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Abstract. We consider the relational characterisation of branchisigntulation with explicit diver-
gence. We prove that it is an equivalence relation and thatiitcides with the original definition
of branching bisimulation with explicit divergence in tesrof coloured traces. We also establish
a correspondence with several variants of an action-basethiniogic with until- and divergence
modalities.

1. Introduction

Branching bisimulation with explicit divergen¢BB?2) [6] is the coarsest semantic equivalence on la-
belled transition systems with silent moves that is a coegea for parallel composition (as found in
process algebras like CCS, CSP or ACP) and only equatesgsexsatisfying the same CTiormulas
without the nexttime operator [5]. It is also the finest ealéwnce in thdinear time — branching time
spectrunof [4].

The original definition of BB, in terms ofcoloured tracesstems from [6]. In [4], BB is defined in
terms of a modal and a relational characterisation, whieltkimed to coincide with each other and with
the original notion from [6]. Of these three definitions of 8Rhe relational characterisation from [4] is
the most concise one, in the sense that it requires the leexgird of auxiliary concepts. Moreover, this
definition is most in the style of the standard definitions thieo kinds of bisimulation, found elsewhere
in the literature. For these reasons, it is tempting to taks standard definition.

Although it is not hard to establish that the modal char&aéon from [4] is correct, in the sense
that it defines an equivalence that coincides with®B&f [6], it is not at all trivial to establish that
the same holds for the relational characterisation from [#fact, it is non-trivial that this relation is
an equivalence, and that it satisfies the so-cadkedtering property Once these properties have been
established, it follows that the notion coincides with‘8Bf [6].
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In this paper we establish that the relational charactésisaf BB® from [4] yields an equivalence
relation that has the stuttering property and hence caisoidth BB®. We also explore other relational
characterisations of BB. Finally we establish agreement between the relationalacterisation from
[4], the modal characterisation from [4], and an alterrativodal characterisation obtained by adding
the divergence modality of [4] to the Hennessy-Milner logith until proposed in [2].

2. Relational characterisations of BB*

We presuppose a sdtof actionswith a special element € A. Furthermore, we presupposdabelled
transition systen{S, —) with labels fromA4, i.e., S isa setand- C S x A x S is atransition relation
onS. Lets,s’ € Sanda € A. We writes - s’ for (s, a,s’) € — and we abbreviate the statement
‘s % s or (@ = 7ands = §) by s %5 §'. We denote by—1 the transitive closure of the binary
relation—, and by its reflexive-transitive closure.

Definition 2.1. [4] A symmetric binary relatioriR on S is abranching bisimulation with explicit diver-
genceif it satisfies the following two conditions for a#l, ¢t € .S anda € A:

(T) if s R t ands - s’ for some state’, then there exist statésand¢” such that —» t” —25 ¢/,
s Rt"ands’ R ¢; and

(D) if s R t and there is an infinite sequence of statgs).c., such thats = sq, s — sx41 and
s R t for all k£ € w, then there exists an infinite sequence of statgs-,, such thatt = ¢,
t; —t;oq foralll € w, ands, R t; for all k,1 € w.

We write s <2 t if there exists a branching bisimulation with explicit digenceR such thats R ¢.

The relation=;, defined as above but without clause (D), is the relationataterisation obranching
bisimulation equivalencgiven in [4]. As shown in [6, 4, 1], it yields the same concepbmanching
bisimulation equivalence as the original definition of [B]gure 1 illustrates the condition (D). In [4] it
was claimed that the notiosazbA defined above coincides witfranching bisimulation equivalence with
explicit divergenceas defined earlier in [6]. In this paper we will substantidis tlaim. On the way to
this end, we will show thai:»bA is an equivalence relation and has the so-cadtedtering property It
will be convenient to consider three alternatives for (C3ttive will now introduce.

S =80 T S1 T 59 T S3 T e 00

Figure 1. Condition (D).

The first alternative for (D) stems from the observation {{igthas some redundancy. Note that it re-
quires for a divergence fromof which every state is related tdhat there exists a divergence frarof
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which everystate is related teverystate on the divergence from However, both universal quantifica-
tions in the conclusion can be relaxed to existential giaations. It suffices to require that there exists
a divergence from of which somestate besidesis related tasomestate on the divergence from The
requirement can be expressed as follows:

(Do) if s R t and there is an infinite sequence of states);c., such thats = sg, s, — s541 and
s Rt for all k € w, then there exists a statesuch that — ™ ¢’ ands;, R t’ for somek € w.

Although condition ([3) does not explicitly require the existence of a divergemoaft, using (T) it can

be inductively constructed. We Wl’ikeﬁbAO t if there exists a symmetric binary relatidsatisfying (T)

and (D) such that R t. Clearly, =2 C <#°; we shall prove in the next section that alsg™® C <.
The difficulty in proving tha@bA and =20 are equivalences is in establishing transitivity. The

culprit appears to be the fact that (D) andy)([@nly consider divergences fromof which every state

is related tot. Our second alternative omits this restriction. It conssdeverydivergence froms and

requires that it is simulated by a divergence from

(Dy) if s R t and there is an infinite sequence of stategc,, such thats = sg andsy, — sy41 for
all & € w, then there exist an infinite sequence of stétgs-., and a mapping : w — w such that
t =1g, 1 LN ti41 andsa(l) R t,; for alllew.

