take E ∈ TL and se-

lect closed substitutions η : X → TL ′ and ς : X → TL with η R ς . For X ∈ fv(E) one derives that

(η •ζE)(X) = η(X) R ς(X) = (ς •σE)(X), and for X /∈ fv(E) that (η •ζE)(X) = Q R P = (ς •σE)(X).
So (η • ζE) R (ς •σE). Thus T1(E)[η ] = T2(E)[ζE ][η ] = T2(E)[η • ζE ] R E[ς •σE ] = E[ς ]. Here, in

the second step, one has = rather than
α
=, because ζE is such that no variable is at risk of being captured

in a substitution F[ζE ], while η and η •ζE are closed substitutions.

Hence there exists an fvr-translation T1 from L into L ′ that is valid up to •∼. Now in the proof of

Theorem 10.17, by induction it follows that if T1 is fvr, then so is T . ✷
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In case TL = /0, that is, the language L has no closed terms, each translation from L to L ′ is trivially

valid, with the empty set as semantic translation, so L is the least expressive closed term language.

The next result gives an alternative characterisation of validity for compositional fvr-translations.

This is the counterpart of the requirement of A-validity from Section 7.

Proposition 10.19 Suppose •∼ ⊇ α
=. A compositional fvr-translation T is valid up to •∼ iff T (P) •∼ P

for each P ∈ TL .

Proof: Let T :TL →TL ′ be valid up to •∼ and P∈TL . Let T be correct w.r.t. the semantic translation

R⊆ •∼. Then T (P) R P, so T (P) •∼ P.

Now let T : TL → TL ′ be a compositional translation such that T (P) •∼ P for each P ∈ TL .

Define R by Q R P iff Q
α
= T (P). Then R is a semantic translation and R ⊆ •∼. Let E ∈TL , and let

η : X → TL ′ and ς : X → TL be closed substitutions with η R ς . Then η
α
= T ◦ ς . Property (1)

of Definition 10.13 yields T (E[ς ])
α
= T (E)[T ◦ ς ]

α
= T (E)[η ], where the second step follows from

Observation 10.4. This gives T (E)[η ] R E[ς ]. Hence T is correct w.r.t. R and T is valid up to ∼. ✷

10.9 Congruence transfer, reflection and closure properties for closed term languages

In this section I generalise the results from Section 9, and thereby those from Section 3, to arbitrary

closed term languages.

First note that Observations 9.1 and 9.2 as well as Theorem 9.3 generalise straightforwardly to gen-

eral closed term languages.

Definition 3.8 of a congruence is stated in terms of the n-ary operators of a language, and is therefore

inadequate for general closed term languages. Instead I will use its characterisation from Proposition 9.4

as the definition.

Definition 10.20 Let L be a closed term language. An equivalence relation ∼ on TL is a congruence

for L iff E[ς1]∼ E[ς2] for any E ∈TL and any ς1,ς2 : X→TL with ς1 ∼ ς2.

This is called a lean congruence in [43]; in the presence of recursion, a stricter condition, called full

congruence, is common. That concept is not needed in this paper.

The proof of Proposition 9.5, giving yet another characterisation of a congruence, breaks down for

general closed term languages, namely where it uses that a term contains only finitely many variables. I

therefore introduce the concept characterised by Proposition 9.5 under a different name.

Definition 10.21 Let L be a closed term language. An equivalence relation ∼ on TL is a 1-hole con-

gruence for L iff E[ς1]∼ E[ς2] for any E ∈TL and any ς1,ς2 : X → TL with ς1 ∼1 ς2.

Obviously, a congruence is also a 1-hole congruence. An n-hole congruence for any finite n ∈ N can

be defined in the same vein, and the proof Proposition 9.5 shows that a 1-hole congruence ∼ is also an

n-hole congruence, for any n∈N. However, in the presence of operators with infinitely many arguments,

a 1-hole congruence need not be a congruence. This will be illustrated by Example 11.14.

Definition 9.6 of closure under T (L ) and congruence for T (L ) lifts to general closed term lan-

guages virtually unchanged.

Definition 10.22 Let L ,L ′ be closed term languages, and T :TL →TL ′ a translation from L into

L ′. A subset W of TL ′ is closed under T (L ) if P
α
= Q ∈W⇒ P ∈W and T (E)[η ] ∈W for any

expression E ∈TL and substitution η : X →W. An equivalence ∼ on a closed set W is a congruence

for T (L ) on W if T (E)[η1]∼T (E)[η2] for any E ∈TL and any η1,η2 : X →W with η1 ∼ η2.
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Likewise, ∼ is a 1-hole congruence for T (L ) on W if we merely require η1 ∼1 η2.

Proposition 9.7 extends to general closed term languages unchanged. So does Proposition 9.8, al-

though it applies to fvr-translations only. Also Theorems 9.9 and 9.10 generalise unchanged, and they

remain valid when substituting “1-hole congruence” for “congruence”.

Theorem 10.23 Suppose L ′ is at least as expressive as L up to an equivalence or preorder •∼, and let

≈⊇ •∼ be a [1-hole] congruence for L ′. Then ≈ is also a [1-hole] congruence for L . ✷

Theorem 10.23∗ Let T be a translation of L into L ′ that is valid up to •∼ and let ≈⊇ •∼ be a [1-hole]

congruence for T (L ) on a closed set W. Then ≈ is also a [1-hole] congruence for L . ✷

Theorem 10.24 Let T be a translation of L into L ′ that is correct w.r.t. a semantic translation R and

let ≈⊇R be a [1-hole] congruence for L . Then ≈ is also a [1-hole] congruence for T (L ) on R(L ).✷

The congruence reflection properties of Theorems 3.14 and 9.12 generalise to both congruences and

1-hole congruences, the latter unchanged.

Theorem 10.25 Let T be a compositional fvr-translation between closed term languages L and L ′.
Then any equivalence relation ∼ ⊆W×W on a closed set W ⊆ TL ′ that contains

α
= and is a [1-hole]

congruence for T (L ) on W can be extended to an equivalence ∼T on TL ⊎W, such that T is valid

up to ∼T , and ∼T also is a [1-hole] congruence for L .

Moreover, if T is valid up to ≈ and ∼⊆≈ on W, then ∼T ⊆≈.

Proof: Write P
T→ R for P,R∈TL ⊎W if either R=P∈TL or R=P∈W or P∈TL and R=T (P)∈W.

Define ∼T on TL ⊎W by P∼T Q iff P
T→ R∼ S

T← Q for some R,S∈W. This relation is reflexive,

symmetric and transitive, since ∼ is. Thus ∼T is an equivalence relation. On W the relation ∼T

coincides with ∼. By construction, T (P) ∼T P for all P ∈ TL , so by Proposition 10.19 T is valid up

to ∼T . That ∼T is a [1-hole] congruence for L follows by Theorem 10.23∗ (taking ≈ := •∼ :=∼T ).

The last statement of Theorem 10.25 follows directly from the definition of ∼T . ✷

Theorem 10.26 Let T be a translation between closed term languages L and L ′ that is correct w.r.t. a

semantic translation R. Then any equivalence relation ∼ ⊆ R(L )×R(L ) that contains the restriction

of ≡R to R(L ) and is a [1-hole] congruence for T (L ) on R(L ) can be extended to an equivalence ∼R

on TL ⊎R(L ), such that T is valid up to ∼R, and ∼R also is a [1-hole] congruence for L . ✷

Lemma 9.13 generalises unchanged, but only yielding a 1-hole congruence.

Lemma 10.27 If a translation T is correct w.r.t. a semantic translation R, then≡R is a 1-hole congruence

for L . ✷

For any equivalence relation ≈ on TL there exists a largest 1-hole congruence for L contained in ≈.

I will denote this 1-hole congruence by ≈1c
L

, and call it the congruence closure of ≈ w.r.t. L . One has

P ≈1c
L

Q for P,Q ∈ TL iff E[ς1] ≈ E[ς2] for all L -expressions E and all substitutions ς1,ς2 : X → TL

with ς1(X) = P and ς2(X) = Q for some X ∈X and ς1(Y ) = ς2(Y ) for all variables Y 6= X . Exam-

ple 11.25 will illustrate that in general there is no such result for congruences.

Given a translation T : TL → TL ′ , I also speak of the congruence closure ≈1c
T (L ),W of ≈ for

T (L ) on a closed set W. This is the largest 1-hole congruence for T (L ) on W that is contained in ≈.

It can be characterised by P≈1c
T (L ),W Q for P,Q ∈W iff F[η1]≈ F[η2] for all L ′-expressions F of the

form T (E) and all substitutions η1,η2 : X →W with η1(X) = P and η2(X) = Q for some X ∈X and

η1(Y ) = η2(Y ) for all variables Y 6= X .

Finally, Theorem 9.14 generalised unchanged, provided we consistently read “1-hole congruence”

for “congruence”.
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Theorem 10.28 Let T be a translation between closed term languages L and L ′ that is valid up to an

equivalence ≈. Then T is valid even up to an equivalence ≈1c
T

, contained in ≈, such that

(1) the restriction of ≈1c
T

to TL is the largest 1-hole congruence for L contained in ≈,

and there exists a closed set W with TT (L ) ⊆W⊆ TL ′ such that

(2) the restriction of ≈1c
T

to W is the largest 1-hole congruence for T (L ) on W that is contained in ≈,

and

(3) each equivalence class of ≈1c
T

is the union of an equivalence class of ≈1c
L

and one of ≈1c
T (L ),W. ✷

11 A theory of encodings and expressiveness for general languages

In this section I drop the restriction to closed term languages, and define my notion of a valid translation

for the most general class of languages considered in this paper. Such a language is given as a pair

(TL ,J KL ) with the set TL of open terms as described in Sections 2 and 10, and a semantic mapping

J KL of type TL → ((X → V)→ V), for some set V called a domain.

For these languages the meaning JEKL of an L -expression E is a function of type (X→ V)→ V

for a given sets of values V. It associates a value JEKL (ρ)∈V to E that depends on the choice of a

valuation ρ : X→V. The valuation associates a value from V with each variable.

The semantic mapping J KL is defined inductively, in the sense that JXKL (ρ) for a variable X ∈X

and a valuation ρ is simply ρ(X)∈V, and for each term building construct C , there must be an operation

that extracts the meaning JC (~E)KL of a term C (~E) from the meaning of its arguments ~E . In particular,

the interpretation of each n-ary operator f of L is an n-ary operation f V : Vn→ V on V, and we have

J f (E1, . . . ,En)KL (ρ) = f V(JE1KL (ρ), . . . ,JEnKL (ρ)).

Moreover, JEKL (ρ) only depends on the restriction of ρ to the set fv(E) of variables occurring free in E .

If P ∈ TL and V 6= /0 then JPKL (ρ) is independent of the choice of ρ :X →V, and hence written JPKL .

11.1 Valid translations

Let L and L ′ be two languages of the type considered above, with semantic mappings

J KL :TL → ((X → V)→ V) and J KL ′ :TL ′ → ((X → V′)→ V′).

In order to compare these languages w.r.t. their expressive power I need a semantic equivalence or pre-

order •∼ that is defined on a unifying domain of interpretation Z, with V,V′ ⊆ Z. Intuitively, v ′ •∼ v with

v ∈ V and v
′ ∈ V′ means that values v and v

′ are sufficiently alike for our purposes, so that one can

accept a translation of an expression with meaning v into an expression with meaning v
′.

The material of Section 10 prior to Section 10.6 pertains already to such general languages. Below

follow the adaptations of Definitions 7.3, 7.4 and 7.5 for general languages.

Definition 11.1 Let V and V′ be domains of values in which two languages L and L ′ are interpreted.

A semantic translation from V into V′ is a relation R⊆ V′×V such that ∀v ∈ V.∃v ′ ∈V′.v ′ R v .

Intuitively, v
′ R v says that the L ′-value v

′ is a good translation or counterpart of the L -value v .

Definition 11.1 says that every value in V needs to have a counterpart in V′—possibly multiple ones.

For valuations η : X → V′ and ρ : X → V, I write η R ρ iff η(X) R ρ(X) for each X ∈X .

Definition 11.2 A translation T :TL→TL ′ is correct w.r.t. a semantic translation R if JT (E)KL ′(η)R

JEKL (ρ) for all expressions E ∈TL and all valuations η : X → V′ and ρ : X → V with η R ρ .
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Thus T is correct iff the meaning of the translation of an expression E is a counterpart of the meaning

of E , no matter what values are filled in for the variables, provided that the value filled in for a given

variable X occurring in the translation T (E) is a counterpart of the value filled in for X in E .

Definition 11.3 A translation T is valid up to •∼ iff it is correct w.r.t. some semantic translation R⊆ •∼.

Language L ′ is at least as expressive as L up to •∼ if a translation valid up to •∼ from L into L ′ exists.

A closed term language is as language as above in which V = TL —so that a valuation is the same as a

closed substitution—and JEKL (ρ) for E ∈TL and ρ : X → TL is defined to be E[ρ ] ∈ TL . For such

languages Definitions 11.1–11.3 above agree with the definitions of Section 10.6.

11.2 α-conversion

The following relation
α
=L is a semantic counterpart on the domain V on which a language L is inter-

preted, of the relation
α
= on TL .

Definition 11.4 Write v
α
=L w , with v ,w ∈V, iff there are terms E,F ∈TL with E

α
=F , and a valuation

ζ : X → V such that JEKL (ζ ) = v and JFKL (ζ ) = w .

This relation is reflexive and symmetric by definition, but not necessarily transitive. For this reason, I

work mainly with its transitive closure
α
=∗

L
.

Lemma 11.5 Let E ∈TL and ρ1,ρ2 : X → V. If ρ1
α
=L ρ2 then JEKL (ρ1)

α
=∗

L
JEKL (ρ2).

Proof: Suppose ρ1
α
=L ρ2. Then, for each X ∈X , ρ1(X)

α
=L ρ2(X), so there are terms EX ,FX ∈TL

with EX
α
= FX and a valuation ζX : X → V such that JEXKL (ζX) = ρ1(X) and JFXKL (ζX ) = ρ2(X).

By renaming of variables one can assure that fv(EX)∩ fv(EY ) = /0 for any different X ,Y ∈ fv(E). Here

I assume that the set X of variables is sufficiently large. Note that fv(FX) = fv(EX) for all X ∈ fv(E).
Let ζ : X → V be a valuation satisfying ζ (Z) = ζX(Z) for any Z ∈ fv(EX) with X ∈ fv(E). Define the

substitutions σ ,ξ : TL →TL by σ(X) = EX and ξ (X) = FX for all X ∈ fv(E) (and for instance σ(Y ) =
ξ (Y ) = Y for Y /∈ fv(E)). Then Jσ(X)KL (ζ ) = ρ1(X) and Jξ (X)KL (ζ ) = ρ2(X) for all X ∈ fv(E).
Hence, using (2), JEKL (ρ1) = JEKL (JσKL (ζ ))

α
=L JE[σ ]KL (ζ ) and JEKL (ρ2) = JEKL (Jξ KL (ζ ))

α
=L

JE[ξ ]KL (ζ ). As σ(X)
α
= ξ (X) for all X ∈X one has E[σ ]

α
= E[ξ ] by Observation 10.4, and thus

JEKL (ρ1)
α
=L JE[σ ]KL (ζ )

α
=L JE[ξ ]KL (ζ )

α
=L JEKL (ρ2). ✷

Given a relation R⊆ V′×V, define Rα by w Rα
v iff ∃w ′,v ′. w α

=∗
L ′ w

′ R v
′ α
=∗

L
v . The above lemma

enables me to prove the following generalisation of Lemma 10.16.

Lemma 11.6 If a translation T between languages L and L ′ is correct w.r.t. a semantic translation R,

then it is also correct w.r.t. Rα .

Proof: Let R ⊆ V′×V be a semantic translation, and T a translation that is correct w.r.t. R. Let

E ∈TL , η : X → V′ and ρ : X → V, with η Rα ρ . Then there must be valuations η ′ : X → V′ and

ρ ′ : X → V with η
α
=∗

L ′ η ′ R ρ ′
α
=∗

L
ρ . Now JT (E)KL ′(η ′) R JEKL (ρ ′), as T is correct w.r.t. R. By

Lemma 11.5 JT (E)KL ′(η)
α
=∗

L ′ JT (E)KL ′(η ′)R JEKL (ρ ′)
α
=∗

L
JEKL (ρ), so JT (E)KL ′(η)Rα JEKL (ρ).

It follows that T is correct w.r.t. Rα . ✷

11.3 The denotation of a substitution

To obtain a generalisation of Theorem 10.17 I need the concept of the denotation of a substitution as

a transformation of valuations. The semantic mapping J KL : TL → ((X → V)→ V) extends to

substitutions σ by JσKL (ρ)(X) := Jσ(X)KL (ρ) for all X ∈X and ρ : X→ V. Thus JσKL is of type
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(X → V)→ (X → V), i.e. a map from valuations to valuations. The inductive nature of the semantic

mapping J KL ensures that for each expression E ∈ TL , substitution σ : X ⇀ TL and valuation

ρ : X → V there exists a term F with E
α
= F such that JE[σ ]KL (ρ) = JF[σ ]KL (ρ) = JFKL (JσKL (ρ)),

and hence

JE[σ ]KL (ρ)
α
=L JEKL (JσKL (ρ)). (2)

In case E is f (X1, . . . ,Xn) this amounts to J f (E1, . . . ,En)KL (ρ) = f V(JE1KL (ρ), . . . ,JEnKL (ρ)), but the

above is more general and anticipates language constructs other than functions, such as recursion.

