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This paper shows that guarded systems of recursive equations have unique solutions up to strong
bisimilarity for any process algebra with a structural operation semantics in the ready simulation
format. A similar result holds for simulation equivalence, for ready simulation equivalence and for
the (ready) simulation preorder. As a consequence, these equivalences and preorders are full (pre)
congruences for guarded recursion. Moreover, the unique-solutions result yields a sound and ground-
complete axiomatisation of strong bisimilarity for any finitary GSOS language.

1 Introduction

In many process algebras, including CCS [30], CSP [10] and ACP [3], infinite processes are specified by
systems S of recursive equations {X = Sx | X € Vs}. Such systems are called recursive specifications.
Here Vs is a set of recursion variables specific to a recursive specification, and each X € Vs is defined to
behave as the expression Sy. Crucially, X itself, and other variables from Vs, may occur in the expression
Sx. An important tool in equational reasoning is that a large class of recursive specifications have unique
solutions. Here a solution is a tuple P of processes, one for each variable X in the set Vs, such that filling
in the X-component of P for X, at both the left- and the right-hand side of the recursive equations in S,
yields a set of semantically valid statements.

Example 1 Using the syntax of CCS [30], let S be the recursive specification consisting of the two
recursive equations {X =a.X +b.Y , Y =c.X +d.Y}. In the model of labelled transition systems [30],
the pair (P, Q) of states in the labelled transition system depicted below constitutes a solution of S.
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In fact, this is the only solution of S up to strong bisimilarity [30].

Unfortunately, not all recursive specifications have unique solutions. The recursive equation X = X, for
instance, allows any process as a solution. MILNER [30] formulated a syntactic criterion on recursive
specifications called guardedness, and showed that in the process algebra CCS, systems of guarded recur-
sive equations have unique solutions up to strong bisimilarity. In the setting of ACP [2, 3] two reasoning
principles are defined: the Recursive Definition Principle (RDP) states that any recursive specification
has a solution, and the Recursive Specification Principle (RSP) states that guarded recursive specifi-
cations have at most one solution, up to a semantic equivalence. Whether these principles hold may
depend on the process algebra and on the semantic equivalence employed. First of all it takes a semantic
equivalence to determine whether a given tuple P is a solution of a recursive specification S. Secondly,
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2 Unique Solutions of Guarded Recursive Equations

if S is guarded and P and O both are solutions, RSP demands that P and Q are semantically equiva-
lent. RDP and RSP are equational and conditional equational laws that can be added as axioms to the
equational theories of various process algebras. Doing so has been a crucial step in achieving complete
axiomatisations [29, 4, 12, 21]—see also Section 11.

Subtly different definitions of guardedness appear in the literature. In [30] it was required that within
the bodies Sy of recursive equations the recursion variables Y € Vs may appear only within the scope
of a CCS action prefixing operator a._. Here this action guards the recursion variable. In Example 1, S
is guarded in this sense. In other process algebras one might allow other operators as guards. In ACP
[3] for instance, the left merge | is a good candidate. However, it guards only its second argument: the
recursive specification X = b || X is guarded, but Y =Y || b is not. In general, a suitable definition of
guardedness is whatever syntactic criterion allows one to obtain RSP for a chosen semantic equivalence.
Proofs of RSP [30, 2] tend to depend to a large extent on the syntax and semantics of the process algebra
involved.

The goal of this paper is to give a proof of RSP for strong bisimulation semantics for a large class
of process algebras, including CCS and ACP, at once. I do this by characterising a format for transition
system specifications in structural operational semantics, proposing the most general definition of guard-
edness I can find in that context, and formally show that all process algebras whose operational semantics
fits that format satisfy RSP, for strong bisimilarity. They also satisfy RDP, but that is fairly trivial.

The most general format for standard process algebras (without probabilities, time, name-binding or
other special features) that guarantees strong bisimilarity to be congruence is the ntyft/ntyxt format of
GROOTE [23], augmented with recursion as in [20]. Let f (pronounced “after a”) be a unary operator

defined through the transition rules a b
X—Yy y—2Z

flx) =z
for the specific action a and each action b. It has lookahead, in the sense that the initial actions of f are
determined by looking ahead at the second action performed by its argument. Now the recursive equation
X = f(a.X) has any process as solution, even though the recursion variable X appears guarded (by the
guard ) in the body f(a.X) of the recursion equation. Because of this I rule out lookahead in this paper.
Aiming for maximal generality, I will obtain RSP for strong bisimilarity in the ready simulation format
[16], which is the ntyft/ntyxt format without lookahead, augmented with recursion.

Most applications of this work will fall in the GSOS format, which restricts the ready simulation
format mainly by allowing only variables to occur in premises, except in the rules for recursion. In this
context I favour a notion of guardedness due to VAANDRAGER [35]: an n-ary operator f guards its i
argument iff there is no transition rule of the form

H
flxi,...,x,) - E

such that the variable x; occurs as the left-hand side of one of the premises in H. I will generalise this
idea to the ready simulation format by allowing x; to occur in the left-hand sides of premises (which may
be complex terms) but only in guarded positions.