We write s <21 ¢ if there exists a symmetric binary relatidt satisfying (T) and (B) such thats R ¢.
Condition (D) has the property that if two relations both satisfy it, tlsendoes their relational compo-
sition, and this property will facilitate a direct proof mfl is transitive.

Note that () is a weaker requirement than l(ji)henceﬁbAl - ﬁbAO. Our third alternative is a
technically convenient reformulation of (pthat will serve as a stepping stone in the proof Eb%‘}o is
included in;':

(D)) if s R t and there is an infinite sequence of stategc., such thats = sp andsy, — s for

all £ € w, then there exists a statesuch that —— ¢’ ands;, R ¢’ for somek € w.

Proposition 2.1. A binary relationR satisfies (D) iff it satisfies (D).

Proof The implication from right to left is trivial. For the implation from left to right, suppose that
R satisfies (Q) and thats R ¢, and consider an infinite sequence of stdtggxc., such thats = sy and
s — sp41 for all k € w. We construct an infinite sequence of state§<., and a mapping : w — w
such that = ¢, t; — ti41 andsa(l) Rt foralllew.

The infinite sequencg;);c., and the mapping : w — w can be defined simultaneously by induction
oni:

1. We defingy = ¢ ando(0) = 0; it then clearly holds that, ) R to.

2. Suppose that,;) R t;. Then, sincg(sq ()41 )kew iS an infinite sequence such that;) AN
Sq()+k+1 forall k € w, by (Dy) there exists’ such that; /¢’ ands, ;) R t’ for somek’ € w;
we definet; . ; =t ando (I + 1) = . O

Remark 2.1. It will be established below thatz* = <. Note that, once we have this, we can
replace the second condition of Definition 2.1 by amtgrpolantof (D) and (), i.e., any condition that
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is implied by (D) and implies (B), and end up with the same equivalence. For instance, wd ceplace
it by the condition of Gerth, Kuiper, Peled & Penczek [3]:

if s R t and there is an infinite sequence of stai@9,c. such thats = sg, s, — sp,1 and
s, R t for all k € w, then there exists a statesuch that —— ¢’ ands; R t’' for somek > 0;

or by the divergence condition that appears in the definitchvergence-sensitive stuttering simulation
of Nejati [8]:

if s R t and there is an infinite sequence of stateg e, such thats = sg, sp — sp1 and
s Rt for all k € w, then there exists a statesuch that — ¢’ ands;, R t’ for somek > 0.

Similarly, we will prove that=;! = <, and so we can replace the second condition of Definition 2.1
by an interpolant of () and (o). For instance, the condition

if s R t and there is an infinite sequence of statg9.c,, such thats = sy ands, — s, for
all k € w, then there exists a statesuch that — ™ ¢’ ands;, R t’ for somek > 0

is a convenient interpolant of (Pand (O) to use when showing that two states are branching bisimula-
tion equivalent with explicit divergence.

3. Equivalence proof

Our goal is now to prove thaizbA is an equivalence relation. To this end, we first show ﬂaﬁ[l is an
equivalence relation. In fact, we have carefully choserditmm (D,) to enable a direct proof of this fact.
Using this, we obtaim:»bAl - ﬁbA. Then, we define the notion efuttering closurend use it to establish
©80 C 81 Together with the observatior® C < made above, the cycle of inclusions yields
that the relationﬁbA, ﬁbAO and<=2" coincide. Therefore,—_>bA is an equivalence relation. We have not
been able to find a less roundabout way to obtain this restilé rifaterial needed for the equivalence
proof also yields tha«‘zbA has the stuttering property.

3.1. =>'isan equivalence relation

The proofs below are rather straightforward. Nevertheldssproof strategy employed for both Lemma
3.1 and 3.3 would fail for=2 and<2*. It is for this reason that we present all detail.

Lemma 3.1. Let{R; | i € I} be a family of binary relations.

(i) If R; satisfies (T) for ali € I, then so does the uniqy,.; R;.
(i) If R; satisfies () for all i € I, then so does the uniqy,; R;.

Proof LetR = J;c; Ri-

(i) Suppose thaRk; satisfies (T) for ali € I. To prove thatR also satisfies (T), suppose thaiR ¢
ands - s’ for some state’. Thens R; t for somei € I. SinceR; satisfies (T), it follows that
there are state€ and¢” such that —» " 25 ¢/, s R; t’ ands’ R; t/, and hences R t” and
sSRU.
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(i) Suppose thaRk; satisfies (B) for all : € I. To prove thatR satisfies (B), suppose tha¢ R t and
that there is an infinite sequence of statgs) <., such thats = sy ands, — sp,1. Froms R t
it follows thats R; ¢ for somei € I. By (D,) there exist an infinite sequence of stag$;c., and

amapping : w — w such that = to, t; = t;4.1 ands,) R; t; for all € w, and from the latter
it follows thats, ) R ¢ g

Lemma 3.2. Let R be a binary relation that satisfies (T).slfR ¢ ands —» s/, then there is a staté
such that — ¢’ ands’ R t'.