11.4 Valid translations can be made compositional

This section shows how Theorem 10.17 generalises to general languages.

Theorem 11.7 Let L and L ′ be languages. Suppose •∼ ⊇ α
=L and •∼ ⊇ α

=L ′ . If any valid translation

from L into L ′ up to •∼ exists, then there exists a compositional translation that is valid up to •∼.

Proof: Let T1 be a valid translation from L into L ′ up to •∼. It must be correct w.r.t. a semantic

translation R⊆ •∼. By Lemma 11.6 it is also correct w.r.t. Rα ⊆ •∼. Define T : TL → TL ′ as in the

proof of Theorem 10.17. That T is compositional follows exactly as in that proof.

It remains to be shown that T is correct w.r.t. Rα , i.e. that JT (E)KL ′(η) Rα JEKL (ρ) for all ex-

pressions E ∈TL and all valuations η : X → V′ and ρ : X → V with η Rα ρ . Let η and ρ be such

valuations. I proceed with structural induction on E . The base case E ∈X is trivial, so let decomp(E) =
(H,ξ ). By Proposition 10.12(ii) and the induction hypothesis, JT (ξ (X))KL ′(η) Rα Jξ (X)KL (ρ) for

all X ∈X . The valuation Jξ KL (η) is defined such that Jξ KL (η)(X) = Jξ (X)KL (η) for each X ∈X .

Likewise, JT ◦ξ KL ′(η)(X) = JT (ξ (X))KL ′(η) for each X ∈X . Hence JT ◦ξ KL ′(η) Rα Jξ KL (ρ).(*)

Now JT (E)KL ′(η) = JT1(H)[T ◦ξ ]KL ′(η) by definition of T
α
=L ′ JT1(H)KL ′(JT ◦ξ KL ′(η)) by (2)

Rα JHKL (Jξ KL (ρ)) as T1 is correct w.r.t. Rα , using (*) above
α
=L JH[ξ ]KL (ρ) by (2)
α
=L JEKL (ρ) since E

α
= H[ξ ] by Proposition 10.12(1). ✷

11.5 Free-variable respecting translations

Next I show how Proposition 10.18 generalises. I do not generalise Proposition 10.19.

Proposition 11.8 Let T :TL →TL ′ be a translation from L into L ′ that is correct w.r.t. a semantic

translation R ⊆ V×V′. Assume that there exists a pair (v ′,v) ∈ R and a closed term Q ∈ TL ′ with

JQKL ′ = v
′. Then there exists a compositional fvr-translation that is correct w.r.t. R.

Proof: Take a pair (v ′,v)∈R and a closed term Q∈TL ′ with JQKL ′=v
′. For E∈TL let ζE : X →TL ′

be the substitution given by ζE(X) = Q for all X /∈ fv(E) and ζE(X) = X for all X ∈ fv(E). Define the

translation T1 : TL → TL ′ by T1(E) = T2(E)[ζE ] for all E ∈ TL . By construction, T1 is an fvr-

translation. To show that it is correct w.r.t. R, take E ∈ TL and select valuations η : X → V′ and

ρ : X → V with η R ρ . Let η ′ : X → V′ and ρ ′ : X → V be the valuations given by η ′(X) = η(X)
and ρ ′(X)=ρ(X) for X ∈ fv(E), while η ′(X)= v

′ and ρ ′(X)= v for X /∈ fv(E). Then η ′ R ρ ′. Thus

JT1(E)KL ′(η)= JT2(E)[ζE ]KL ′(η)= JT2(E)KL ′(JζEKL ′(η))= JT2(E)KL ′(η ′) R JEKL (ρ ′)= JEKL (ρ).

Here the second step with
α
=L ′ for = follows by (2), but one even gets = because ζE is such that no

variable is at risk of being captured in a substitution F[ζE ].
Hence there exists an fvr-translation T1 from L into L ′ that is valid up to •∼. Now in the proof of

Theorem 11.7, by induction it follows that if T1 is fvr, then so is T . ✷
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11.6 A hierarchy of expressiveness preorders

The results of Sections 3.3 and 9.1 generalise straightforwardly to general languages.

Observation 11.9 Let T :TL →TL ′ be a translation from L into L ′, and let •∼ be finer than •≈. If

T is valid up to •∼, then it is also valid up to •≈.

Observation 11.10 The identity is a valid translation up to any preorder from any language into itself.

Theorem 11.11 If valid translations up to •∼ exists from L into L ′ and from L ′ into L ′, then there is

a valid translation up to •∼ from L into L ′′.

Proof: Let T1 :TL →TL ′ be a valid translation up to •∼ from L to L ′, and let T2 :TL ′ →TL ′′ be

one from L ′ to L ′′. I will show that the translation T :=T2 ◦T1 :TL →TL ′′ from L into L ′′, given

by T (E) = T2 ◦T1(E) = T2(T1(E)), is valid up to •∼.

For i=1,2 let Ti be correct w.r.t. the semantic translation Ri ⊆ •∼. Here R1 ⊆ V′×V and R2 ⊆
V′′×V′, where V, V′ and V′′ are the semantic domains in which the languages L , L ′ and L ′′ are

interpreted. Let R :=R2◦R1⊆V′′×V be the relation given by v
′′ R v iff ∃v ′ ∈TL ′ . v ′′ R2 v

′∧v ′ R1 v—

it is again a semantic translation, and satisfies R2 ◦ R1 ⊆ •∼, using the transitivity of •∼.

Now let E ∈TL , ρ : X → V and θ : X → V′′, with θ R ρ . Then there is a valuation η : X → V′

with θ R2 η R1 ρ . Hence, applying Definition 11.2, JT2(T1(E))KL ′′(θ) R2 JT1(E)KL ′(η) R1 JEKL (ρ),
so JT (E)KL ′′(θ) R JEKL (ρ) and T is correct w.r.t. R. ✷

Theorem 11.11 and Observation 11.10 show that the relation “being at least as expressive as up to •∼” is

a preorder on languages.

11.7 The concept of a congruence

Definitions 10.20 and 10.21 of a [1-hole] congruence generalise to arbitrary languages as follows.

Definition 11.12 An equivalence relation ∼ is a congruence for a language L interpreted in a semantic

domain V if JEKL (ρ1) ∼ JEKL (ρ2) for any L -expression E and any valuations ρ1,ρ2 : X → V with

ρ1 ∼ ρ2.11

Lemma 11.5 says that the transitive closure
α
=∗

L
of

α
=L is a congruence.

Definition 11.13 An equivalence relation ∼ is a 1-hole congruence for a language L interpreted in a

semantic domain V if JEKL (ρ1)∼ JEKL (ρ2) for any L -expression E and any valuations ρ1,ρ2 : X →
V with ρ1 ∼1 ρ2. Here ρ1,ρ2 are ∼1-equivalent, ρ1 ∼1 ρ2, if ρ1(X) ∼ ρ2(X) for some X ∈ X and

ρ1(Y ) = ρ2(Y ) for all variables Y 6= X .

An n-hole congruence for any finite n ∈ N can be defined in the same vein, and it is well known and

easy to check that a 1-hole congruence ∼ is also an n-hole congruence, for any n ∈N. However, in the

presence of operators with infinitely many arguments, a 1-hole congruence need not be a congruence.

Example 11.14 Let V be (N×N)∪{∞}, with the well-order ≤ on V inherited lexicographically from

the default order onN, and ∞ the largest element. So (n,m)≤ (n′,m′) iff n≤ n′∨(n =m∧m≤m′). Con-

sider the language L with constants 0, 1 and (1), interpreted in V as (0,0), (1,0) and (0,1), respectively,

the binary operator +, interpreted by (n1,m1)+
V (n2,m2) = (n1+n2,m1+m2) and ∞+E = E +∞ = ∞,

and the construct sup(Ei)i∈I that takes any number of arguments (dependent on the size of the index set

11This is called a lean congruence in [43]; in the presence of recursion, stricter congruence requirements are common. Those

are not needed in this paper.
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I). The interpretation of sup in V is to take the supremum of its arguments w.r.t. the well-order ≤. In case

sup is given finitely many arguments, it simply returns the largest. However sup((n, i))i∈N = (n+1,0).
Now let the equivalence relation ∼ on V be defined by (n,m) ∼ (n′,m′) iff n = n′, leaving ∞ in an

equivalence class of its own. This relation is a 1-hole congruence on L . Hence, it is also a 2-hole

congruence, so one has
(

(n1,m1)∼ (n′1,m
′
1)∧ (n2,m2)∼ (n′2,m

′
2)
)

⇒ (n1,m1)+ (n2,m2)∼ (n′1,m
′
1)+ (n′2,m

′
2).

Yet it fails to be a congruence: (n, i) ∼ (n,0) for all i ∈N, but

(n+1,0) = sup((n, i))i∈N 6∼ sup((n,0))i∈N = (n,0).

The following generalises Definition 10.22 and Propositions 9.7 and 9.8.

Definition 11.15 Let T be a translation from L into L ′. A subset W of V′ is closed under T (L ) if

JT (E)KL ′(η)∈W for any expression E ∈TL and valuation η : X →W. An equivalence ∼ on W is a

congruence (respectively 1-hole congruence) for T (L ) on W if W is closed under T (L ) and for any

E ∈TL and η1,η2 : X→W with η1∼η2 (resp. η1∼1 η2) one has JT (E)KL ′(η1)∼ JT (E)KL ′(η2).

A default choice of W is R(V) := {v ′ ∈ V′ | ∃v ∈ V. v ′ R v}.
Proposition 11.16 Let T be a translation from L into L ′ that is correct w.r.t. a semantic translation

R⊆ V′×V. Then R(V) is closed under T (L ).

Proof: Let E ∈TL and η : X →R(V). Take ρ : X →V with η R ρ . Then JT (E)KL ′(η)R JEKL (ρ)
by Definition 11.2. Since JEKL (ρ) ∈ V one has JT (E)KL ′(η) ∈R(V). ✷

I now show that for each translation T , valid up to •∼, there exists a smallest semantic relation R ⊆ •∼
for which T is correct. The corresponding set R(V) is the smallest set that is closed under T (L ).

Proposition 11.17 Let T be a fvr-translation from L into L ′ that is correct w.r.t. a semantic translation

R′ ⊆V′×V and let W⊆V′ be closed under T (L ). Then there T is correct w.r.t. a semantic translation

R⊆ R′ for which R(V)⊆W.

Proof: For each ordinal λ define the relation Rλ ⊆ V′×V as follows:

• JP′K′
L

R0 JPKL iff P ∈ TL and P′ = T (P) ∈ TL ′ ,

• v
′Rλ+1v if v=JEKL (ρ) and v

′=JT (E)KL ′(η) for some E∈TL and valuations η ,ρ with η Rλ ρ ,

• Rλ=
⋃

κ<λ Rκ if λ is a limit ordinal.

A straightforward induction yields that this is an increasing sequence: κ < λ ⇒ Rκ ⊆ Rλ . Thus, it must

have a limit, which I call R. Clearly, R is a semantic translation, and T is correct w.r.t. R. Another

straightforward induction yields R⊆ R′. A third induction yields R(V)⊆W. ✷

11.8 Congruence transfer properties

Theorems 10.23 and 10.24 remain valid in the same form.

Theorem 11.18 Suppose L ′ is at least as expressive as L up to an equivalence or preorder •∼, and let

≈⊇ •∼ be a [1-hole] congruence for L ′. Then ≈ is also a [1-hole] congruence for L . ✷

Proof: By assumption, there exists a valid translation T up to •∼ from L into L ′. Using Definition 11.3,

it must be correct w.r.t. some semantic translation R ⊆ •∼ ⊆ ≈. Let E ∈TL and ρ1,ρ2 : X → V with

ρ1 ≈ ρ2. As R is a semantic translation, there must be valuations η1,η2 : X →V′ with η1 R ρ1 and η2 R

ρ2. Thus η1 ≈ ρ1 ≈ ρ2 ≈ η2, so by Definition 11.2, JEKL (ρ1) R−1 JT (E)KL ′(η1)≈ JT (E)KL ′(η2) R

JEKL (ρ2), implying JEKL (ρ1)≈ JEKL (ρ2).
The adaptation of this proof to the 1-hole case is straightforward and left to the reader. ✷
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Based on its proof, Theorem 11.18 can be sharpened by merely assuming that≈ is a [1-hole] congruence

for T (L ) on R(V), and in view of Proposition 11.17 we may take R(V)⊆W for a given closed set W.

Theorem 11.18∗ Let T be a translation of L into L ′ that is valid up to •∼ and let ≈⊇ •∼ be a [1-hole]

congruence for T (L ) on a closed set W. Then ≈ is also a [1-hole] congruence for L . ✷

Theorem 11.19 Let T be a translation of L into L ′ that is correct w.r.t. a semantic translation R and

let ≈⊇ R be a [1-hole] congruence for L . Then ≈ is also a [1-hole] congruence for T (L ) on R(V).✷

Proof: Let E ∈ TL and η1,η2 : X → R(V) with η1 ≈ η2. By the definition of R(V) there exists

valuations ρ1,ρ2 : X → V with η1 R ρ1 and η2 R ρ2. Thus ρ1 ≈ η1 ≈ η2 ≈ ρ2, so by Definitions 11.2

and 11.12, JT (E)KL ′(η1) R JEKL (ρ1)≈ JEKL (ρ2) R−1 JT (E)KL ′(η2).

Again the 1-hole case is straightforward and left to the reader. ✷

11.9 Congruence reflection

The next theorem generalises Theorem 10.25; the target language may now be arbitrary, although the

source is still required to be a closed term language. I also show that the restriction to fvr-translations

can be dropped.

Theorem 11.20 Let T be a compositional translation, valid up to an equivalence ≈, from a closed term

language L into a language L ′. Then any [1-hole] congruence ∼⊆W×W for T (L ) on a closed set

W ⊆ V′ with
α
=L ′ ⊆ ∼ ⊆ ≈ can be extended to an equivalence ∼T ⊆ ≈ on TL ⊎W, such that T is

valid up to ∼T , and ∼T also is a [1-hole] congruence for L .

Proof: If TL = /0, the statement is trivial. Otherwise, pick a valuation ζ : X → TL . By assumption, T

is correct w.r.t. a semantic translation R ⊆ ≈. In view of Proposition 11.17 I assume that R(TL ) ⊆W.

Now pick a valuation θ : X →W with θ R ζ . For v ,w ∈TL ⊎W write v
T→ w if either w = v ∈TL or

w = v ∈W or v ∈ TL and w = JT (v)KL ′(θ) ∈W. Since T is correct w.r.t. R, one has JT (v)KL ′(θ) R

JvKL (ζ ) = JvKL = v for all v ∈ TL . Hence v
T→ w implies v ≈ w . Define ∼T on TL ⊎W by v ∼T v

′

iff
v

T→ w ∼ w
′ T← v

′

for some w ,w ′ ∈W. So ∼T ⊆ ≈. This relation is reflexive, symmetric and transitive, since ∼ is. Thus

∼T is an equivalence relation. On W the relation ∼T coincides with ∼.

Let RT := {(w ,v) | v ∈ TL ∧w α
=∗

L ′ JT (v)KL ′(θ)}. It is a semantic translation with RT ⊆ ∼T .

To show validity of T up to ∼T it suffices to establish that T is correct w.r.t. RT . So let E ∈TL

and let η : X → V′ and ρ : X → V be valuations with η RT ρ . I have to show that JT (E)KL ′(η) RT

JEKL (ρ). Since L is a closed-term language, ρ also is a closed substitution, and JEKL (ρ) := E[ρ ].
Let T ◦ ρ : X → TL ′ be the substitution with (T ◦ ρ)(X) = T (ρ(X)) for all X . Then—filling in

(η(X),ρ(X)) for (w ,v) in the definition of RT —η(X)
α
=∗

L ′ J(T ◦ ρ)(X)KL ′(θ) for all X ∈X , i.e.,

η
α
=∗

L ′ JT ◦ρKL ′(θ)—cf. Section 11.3. So, using Lemma 11.5, (2) and compositionality,

JT (E)KL ′(η)
α
=∗L ′ JT (E)KL ′(JT ◦ρKL ′(θ))

α
=L ′ JT (E)[T ◦ρ ])KL ′(θ)

α
=L ′

JT (E[ρ ])KL ′(θ) RT E[ρ ].

That ∼T is a [1-hole] congruence for L follows by Theorem 11.18∗ (taking ≈ := •∼ :=∼T ). ✷

The following example illustrates why in Theorem 11.20 the restriction that L must be a closed term

language cannot be dropped.
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Example 11.21 Let L be a language with three constants ⊤, Yes and No. Its semantics is given by

V = {+,−}, ⊤V = YesV = + and NoV = −. Let L ′ be a language with the same three constants and a

unary operator next. Its semantics is given by V′= {0,1,2} with⊤V′ = 2, YesV′ = 1 and NoV′ = 0, while

nextV′(n) = (n+ 1)mod3. Let ∼ be the semantic equivalence on V′∪V given by − ∼ 0 6∼ 1 ∼ 2 ∼ +.

Then the identity function I is a translation from L into L ′ that is valid up to ∼. This is witnessed by

the semantic translation R := {(0,−),(1,+),(2,+)} ⊆ ∼. The congruence closure ∼c of ∼ on V′ is the

identity relation. This relation cannot be extended to V∪V′ in such a way that T remains valid. For 1

and 2 need to be different; yet to make T valid both need to be related to +.

Theorem 11.23 generalises Theorem 10.26 and establishes a version of Theorem 11.20 that does not

require L to be a closed term language, or T to be compositional. The price to pay for that is that∼must

contain the relation ≡R defined next. This requirement rules out the relation ∼c from Example 11.21.

Definition 11.22 Given any semantic translation R ⊆ V′×V′, let ≡R ⊆ (V⊎R(V))2 be the smallest

equivalence relation on V⊎R(V) containing R.

Theorem 11.23 Let T be a translation between languages L and L ′ that is correct w.r.t. a semantic

translation R. Then any equivalence relation ∼ ⊆ R(V)×R(V) that contains the restriction of ≡R

to R(V) and is a [1-hole] congruence for T (L ) on R(V) can be extended to an equivalence ∼R on

V⊎R(V), such that T is valid up to ∼R, and ∼R also is a [1-hole] congruence for L . ✷

Moreover, if R⊆≈ and ∼⊆≈ for some equivalence ≈, then ∼R ⊆≈.

Proof: Define ∼R on V⊎R(V) by v ∼R v
′ iff v ≡R w ∼ w

′ ≡R v
′ for some w ,w ′ ∈ R(V). Since the

restriction of ≡R to R(V) is contained in ∼, this relation is transitive. Trivially, it is also symmetric,

since ≡R and ∼ are. It is reflexive, since ∼ is reflexive and for each v ∈ V⊎R(V) there is an w ∈ R(V)
with v ≡R w . Thus ∼R is an equivalence relation. On R(V)) the relation ∼R coincides with ∼. Since

R⊆≡R⊆∼R, T is valid up to∼R. That∼R is a [1-hole] congruence for L follows by Theorem 11.18∗.
The last statement of Theorem 11.23 follows directly from the definition of ∼R. ✷

11.10 A congruence closure property for translations

The adaptation of Lemma 10.27 to general languages is straightforward.

Lemma 11.24 If a translation T is correct w.r.t. a semantic translation R, then≡R is a 1-hole congruence

for L .

Proof: Let E ∈TL and ρ1,ρ2 : X → V with ρ1 ≡1
R ρ2. I need to show that JEKL (ρ1)∼ JEKL (ρ2).

Let X ∈X be such that ρ1(X)≡R ρ2(X) and ρ1(Y )= ρ2(Y ) for all Y 6=X . Then, for some n≥ 0 there

are v0, ...,vn ∈V and w1, ...,wn ∈R(V) with ρ1(X)= v0 R−1
w1 R v1 R−1

w2 R v2 R−1· · · R vn =ρ2(X).
For i = 0, . . . ,n let νi : X → V be given by νi(X)= vi and νi(Y ) = ρ2(Y ) for Y 6= X , and for i = 1, . . . ,n
let ηi : X → R(V) be given by ηi(X) = wi and ηi(Y ) = η(Y ) for Y 6= X , using some η : X → R(V)
such that η R ρ2. Then ρ1 = ν0 R−1 η1 R ν1 R−1 η2 R ν2 R−1 · · · R νn = ρ2. So by Definition 11.2,

JEKL (ν0) R−1 JT (E)KL ′(η1) R JEKL (ν1) R−1 JT (E)KL ′(η2) R JEKL (ν2) R−1 · · ·R JEKL (νn). Thus

JEKL (ρ1)≡R JEKL (ρ2). ✷

It is well known and easy to check that the collection of equivalence relations on any domain V, ordered

by inclusion, forms a complete lattice—namely the intersection of arbitrarily many equivalence relations

is again an equivalence relation. Likewise, the collection of 1-hole congruences for L is also a complete

lattice, and moreover a complete sublattice of the complete lattice of equivalence relations on V. The

latter implies that for any collection C of 1-hole congruence relations, the least equivalence relation that

contains all elements of C (exists and) happens to be a 1-hole congruence relation. Again, this is a
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property that is well known [55] and easy to prove. It follows that for any equivalence relation ≈ there

exists a largest 1-hole congruence for L contained in≈. I will denote this 1-hole congruence by≈1c
L

, and

call it the congruence closure of ≈ w.r.t. L . One has v1 ≈1c
L

v2 for v1,v2 ∈V iff JEKL (ρ1)≈ JEKL (ρ2)
for all L -expressions E and all valuations ρ1,ρ2 : X → V with ρ1(X) = v1 and ρ2(X) = v2 for some

X ∈X and ρ1(Y ) = ρ2(Y ) for all variables Y 6= X . Such results do not generally hold for congruences.

Example 11.25 Continue Example 11.14, but skipping the operator +. Let ∼k be the equivalence on

V defined by (n,m) ∼k (n
′,m′) iff n = n′ ∧ (m = m′ ∨m,m′ ≤ k). It is easy to check that all ∼k for

k ∈N are congruences on the reduced L , and contained in ∼. Yet their least upper bound (in the lattice

of equivalence relations on V) is ∼, which is not a congruence itself. In particular, there is no largest

congruence contained in ∼.

When dealing with languages L in which all operators and other constructs have a finite arity, so that

each E ∈TL contains only finitely many variables, there is no difference between a congruence and a

1-hole congruence, and thus ∼1c
L

is a congruence relation for any equivalence ∼. I will apply the theory

of expressiveness presented in this paper also to languages like CCS that have operators (such as ∑i∈I Ei)

of infinite arity. However, in all such cases I am currently aware of, the relevant choices of L and ∼
have the property that ∼1c

L
is in fact a congruence relation. As an example, consider weak bisimilarity

[70]. This equivalence relation fails to be a congruence for ∑. However, the coarsest 1-hole congruence

contained in this relation, often called rooted weak bisimilarity, happens to be a congruence. In fact,

when congruence-closing weak bisimilarity w.r.t. the binary sum, the result [40] is also a congruence for

the infinitary sum, as well as for all other operators of CCS [70].

Given a translation T : TL → TL ′ , I also speak of the congruence closure ≈1c
T (L ),W of ≈ for

T (L ) on a closed set W. This is the largest 1-hole congruence for T (L ) on W that is contained in a

given equivalence ≈ on W. It can be characterised by v ≈1c
T (L ),W w for v ,w ∈W iff F[θ ] ≈ F(η) for

all L ′-expressions F of the form T (E) and all valuations θ ,η : X →W with θ(X) = v and η(X) = w

for some X ∈X and θ(Y ) = η(Y ) for all variables Y 6= X .

Now Theorem 10.28 generalises as follows.

Theorem 11.26 Let T be a translation from a language L , with semantic domain V, into a language

L ′, with domain V′, valid up to a semantic equivalence ≈. Then T is valid even up to an equivalence

≈1c
T

, contained in ≈, such that

(1) the restriction of ≈1c
T

to V is the largest 1-hole congruence for L contained in ≈,

and there exists a closed set W with W⊆ V′ such that

(2) the restriction of ≈1c
T

to W is the largest 1-hole congruence for T (L ) on W that is contained in ≈,

and

(3) each equivalence class of ≈1c
T

is the union of an equivalence class of ≈1c
L

and one of ≈1c
T (L ),W. ✷

Proof: By assumption the translation T from L into L ′ is correct w.r.t. a semantic translation R⊆≈.

Take W :=R(V). By Proposition 11.16 it is closed under T (L ). Let≈1c
L,R, the congruence closure of≈

w.r.t. L and R, be the binary relation on V⊎W defined by w1 ≈1c
L,R w2 iff w1 ≡R v1 ≈1c

L
v2 ≡R w2 for

some v1,v2 ∈V. Here ≈1c
L

is the largest 1-hole congruence for L , defined on V, that is contained in ≈.

As ≈ is an equivalence relation defined om V⊎W that contains R, and ≡R is the smallest such

equivalence, one has ≡R ⊆ ≈. Since ≡R restricted to V is a 1-hole congruence for L contained in ≈
(by Lemma 11.24), and ≈1c

L
is the largest 1-hole congruence for L contained in ≈, one has v ≡R w ⇒

v ≈1c
L

w for all v ,w ∈ V. From this it follows that ≈1c
L,R is transitive. Trivially, this relation is also

symmetric, since ≡R and ≈c
L

are. It is reflexive, since ≈c
L

is reflexive and for each w ∈ V⊎W there is

a v ∈ V with w ≡R v . Thus, ≈1c
L,R is an equivalence relation. Since ≈1c

L
and R, and hence also ≡R, are
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contained in ≈, so is ≈1c
L,R. Moreover, R⊆≡R ⊆≈1c

L,R, so T is valid up to ≈1c
L,R. It remains to check

properties (1)–(3).

Since ≡R restricted to V is included in ≈c
L

, Property (1) of Theorem 11.26, saying that ≈c
L,R re-

stricted to V coincides with ≈c
L

, follows immediately from the definition of ≈c
L,R.

Regarding Property (2), by Theorem 11.19 ≈1c
L,R is a 1-hole congruence for T (L ) on W = R(V),

contained in ≈. To show that it is the largest, let ∼ be any other 1-hole congruence on W contained in

≈. By Lemma 11.24 and Theorem 11.19 also ≡R is a 1-hole congruence for T (L ) on W contained in

≈. Let ∼′ ⊆W×W be the smallest equivalence on W containing both ∼ and ≡R; one has w ∼′ w ′ iff

w = w0 ∼ w
′
0 ≡R w1 ∼ w

′
1 ≡R · · · ≡R wk ∼ w

′
k = w

′ for some k ≥ 0. By Definition 11.13, also ∼′ is a

1-hole congruence for T (L ) on W, contained in ≈.

Let ∼R be the extension of ∼′ to V⊎W as defined in the proof of Theorem 11.23: v ∼R v
′ iff

v ≡R w ∼′ w ′ ≡R v
′ for some w ,w ′ ∈R(L ). This definition entails that∼R⊆≈, and by Theorem 11.23

∼R is a 1-hole congruence for L .

Now suppose w ∼ w
′ with w ,w ′ ∈W. Take v ,v ′ ∈ TL such that w R v and w

′ R v
′. Then v ∼R v

′.
Since ∼R is a 1-hole congruence for L contained in ≈, and ≈c

L
is the largest such 1-hole congruence,

one has v ≈c
L

v
′, and thus w ≈c

L,R w
′. This shows that ∼⊆≈c

L,R and yields Property (2).

Each equivalence class of ≈c
L,R contains a process v ∈ V and a process w ∈W such that v R w .

Using this, Property (3) is a simple consequence of (1) and (2). ✷

The relation ≈1c
T

:=≈1c
L,R constructed above is on V completely determined by L and ≈. The following

example shows that in general the whole relation ≈1c
L

is not completely determined by L and ≈.

Example 11.27 Let L be a language with two constants Yes and No and a binary operator same.

Its semantics is given by V = {0,1,⊤,⊥}, YesV = 1, NoV = 0 and sameV(x,y) = 1 if x = y, while

sameV(x,y) = 0 if x 6= y. The semantic values ⊤ and ⊥ are not denotable as the interpretation of

closed terms. Let L ′ be an exact copy of L , except that the semantic values are primed. Let ≈ be

the semantic equivalence on V∪V′ given by 0 ≈ 0′ 6≈ 1 ≈ 1′ 6≈ ⊤ ≈ ⊤′ ≈ ⊥ ≈ ⊥′. Then the identity

function I is a translation from L into L ′ that is valid up to ≈. This is witnessed by the seman-

tic translation R† := {(0′,0),(1′,1),(⊤′,⊥),(⊥′,⊤)} ⊆ ≈, or, alternatively, by the semantic translation

R := {(0′,0),(1′,1),(⊤′,⊤),(⊥′,⊥)} ⊆ ≈. Upon taking the congruence closure ≈1
L

, the four semantic

values of V become inequivalent. Yet, there are two candidates for ≈1c
L

, namely ≈1c
L,R and ≈1c

L,R† .

12 Alternative concepts of a valid translation

While for closed term languages without variables or syntactic constructs beyond operators I proposed

just one concept of a valid translation (cf. Section 3), when merely adding variables to those languages

I contemplated eight generalisations (cf. Section 7). Of those, one (B−-validity) was rejected as being

counterintuitive, and one (C−-validity) was selected as my favourite. This is the concept of validity I

generalised to arbitrary languages in Sections 10 and 11. C-validity is compositional C−-validity, and

has been treated as well; by Theorem 11.7 it gives rise to the same notion of expressiveness. In this

section I will generalise the remaining notions to general languages, and relate them to the the notion of

validity chosen here, as well as to my own prior work.

12.1 Absolute expressiveness

In Section 8 defines a concept of absolute expressiveness, parametrised by the choice of a semantic

equivalence or preorder •∼. For each choice of •∼ it induces an expressiveness preorder on languages.
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Absolute expressiveness is a weaker notion than relative expressiveness (cf. Definition 11.3), in the sense

that if the relative expressiveness up to •∼ of language L ′ is at least as great as that of L , then certainly

the absolute expressiveness up to •∼ of L ′ is at least as great as that of L , and Example 8.3 shows that

the reverse does not hold.

Definition 8.1 of absolute expressive generalises verbatim to arbitrary languages. Observation 8.2,

characterising absolute expressiveness in terms of the existence of an A−-valid translation T : TL →TL ′

between the closed terms of two languages, applies to general languages too. I do not see any use for

A−-valid translations of type T :TL →TL ′ , as A−-validity ignores the application of T to open terms

anyway. Neither see I any use in considering translations that are not fvr (cf. Section 10.8) in the sense

that T (P) would be allowed to contain variables.

12.2 A-validity

A generalisation of the concept of A-validity to arbitrary languages has been studied in [42, Section 9].

Let L and L ′ be languages with J KL :TL → ((X →V)→V) and J KL ′ :TL ′→ ((X →V′)→V′).
In case there exists a v ∈ V for which there is no •∼-counterpart v ′ ∈ V′, there is no correct translation

from L into L ′ up to •∼. Namely, the semantics of L describes, among others, how any L -operator

evaluates the argument value v , and this aspect of the language has no counterpart in L ′. Therefore, [42]

requires ∀v ∈ V. ∃v ′ ∈ V′. v ′ •∼ v . (3)

This implies that for any valuation ρ : X → V there is a valuation η : X → V′ with η •∼ ρ . With this

caveat, the notion of A-validity from Section 7, which applied to fvr-translations only (cf. Section 10.8),

generalises straightforwardly to arbitrary languages.

Definition 12.1 An fvr-translation T from L into L ′ is A-valid up to •∼ if (3) holds and T is compo-

sitional and satisfies JT (P)KL ′ •∼ JPKL for all closed L -expressions P ∈ TL .

The next proposition says that A-validity gives rise to a weaker (or equal) concept of relative expressive-

ness than the notion of (C-)validity of Definition 11.3.

Proposition 12.2 If there exists a valid fvr-translation from L into L ′ up to •∼ (Definition 11.3) then

there exists an A-valid fvr-translation from L into L ′ up to •∼.

Proof: Suppose a valid fvr-valid translation up to •∼ exists. By Theorem 11.7, together with the last

sentence in the proof of Proposition 11.8, there exists a compositional fvr-translation T that is valid up

to •∼. Since T is correct w.r.t. some semantic translation R ⊆ •∼, one has ∀v ∈ V.∃v ′ ∈ V′.v ′ R v by

Definition 11.1, which implies (3). By Definitions 11.2 and 12.1, T is A-valid up to •∼. ✷

The reverse implication holds only when assuming that the source language L has the property that all

values in its domain of interpretation are denotable by closed terms. This property can be stated as

∀v ∈V. ∃P ∈ TL . JPKL = v . (4)

Theorem 12.3 Let L satisfy (4), and let T be an fvr-translation from L into L ′ that is A-valid up to

•∼, where •∼ contains
α
=L and

α
=L ′ . Then T is valid up to •∼.

Proof: Define the semantic translation R⊆V′×V by R := {(JT (P)KL ′ ,JPKL ) |P∈TL }. Then R⊆ •∼,

since T is A-valid up to •∼. Since •∼ contains
α
=L and

α
=L ′ , also Rα ⊆ •∼, as defined in Section 11.2.

Hence it suffices to show that T is correct w.r.t. Rα . So let E ∈TL , ρ : X → V and η : X → V′ with

η Rα ρ . I need to show that JT (E)KL ′(η) Rα JEKL (ρ).
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Pick ρ̄ :X →V and η̄ :X →V′ such that η
α
=∗

L ′ η̄ R ρ̄
α
=∗

L
ρ . Then there is a closed substitution σ :

X → TL such that ρ̄(X) = Jσ(X)KL and η̄(X) = JT (σ(X))KL ′ for all X ∈ X , i.e., ρ̄ = JσKL and η̄ =

JT ◦σKL ′ . Hence, JT (E)KL ′(η)
α
=∗

L ′ JT (E)KL ′(η̄) by Lemma 11.5

= JT (E)KL ′(JT ◦σKL ′) derived above
α
=L ′ JT (E)[T ◦σ ]KL ′ by (2)
α
=L ′ JT (E[σ ])KL ′ by compositionality of T

R JE[σ ]KL by definition of R
α
=L JEKL (JσKL ) by (2)

= JEKL (ρ̄) derived above
α
=∗

L
JEKL (ρ) by Lemma 11.5. ✷

Example 2 in [42] shows that this result does not generalise to languages that do not satisfy (4). In such

a case an A-valid translation as in Definition 12.1 can be intuitively unsatisfactory, as it may translate an

open term E into a term T (E) that is not related by •∼ to E when instantiating a variable in E by a value

that is undenotable by a closed term. For this reason, [42, Section 9] presents a theory of expressiveness

based on A-valid translations solely for source languages satisfying (4). The above results show that for

such source languages A-validity up to •∼ is the same as C-validity up to •∼, at least under the reasonable

assumption that •∼ contains
α
=L and

α
=L ′ .