Proof Letsq,...,s, be states such that= sq — --- s, = s'. By (T) and a straightforward
induction onn there exist states, . . ., t,, such that = tg—» ---—»t, = t' ands; R t; forall i < n.[

Lemma 3.3. Let R, andR, be binary relations.

(i) If Ry andRs both satisfy (T), then so does their compositien ; R..
(i) If Ry andRs both satisfy (), then so does their compositidty ; Ro.
Proof LetR =Rq;Ro.

(i) To prove thatR satisfies (T), suppose R v ands -*+ s’. Then there exists a statesuch that
s Ri t andt Ry u. SinceR, satisfies (T), there exist statésandt” such that —» ¢ <2 ¢/,

s R1 t" ands’ Ry t'. By Lemma 3.2 there is a stat€ such that, —» «” andt” Rs u”. We now
distinguish two cases:

(a) Suppose that = 7 andt” = t’. Thenu —» v’ “%5 «”, from s Ry ¢ andt” Ry v it
follows thats R «”, and froms’ R; t' andt’ Ry «” it follows thats’ R u”.
(b) Suppose that' -%-t'. Then there exist stated’ andu’ such that” —u"” <5/, t" Ry u”

andt’ Ry u'. So,u —» v <5 4/, froms Ry t” andt” R u it follows thats R «”, and
from s’ Ry ¢’ andt’ R «/ it follows thats’ R .

(ii) To prove thatR satisfies (), suppose that R « and that there is an infinite sequence of states
(sk)rew SUch thats = sg, s, — sp41 for all k € w. As before, there exists a statesuch that
s Ry t andt Ry u. Froms R4 t it follows that there exist an infinite sequence of stdtesc,,
and a mapping : w — w such that = tq, t; — t;,1 ands,) R ¢, for all I € w. Hence, since
t Ro u, it follows that there exist an infinite sequence of stétgs),,c., and amapping : w — w

such thaty = ug, U = U1 @Ndt () R um for all m € w. Clearly,sq () R uy, for all
m € w. O

Theorem 3.1. =21 is an equivalence relation.

Proof The diagonal or¥ (i.e., the binary relatiof (s, s) | s € S}) is a symmetric relation that satisfies
(T) and (D), SOﬁbAl is reflexive. Furthermore, thaﬁbAl is symmetric is immediate from the required
symmetry of the witnessing relation.

To prove thaTﬁbAl is transitive, suppose ﬁbAl t andt ﬁbAl u. Then there exist symmetric

binary relationsR, and R, satisfying (T) and (B) such thats R, ¢t andt Ro u. The relationR =

(R1; R2) U (R2; Ry) is clearly symmetric and, by Lemmas 3.1 and 3.3, satisfieau(d)(D,). Hence,
sinces R u, it follows thats <5 «. 0
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3.2. <tisincluded in <

To prove the inclusion=5"" C <2 we establish that=;"" is a branching bisimulation with explicit
divergence.

Lemma 3.4. The relationﬁbAl satisfies (T) and (B).

Proof Directly from the definition it follows tha«‘:bAl is the union of all symmetric relations satisfying
(T) and (D), so, using Lemma 3.]@_51 itself satisfies (T) and (D. O

In fact, it is now clear thaj‘zbAl is the largest symmetric binary relation satisfying (T) &Dgl).

Lemma 3.5. The relationﬁbAl satisfies (D).

Proof Suppose that ﬁbAl t and that there is an infinite sequence of stétg$,c., such thats = s,

sk — sp1 andsy <5 ¢ for all k € w. According to Lemma 3.4, the relatiar;"! satisfies (), so
there exist an infinite sequence of statg$;c,, and a mapping : w — w such that = to, t; — t;41
ands,(y = ¢ forall I € w. By Theorem 3.1 is an equivalence relation, so it follows from

sk 2t s, 2t tands, ) =3t ¢ thatsy, =t ¢ forall k, 1 € w. Hence=; satisfies (D). O

Theorem 3.2. &t C <8,

Proof By Theorem 3.1, the relatio«enzbAl is symmetric. By Lemma 3.4, it satisfies (T), and by
Lemma 3.5 it satisfies (D). Sﬁsz1 is a branching bisimulation with explicit divergence, arehbe
s =21 ¢ impliess =2 ¢. O

3.3. Stuttering closure

Definition 3.1. A binary relationR has thestuttering propertyif, whenevert, — --- = t,, s R tg
ands R t,, thens R ¢; forall: =0,...,n.

The following operation converts any binary relatigron S into a larger relatior that has the stuttering
property.

Definition 3.2. Let R be a binary relation 0. Thestuttering closurek of R is defined by
R = {(s,1) | 3, e S S s S &ttt &S Rtﬁ&sﬁRtl’} )

Figure 2 illustrates the notion of stuttering closure. @e® C R. We establish a few basic properties
of the stuttering closure.

Lemma 3.6. The stuttering closure of a binary relation has shettering property

Proof LetR be a binary relation and I& be its stuttering closure. To show thathas the stuttering
property, suppose th&f —— - - - —— t,, s R to ands R t,. Then, on the one hand, there exist stafes
andt? such thats —» s%, £ — to ands® R t}, and on the other hand there exist stateandt, such
thats® —» s, t,, —» th ands® R th. Now, sinces” —» s —» ! andt}, —» t; — ¢}, foralli = 0,...,n,
it follows thats R t;. O
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Figure 2. Stuttering closure.

Remark 3.1. The stuttering closur& of a binary relationR is not necessarily the smallest relation
containingR with the stuttering property. For a counterexample, carsadtransition system with states
$*, st, t* and¢! and transitions” - sf and¢’ —= ¢!; the binary relation

has the stuttering property, bt has additionally the pairs’, ) and(¢”, s”).

Lemma 3.7. The stuttering closur& of a symmetric binary relatio® is symmetric.

Proof Supposes R ¢; then there exist states, s*, t” andt! such thats” —» s —» st, £ —» t —» ¢!,
s R ¢! ands® R ¢*. SinceR is symmetric, it follows that’ R s* andt! R s”. Hencet R s. O
Lemma 3.8. Let R be the stuttering closure @&. If R satisfies (T) and R ¢, then there existg such
thatt — ¢’ ands R t'.

Proof Supposes R t; then there exist state$, s, ¢ andt! such that’ —» s —» s, 1 —» t —» tf,
s R tf ands! R . Froms® R ! ands” — s it follows by Lemma 3.2 that there existSsuch that
(t —)th — ' ands R t'. O

Lemma 3.9. If R satisfies (T), then so does its stuttering closire

Proof Suppose that R ¢ and thats -2+ s’ for somes’. Then by Lemma 3.8 there existssuch that
t — tT ands R t'. Hence, since -% ¢, it follows by (T) that there exist state4 and¢’ such that

(t —)th — " 2t/ s Rt"ands’ Rt .

Now, s R t” ands’ R t’ respectively implys R ¢’ ands’ R ¢'. O

3.4. Closing the cycle of inclusions

Using the notion of stuttering closure we can now pr@ﬁ§° C ob1, thereby closing the cycle of
inclusions. To prove the inclusion we establish thaRifs a withessing relation fo;ﬁbAl, thenR is a

witnessing relation foe;°.

Lemma 3.10. If R satisfies (T) and (), thenR satisfies (D).
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Proof Suppose that R ¢ and there exists an infinite sequence of state$.c., such thats = sy and
i —— sp41 for all k € w. We have to show that there exists a stauch that —— ¢’ ands; R t for
somek € w.

As s R t, by Lemma 3.8 there exist, ..., ¢, such that = ty = --- - t, ands R t,. By
Lemma 3.6,s R t;foralli = 0,...,n, soifn > 0, then we can také¢ = ¢;. We proceed with the
assumption that = 0; sos R t.

First suppose that, R ¢ for all £ € w. Then by condition ([g) there eX|stt0, ...,y such that
t =ty — - —t,, Withm > 0 ands; R t,, for somek cw. As Sk R to andsy R t, it foIIows by
Lemma 3.6 that,, R ¢; for all i = 0,...,n. Hence, in particulars, R t1, SO we can take = ¢;.

In the remaining case there |ska € w such thats;, R ¢ for all £ < ko while s, andt arenot
related byR. Sincesy, R ¢ andsg, — sg,+1, by condition (T) of Definition 2.1 there exist states
to, .-, tm,tma1 SUCh that = ¢ NN tm D, b1 Sk R tm andskoﬂ R tmt1- SinCESkO_H
andt are not related by, it follows thattq # t,,.1, So eitherm > 0 or t,,, — t,,+1. In casem > 0,
sincesy, R to andsy, R t.,, by Lemma 3.6 it follows thasy, R t;, SO we can také¢’ = ¢;. In case
m = 0andt = t,, — t,,+1, We can take’ = t,, 1. O

Theorem 3.3. &5 C 2

Proof Suppose that ﬁbAO t. Then there exists a binary relatih satisfying (T) and (Ig), such that
s R t. By Lemma 3.7 the stuttering closufeof R is symmetric, by Lemma 3.9 it satisfies (T), and by

Lemma 3.10 and Proposition 2.1 it satisfies)(Moreover,s R t. Hence,s ﬁfl t. O
Corollary 3.1. &8 = <00 = 81, O
Corollary 3.2. The relation<:>bA is an equivalence relation. O

Recall that the proof strategy employed in Lemma 3.1(ii) fovs that any union of binary relations
satisfying (D) also satisfies (), fails with (D) or (Dy) instead of (Q). In fact, it is easy to show that
these results do not even hold. Therefore, we could notttlireder from the definition OfﬁbA that it

is itself a branching bisimulation with explicit divergencBut now it follows, forﬁbA = ﬁbAl satisfies
(T) and (D) by Lemma 3.4, and hence also the weaker conditiq)). (Dsatisfies (D) by Lemma 3.5.