Whereas in Section 7 my choice of C−-validity over A-validity was largely made on aesthetic

grounds, here C−-validity has the added advantage that it applies to a larger class of languages. In

this way my present paper generalises the work of [42, Section 9].

In [42, Section 9] the definition of A-validity was generalised to translations that need not be fvr.

Applied to this corner case, Theorem 12.3 still holds [45, Theorem 7], but Proposition 12.2 does not.

Yet, Proposition 12.2 does hold when additionally requiring that also the target language satisfies (4)

[45, Section 15]. As this corner case is not intrinsically interesting, one can just as well stick to the way

non-fvr-translations are incorporated in (C−-)validity.

12.3 B-validity

In order to generalise Definition 7.1 to general languages, the closed substitution ς : X → TL needs

to be replaced by a valuation ρ : X → V. Consequently, the T in T ◦ ς needs to be replaced by a

semantic counterpart T : V→ V′ of the translation T : TL → TL ′ ; it maps the possible meanings

of L -expressions into the possible meanings of L ′-expressions. Just as the restriction of T to closed

terms employed in the context T ◦ ς in Definition 7.1, it needs to satisfy T(v) •∼ v for all v ∈V.

Definition 12.4 A translation T from L into L ′ is B-valid up to •∼ if it is compositional and there

exists a mapping T : V→V′ such that T(v) •∼ v for all v ∈V and JT (E)KL ′(T◦ρ) •∼ JEKL (ρ) for each

E ∈TL and each ρ : X → V.

Note that the existence of T implies (3) above.

Proposition 12.5 Any compositional (C-)valid translation up to a preorder •∼ is B-valid up to •∼.

Proof: Let T be correct w.r.t. the semantic translation R⊆ •∼. Take any T : V→ V′ with T ⊆ R. Then

T(v) •∼ v for all v ∈V. Moreover, T◦ρ R ρ for any valuation ρ : X → V. So, by Definition 11.2,

JT (E)KL ′(T◦ρ) R JEKL (ρ), and thus JT (E)KL ′(T◦ρ) •∼ JEKL (ρ). Hence T is B-valid up to •∼. ✷

Together with Theorem 11.7 this implies that if a valid translation up to •∼ exists, then there is a B-valid

translation. Below I establish the reverse, but only for fvr-translations, and preorders •∼ containing
α
=L

and
α
=L ′ .
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Theorem 12.6 Any fvr-translation T :TL →TL ′ between languages L and L ′ that is B-valid up to

•∼, for •∼ be a preorder that contains
α
=L and

α
=L ′ , is (C-)valid up to •∼.

Proof: Let T be a fvr-translation that is B-valid up to •∼, say by means of the semantic counterpart

T : V→ V′. Let R ⊆ V′×V be the smallest relation containing T−1 such that T is correct w.r.t. R. Its

existence can be shown as in the proof of Proposition 11.17. I need to show that R⊆ •∼.

Claim: If v ′R v then v
′ α
=∗

L ′ JT (E)KL ′(T◦ν) and JEKL (ν)
α
=∗

L
v for some E ∈TL and ν : X →V.

Establishing the validity of this claim is sufficient, because by Definition 12.4 and the transitivity of

•∼, using that
α
=L ,

α
=L ′ ⊆ •∼, it immediately implies that R⊆ •∼.

I prove the claim by induction on the construction of R (similar to the proof of Proposition 11.17).

Induction base: If v ′ R v because v
′ = T(v) the claim holds by taking E := X and ν(X) = v .

Induction step: Let v ′ = JT (E)KL ′(η) and v = JEKL (ρ) for some E ∈ TL , η : X → V′ and

ρ : X → V with η R ρ . By induction one may assume that for each X ∈ fv(E) there are EX ∈TL and

νX : X → V such that η(X)
α
=∗

L ′ JT (EX)KL ′(T ◦ νX ) and JEXKL (νX )
α
=∗

L
ρ(X). Let (σX)X∈fv(E) be

a family of injective renamings of variables with dom(σX) = fv(EX), such that the sets range(σX) :=
σX(fv(EX)) for X ∈ fv(E) are pairwise disjoint. Here I assume the pool of variables to draw from is large

enough. Note that JσXKL (νX ◦σ−1
X ) = νX and JσXKL ′(T ◦ νX ◦σ−1

X ) = T ◦ νX . Therefore, using (2),

JT (EX)KL ′(T◦νX )
α
=L ′ JT (EX)[σX ]KL ′(T◦νX ◦σ−1

X ) and JEX [σX ]KL (νX ◦σ−1
X )

α
=L JEXKL (νX). By

the compositionality of T , T (EX)[σX ]
α
= T (EX [σX ]), so η(X)

α
=∗

L ′ JT (EX [σX ])KL ′(T◦νX ◦σ−1
X ).

Now let ν :X →V be a valuation such that ν(Y )= νX ◦σ−1
X (Y ) if Y ∈ fv(EX [σX ]) for some X ∈ fv(E).

Furthermore, define the substitution σ : fv(E)→TL by σ(X) = EX [σX ]. Then ρ(X)
α
=∗

L
Jσ(X)KL (ν)

for all X ∈ fv(E), so v
α
=∗

L
JEKL (JσKL (ν)) by Lemma 11.5. Likewise, η(X)

α
=∗

L ′ JT (σ(X))KL ′(T◦ν)
for all X ∈ fv(E) ⊇ fv(T (E)), so v

′ α
=∗

L ′ JT (E)KL ′(JT ◦σKL ′(T ◦ ν)). Therefore, (2) yields v
α
=∗

L

JE[σ ]KL (ν) and v
′ α
=∗

L ′ JT (E)[T ◦ σ ]KL ′(T ◦ ν). By compositionality, T (E)[T ◦ σ ]
α
= T (E[σ ]),

from which it follows that v ′
α
=∗

L ′ JT (E[σ ])KL ′(T◦ν). ✷

There exist B-valid translations up to •∼ that are not fvr-translations and are not valid in the sense of

Definition 11.3. Examples are hard to find and do not appear very natural. Moreover, some major results

I establish about valid translations (Theorems 11.26 and 11.20) do not generalise to such examples. For

these reasons I prefer to exclude such examples from my definition of a valid translation. This adds to

my preference of C−-validity (or C-validity) over B-validity.

Example 12.7 Let L be a language with constants 0 and 1, and a semantics given by V={a,b}, 0V =a

and 1V = b. Let L ′ be a language with a unary operator f , and a semantics given by V′ = {1,2,3,4}
and f V′(n) = n+1(mod 4). Finally, let ≈ be the equivalence on V∪V′ given by a≈ 1≈ 2 6≈ 3≈ 4≈ b.

The translation T :TL →TL ′ given by T (0)= f (X0) and T (1)= f ( f ( f (X0))) for some X0 ∈X ,

and T (X)=X for all X ∈X , is compositional by construction, and B-valid up to ≈. This is witnessed

by its semantic counterpart T : V→ V′ given by T(a) = 1 and T(b) = 4.

Since TL ′ = /0, there do not exist fvr-translations from L to L ′. Up to symmetry, T is in fact the

only translation from L to L ′ that is B-valid up to ≈. For considering that f 4(n) = n and the choice

of X0 is immaterial, any such translation Tk,ℓ must satisfy Tk,ℓ(0)= f k(X0) and Tk,ℓ(1)= f ℓ(X0), where

k, ℓ ∈ {0,1,2,3}. The only choices for T(a) are 1 or 2, and by symmetry one can pick T(a) = 1. Hence,

to satisfy JTk,ℓ(0)KL ′(T◦ρ)≈ J0KL (ρ) when ρ(X0) = a, one must take k ∈ {0,1}. To also satisfy this

formula when ρ(X0) = b, one must take k=1 and T(b)=4. This forces ℓ∈ {2,3}∩{3,0}, so Tk,ℓ=T1,3.

However, there does not exist a translation from L to L ′ that is valid up to ≈. For by symmetry,

using Proposition 12.5, T is the only candidate for such a translation. Suppose R is a semantic translation

w.r.t. which T is correct. Then 1 R a or 2 R a. Suppose 1 R a. Take valuations ρ ,η with η R ρ , such
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that ρ(X0) = a and η(X0) = 1. As T is correct w.r.t. R, one has

2 = f V′(1) = J f (X0)KL ′(η) = JT (0)KL ′(η) R J0KL (ρ) = a.

So one must have 2 R a. Now take valuations ρ ,η with η R ρ , such that ρ(X0) = a and η(X0) = 2. As

T is correct w.r.t. R, one has

3 = f V′(2) = J f (X0)KL ′(η) = JT (0)KL ′(η) R J0KL (ρ) = a.

This contradicts the requirement that R⊆≈.

Theorem 11.20 does not extend to this translation. Note that L is a closed-term language. Moreover,
α
=L and

α
=L ′ are the identity relations. The only set W⊆V′ that is closed under T (L ) is V′ itself. Any

congruence ∼ for L ′ contained in ≈ must distinguish all four semantic values. Suppose T would be

B-valid up to an equivalence ∼T on V∪V′, contained in ∼, that on V′ coincides with ∼. Let T′ be a

semantic counterpart of T . Then T′(a) = 1 or T′(a) = 2. Suppose T′(a) = 1. Take a valuation ρ with

ρ(X0) = a. Then

2 = f V′(1) = J f (X0)KL ′(T′ ◦ρ) = JT (0)KL ′(T′ ◦ρ)∼T J0KL (ρ) = a.

So one has 2 ∼T a∼T 1, a contradiction. The case T′(a) = 2 leads to a contradiction in the same way.

Hence T is not B-valid up to such an equivalence ∼T .

12.4 Correctness

A generalisation of the concept of D−-validity to arbitrary languages has been studied in [42, Section 5]

under the name correctness. With the same motivation as in the beginning of Section 12.2, [42] requires

a correct translation to satisfy (3). With this caveat, the generalisation of the notion of D−-validity from

Section 7 is straightforward.

Definition 12.8 ([42]) A translation T :TL →TL ′ from L into L ′ is correct up to •∼ iff (3) holds and

JT (E)KL ′(η) •∼ JEKL (ρ) for all E ∈TL and all valuations η : X → V′ and ρ : X → V with η •∼ ρ .

In the special case of closed-term languages, (3) is equivalent to the requirement in Section 7.1 that there

exists at least one pair ς : X → TL and η : X → TL ′ with η •∼ ς .

Observation 12.9 A translation T :TL →TL ′ is correct up to •∼ iff the restriction R of •∼ to V′×V

is a semantic translation, and T is correct w.r.t. R.

Here the requirement that R is a semantic translation is equivalent to (3). Following [42], I will study the

notion of correctness up to •∼ only for the case that •∼ is an equivalence relation.

Proposition 12.10 ([42]) If a correct translation up to an equivalence ∼ from L into L ′ exists, then ∼
is a congruence for L.

Proof: Let T be a correct translation up to∼ from L into L ′. Let E∈TL and let ρ1,ρ2 : X →V with

ρ1∼ρ2. By (3) there is a valuation η :X→V′ with η∼ρ1. So JEKL (ρ1)∼ JT (E)KL ′(η)∼ JEKL (ρ2).
✷

The existence of a correct translation up to ∼ from L into L ′ does not imply that ∼ is a congruence for

L ′. However, ∼ has the properties of a congruence for those expressions of L ′ that arise as translations

of expressions of L , when restricting attention to valuations into U := {v ∈ V′ | ∃v ∈ V. v ′ ∼ v}. In

[42] this called a congruence for T (L ).
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Definition 12.11 Let T : TL → TL ′ be a translation from L into L ′. An equivalence ∼ on V′ is

a congruence for T (L ) if JT (E)KL ′(η1)∼ JT (E)KL ′(η2) for any E ∈TL and η1,η2 :X→U with

η1∼η2.

This is the same as a congruence for T (L ) on W—see Definition 11.15—with W := U.

Proposition 12.12 If T is correct up to ∼ then U is closed under T (L ).

Proof: This follows from Proposition 11.16 by taking R as in Observation 12.9, so that U := R (V). ✷

Proposition 12.13 ([42]) If T is a correct translation up to an equivalence ∼ from L into L ′, then ∼
is a congruence for T (L ).

Proof: A simply application of Theorem 11.19, taking R as above. ✷

For general translations T that are correct w.r.t. a semantic translation R ⊆ ∼, the property of ∼ being

a congruence for T (L ) on R(V) is weaker than that of being a congruence for T (L )—cf. Defini-

tion 12.11—for it proceeds by restricting attention to valuations into R(V) ⊆ U. Theorem 11.19 does

not generalise to larger sets W⊃ R(V). This will be illustrated by Example 12.15 below.

The following theorem tells that the notion of validity proposed in this paper can be seen as a gen-

eralisation of the notion of correctness from [42] that applies to equivalences (and preorders) •∼ that are

not necessarily congruences for L or T (L ).

Theorem 12.14 A translation T from L into L ′ is correct up to a semantic equivalence ∼ iff it is valid

up to ∼ and ∼ is a congruence for T (L ).

Proof: By Observation 12.9 and Definition 11.3 any correct translation up to ∼ is surely valid up to ∼.

Suppose T is valid up to ∼ and ∼ is a congruence for T (L ). Then there is a semantic translation

R⊆V′×V such that R⊆∼ and T is correct w.r.t. R. To establish that T is correct up to∼, let E ∈TL

and let η : X → V′ and ρ : X → V be valuations with η ∼ ρ . Let θ : X → V′ be a valuation with

θ R ρ—it exists since R is a semantic translation. Now θ ∼ ρ ∼ η , using that R⊆∼, so θ ,η : X → U

and θ ∼ η . Hence JT (E)KL ′(η)∼ JT (E)KL ′(θ)∼ JEKL (ρ), using that ∼ is a congruence for T (L )
and that T is correct w.r.t. R. ✷

In may be tempting to conjecture that the above theorem can be reformulated or sharpened by requiring

∼ to be a congruence for L , instead of T (L ). The following example shows that such a sharpening of

Theorem 12.14 does not hold.

Example 12.15 Let L be a language with two constants Yes and No and a unary operator ¬. Its seman-

tics is given by V = {0,1}, YesV = 1, NoV = 0 and ¬V(b) = 1−b. Let L ′ be the extension of L with the

constant ⊤ and the semantic value ⊤—so V′ = {0,1,⊤}—with ⊤V′ =⊤ and ¬V′(⊤) =⊤. Let ∼ be the

semantic equivalence on V′ ⊇ V given by 0 6∼ 1∼⊤. Then the identity function I is a translation from

L into L ′ that is valid up to ∼. This is witnessed by the semantic translation R := {(0,0),(1,1)} ⊆ ∼.

The relation ∼ is a congruence for L . In line with Theorem 11.19 it also is a congruence for I (L )
on R(V) = {0,1}. However it fails to be a congruence for I (L ) (on U = {0,1,⊤}). So by Proposi-

tion 12.13 the translation I is not correct up to ∼. Indeed, for ρ : X →V a valuation that sends X ∈X

to 1 and η : X → V′ a valuation that sends X to ⊤, assuming ρ(Y ) = η(Y ) for other variables Y , one

has ρ ∼ η , yet JI (¬X)KL ′(η) = J¬XKL ′(η) = ¬V′(η(X)) =⊤ 6∼ 0 = ¬V(ρ(X)) = J¬XKL (ρ).

The following result presents a condition under which the claim of Theorem 11.26 pertains to correctness

instead of merely validity.

Theorem 12.16 Let T be a translation from a language L , with semantic domain V, into a language

L ′, with domain V′, valid up to a semantic equivalence ≈, and suppose the congruence closure ≈1
L

of≈
w.r.t. L is in fact a congruence. Then T is correct up to the equivalence≈1c

T
described in Theorem 11.26.
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Proof: By assumption T is correct w.r.t. a semantic translation R. The proof of Theorem 11.26 builds

a relation ≈1c
L,R out of ≈, L and R that is shown to have the properties required of ≈1c

T
. One has

R⊆≈1c
L,R, the restriction of ≈1c

L,R to V equals ≈1
L

, and R(V) = W. Using that ≈1
L

is a congruence for

L , by Theorem 11.19 ≈1c
L,R is a congruence for T (L ) on R(V). Since R(V) = W, which for ≈1c

L,R is

the U used in Definition 12.11, ≈1c
L,R is a congruence for T (L ). So by Theorem 12.14, T is correct up

to ≈1c
T

:= ≈1c
L,R. ✷

13 Validity up to barbed bisimilarity for process calculi

In this paper I defined a notion of a valid translation up to a semantic equivalence ∼ between general

system description languages, dealing in Section 10 with the special case of closed-term languages. In

this section I zoom in further on process calculi such as CCS [70] and the π-calculus [101], and ask

which equivalences ∼ to use in studying their relative expressiveness. These languages have in common

that their semantics can be given in terms of labelled transition systems, whose states, called processes,

are the closed expressions in the language, and whose transitions are given by an operational semantics

in the style of Plotkin [95].

13.1 Validity up to strong bisimilarity or strong early bisimilarity

For a wide class of process calculi without name binding, the finest equivalence in regular employ is

strong bisimilarity [70]. In proving that process calculus L ′ is at least as expressive as process calculus

L up to a semantic equivalence ∼, the choice of strong bisimilarity for ∼ thus yields the strongest

result. Accordingly, Robert de Simone [106, 105] showed that a wide class of process calculi, including

CCS [70], CSP [15], ACP [10] and SCCS [68], are expressible up to strong bisimilarity in MEIJE [3].

However, strong bisimilarity is not suitable for comparing any two process calculi. As an example,

consider the π-calculus with the early operational semantics versus the π-calculus with the late opera-

tional semantics [101]. Both operational semantics are meant to convey the same idea on how π-calculus

processes interact. Consequently, one would hope and expect that the identity function between these

versions of the π-calculus is a valid translation. However, it is not valid up to strong bisimilarity. The

late semantics has transitions labelled x(y), where the name y is a variable in which a value received on

channel x will be stored, whereas the early semantics has transitions labelled xy, where the name y is a

particular value received on channel x. Since these labels have a different shape, and strong bisimilar-

ity requires matching labels, validity up to strong bisimilarity fails. Moreover, the problem cannot be

resolved by simply renaming the labels, for the entire meaning of input transitions is different.

In the π-calculus, strong early bisimilarity [101] is a much more canonical semantic equivalence than

strong bisimilarity, and the identity function is a valid translation between the early and late π-calculi

up to strong early bisimilarity. However, the definition of early bisimilarity for the π-calculus with the

late operational semantics [101] has a very different form than the definition of early bisimilarity for

the early π-calculus [101]. The reason is that the same idea needs to be phrased in terms of rather

different transition relations. Consequently, taking strong early bisimilarity as a unifying equivalence

for comparing the late and early π-calculus appears to be somewhat ad hoc. Moreover, neither strong

bisimilarity nor strong early bisimilarity would be suitable to compare, say, the π-calculus with CCS.

13.2 Validity up to strong barbed bisimilarity

A canonical semantic equivalence that can be defined in a uniform way on CCS as well as on the late



48 A Theory of Encodings and Expressiveness

and early π-calculi is strong barbed bisimilarity, originally proposed by Milner and Sangiorgi in [74].

It is based on the idea that a τ-transition of a process P describes an actual reaction of the process

P, whereas a translation labelled a 6= τ merely indicates a potential reaction of P when synchronising

with a communication partner that is willing to engage in the complementary transition ā. (Likewise,

in CSP [15, 79] a transition P
a−→ P′ can be regarded as a potential; one that is not realised when

putting the process in a parallel composition involving synchronisation on the action a when the other

component cannot partake in such a synchronisation. The only way to be sure that the CSP action a

cannot be inhibited by any synchronisation context is to conceal it from the environment, using the

CSP concealment operator \a, renaming the action a into τ .) From this perspective, it appears natural

to formulate semantic equivalences entirely in terms of the τ-transitions processes can do, and capture

the communication potentials (manifested by the other transitions) merely by studying the behaviour of

processes in contexts. Accordingly, (strong) reduction bisimilarity was defined in [74] as the version of

strong bisimilarity that requires the transfer property for τ-transitions only, i.e., strong barbed bisimilarity

as defined below, without the first clause, and reading
τ−→ for→. Naturally, reduction bisimilarity is not

a congruence: the CCS processes a.0 and 0 are reduction equivalent (for neither can do a τ-transition),

yet a.0|ā.0 and 0|ā.0 are not. The purpose of the relation is to define a reasonable semantic equivalence

as its congruence closure. Indeed, for divergence-free CCS processes strong bisimilarity turned out to

be the congruence closure of reduction bisimilarity [74]. Unfortunately, this failed for processes with

divergences (infinite-sequences of τ-transitions) [74], and when lifted to the weak case, weak reduction

congruence turned out to be the universal relation, and thus useless [74]. For this reason, reduction

bisimilarity needed to be strengthened. The main idea is that processes like a.0 and 0 can be told apart

by placing them in a context |ā.ω , where ω denotes a success state that might be reached by the

environment in which a process is placed. The process a.0|ā.ω can reach this success state by performing

a τ-transition, whereas 0|ā.ω can not. Writing P↓ω to indicate that a process P has reached this success

state, reduction bisimilarity can be strengthened by requiring that if P↓ω then any process Q equivalent

to P should also satisfy Q↓ω . This yields the notion of strong barbed bisimilarity. The predicate ↓ω is

called a barb. In general, one can use a collection of barbs.

Barbed bisimilarity is defined on closed-term languages L that are equipped with a binary reduction

relation→⊆ TL ×TL between processes and with a collection {↓ω ⊆ TL |ω ∈Ω} of unary predicates

on processes, called barbs.

Definition 13.1 Strong barbed bisimilarity is the largest symmetric relation
•∼⊆ TL ×TL such that

• P
•∼ Q and P↓ω with ω ∈Ω implies Q↓ω , and

• P
•∼ Q and P→ P′ implies Q→ Q′ for some Q′ with P′ •∼ Q′.

Strong barbed congruence,
•∼1c

L , is the congruence closure of
•∼ w.r.t. the language L .

For process calculi equipped with a labelled transition system semantics, the reductions P→ P′ are sim-

ply the τ-transitions. However, for many languages it is possible to give a reduction semantics that

generates the reductions directly, without first constricting a labelled transition system. Some languages,

such as the λ -calculus, come with a natural reduction semantics, even when they have no labelled tran-

sition semantics at all.

13.3 On the choice of a collection of barbs

The definition of the barbs on various process calculi is somewhat ad hoc. In [74] only one barb was

used, and a process has this barb when it can perform an observable action, i.e., P↓ iff P
a−→ P′ for some
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process P′ and action a 6= τ . An alternative is to introduce a barb a for each action a 6= τ , taking P↓a iff

P
a−→ P′ for some P′. For CCS, both forms of barbs lead to the same notion of strong barbed congruence.

In the π-calculus, x and x̄ for x ∈ N are taken to be barbs (or just x̄), with P↓ω iff P
ω(y)−→ P′ or

P
ωy−→ P′ for some P′—cf. Section 4. Here, it makes no difference in the resulting notion of strong

barbed congruence whether one takes only barbs x̄, or also barbs x ∈ N .

In fact, it does not matter at all how the barbs are defined, but only whether there are enough barbs,

and how they propagate upwards through a context (that is, how the validity of C[P]↓ω is determined by

the validity of P↓ω ). This is because in determining whether two processes P and Q are strongly barbed

congruent, the barbs that help in this determination appear in contexts in which the processes P and Q

are placed, rather than in P and Q themselves. For this reason, aiming for a fairly language-independent

definition of barbed congruence, I propose the use of external barbs instead, defined as follows. Postulate

a sufficiently large collection Ω of barbs and add each of them as a fresh constant to the language under

consideration. Require them to propagate upwards through a context in the same way as τ-transitions or

reduction steps. Thus, whenever the structural operational semantics of the language has a rule

Pi→ Q

f (P1, . . . ,Pn)→ R

for some n-ary operator f , possibly with
τ−→ in the rôle of→, then postulate a rule

Pi↓ω

f (P1, . . . ,Pn)↓ω

for each barb ω ∈ Ω. Note that this agrees exactly with Definition 4.3 of (strong) output barbs in the

π-calculus. It turns out that for CCS, the π-calculus, and in fact any language with a definition of strong

barbed congruence that I am aware of, the above use of external barbs yields the same notion of strong

barbed congruence as the original approach. It may be felt as a drawback that in defining strong barbed

congruence on a language L , L needs to be extended, namely by the added constants ω ∈Ω. However,

as a tool to define strong barbed congruence on L this is not a big problem, as the definition on the

extended language naturally restricts to L .

The treatment of barbs proposed above is strongly inspired by the success action ω in the treatment

of testing equivalences by De Nicola & Hennessy [25], and by the criterion of success sensitiveness

imposed by Gorla [53] on translations between process calculi. Both [25] and [53] use only a single

success predicate (barb). In [53] P↓ω is defined to hold iff P has a “top-level unguarded occurrence”

of ω . Gorla defines the latter concept only for languages that are equipped with a notion of structural

congruence ≡ as well as a parallel composition |. In that case P has a top-level unguarded occurrence

of ω iff P≡ Q|ω , for some Q [53]. Specialised to the π-calculus, a (top-level) unguarded occurrence is

one that does not lay strictly within a subterm α .Q, where α is τ , x̄y or x(z). As far as I know, for all

languages where Gorla’s definition of P↓ω as well as mine apply, they yield the same result.

On CCS strong barbed congruence coincides with strong bisimilarity [74]. On the π-calculus strong

barbed congruence coincides with strong early congruence, the congruence closure of strong early bisim-

ilarity [101]. This testifies to the success of the barbed bisimilarity approach to defining canonical se-

mantic equivalences for different process calculi in a uniform way. For many other calculi, strong barbed

congruence is the primary proposal for a canonical semantic equivalence, and its explicit characterisation

in a manner that does not involve quantification over all context is a task that merely follows.

This makes strong barbed bisimilarity an attractive candidate for the equivalence relation ∼ up to

which translations between process calculi are proven valid. Theorem 11.26 says that if a translation
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between two process calculi is valid up to strong barbed bisimilarity, then it is also valid up an equivalence

that on the source language coincides with strong barbed congruence, and on the image of the source

language within the target language is also the congruence closure of strong barbed bisimilarity.

13.4 Validity up to weak barbed bisimilarity

For “nonprompt encodings” [78], that “allow administrative (or book-keeping) steps to precede a com-

mitting step”, strong (barbed) bisimilarity is too fine an equivalence to relate source processes and their

translations. Here an appealing alternative is weak barbed bisimilarity, cf. Definition 4.4. On CCS weak

barbed congruence coincides with weak bisimilarity as defined in [70]. On the π-calculus weak barbed

congruence coincides with weak early congruence as used in [101], at least for image-finite processes, or

in general when allowing infinite sums in the π-calculus [100]. Section 4 mentioned Boudol’s encoding

of mπ into aπ as an example of a translation valid up to weak barbed bisimilarity.

13.5 Validity up to divergence-preserving weak barbed bisimilarity

In many situations one would reject translations between process calculi, that introduce (or eliminate)

divergences. This can be captured in my framework by requiring validity up to divergence-preserving

weak (barbed) bisimilarity, also know as weak (barbed) bisimilarity with explicit divergence [11]. It adds

to Definition 4.4 the clause

• P
•≈ Q and P⇑ implies Q⇑.

Here P⇑ denotes that there are Pi for i ≥ 0 such that P = P0 and Pi→ Pi+1 (or Pi
τ−→ Pi+1) for all i ≥ 0.

Boudol’s encoding of mπ into aπ is even valid up to divergence-preserving weak barbed bisimilarity [49].

13.6 Validity up to divergence-preserving branching barbed bisimilarity

In most industrial applications of process calculi the rôle once played by weak bisimilarity has largely

been taken over by branching bisimilarity [51]—cf. [32, 23]—of which both a default version and two

divergence-preserving versions are in use [50, 30]. The following proposal captures these through the

barbed bisimilarity methodology:

Definition 13.2 Divergence-preserving branching barbed bisimilarity is the largest symmetric relation
•↔∆

b ⊆ TL ×TL such that

• P
•↔∆

b Q and P↓ω with ω ∈Ω implies Q =⇒ Q† for some Q† with P
•↔∆

b Q† and Q†↓ω ,

• P
•↔∆

b Q and P→ P′ implies Q =⇒ Q† (→) Q′ for some Q†,Q′ with P
•↔∆

b Q† and P′
•↔∆

b Q′, and

• P
•↔∆

b Q and P→ P1→ P2→ . . . implies Q→ Q′ for some Q′ with Pk
•↔∆

b Q′ for some k ≥ 0.

Here P (→) Q abbreviates (P = Q)∨ (P→ Q). See [50] for a number of equivalent versions of the

last clause, i.e. with Q =⇒→ Q′. For weakly divergence-preserving branching barbed bisimilarity the

last clause is weakened to “P
•↔∆

b Q and P⇑ implies Q⇑”, just as for divergence-preserving weak barbed

bisimilarity above. Skipping the last clause altogether yields branching barbed bisimilarity. On CCS, the

congruence closures of these equivalences yield ((weakly) divergence-preserving) branching bisimilarity,

as defined in the literature [30]; the proofs are not essentially different from the ones for strong and

weak barbed bisimilarity. Boudol’s encoding of mπ into aπ is even valid up to divergence-preserving

branching barbed bisimilarity [49].
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13.7 Example: the Honda-Tokoro encoding

In Section 4 I recalled an encoding by Boudol [14] of the synchronous fragment mπ of the π-calculus

into the asynchronous fragment aπ of mπ . As shown in [49], it is valid up to weak barbed bisimilarity—

and even up to divergence-preserving branching barbed bisimilarity—when taking as barbs all the output

barbs ↓x̄ (Definition 4.3), or also the input barbs ↓x. A similar encoding of mπ into mπ was proposed by

Honda & Tokoro in [61]. It differs from Boudol’s encoding only in the clauses for the input and output

prefix:

THT(x̄z.P) := x(u).(ūz|THT(P)) choosing u /∈ n(P)∪{x,z}
THT(x(y).P) := (νu)(x̄u|u(y).THT(P)) choosing u /∈ n(P))∪{x}.

While intuitively equally plausible as Boudol’s encoding, THT is slightly more concise, at the price of

swapping input and output actions. Interestingly, the encoding THT is not valid up to
•≈ as defined in

Section 4: one has (x̄z.P) ↓x̄, yet THT(x̄z.P) ⇓x but THT(x̄z.P) 6 ⇓x̄. This shows that THT does not meet

the first condition of Definition 4.4.

In [49] a weaker form of weak barbed bisimilarity was introduced that makes THT into a valid

encoding. Instead of using all barbs ↓x̄ and ↓x, or only the output barbs ↓x̄, it employs so-called channel

barbs. A process is said to have the channel barb x ∈N iff it either has the barb x̄ or x. While this solves

the problem at hand, it feels a bit contra-intuitive that a new kind of barb needs to be introduced just

to confirm the intuitive validity of the encoding THT. A more fundamental solution to this problem is

the use of external barbs as advocated in Section 13.3. When defining barbed bisimilarities in terms of

external barbs, THT is in fact valid up to weak barbed bisimilarity—and even up to divergence-preserving

branching barbed bisimilarity.

14 Applications

14.1 CSP

The language CSP [15, 16, 60] is parametrised by a set Σ of communications. Here I use the core of CSP

studied under the name Communicated Processes in [79]. It is given by the following grammar.

E,F ::= div | stop | a→E | E ⊓F | E �F | E‖AF | E\A | f (E) | X | µX .E

Here E and F are CSP expressions, a ∈ Σ, A ⊆ Σ, f : Σ→ Σ and X ∈X . The operators in the above

grammar are divergence, inaction, action prefixing, internal and external choice, parallel composition,

concealment and renaming. The operators stop, a→, ⊓, �, \A, f ( ) and the recursion construct µX .E
stem from [15], and div and ‖A from [79]. The parallel composition ‖A requires its two arguments to

synchronise over the actions in A; it unifies the operators ‖ and ‖| from [15, 16], which are the special

cases ‖Σ and ‖ /0 of ‖A, respectively. The constant div can be seen as syntactic sugar for µX .X . Compared

to [16], the above grammar leaves out sequential composition E;F and the constant skip.

The domain VCSP in which this language is interpreted consists of pairs 〈D,F〉 of divergencesD⊆ Σ∗

and failure sets F ⊆ Σ∗×P(Σ), satisfying some closure properties [16, 79]. Intuitively, s ∈ D indicates

that the process 〈D,F〉 can perform the sequence of observable actions s, after which it engages in an

infinite sequence of unobservable actions; 〈s,Y〉 ∈ F indicates that the process 〈D,F〉 can perform the

sequence of observable actions s, after which it reaches a state of deadlock, by not engaging in any

further actions, even though the environment in which it is running allows it to continue with the actions

from Y ⊆ Σ. After a divergence s no further information is observable, which semantically is achieved

by saturating D with all possible divergences st and F with all failure pairs 〈st,Y〉.
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The semantics J KCSP :TCSP→ ((X →VCSP)→VCSP) is defined inductively below. For E ∈TCSP

a CSP expression and ρ : X →VCSP a valuation of the variables, JEKCSP(ρ) is a pair, of which, following

[16], the two components are denoted DJEKρ and F JEKρ . The following definition stems from [16].

DJdivKρ = Σ∗ F JdivKρ = Σ∗×P(Σ)
DJstopKρ = /0 F JstopKρ = {〈ε ,Y〉 | Y ⊆ Σ}
DJa→EKρ = {as | s ∈DJEKρ} F Ja→EKρ = {〈ε ,Y〉 | a /∈ Y}∪{〈as,Y〉 | 〈s,Y〉 ∈F JEKρ}
DJE ⊓FKρ = DJEKρ ∪DJFKρ F JE ⊓FKρ = F JEKρ ∪F JFKρ
DJE �FKρ = DJEKρ ∪DJFKρ F JE �FKρ = {〈ε ,Y〉 | 〈ε ,Y〉 ∈F JEKρ ∩F JFKρ}

∪{〈s,Y〉 | s 6= ε ∧〈s,Y〉∈F JEKρ∪F JEKρ}
∪{〈s,Y〉 | s ∈DJE �FKρ}

Here ε denotes the empty sequence. In the same vain there are clauses for E‖AF , E\A and f (E). The

meaning JµX .EKCSP(ρ) ∈ VCSP of µX .E is the least fixed point of the equation X = JEK(ρ [X 7→ X ]),
where ρ [X 7→ X ] is the valuation that differs from from ρ only on the input X , where it yields X ∈VCSP.

This least fixed point exists, because the partial order ⊑ on V, given by 〈D,F〉 ⊑ 〈D′,F ′〉 iff D′ ⊆ D
and F ′ ⊆F makes VCSP into a c.p.o. on which all relevant functions are continuous [16].