Corollary 3.3. ﬁbA is the largest symmetric relation satisfying (T) ang) DOt even satisfies (D), (D
and (D). It therefore is the largest branching bisimulation witplécit divergence. O

The following corollary is another consequence, which wedhia the next section.

Corollary 3.4. The relationﬁbA has thestuttering property

Proof Slnceﬁb satisfies (T) and (B, its stuttermg closurez satlsﬂes (T) and (D by Lemmas 3.9
and 3.10 and Proposition 2.1. Moreoverb is symmetrlc by Lemma 3.7. TherefOfeb is included in
<21 (cf. the proof of Lemma 3.4). As:® C 5 C «21 we find<2 = 5;*. Thus, by Lemma 3.6,
<2 has the stuttering property. O
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4. Defining BB* in terms of coloured traces

A pathfrom a states is an alternating sequeneg, a1, s1, as, S2, - . . , an, S, Of states and actions, such
thats = sg ands;_1 —» s, fork =1,...,n.

Definition 4.1. A colouringis an equivalence relation df Given a colouring and a state € S, the
colourC(s) of s is the equivalence class containing

Form = sp,as,s1,...,an, s, @path froms, letC(w) be the alternating sequence of colours and ac-
tions obtained front(sg), a1,C(s1),...,an,C(sy,) by contracting all subsequencesr,C,7,...,7,C
to C. The sequencé(r) is called aC-coloured traceof s. A colouringC is consistentf two states of
the same colour always have the safreoloured traces.

A state s is C-divergentif there exists an infinite sequence of states).c. such thats = s,
sk — sp+1 andC(sg) = C(s) for all k£ € w. A consistent colouring is said feserve divergenciéno
C-divergent state has the same colour as a hondivergent state

We write s =, t if there exists a consistent colouriggwith C(s) = C(t), ands =2 t if there exists
a consistent, divergence preserving coloudngith C(s) = C(t).

In [6] it is shown that=, = <. Here we show that2 = =5,

Lemma4.1. Let C be a colouring such that two states with the same colour Heveame-coloured
traces of length three (i.e. colour - action - colour). Tlier consistent.

Proof Suppose&(sg) = C(tp) andCy,ay,Ch,...,a,,C, is a coloured trace ofy. Then, fori =
1,...,n, there are stateg and pathsr; from s;_; to s;, such that(m;) = C;_1, a;, C;. With induction
oni, fori =1,...,n we find states; with C'(s;) = C(¢;) and pathg; from ¢;_; to ¢; such thatC(p;) =
C;_1,a;,C;. Namely, the assumption abatiallows us to findp; givent; 1, and thert; is defined as the
last state op;. Concatenating all the pathsyields a pattp from ¢ty with C(p) = Cy, a1, C1, ..., an, Cy.
O

Theorem 4.1. =5 = =5,

Proof “C": Let C be a consistent colouring that preserves divergence. fitesfto show thaf is a
branching bisimulation with explicit divergence.

Supposes C t, i.e.C(s) = C(t), ands - s’ for some state’. In casen = 7 andC(s’) = C(s) we
haves’ C t and condition (T) is satisfied. So suppase 7 or C(s") # C(s). Thens, and therefore also
t, has a coloured trad®(s), a,C(s’). This implies that there are statgs. . ., t,, for somen > 0 andt/
witht = tg > t; - T t,, <% ¢/ such thaC(t;) = C(s) fori = 0, ...,n andC(t') = C(s'). Hence
(T) is satisfied.

Now suppose C ¢ and there is an infinite sequence of stateg,c., such thats = sg, sp — Sg11
andsy C t for all k € w. ThenC(s;) = C(s) for all k € w. Hences, and therefore alsg is C-divergent.
Thus there exists an infinite sequence of stétgs-, such that = ¢y, t;, — t,1 andC(t;) = C(t) for
all | € w. It follows thats;. C t; for all k.1 € w. Hence also (D) is satisfied.

“D": It suffices to show thaj:>bA is a consistent, divergence preserving colouring. By Ganpl3.2
itis an equivalence relation. We also use that it satisfi¢gaiid (D) (Corollary 3.3) and has the stuttering
property (Corollary 3.4). We invoke Lemma 4.1 for provingqisistency.
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Suppose that andt have the same colour, i.e..=% ¢, and letC, a, D be a=4*-coloured trace of
5. Thena # 7 or C # D, and there are state4 ands’ with s — s” %+ s/, such thats”, s € C and
s’ € D. As <5 satisfies (T), by Lemma 3.2 there is a stéltevith t — 7 ands” <2 ¢, Therefore
there exist statet’ andt’ such that(t—) t' — " 25 ¢/, s” =8 ¢ ands’ = . As =2 has the
stuttering property antl’ =2 s” =28 s <28 ¢, all states on the-path fromt to ¢ have the same colour
ass. HenceC, a, D is a=$-coloured trace of.