In [79], besides the above denotational semantics of CSP, also an operational semantics is provided.

It is given by the binary transition relations
α−→ between closed CSP expressions P,Q derived by the

rules of Table 1. Here a ranges over Σ and α over Σ⊎{τ}, and relabelling operators f are extended to

div
τ−→ div (a→ P)

a−→ P P⊓Q
τ−→ P P⊓Q

τ−→ Q

P
a−→ P′

P�Q
a−→ P′

P
τ−→ P′

P�Q
τ−→ P′�Q

Q
a−→ Q′

P�Q
a−→ Q′

Q
τ−→ Q′

P�Q
τ−→ P�Q′

P
α−→ P′ (α /∈A)

P‖AQ
α−→ P′‖AQ

P
a−→ P′ Q

a−→ Q′ (a∈A)

P‖AQ
a−→ P′‖AQ′

Q
α−→ Q′ (α /∈A)

P‖AQ
α−→ P‖AQ′

P
α−→ P′ (α /∈A)

P\A α−→ P′\A
P

a−→ P′ (a∈A)

P\A τ−→ P′\A
P

α−→ P′

f (P)
f (α)−→ f (P′)

µX .E
τ−→ E[µX .E/X ]

Table 1: Structural operational semantics of CSP

Σ⊎{τ} by f (τ) = τ . The failures and divergences of a CSP process can be extracted from its operational

semantics:

Definition 14.1 Write P =⇒Q if there are processes P0, . . . ,Pn, with n≥ 0, such that P = P0, Pi
τ−→ Pi+1

for all 0 ≤ i < n, and Pn = Q. Write P
α

=⇒ Q if there are processes P′,Q′ with P =⇒ P′
α−→ Q′ =⇒ Q.

Write P
s

=⇒ Q, for s = a1a2 . . .an ∈ Σ∗ with n ≥ 0, if there are processes P0, . . . ,Pn such that P = P0,

Pi
ai=⇒ Pi+1 for all 0≤ i < n, and Pn = Q. Let I(P) = {α ∈ Σ∪{τ} | ∃Q.P

α−→ Q}.
s ∈ Σ∗ is a divergence of a process P ∈ TCSP if there are Pi for all i≥0 with P

s
=⇒ P0

τ−→ P1
τ−→ . . ..

The divergence set of P is D(P) := {st | s is a divergence of P}.
A pair 〈s,Y〉 ∈ Σ∗×P(Σ) such that P

s
=⇒ Q for some Q with I(Q)∩(Y∪{τ})= /0 is a stable failure

of a process P. The failure set of P is F (P) = {〈s,Y〉 | s ∈D(P) or 〈s,Y〉 is a stable failure of P}.
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Olderog & Hoare [79] showed that this operational semantics is consistent with the denotational seman-

tics of CSP, in the sense that JPKCSP = 〈D(P),F (P)〉 for all closed CSP expressions P.

In my framework a language comprises syntax as well as semantics, so the operational version of

CSP is formally a different language, with the same syntax as CSP, which I call CSPop. I see CSPop as a

closed-term language. I now claim that the language CSP is at least as expressive as CSPop. To formalise

this I need to pick a semantic equivalence on VCSP∪TCSP. I take failures-divergences equivalence ≡FD.

On VCSP this is simply the identity relation, and for P,Q ∈ TCSP write P ≡FD Q iff D(P) = D(Q)
and F (P) =F (Q). Moreover, for 〈D,F〉∈VCSP and P∈TCSP let P ≡FD 〈D,F〉 iff D(P) =D and

F (P) =F. I now claim that the identity function I on TCSP is a valid encoding up to ≡FD from

CSPop into CSP. The semantic translation RCSP witnessing this validity is ≡FD ↾(VCSP×TCSP). The

validity of I is a direct consequence of the consistency result from [79]. To make the two languages

equally expressive, the syntax of CSP needs to be sufficiently enriched to ensure that for each semantic

object 〈D,F〉∈VCSP there exists a P ∈ TCSP such that P ≡FD 〈D,F〉; this makes R−1
CSP into a semantic

translation. As long as there are undenotable objects 〈D,F〉∈VCSP, the language CSP is slightly more

expressive than CSPop.

14.2 ACP

The process algebra ACP [10, 5, 29] is parametrised by a set A of actions and a commutative and associa-

tive communication function γ : A×A→ A⊎{δ}.12 Here I consider the extension ACPR with relational

renaming. Its syntax is given by the grammar

E,F ::= a | δ | E +F | E ·F | E‖F | E⌊⌊F | E|F | ∂H(E) | R(E) | X | 〈X |S〉

where E and F are ACPR expressions, a ∈ A, H ⊆ A,R⊆ A×A and X ∈X . Moreover, S is a recursive

specification, given by a set VS ⊆X of bound variables and an equation X = SX , with SX an ACPR

expression, for each X ∈VS ; in the recursive call 〈X |S〉 one requires that X ∈VS .

a
a−→√

P
a−→√

P+Q
a−→√

Q
a−→√

P+Q
a−→√

P
a−→ P′

P+Q
a−→ P′

Q
a−→ Q′

P+Q
a−→ Q′

P
a−→√

P ·Q a−→Q

P
a−→ P′

P ·Q a−→ P′·Q

P
a−→√

R(P) b−→√
aRb

P
a−→ P′

R(P) b−→R(P′)
aRb

P
a−→√

P‖Q
a−→ Q

Q
a−→√

P‖Q
a−→ P

P
a−→ P′

P‖Q
a−→ P′ ‖Q

Q
a−→ Q′

P‖Q
a−→ P‖Q′

P
a−→√, Q

b−→√

P‖Q
c−→√

γ(a,b)=c
P

a−→√, Q
b−→ Q′

P‖Q
c−→ Q′

γ(a,b)=c
P

a−→ P′, Q
b−→√

P‖Q
c−→ P′

γ(a,b)=c
P

a−→ P′, Q
b−→ Q′

P‖Q
c−→ P′ ‖Q′

γ(a,b)=c

P
a−→√

∂H(P)
a−→√

a 6∈H
P

a−→ P′

∂H(P)
a−→ ∂H(P

′)
a 6∈H

〈SX |S〉 a−→√

〈X |S〉 a−→√
〈SX |S〉 a−→ P′

〈X |S〉 a−→ P′

Table 2: Structural operational semantics of ACPR (leaving out the rules for ⌊⌊ and |)

12If γ(a,b) = c∈A, two parallel components may synchronise when executing the actions a and b respectively, and the result

of that synchronisation is called c. If γ(a,b) = δ , the actions a and b cannot synchronise. In judging associativity, γ is extended

to type (A⊎{δ})× (A⊎{δ})→ (A⊎{δ}) by defining γ(δ ,a) = γ(a,δ ) = δ .
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The operational semantics of ACPR is given by the unary and binary transition relations
a−→√ and

a−→
on TACP derivable by the rules of Table 2, where a,b,c ∈ A, P,P′,Q,Q′ are closed ACP expressions, and

〈SX |S〉 denotes the term SX [σ ], where SX is the right-hand side of the equation for X in the recursive

specification S , and σ is the substitution that sends Y to the recursive call 〈Y |S〉 for each Y ∈ VS , and

satisfies σ(Z) = Z for Z /∈VS . Intuitively, P
a−→√ says that process P can perform the action a and then

terminate successfully. It might seem unfortunate that in Table 2 most rules come in two versions, one

with a process on the right-hand side, and one with the termination symbol
√

. Two dialects of ACPR

have been proposed that avoid this: ACPε
R [111] does so by adding a constant ε to the syntax, indicating

successful termination, and aprACPR [4, 39] by dropping successful termination altogether. In aprACPR

the action constants a and the sequential composition · have been replaced by a family of unary action-

prefixing operators a. , one for each a ∈ A.

a.P
a−→ P

P
a−→ P′

P+Q
a−→ P′

Q
a−→Q′

P+Q
a−→ Q′

P
a−→ P′

R(P) b−→R(P′)
aRb

P
a−→ P′

f •P
f (a)−−−→ P′

P
a−→ P′

P‖Q
a−→ P′ ‖Q

Q
a−→ Q′

P‖Q
a−→ P‖Q′

P
a−→ P′, Q

b−→Q′

P‖Q
c−→ P′ ‖Q′

γ(a,b)=c
P

a−→ P′

∂H(P)
a−→ ∂H(P

′)
a 6∈H

〈SX |S〉 a−→ P′

〈X |S〉 a−→ P′

Table 3: Structural operational semantics of aprACPR
trig

(leaving out the rules for ⌊⌊ and |)13

Both languages have the same parameters A and γ as ACPR, for ACPε
R with the extra condition that√

/∈ A. Tables 3, without the blue rule, and 4 provide their operational semantics. Here a,b,c range

over A and α ,β ,ζ over A⊎{√}. In Table 4 each R has been extended with the pair (
√
,
√
) to become

a binary relation over A⊎{√}, and γ is extended to type (A⊎{√})× (A⊎{√})→ (A⊎{√,δ}) by

γ(
√
,
√
) =
√

and γ(a,
√
) = γ(

√
,a) = δ , thus stipulating that a parallel composition can terminate only

when both of its components can do so.

a
a−→ ε ε

√
−→ δ

P
α−→ P′

P+Q
α−→ P′

Q
α−→ Q′

P+Q
α−→ Q′

P
a−→ P′

P ·Q a−→ P′ ·Q
P

√
−→ P′ Q

α−→ Q′

P ·Q α−→ Q′

P
a−→ P′

P ⌊⌊Q
a−→ P′ ‖Q

P
a−→ P′

P‖Q
a−→ P′ ‖Q

Q
a−→ Q′

P‖Q
a−→ P‖Q′

P
α−→ P′, Q

β−→ Q′

P‖Q
ζ−→ P′ ‖Q′

γ(α ,β )=ζ
P

α−→ P′, Q
β−→ Q′

P|Q ζ−→ P′ ‖Q′
γ(α ,β )=ζ

P
α−→ P′

∂H(P)
α−→ ∂H(P

′)
α 6∈H

P
α−→ P′

R(P)
β−→R(P′)

αRβ
〈SX |S〉 α−→ P′

〈X |S〉 α−→ P′

Table 4: Structural operational semantics of ACPε
R

Below I will also make use of the extension aprACP
trig
R of aprACPR with the triggering operator f• of

MEIJE [3]. It renames the initial actions of its argument according to the renaming operator f : A→ A;

see the blue rule in Table 3.

13In [39, Section 3.5] I showed that up to strong bisimilarity ⌊⌊ and | are expressible in the rest of the language.
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14.3 Expressiveness of parametrised languages

I will proceed to investigate the relative expressiveness of ACPR, aprACPR, ACPε
R and CSP. This neces-

sitates extending Definition 2.2 of expressiveness to parametrised languages L (Γ), where the parameter

Γ could be a vector such as (A,γ). When comparing aprACPR(A,γ) with CSP(Σ), the parameters of

these languages have a different type, so cannot be chosen equal.

Definition 14.2 A parametrised language L ′(Λ) is at least as expressive as a parametrised language

L (Γ) iff for each choice Γ0 of the parameter Γ there exists a choice Λ0 of the parameter Λ such that

L ′(Λ0) is at least as expressive as L (Γ0).

Section 4 compared the expressiveness of the parametrised languages mπ(N ) and aπ(N ) and found

them equally expressive up to
•≈, weak barbed bisimilarity. In that section I was not explicit about the

choice of the parameter N—the set of names out which π-calculus expressions are built. However, the

translation T from mπ to aπ presented there would not be compositional in the sense of Definition 3.1,

if for a given choice N0 of N, the language mπ(N0) would be simply translated into aπ(N0). Namely,

the clauses for T (x̄z.P) and T (x(y).P) involve the choice of two names u,v ∈ N0 that are not allowed

to occur in P. This means that the contexts Cx̄z. and Cx(y). that must exist by Definition 3.1 cannot be

chosen independently of P, which violates Definition 3.1. This problem is solved by applying Defini-

tion 14.2 such that each language mπ(N0) is translated into mπ(N1), for N1 :=N0⊎{u,v}: the original

set of names to which two fresh names are added, for use in these clauses.

14.4 Sequential composition can be encoded in terms of action prefixing

I will show that up to strong bisimilarity aprACPR is no less expressive than ACPε
R. Strong bisimilarity is

often considered the finest reasonable semantic equivalence for system description languages like CCS

and ACP. It is defined on the states S of a labelled transition system (S,→) where→⊆ S×L×S. Here

L is the set of all possible transition labels. It extends to a relation between states in different transition

systems by considering multiple transition systems as one by taking their disjoint union.

Definition 14.3 Strong bisimilarity is the largest symmetric relation↔⊆ S×S such that

• P↔ Q and P
a−→ P′ implies Q

a−→ Q′ for some Q′ with P′↔ Q′.
This specialises to aprACPR(A,γ) and ACPε

R(A,γ) processes by seeing these as states in labelled transi-

tion systems with L = A and L = A⊎{√} respectively. Since ACPε
R is an extension of ACPR with one

extra constant, it is at least as expressive as ACPR, with the identity mapping I a valid translation from

ACPR(A,γ) to ACPε
R(A,γ), provided one restricts the family of languages ACPR(A,γ) to those sets A

satisfying
√

/∈ A. The easiest definition of strong bisimilarity supporting this translation simply defines

two ACPR processes P and Q to be strongly bisimilar iff I (P)↔ I (Q). That ACPε
R is strictly more

expressive, even in absolute terms, follows since in ACPR we cannot model any process such as a+ ε
with a state that allows successful termination as well as some continuation.

Whether aprACPR is strictly more or strictly less expressive than ACPR and ACPε
R depends on

whether we allow family members aprACPR(A,γ) with
√ ∈ A or not. If not, aprACPR(A,γ) can be

translated into ACPR or ACPε
R by the translation T satisfying T (a.P) := a ·T (P) for all a ∈ A that

translates all other constructs of aprACPR homomorphically. Here an n-ary operator f is translated

homomorphically iff T ( f (P1, . . . ,Pn)) = f (T (P1), . . . ,T (Pn)), and recursion is translated homomor-

phically iff T (〈X |{Y = SY | Y ∈W}〉) = 〈X |{Y = T (SY ) | Y ∈W}〉 with T (X) = X . So the identity

translation I is the one that translates all constructs homomorphically. That the above translation is

valid up to↔ is straightforward. Strictness follows since even the absolute expressiveness of aprACPR

is less than that of ACPR or ACPε
R, for in aprACPR we cannot express any terminating process such as a.
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When allowing
√ ∈ A at the side of aprACPR(A,γ), the language ACPε

R(A0,γ0) can be translated

into aprACP
trig
R (A2,γ2), with A2 := A1⊎H , A1 := A0⊎{

√} and H := {aini,apost | a ∈ A1}⊎{X}, where

γ1 : A1×A1→ A1⊎{δ} extends γ0 with γ1(
√
,
√
) =
√

and γ1(a,
√
) = γ1(

√
,a) = δ for a ∈ A0, and γ2

extends γ1 with γ2(X,aini) = γ2(a
ini,X)= apost for a∈A1 (and γ2(α ,β ) = δ when not defined so far). Let

fX, f ini, f post :A2→A2 be the renaming functions (special cases of the renaming relationR of aprACPR)

defined by
fX(
√
) =X f ini(a) = aini for all a ∈ A1 f post(apost) = a for all a ∈ A1

fX(α) = α for all α 6=√ f ini(α) = α for all α ∈ H f post(α) = α for all α 6= apost.

Let T be the translation from ACPε
R(A0,γ0) to aprACP

trig
R (A2,γ2) defined by

T (ε) =
√
.δ T (a) = a.

√
.δ for all a ∈ A0 T (P ·Q) = ∂H

(

f post
(

fX(T (P))|| f ini •T (Q)
))

and where the remaining constructs are translated homomorphically. This translation is such that pro-

cesses T (P) exhibit transition labels from A1 only, but the ones from H play an auxiliary rôle in the

definition of T (P ·Q). Translation T renames the termination label
√

of the first process in a sequential

composition into the auxiliary label X, and tags all initial actions (including
√

) of the second process

with a tag ini. The encapsulation operator ∂H makes sure that none of those actions can occur by them-

selves. Now P ·Q is implemented by means of a parallel composition that forces all initial actions of Q

to synchronise with the termination action of P. That this translation is valid up to↔ follows because

R := {(P,T (P)) | P ∈ TACPε
R
} ⊆↔, as can be shown by a straightforward structural induction on P.

It follows that up to↔ aprACP
trig
R is more expressive than ACPε

R. In [39] it was shown that up to↔
aprACPR is equally expressive as aprACP

trig
R , i.e., triggering has a valid translation in aprACPR. Thus,

by Theorem 11.11, aprACPR is more expressive than ACPε
R. This time strictness follows since only in

aprACPR can one find a process that performs some action b after
√

.

The observation that up to↔ ACPε
R can be encoded into aprACPR does not come as a surprise. The

structural operational semantics of CSPop, aprACPR and ACPε
R consists of rules of a particular form,

described by Robert de Simone [106], which is now known as De Simone format; accordingly, these

languages are called De Simone languages. He showed [105] that up to strong bisimilarity, any De

Simone language admits a valid translation into MEIJE. Inspired by De Simone’s work, in [39] I showed

that up to↔ De Simone language also admit valid translations into aprACPR. Crucial for this result is

that any label that appears in the operational semantics of a source language of the translation may also

be included in the parameter A of aprACPR. For this reason I do allow actions like τ and
√

there.

14.5 Encoding CSP into aprACPτ
R

The language ACPτ extends ACP with a constant τ , denoting an unobservable action, and operators τI

for I ⊆ A that abstract from the actions in I by making them unobservable. The same extension applies

to the languages ACPτ
R(A,γ), ACPτε

R (A,γ) and aprACPτ
R(A,γ), although in the latter case the extension

is with an action-prefixing operator τ . . Below are the operational rules for the τI operators.

P
a−→ P′

τI(P)
τ−→ τI(P

′)
a∈I

P
α−→ P′

τI(P)
α−→ τI(P

′)
α /∈I

Naturally, one should now require that τ /∈ A, and α ranges over A⊎{τ}. Moreover, in the rules of

Tables 2 and 3, one can let a,b,c range over A⊎{τ}, when extending R with the pair (τ ,τ), and stip-

ulating that γ(a,τ) = γ(τ ,a) = δ . Up to ↔, the language aprACPτ
R(A,γ) is strictly more expressive

than aprACPR(A,γ); the identity mapping is a valid translation from aprACPR(A,γ) to aprACPτ
R(A,γ).
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Nevertheless, the family of languages aprACPR is strictly more expressive than the family aprACPτ
R.

This is because there exists a straightforward translation, valid up to ↔, from aprACPτ
R(A0,γ0) into

aprACPR(A1,γ1) for A1 := A0⊎{τ} and γ1 extending γ0 by γ1(τ ,α) = γ1(α ,τ) = δ for all α ∈ A1. This

translation simulates the abstraction operators τI by renaming operators.

The previous section quoted a general result that implies that there is a translation, valid up to↔,

from CSPop into aprACPR. I conjecture that this result cannot be sharpened into a translation, valid up

to ↔, from CSPop into aprACPτ
R. However, below I present a translation from CSPop into aprACPτ

R

for which I conjecture that it is valid up to rooted weak bisimilarity [40], originally called observation

congruence [70], or even up to rooted branching bisimilarity [51].

I translate CSPop(Σ) into aprACPτ
R(A,γ), where A := Σ⊎ {τ} ⊎H with H := {afirst,anext,aini,

asyn,apost | a ∈ Σ}∪{first, next} and γ defined by

γ(a,first) = afirst γ(a,next) = anext
γ(choose,aini) = apost γ(asyn,asyn) = apost

for all a ∈ Σ, in the understanding that γ is commutative and γ(a,b) = δ when not defined otherwise.

Write a∞ for the process that perpetually performs the action a. This process is rendered in aprACPτ
R

as 〈X |{X = a.X}〉. Let H1 := Σ⊎{first, next}. Then, for P an aprACPτ
R-process with actions from

Σ⊎ {τ}, ∂H1
(P‖first.next∞) is the process obtained from P by tagging the first visible actions by

(the subscript) first, and all subsequent ones by next. Let f A, f ini, f post : A→ A be the renaming

functions defined by

f A(a) =

{

asyn if a ∈ A

a otherwise
f ini(α) =







aini if α = afirst
a if α = anext
α otherwise

f post(α) =

{

a if α = apost
α otherwise

—they can be employed as special cases of the relational renaming operator R of aprACPτ
R(A,γ). Now,

for P an aprACPτ
R-process with actions from Σ⊎{τ}, f ini(∂H1

[P‖first.next∞]) is the process obtained

from P by tagging the first visible actions by ini.

Below is my translation T from CSPop(Σ) into aprACPτ
R(A,γ). Processes T (P) exhibit transition

labels from Σ⊎{τ} only.

T (div) = 〈X |{X = τ .X}〉 T (a→E) = a.T (E)
T (stop) = δ T (E ⊓F) = τ .T (E)+ τ .T (F)
T (E\A) = τA(T (E)) T (X) = X

T ( f (E)) = f (T (E)) T (µX .E) = 〈X |{X = τ .T (E)}〉
T (E‖AF) = ∂H

(

f post
(

f A(E)‖ f A(F)
))

T (E �F) = ∂H

(

f post
(

f ini(∂H1
[E‖first(next∞)])‖choose.δ‖ f ini(∂H1

[F‖first(next∞)])
))

This translation is not valid up to strong bisimilarity, as T (τ→stop�b→c→stop) has a trace bτc, which

is not a trace of τ→stop� b→c→stop. I conjecture that T is valid up to rooted branching bisimilarity

[51], because that equivalence satisfies the law a.P = a.(τ .0‖P).
The results of Sections 14.4 and 14.5 are depicted in the right-lower corner of Figure 2, where the grey

dot denotes aprACPτ
R extended with triggering. Here a black arrow L L ′ indicates a translation

valid up to strong bisimilarity, whereas a red one is conjectured valid up to rooted branching bisimilarity.

By Theorem 11.18, the expressiveness hierarchy CSPop aprACPτ
R aprACP

τ ,trig
R aprACPR

is strict, since (a) rooted branching bisimilarity is a congruence for aprACP
τ ,trig
R [41] but not for aprACPR,

(b) rooted weak bisimilarity is a congruence for aprACPτ
R [41] but not for triggering, and (c) weak

bisimilarity is a congruence for CSPop [41] but not for the + of aprACPτ
R.



58 A Theory of Encodings and Expressiveness

α .P
α−→ P

Pj
α−→ P′j

∑i∈I Pi
α−→ P′j

( j ∈ I)

P
α−→ P′

P|Q α−→ P′|Q
P

a−→ P′, Q
ā−→ Q′

P|Q τ−→ P′|Q′
Q

α−→ Q′

P|Q α−→ P|Q′

P
α−→ P′

P\H α−→ P′\H
(α 6∈ H ∪H)

P
α−→ P′

P[ f ]
f (α)−→ P′[ f ]

〈SX |S〉 α−→ P′

〈X |S〉 α−→ P′

Table 5: Structural operational semantics of CCS

14.6 CCS

CCS [70] is parametrised with a set A of visible actions. The set A of co-actions is A := {ā | a∈A}, and

L := A∪A is the set of labels. The function ·̄ is extended to L by declaring ¯̄a = a. Finally, Act := L⊎{τ}
is the set of actions. Below, a, b, c, . . . range over L and α , β over Act. A relabelling is a function

f : L→L satisfying f (ā) = f (a); it extends to Act by f (τ) := τ . The syntax of CCS is given by

E,F ::= α .E | ∑i∈I Ei | E|F | E\H | E[ f ] | X | 〈X |S〉

where I is an arbitrary index set, E , F and the Ei are CCS expressions, α ∈ Act, H ⊆ A, f is a relabelling

and X ∈X . The recursive call 〈X |S〉 is the same as for ACP. I use ACP notation here; in [70] the

recursive specification S is written {Xi = Ei | i ∈ I} and the recursive call 〈X j|S〉 is displayed as fix jS .

The transition relations
α−→ between closed CCS expressions are derived by the rules of Table 5. One

writes P1+P2 for ∑i∈I Pi when I={1,2}, and 0 when I= /0.

Here I consider twelve versions of CCS. First of all, CCS+ is obtained by restricting the index sets

I of the choice operator ∑i∈I to be finite. Equivalently, it can be presented by dropping that operator

altogether, in favour of the binary choice operator + (with the same operational rules as in Table 3)

and the constant 0 (with no operational rules). It can be deemed an advantage of this version of CCS

that there are no operators with infinitely many arguments, but on the other hand the infinite sum is

extremely convenient in practical applications, e.g., when modelling the receipt over some channel of

an arbitrary natural number. A compromise is found in the language CCSq, featuring 0 and + as well

as the choice quantifier ∑h∈H E[ fh] proposed in Section 2. This language features only operators with

finitely many arguments, yet still allows applications of the above-mentioned kind. In general, up to
↔, the authentic CCS [70] is more expressive than CCS+, with CCSq sitting in between, as indicated

in the second column of Figure 2. However, the operator ∑i∈I where I is required to be countable is

already expressible in CCS+, as shown in [39]. This encoding hinges on the use of unguarded recursive

specifications with infinitely many equations.

Orthogonal to that hierarchy are the variants of CCS without variables and without the recursion

construct, but parametrised with a set of agent identifiers Xi, which are extra constants in the language,

each equipped with a defining equation Xi
def
= Pi with Pi ∈ TCCS [69]. The extra parameter of this language

CCSAI can be seen as a recursive specification S , but one without free variables. It is trivial to translate

CCSAI(A,S) into CCS(A), namely by translating each agent identifier X into the recursive call 〈X |S〉.
Even though the absolute expressiveness of CCSAI and CCS is the same, the relative expressiveness of

CCS is greater, up to↔. Namely, the replication operator ! of the π-calculus [101], applied to the variable
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CCSAI,+

CCSAI,q

CCSAI

CCS+

CCSq

CCS

CCS
AI,+
γ

CCS
AI,q
γ

CCSAI
γ

CCS+
γ

CCS
q
γ

CCSγ

aprACPτ
R

aprACP
τ ,q
R

aprACP
τ ,∞
R

ACP
(with

√
/∈ A)

ACPε
RCSPop

πAI
IM

π !
IM

πAI

π !•

•

•

CCS
trig
γ

•

•

•

aprACPR

aprACP
q
R

aprACP∞
R

Figure 2: Expressiveness hierarchy between some versions of CCS, CSP, ACP and the π-calculus

X , can be translated into CCS as 〈Y |{Y = X‖Y}〉. Here, the recursive specification {Y = X‖Y} features

the free variable X ∈X , which is not permitted in CCSAI. I conjecture that the replication operator

cannot be expressed in CCSAI.

There exists a trivial translation, valid up to ↔, from CCS+(A) into aprACPτ
R(B,γ), where B :=

A⊎A⊎ I, I := {â | a ∈ A} and γ(a, ā) = γ(ā,a) = â for all a ∈ A:

T (0) = δ T (E\H) = ∂H(T (E)) T (E[ f ]) = f (T (E)) T (E|F) = τI(E‖F)

and the other constructs are translated homomorphically. When aprACP
τ ,∞
R and aprACP

τ ,q
R denote the ex-

tensions of aprACPτ
R with the infinite choice of CCS and the choice quantifier, respectively, one can find

similar translations from CCS into aprACP
τ ,∞
R , and from CCSq into aprACP

τ ,q
R , as indicated in Figure 2.

In [48] a variant CCSγ of CCS was defined as a middle ground between CCS and aprACP
τ ,∞
R . It

has three parameters: an alphabet A of visible actions, with a subset S ⊆ A of synchronisations, and a

commutative communication function γ : (A\S )2→S ⊎{τ ,δ}. This disables multiway synchronisa-

tion. Compared to CCS there are no co-actions, so Act := A⊎{τ}. The syntax of CCSγ is the same as

that of CCS, except that parallel composition is denoted ‖ rather than |, following ACP. This indicates

a semantic difference: the rule for communication in the middle of Table 5 is for CCSγ replaced by the

corresponding rule from Table 3. Moreover, relabelling operators f : A→ Act are allowed to rename

visible actions into τ , but not vice versa.14 They are required to satisfy c ∈S ⇒ f (c) ∈S ∪{τ}. These

are the only differences between CCS and CCSγ . As indicated in Figure 2, each of the 6 versions of CCS

considered above has a CCSγ-counterpart.

All variants of CCS and aprACP can also be extended with the triggering operator of MEIJE [3]. As

mentioned before, such an extension doesn’t increase the expressiveness of aprACPR. For the some of

the other languages in Figure 2, its extension with triggering is indicated in grey.

14Renaming into τ could already be done in CCS by means of parallel composition. Hence this feature in itself does not add

extra expressiveness.
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14.7 The π-calculus

The original π-calculus [72, 73]—I here call it πAI—is parametrised with an infinite setN of names and,

for each n ∈N, a set of Kn of agent identifiers of arity n. Its syntax is given by

P,Q ::= 0 | τ .P | x̄y.P | x(z).P | P+Q | P|Q | [x=y]P | (νz)P | V (y1, . . . ,yn)

with x,y,z,yi ranging overN and V ∈Kn. The set fn(P) of free names of an expression P ∈ TπAI is given

as in Definition 4.1. Each agent identifier V ∈ Kn comes with a unique defining equation

V (x1, . . . ,xn)
def
= P

where the names xi are all distinct and fn(P)⊆ {x1, . . . ,xn}.
In [101] a version of the π-calculus is standardised whose syntax differs on two counts from πAI.

First of all, following [71], the agent identifiers are replaced by a unary replication operator !, where !P

is like an infinite parallel composition P|P| · · ·. Secondly, the matching operator [x=y] may be used only

in a disciplined way: an expression [x=y]P is allowed only when P has the form α .Q, where α is τ , xy

or x(z), possibly preceded by other matching operators. Semantically, [x=y]P behaves as P when x and y

are names of the same channel, and as 0 otherwise. I denote this version of the π-calculus by π !
IM, where

IM stands for implicit matching. Between πAI and π !
IM languages πAI

IM and π ! can be found, which differ

from πAI on only one of these counts. The language mπ from Section 4 is a sublanguage of π !
IM.

Notions of structural congruence, a reduction relation and barbs can be defined for these versions

of the π-calculus, similar to how this was done in Section 4—see [101] for details. Consequently,
•∼,

strong barbed bisimilarity—see Definition 13.1—is well defined on π-calculus expressions. In [48] I

extended this definition to CCSγ by defining a reduction relation and barbs for CCSγ . As reductions I

simply took the τ-transitions, and the barbs where obtained by choosing a suitable set A as parameter of

CCSγ , defining a partial function O : A⇀ Ω, with Ω a collection of barbs, and letting P↓ω iff P
a−→ P′

for some P′ and a ∈ A with O(a) = ω .

In [48] I presented a translation from πAI
IM into CCS

AI,q
γ that is valid up to

•∼. It is indicated in blue

in Figure 2. In [48] this translation was presented as going from πAI
IM into CCSAI

γ , there called πIM and

CCSγ since agent identifiers where used throughout the paper. However, it is trivial to see that the target

of the translation lays within CCS
AI,q
γ . The same paper also presented an extension of this translation

from all of πAI into CCS
AI,q
γ extended with the triggering operator, also indicated in Figure 2. Instead

of using the above-mentioned barbs that are typical for the π-calculus, the translations of [48] are also

valid when using barbs that are external to π and CCSγ , as advocated in Section 13.3; this follows by a

straightforward simplification of the proofs in [48].

Strong early congruence, the main semantic equivalence relation on π-calculus processes employed

in [101], arises as the congruence closure of
•∼. In an ad hoc way, namely dependent on the translation

T : TπAI
IM
→ TCCSAI

γ
, strong early congruence can be extended to TT (πAI

IM) ⊆ TCCSAI
γ

, the image of πAI
IM under

T , where it also is the congruence closure of
•∼. Now by Theorem 11.26 the translation T is not only

valid up to
•∼, but even under this so-defined strong early congruence. As a consequence of this, system

specifications and verifications carried out in πAI
IM can be replayed in CCSAI

γ .

An earlier translation from the π-calculus into CSP was presented in [98]. However, that translation

was not compositional, and accordingly one cannot make as strong a claim about replaying π-calculus

specifications and verifications in CSP.

In [48] I also provided two separation results. First of all, there is no translation from CCS
AI,q
γ (or

CCSAI,q) back to TπAI
IM

that is valid up to
•∼, so up to

•∼ CCSAI

γ is strictly more expressive than πAI
IM.

Secondly, there exists no translation valid up to
•∼ of πAI

IM into CCS.
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The translation of [48] of πAI
IM into CCS

AI,q
γ , and of πAI into CCS

AI,q,trig
γ , can be modified into one from

π !
IM into CCS

q
γ , and of π ! into CCS

q,trig
γ . Since my translations are compositional, the only extra effort

lays in translating the replication operator. Clearly, each π !-calculus process !P with fv(P) = {x1, . . . ,xn}
can be rendered in πAI, namely as V (x1, . . . ,xn), where V ∈ Kn is the agent identifier with the defining

equation V (x1, . . . ,xn)
def
= P|V (x1, . . . ,xn). However, there is no compositional translation of π ! into πAI,

translation the replication operator into a unary πAI-context. For this reason, when translating π !
IM into

CCS
q
γ , we cannot translate replication with agent identifiers, so as to stay in CCS

AI,q
γ . Instead, inspired by

Example 10.14, any compositional translation T from πAI
IM into CCS

AI,q
γ can be extended to π !

IM by

T (!P) := 〈X |{X = T (P|X)}〉.

15 Related work

A first version of the concept of a valid translation from the present paper occurred in Boudol [13] under

the name translation or syntax-directed implementation (Page 21). It applies to closed-term languages

only. In [39] I have reformulated Boudol’s definition, while dropping the restriction to closed-term

languages. This allows (but does not enforce) a clear separation of syntax and semantics, in the tradition

of universal algebra. Nevertheless, the definition employed in [39] only deals with the case that all

(relevant) elements in the domain in which a language is interpreted are denotable as the interpretations

of closed terms. In [42] situations are described where such a restriction is undesirable. In addition,

both [13] and [39] require the semantic equivalence ∼ under which two languages are compared to be

a congruence for both of them. This is too severe a restriction to capture many more recent encodings

[12, 76, 78, 20, 6, 7, 81, 89].

In [42] I alleviated these two restrictions by proposing two notions of encoding: correct and valid 15

translations up to ∼. Each of them generalises the proposals of [13] and [39]. The former drops the

restriction on denotability as well as ∼ being a congruence for the whole target language, but it requires

∼ to be a congruence for the source language, as well as for the source’s image within the target. The

latter drops both congruence requirements (and allows ∼ to be a preorder rather than an equivalence),

but at the expense of requiring denotability by closed terms. In situations where ∼ is a congruence for

the source language’s image within the target language and all semantic values are denotable, the two

notions agree.