Now suppose andt have the same colour ards ﬁbA-divergent. Then there is an infinite sequence
of states(sy)kew SUCh thats = sg, sy — sp41 ands, =2 s =2 tforall k € w. As =2 satisfies
(D), this implies that there exists an infinite sequence atest(t;);c., such that = tg, t; — t;,1 and

s =8t forall k,1 € w. It follows thatt; =2 ¢ for all | € w, and hence is =4 -divergent. O

5. Modal characterisations of BB®

We shall now establish agreement between the relationalremtl characterisations of BBproposed
in [4]. The class of formula@fb of the modal logic for BB* proposed in [4] is generated by the following
grammar:

o =9 | NP | pap | Ap (aeA,goecbjAband@ch)jAb). 1)

In case the cardinalityS| of the set of states of our labelled transition system istieas some infinite
cardinalx, we may require thaf®| < x in conjunctions, thus obtaining setof formulas rather than
a proper class. We shall use the following standard abkbiensa T = A(), L = =T and\/® =

“Ne | e e @}
We define when a formula is valid in a states (notation:s = ¢) inductively as follows:

() 5 = iff s g

(i) sENAN®Iff s |=pforall p € ;

1) s pal there exist states’ ands” such thats — s —— s', s @ ands ;
() wﬁ: h ; / ds” h th no@ oroon ds’ w

(iv) s = Agpiff there exists an infinite sequen¢ey, )<, of states such that—» sg, s, — sp1 and
sy E=pforallk € w.

Validity induces an equivalence on states: we define S x S by
s~t iff Vng(I)jAb.s):gp@t}:gp .
We shall now establish that coincides with=2.

Theorem 5.1. For all states andt: s <2 ¢ iff s ~ .

Proof To establish the implication from left to right, we prove byustural induction onp that if
s < tands = ¢, thent = ¢. We only treat the casgs = 1 a x andy = As); the other two cases
are trivial.
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1. Suppose = vax ands = o. Then there exist statesands” such that —» s “25 &/, s =4
ands’ = x. By Lemma 3.2, there exists a statesuch that — ¢" ands” <=2 tI. From this it
follows that there exist statesandt” such that —» t” -2 ¢/, s” <2 ¢ ands’ < ¢/, for if
a = 7 ands’ = s” we can take’ = ¢’ = tT and otherwise, sincg’ =% t1, the stateg’ andt”
exist by (T). It follows by the induction hypothesis thédt= ¢ andt’ = x, and hence = .

2. Suppose = A1 ands = . Then there exists an infinite sequereg)xc., such thats —» s,
sk — sp41 andsy, = ¢ for all k € w. By Lemma 3.2, there exists a statesuch that — ¢, and
so =5 to. From Corollary 3.3 it follows that=2 satisfies (B), so there exist an infinite sequence
of states(t;),c., and a mapping : w — w such that; — t;,4 ands, ;) ﬁbA t;foralll € w. By
the induction hypothesis = v for all [ € w, and hence = ¢.

For the implication from right to left, it suffices by Coralig3.1 to prove that- is symmetric and satisfies
the conditions (T) and (f).

That~ is symmetric is clear from its definition.

To establish condition (T) of Definition 2.1, suppose that ¢t ands %+ s, and define set§” and
T’ as follows:

T"={t"eS|t—t"&s#t"}; and
T ={t eS| ecSt—t' Tt &s L1},

For eacht” € T" let ¢, be a formula such that |= ¢,» andt” (- ¢, and letp = A{ow |t € T"}.
Similarly, for eacht’ € 7" let1y be a formula withs’ |= ¢y andt’ [~ ¢y, and lety) = A{yy |t € T'}.
Note thats = ¢ a 1), and hence, since ~ ¢, alsot = ¢ a 1. So, there exist stat¢sand¢” such that
t—t" 9t " = pandt’ = 1p. Fromt” = o it follows thatt” & T”, sos ~ t”; from ' = ) it
follows thatt’ & T”, sos’ ~ t’. Thereby, condition (T) is established.

To establish condition (F), suppose that ~ ¢ and that there exists an infinite sequerigg)c.
such thats = sq, sy — sx+1 andsy, ~ t for all k& € w. Define the sel™ by

T ={t'eS|t—t&sgtt}.

For eacht’ € T let ¢ be a formula such that |= ¢ andt’ (£ ¢y, and letp = A{py | t' € T},
Sincesyp = s = p ands, ~ t ~ s, it follows thats;, = ¢ for all £ € w, and therefore = Ap. Hence,
t = Ay, so there exists an infinite sequer(¢g) ., such that —s» tg, t, — t,1 andt, = ¢ for all
¢ € w. Itfollows thatt, & T, sos ~ ty, for all / € w, and hences, ~ s ~ t, forall k, ¢ € w.
It follows, in particular, that —™ ¢; and s, ~ t; for somek € w. Thereby, also condition ({)is
established. O

Clause (iii) in the definition of validity appears to be rathi®eral. More stringent alternatives are
obtained by using (a) ¥ or ¢ (a) v instead ofp a 1, with the following definitions:

(iii") s E ¢ (a) 1 iff eithera = 7 ands = v, or there exists a sequence of stadgs . ., sp, Sp+1
(n > 0)suchthat = sy — -+ > 5, —= 8,41, 8; Epforalli=0,...,nands, 1 = .

(i”) s = pla)iffthere exists statesy, . . ., s,,, 5,41 (n > 0) such thas = sp—- - -5, -5, 1,

siEeforali=0,...,nands,+1 E 1.
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The modality(a) stems from De Nicola & Vaandrager [2]. There it was shown |d&belled transition
systems withbounded nondeterminisnthat branching bisimulation equivalencey,, is characterised
by the logic with negation, binary conjunction and thigtil modality. The modality(a) is a common
strengthening ofa) and thgust-beforemodality a above; it was first considered in [4]. Henceforth we
denote byd% the set of formulas generated by the grammar in (1) withy replaced byp (a) .

Definition 5.1. Two modal formulasy> and that are interpreted on states of labelled transition syste
areglobally equivalentwritten o & 9, if s E ¢ < s |= ¢ for all statess in all labelled transition
systems. Two modal logics are equally expressive if for amnbila in the one there is a globally
equivalent formula in the other.

As remarked in [4], the modalitieg) and(a) are equally expressive, since

e (MY & YVelny ,
p(rY & eANe(f)y and
pla)yy & ¢(a)y foralla # 7.

Note that the modality: can be expressed in terms(af):

pay & T(r)(pla)d) .

Laroussinie, Pinchinat & Schnoebelen established in [&f tihe modal logic with negation, binary con-
junction and(a) and the logic with negation, binary conjunction anére equally expressive. Below,
we adapt their method to show that replacingy (a) or (a) in the modal logic for BB* proposed in
[4] also yields an equally expressive logic. The centrahjdeom [7], is that any formula i@jAb can be
written as a Boolean combination of formulas that propagétesr upwards or downwards along a path
of 7-transitions. A formulap that propagates upwards, i.e., with the property that-i» ¢ ands = ¢,
then alsa |= ¢, we shall call arupward formula A formula that propagates downwards, i.e., with the
property that ifs —» t andt |= ¢, then alsos = ¢, we shall call alownward formula

Lemmab5.1. Everyyp € <I>jAb is globally equivalent with a formula of the foriyt &, where each formula
in @ is a conjunction of an upward and a downward formula.

Proof Note thaty a x and A are downward formulas and that the negation of a downwarduta

is an upward formula. Furthermore, a conjunction of upwardnulas is again an upward formula and
a conjunction of downward formulas is again a downward fdamit follows, by the standard laws of
Boolean algebra, that the formulais equivalent to a formula of the desired shape. O

The proof that for every formula € ®2 there exists a globally equivalent formulé ¢ <I>jAb proceeds
by induction on the structure @f, and the only nontrivial case is when= v (a) x. According to the
induction hypothesis, fap andy there exist equivalent formula ﬁajA, so, by Lemma 5.4 is equivalent
to a disjunction of conjunctions of upward and downward folas. The proof in [7] then relies on these
disjunctions being finite. To generalise it to infinite disgtions, we shall use the following lemma.

Lemma 5.2. Let ® be a set of formulas and letbe a formula. Then

(V@) (a)p & V{VP)(a)e| P afinite subset ob} .
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Proof

T

(=) Supposes = (\/ @) (a) p. Then there exist states, . .., s,, s,+1 such thats = sg — -+ —
S5, 01, 8 E\V®foralli=0,...,nands,+1 = ¢. Sinces; =/ ®, we can associate with
everys; (i = 0,...,n)aformulay; € ® such thak; = ¢;. Let® = {p; | i =0,...,n}; thend’
is a finite subset ob such thats; = \/ @' for everyi = 0, ..., n. It follows thats = (\/ ?') (a) ¢,
and hence = \/{(\ @) (a) ¢ | ' afinite subset of0 }.

(&) If s EV{(VP) (a) ¢ | " afinite subset ob}, thens = (\/ ') (a) ¢ for some finite subsep’

of ®. So there exist states, . . . , Sy, sp41 SUch thats = sg -+ 5, 5, 1,5 = \/ @
foralli = 0,...,nands,1 | ¢. Sinces; = \/ ® impliess; = \/® foralli = 0,...,n, it
follows thats = (\/ @) (a) ¢. O

We now adapt the method in [7] and show that replacirtay (a) or (a) in the modal logic for BB
proposed in [4] yields an equally expressive logic.