The current paper further generalises the work of [42] by proposing a new notion of a valid translation

that incorporates the correct and valid translations of [42] as special cases—see Sections 12.4 and 12.2.

It drops the congruence requirements as well as the restriction on denotability.

In [42] I limited attention to languages satisfying

if E
α
= F then JEKL = JFKL . (5)

This postulate says that the meaning of an expression is invariant under α-conversion. It can be reformu-

lated as the requirement that
α
=L is the identity relation—cf. Definition 11.4. This postulate is satisfied

by all my intended applications, except for the important class of closed-term languages. Languages like

CCS and the π-calculus can be regarded as falling in that class (although it is also possible to declare the

meaning of a term under a valuation to be an
α
=-equivalence class of closed terms). To bring this type of

application within the scope of my theory, in a previous version of this paper [45, 46] I weakened Pos-

tulate (5) by requiring merely that
α
=L is an equivalence relation. That weakened postulate was needed

15To avoid confusion, the notion of validity from [42] is called A-validity in the present paper—see Sections 7 and 12.2.
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in the proofs of Theorems 11.23 and 11.26. Here I managed to prove these theorems without using this

postulate, which could therefore be dropped.

15.1 Full abstraction

The concept of full abstraction stems from Milner [67]. It indicates a particularly nice connection be-

tween a denotational and an operational semantics of a language L . Here a denotational semantics is

a function J KL as introduced in Section 2, whereas an operational semantics is given by an evalua-

tion function E : TL → O from the closed terms, there called programs, to a set O of observations.

Evaluation determines an equivalence relation on programs: P ≈E Q iff E (P) = E (Q). Let ≈1c
E

be the

congruence closure of ≈E for the language L , as defined in Section 11.10.

Definition 15.1 ([67]) The semantic function J KL for L is fully abstract w.r.t. E iff for all P,Q ∈ TL

JPKL = JQKL ⇔ P≈1c
E Q .

A semantic function J KL always induces an equivalence relation on TL by P∼L Q iff JPKL = JQKL .

When this semantics is defined inductively as indicated in Section 11, ∼L must be a congruence. Now

J KL is fully abstract w.r.t. E iff ∼L =≈1c
E

.

Note that any equivalence relation ≈ can be extracted from an evaluation function E : TL → O,

namely by takingO to be the set of≈-equivalence classes of closed terms, with E mapping each P∈ TL

to its own equivalence class. This makes ≈E equal to ≈. Likewise, each congruence relation ∼ on TL

can be obtained from a semantics J KL : take V to be the set of∼-equivalence classes of closed terms, and

for E ∈TL and ρ : L →V define JEKL (ρ) to be the ∼-equivalence class of E[σ ], where σ : X → TL

is a closed substitution that maps each variable X to a member of the∼-equivalence class of closed terms

ρ(X). Since ∼ is a congruence, this definition is independent of the choice of σ .

Consequently, full abstraction can equally well be stated as a relation between two equivalence rela-

tions ∼ and ≈ on TL :
∼ is fully abstract w.r.t. L and ≈ iff ∼=≈1c

L
.

It is in this spirit that full abstraction has been employed in [38] and subsequent papers.

Riecke [97] and Shapiro [103] extend the notion of full abstraction to translations between languages.

Riecke [97] compares languages LS and LT with a shared evaluation function E : TLS
∪TLT

→ 2O,

associating with each closed expression a set of observations. Write P ⊑E Q, for P,Q ∈ TLS
∪TLT

, if

E (P) ⊆ E (Q), and let ⊑E
Li

be the congruence closure of ⊑E w.r.t. Li, for i = S,T (source and target).

He calls a translation T :TLS
→TLT

fully abstract iff, for all P,Q ∈ TLS
,

P⊑E
LS

Q ⇔ T (P)⊑E
LT

T (Q) .

The same notion occurs earlier in Mitchell [75], although not under the name “full abstraction”, and using

equivalence relations instead of preorders—taking P≈E Q iff E (P)= E (Q). He compares the expressive

power of programming languages in terms of abstraction preserving reductions between them. These

are translations that are compositional as well as fully abstract in the above sense. Later work abstracts

from the evaluation function E , and casts full abstraction directly in terms of equivalences ≈S and ≈T

on the source and target languages [99].

Felleisen [28] compares the expressive power of programming languages through a notion of elim-

inability of language constructs. With some effort, this approach can be seen to have significant similar-

ities with the approach of Mitchell [75], although it allows certain degenerate reductions [75].
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Whereas most work on expressiveness deals with closed-term languages, allowing a focus on syntax

over semantics, Shapiro [103] works entirely on the semantic side, leaving the syntax largely implicit.

His languages are triples (V,L ,≈), consisting of a semantic domain V, a collection L of partial opera-

tors on V, and a semantic equivalence ≈ on V. A language embedding of one such language (VS,LS,≈S)
into another (VT,LT,≈T) is defined to be a homomorphism of the partial algebra (VS,LS) into the par-

tial algebra (VT,LT). Recasting this definition in terms of my framework, this is a function R: VS→VT

such that there exists a compositional translation T : L1→L2 correct w.r.t. R (as in Definition 11.2).

For i = S,T let ≈i
Li

be the congruence closure of ≈i w.r.t. Li—Shapiro calls this the fully-abstract

congruence of Li. Then a language embedding is deemed fully abstract iff, for all v ,w ∈ VS,

v ≈S
LS

w ⇔ T (v)≈T
LT

T (w) .

In [104] these fully abstract language embeddings are used to classify a number of concurrent program-

ming languages by expressive power.

In Nestmann & Pierce [78] the notion of full abstraction was generalised by dropping the requirement

that the source and target equivalences being compared need to be congruence closures.

Definition 15.2 A translation T : TLS
→ TLT

is fully abstract w.r.t. the equivalences ≈S ⊆ T2
LS

and

≈T ⊆ T2
LT

if, for all P,Q ∈ TLS
,

P≈S Q ⇔ T (P)≈T T (Q) .

In this form, full abstraction has found widespread applications [76, 7]. Fu [31], for instance, bases a

theory of expressiveness on full abstraction, with divergence-preserving branching barbed bisimilarity in

the rôle of ≈S and ≈T.

As stressed in [54, 85], the notion of full abstraction is meaningful only in relation to a well-chosen

pair of source and target equivalences, and only in combination with a criterion like compositionality. In

particular, for each encoding T and each target equivalence ≈T there exists a source term equivalence

≈S, namely {(P,Q) |T (P)≈T T (Q)}, such that T is fully abstract w.r.t.≈S and ≈T. For each injective

encoding T and each source term relation≈S, there exists≈T⊆T2
LT

, namely {(T (P),T (Q)) |P≈S Q},
such that T is fully abstract w.r.t. ≈S and ≈T. Finally, for each pair ≈S and ≈T such that the cardinality

of TLT
/≈T

is greater than or equal to the cardinality of TLS
/≈S

there exists a translation from LS to LT

that is fully abstract w.r.t. ≈S and ≈T.

Naturally, any translation that is valid up to an equivalence ≈ as in Definition 11.3 of the current

paper is also fully abstract, namely w.r.t. the same equivalence ≈ in the rôle of both ≈S and ≈T. Further-

more, validity entails compositionality through Theorem 11.7. Both full abstraction and validity imply

an injective translation from the ≈S-equivalence classes of closed source terms to the ≈T-equivalence

classes of closed target terms. However, validity demands that this link between source and target terms

is again governed by ≈, whereas full abstraction implies no counterpart to this crucial requirement.

A typical example of a valid translation is the encoding of the synchronous into the asynchronous π-

calculus described in Section 4. This encoding is valid up to weak barbed bisimilarity
•≈. Consequently it

is also fully abstract w.r.t.
•≈ and

•≈ according to Definition 15.2. However, it is not fully abstract w.r.t.
•≈

and
•≈ in the more original sense of Shapiro [103] and others, due to the fact that

•≈ is not a congruence for

either the source or the target language. By Theorem 11.26 the same translation is also fully abstract w.r.t

the congruence closure of
•≈ on the source language, and a somewhat artificial equivalence on the target

language that is the congruence closure of
•≈ under translated source contexts. Although closer, this is

still not a full-abstraction result according to Shapiro, as the latter equivalence fails to be a congruence

for all of the target language. Finally, by Theorem 11.20, the same encoding is furthermore fully abstract
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w.r.t. the congruence closure of
•≈ on the target language, and an artificial congruence on the source

language that is strictly finer than the congruence closure of
•≈ on the source language. This is a full

abstraction result in the framework of [103]. However, in line with the observations of [54, 85], the latter

two full abstraction results should not be regarded as lending additional credibility to this particular

encoding of the synchronous into the asynchronous π-calculus. Since Theorems 11.26 and 11.20 hold in

great generality, these full abstraction results are merely consequences of the validity of the encoding up

to
•≈.

It is well known that Boudol’s encoding—described in Section 4—of the synchronous into the asyn-

chronous π-calculus fails to be fully abstract w.r.t. ∼=c and ∼=c
a. Here ∼=c is the congruence closure of

•≈
on the source language, and ∼=c

a the congruence closure of
•≈ on the target language. A counterexample

was given at the end of Section 4. The same analysis applies to the encoding of Honda & Tokoro [61]

reviewed in Section 13.7. In [26] this problem is addressed by proposing a strict subcalculus SAπ of

the target language that contains the image of the source language under of a version Honda & Tokoro’s

encoding, such that this encoding is fully abstract w.r.t. ∼=c and the congruence closure of
•≈ w.r.t. SAπ .

In [96] a similar solution to the same problem was found earlier, but for a variant of Boudol’s encod-

ing from the polyadic π-calculus to the (monadic) asynchronous π-calculus. They defined a class of

well-typed expressions in the asynchronous π-calculus, such that the well-typed expressions constitute

a subcalculus of the target language that contains the image of the source language under the encoding.

Again, the encoding is fully abstract w.r.t. ∼=c and the congruence closure of
•≈ w.r.t. that sublanguage.

By Theorem 11.26 such results can always be achieved, namely by taking as target language exactly the

image of the source language under the encoding. What the results of [96, 26] add is that the sublanguage

may be strictly larger than the image of the source language, and, especially in the case of [26], that its

definition is not phrased in terms of the encoding.

15.2 Validity of encodings according to Gorla

In the last twenty years, a great number of encodability and separation results have appeared, comparing

CCS, Mobile Ambients, and several versions of the π-calculus (with and without recursion; with mixed

choice, separated choice or asynchronous) [99, 62, 12, 83, 78, 80, 76, 22, 21, 17, 20, 6, 7, 82, 81, 93, 19,

110, 18, 57, 94, 109, 1, 58, 90, 2]; see [52, 53] for an overview. Many of these results employ different and

somewhat ad hoc criteria on what constitutes a valid encoding, and thus are hard to compare with each

other. Several of these criteria are discussed and compared in [77], [84] and [86, 87]. Gorla [53] collected

some essential features of these approaches and integrated them in a proposal for a valid encoding that

justifies most encodings and some separation results from the literature. Since then, several authors

have used Gorla’s framework as a basis for establishing new valid encodings and separation results

[52, 64, 92, 89, 91, 33, 34, 35, 36].

Like Boudol [13] and the present paper, Gorla requires a compositionality condition for encodings.

However, his criterion differs on two counts from mine. It is stronger in that the context C f encoding

an operator f —see Definition 3.1—may use each hole (a kind variable corresponding to an argument

of f ) only once. A translation defined (in part) by T ( f (P)) = g(T (P)‖T (P)) for instance can be

compositional according to Definition 3.1, but not according to Gorla’s definition. It is weaker than mine

in that the context C f encoding an operator f may be dependent on the set of names occurring freely in

the expressions given as arguments of f . This issue is further discussed in [42]. It is an interesting topic

for future research to see if there are any valid encodability results à la [53] that suffer from my proposed

strengthening of compositionality.

The second criterion of [53] is a form of invariance under name substitution. It serves to partially
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undo the effect of making the compositionality requirement name dependent. In my setting I have not

yet found the need for such a condition. In [42] I argue that this criterion as formalised in [53] is too

restrictive.

The remaining three requirements of Gorla (the ‘semantic’ requirements) are very close to an instan-

tiation of mine with a particular preorder •∼. If one takes •∼ to be weak barbed bisimilarity with explicit

divergence (i.e. relating divergent states with divergent states only—see Section 13.5), using external

barbs as defined in Section 13.3, then any valid translation in my sense satisfies Gorla’s semantic criteria,

provided that the equivalence ≍ on the target language that acts as a parameter in Gorla’s third criterion

is also taken to be divergence-preserving weak barbed bisimilarity. The precise relationships between

the proposals of [42] and [53] are further discussed in [88].

Further work is needed to sort out to what extent the two approaches have relevant differences when

evaluating encoding and separation results from the literature. Another topic for future work is to sort

out how dependent known encoding and separation results are on the chosen equivalence or preorder.

16 Conclusion

This paper contributed a definition of a valid translation between system description languages, parame-

trised by the choice of a semantic equivalence or preorder •∼. When such a translation between a source

and target language exists, the target language is said to be at least expressive as the source, up to •∼. The

choice of •∼ is a measure for the quality of the translation, and thus for the degree in which the source

languages is no more expressive than the target. Several theorems, reviewed in the introduction, support

the use of this framework to order system description languages by their expressive power. Future work

could involve the construction of a big map, graph or category, featuring many relevant process calculi

as nodes or objects, and the translations as arrows between them, labelled with the finest equivalence or

preorder for which they are valid.
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17 Overview of notation (Skipping notation that is used only in the (sub)section in which it is introduced)

N set of natural numbers general mathematics

⊎ disjoint union general mathematics

↾ restriction general mathematics

R−1 inverse of the binary relation R general mathematics

◦ functional and relational composition Sects. 3.3 and 11.6

L a language Section 2

TL set of open terms or expressions in the language L Section 2

TL set of closed terms in the language L Section 2

DL set of meanings expressible in language L Section 2

J KL :TL →DL semantic mapping from expressions to their meanings Section 2

JσKL denotation of the substitution σ Section 11.3

T :TL →TL ′ translation or encoding, mapping open terms from source language L to target L ′

X an infinite set of variables, fixed for this paper Section 2

fv(E) set of variables occurring free in the expression E Section 2

µX .E recursion construct Section 2

∑i∈I Ei infinite summation of CCS Section 2

∑h∈H E[ fh] variant of choice quantification Section 2

L [Xn] extension of language L with n so-called holes Section 3.1

C[E1, . . . ,En] The result of substituting Ei for the hole Xi in the context C Section 3.1

E[σ ] The result of applying the substitution σ to the expression E Definition 6.3, 10.1

T (L ) the image of language L under the translation T informal, see below

TT (L ) the closed terms in L ′ that are translations of ones from L Section 3.2

•∼ a semantic equivalence or preorder Section 3.2

•≈ a coarser semantic equivalence or preorder Section 3.3

∼ a semantic equivalence relation Section 3.4

≈ a coarser semantic equivalence relation Section 3.4

≈c
L

congruence closure of ≈ on L Section 3.6

≈c
T (L ) congruence closure of ≈ on T (L ) Section 3.6

≈c
T (L ),W congruence closure of ≈ w.r.t. T (L ) on W Section 9.2

mπ the fragment of the π-calculus studied in [71] Section 4

aπ the asynchronous fragment of mπ studied in [61, 14] Section 4

N set of names in the π-calculus Section 4, 14.7

fn(P) free names occurring in a π-calculus process P Section 14.7

bn(P) bound names occurring in a π-calculus process P Definition 4.1

n(P) all names occurring in a π-calculus process P Definition 4.1
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P→ P′ reduction relation between processes Def. 4.3, Sect. 13.2

P
a−→ P′ labelled transition between processes Section 14

P↓ω π-calculus process P ∈ Tπ has a strong barb ω Def. 4.3, Sect. 13.2

P⇓ω π-calculus process P ∈ Tπ has a weak barb ω Definition 4.3
•∼⊆ Tπ ×Tπ strong barbed bisimilarity Definition 13.1
•≈⊆ Tmπ ×Tmπ weak barbed bisimilarity Definition 4.4
∼=c ⊆ Tmπ ×Tmπ weak barbed congruence, the congruence closure of

•≈ Definition 4.4
∼=c

a ⊆ Taπ ×Taπ asynchronous barbed congr., the congr. closure of
•≈ on Taπ Section 4

� ordering by strength on validity requirements on translations Section 7

R⊆ TL ′ ×TL R⊆V′×V semantic translation Definition 7.3, 11.1

R(L ) semantic counterpart of TL within TL ′ Section 9

∼1 1-point lifting of the equivalence relation ∼ to substitutions Section 9.2

≡R smallest equiv. on TL ⊎R(L ) or V⊎R(V) containing R Definition 9.11, 11.22
α
= α-convertibility Definition 10.2
α
=L semantic counterpart of α-convertibility Definition 11.4

Rα closure of the relation R under α-conversion Section 10.6, 11.2

• composition operator for substitutions Definition 10.5

H, decomp set of standard heads, and decomposition function Proposition 10.12

≈1c
L

[1-hole] congruence closure of ≈ on L Section 10.9

≈1c
T (L ),W [1-hole] congruence closure of ≈ w.r.t. T (L ) on W Section 10.9

V,V′ semantic domains of the source/target languages L and L ′ Section 11

R(V) semantic counterpart of V within V′ Section 11.7
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