A i i A
Theorem 5.2. For every formulap € &2 there exists a globally equivalent formyta e 5

Proof The proof is by structural induction ag the only nontrivial case is whep = v (a) x. By the
induction hypothesis there exist formulas x’ € (I)fb such that) < ¢’ andy < x’. By Lemma5.1,

' & \/ ¥, where each formula if is a conjunction of an upward and a downward formula. Hence,
by the evident congruence property<® and Lemma 5.2,

v < V{V¥)(a) x| ¥ afinite subset ot} .

Clearly, it now suffices to establish th@y ¥’) (a) X’ is globally equivalent to a formula imjAb, for all
finite subsetsl’ of . Recall that¥ consists of conjunctions of an upward and a downward forpsda

we can assume that' = {y% A& | i =1,...,n}; we proceed by induction on the cardinality f.
If |¥'| =0, then
(\/ ‘I") (@)X & L,
and L € 3.
Supposeé¥’| > 0. By the induction hypothesis there exists, for every 1, ..., n, a formulay, such
that

(Vo i nud)) )y = o .

Then, itis easy to verify that
<\/\I'/) (a)X' & \n/ (T/),u/\ <1/J?ax'\/1/1?7'<p;>> ,
i=1

and the right-hand side formula is@ﬁ. Some intuition for this last step is offered in [7]. O
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Figure 3. A divergence.

In the same vain, there is also an obvious strengtheningeotiitlergence modality\. Let A be the
unary divergence modality with the following definition:

(iv') s = Ay iff there exists an infinite sequen¢sy,)xc., Of states such that = sg, sy —— sj.1 and
sy E=pforallk € w.

We denote bybjgb the set of formulas generated by the grammar in (1) Withreplaced b)&p.
Note that the modality\ can be expressed in termsAf

Ap & TTA(,D .

A crucial step in our adaptation of the method of LaroussiRiachinat & Schnoebelen above con-
sisted of showing that infinite disjunctions in the left argent of (a) can be avoided. If infinite dis-
junctions could also be avoided as an argumemspfhen a further adaptation of the method would be
possible, showing that replacinly by A in the modal logic for BB* would yield a logic with equal
expressivity. However, the following example suggests ithfenite disjunctions undeA cannot always
be avoided.

Example 5.1. Foray, as, as, ... andbg, b1, ba, . .. be infinite sequences of distinct actions and consider
the formula

=A (\/ (= (T {aa) T) A (T (ba) T)))
i=0
The formulap holds in a state iff there exists an infinitepath such that in every state there isian 0
such that the actiop; is still possible, whereas the actianis not. Note thatp holds in the state of
the transition system in Figure 3; each of the disjurcts (a;) T) A (T (b;) T) holds in precisely one
state.

We conjecture that the formula of Example 5.1 is not globatiyivalent to a formula ||<I>A, and that,
hence, replacing\ by A in the modal logic for BB yields a strictly more expressive Ioglc We conclude
the paper with a proof that the equivalenceC S x S induced on states by validity of formulasd:f,
defined by

s~ t iff Vwe@ﬁ.s):goﬁtlch,

nevertheless also coincides with.
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Theorem 5.3. For all statess andt: s =2 ¢ iff s ~/ ¢.

Proof For the implication from left to right, we prove by structliraduction ony that if s ﬁbA t and
s E ¢, thent = p. We only treat the casg = &p, for the casepr = ¢ a x is already treated in the
proof of Theorem 5.1 and the other two cases are trivial. opasepy = &/z ands = ¢. Then there
exists an infinite sequends;, )<, of states such that = sg, s, — sx41 andsy = o for all k € w.
From Corollary 3.3 it follows thai:>bA satisfies (B), so there exist an infinite sequence of stdtesc.,
and a mapping : w — w such that = tq, t; — t;,1 andsg ;) ﬁbA t; for all [ € w. By the induction
hypothesig; = ¢ for all | € w, and hence | .

To establish the implication from right to left, note thatif-’ ¢, then, since every formula i@jAb is
equivalent to a formula i@].A, alsos ~ t, so by Theorem 5.1 it follows that—=2 ¢.

Comment on Definition 5.1 If in Definition 5.1 we had used a notion of equivalence betwemdal
formulasy and that merely requires that= ¢ < s = ¢ for all statess in the presupposed labelled
transition system, rather than quantifying over all ladeltransition systems, the resulting concept of
equally expressive logics would be much weaker, and theshdp;% and@fb would be equally expressive.

In general, let~ be an equivalence relation on the set of stateand consider two logic£, and
Lo that both have negation and arbitrary infinite conjunctiamgd both characterise. For every pair
of statess,t € S with s ¢ ¢ take a formulap,; from £; such thats = ¢, butt = ¢s,. Then
xs = N{gs: | t o s} is called acharacteristic formuleof s: one hag |= x; iff ¢ ~ s. Now let be a
formula fromLs. Then\/{x; | s = ¢} is equivalent tap, in the sense that for all states S we have
t=v < tE\V{xs|sF v} This proves that the two logics are equally expressive.

Similar reasoning using the notion of global equivalen@mfrDefinition 5.1 would break down,
because one cannot take conjunctions of a proper classmftifar
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