After establishing RSP for strong bisimilarity, I observe that by means of an almost identical proof
it can also be shown for other strong semantic equivalences at the branching time side of the linear time
— branching time spectrum [18], namely simulation equivalence (in the absence of negative premises)
and ready simulation equivalence. Naturally I would like to show it for preorders as well. Using the
notation P = S [1_5] to indicate that the tuple P is a solution of the recursive specification S up to the
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semantic equivalence =, there are two ways to replace = by a preorder C. When PCS [f’] holds I call
P a presolution of S[P], and when S[P] C P holds I call it a postsolution. The form of RSP for = simply
says that if P and O are both solutions of S then P = Q. It turns out that no interesting conclusions can
be drawn from the assumption that P and Q are both presolutions, or both postsolutions. However, an
asymmetric form of RSP holds if Pisa presolution and 0a postsolution. In that case PC O, at least
when taking for C the strong simulation preorder or the ready simulation preorder. I thus formulate RSP
as
P=SF| sS[0)=0 PCSPF  SOCO
P=0 PCO '

ey

In most cases a semantic equivalence = (say simulation equivalence) arises as the kernel of a preorder,
meaning that P = Q iff PC Q and Q C P. In this setting, RSP for = is a simple consequence of RSP for
C. Thus, one merely needs to prove the latter.

For linear time equivalences, a generic counterexample to RSP is given by these processes:

P P Q o

In CCS [30], process P can be expressed as P := ¥, a'.b.0, where the abbreviation a'.R is defined by
a’.R := R and a'*'.R := a.a’.R. This process has branches featuring any finite positive number of a-
transitions in succession, and each of those branches ends with a b-transition. Process Q := P+ a” is
like P, except that it also has a branch with infinitely many a-transitions, thus not ending with a b. The
process a* can be defined as the unique solution of the guarded recursive equation X = a.X. Finally,
P :=ab+aPand Q :=ab+a.Q.

In all semantics = of [18] between trace and ready trace equivalence one has P = P and Q = Q'.
Thus, the guarded recursive specification S = {X = a.b+a.X} has both P and Q as solutions. Hence
for all such semantic equivalences that distinguish between P and Q in models of concurrency where P
and Q both exist, RSP fails. This applies to semantics that take infinite traces (or infinite ready traces)
into account. A reason to distinguish between P and Q is that P is guaranteed to eventually perform a
b-transition, whereas Q is not. For linear time semantics that do not take infinite traces into account, and
identify P and Q, RSP may hold. But that is best established by means of fixed point arguments [34],
which is out of scope for this paper.

After establishing RSP and RDP for bisimilarity and (ready) simulation equivalence, as well as for
the corresponding preorders, I establish two corollaries, namely (1) that these equivalences and preorders
are full (pre)congruences for guarded recursion, and (2) a sound and ground-complete axiomatisation of
strong bisimilarity for any finitary GSOS language.
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2 Transition system specifications and their meaning

In this paper Var and A are two sets of variables and actions. Many concepts that will appear are param-
eterised by the choice of Var and A, but as here this choice is fixed, a corresponding index is suppressed.

Definition 1 (Terms) A signature is a set ¥ of operator symbols f ¢ Var, each equipped with an arity
ar(f) € N.! The set T(X) of terms with recursion over a signature ¥ is defined inductively by:

* Var CT(X),

cif feXand Ey, ... E,p) € T(X) then f(E], '--7Ear(f)) eT(¥),

* If Vs C Var, S$:Vs — T(X) and X € Vs, then (X|S) € T(X).
A term ¢() is abbreviated as c. A term (X|S) as appears in the last clause is a recursive call, and the
function S therein is called a recursive specification. It is often displayed as {X = Sx | X € Vs}. So Vs
is the domain of S and Sx represents S(X). Each term Sy for Y € Vg counts as a subterm of (X|S). An
occurrence of a variable y in a term E is free if it does not occur in a subterm of E of the form (X|S) with
y € Vs. Let var(E) denote the set of variables occurring free in a term E € T(X), and for W C Var let
T(Z,W) be the set of terms E over X with var(E) CW. T(X) := T(X,0) is the set of closed terms over
¥, modelling processes.

Example 2 Let ¥ contain three unary operators a._, b._ and d._, and an infix-written binary operator
|. Let X,Y,z€ Var. Then S = {X = (a.X)|[(.Y), Y = (d.Y)||(X||z)} is a recursive specification, so
(X|S) € T(X). Since Vs ={X,Y }, the only variable that occurs free in this term is z.

As illustrated here, I often choose upper case letters for bound variables (the ones occurring in a set Vs)
and lower case ones for variables occurring free; this is a convention only.

A recursive specification S is meant to denote a Vs-tuple (in the example above a pair) of processes
that—when filled in for the variables in Vs—forms a solution to the equations in S.? The term (X|S)
denotes the X-component of such a tuple.

Definition 2 (Substitution) A L-substitution G is a partial function from Var to T(X); it is closed if it
is a total function from Var to T(X). If o is a substitution and S any syntactic object, then S[o] denotes
the object obtained from § by replacing, for x in the domain of o, every free occurrence of x in S by
o (x), while renaming bound variables if necessary to prevent name-clashes. In that case S[o] is called a
substitution instance of S. A substitution instance S[c] where o is given by o (x;) = u; for i € I is denoted
as S[u;/xilicr, and for a recursive specification S, the expression (E|S) abbreviates E[(Y|S)/Y]yevg.

Example 3 Extend X from Example 2 with a constant c¢. Then

X|8)[b.c/z) = (X|{X=(a.X) | (b.Y), Y=(d.V) [ (X|[b.c)} .

XIS)X /2] = (Z[{Z=(a.2)|(bY), Y=(d.Y)|(Z]|X)}) and

XIS)[b.c/Y] = (XS).
Structural operational semantics [32] defines the meaning of system description languages whose syntax
is given by a signature X. It generates a transition system in which the states, or processes, are the closed
terms over Y—representing the remaining system behaviour from that state—and transitions between
processes are supplied with labels. The transitions between processes are obtained from a transition
system specification, which consists of a set of transition rules.

I'This work, prior to Section 9, generalises seamlessly to operators with infinitely many arguments. Such operators occur,
for instance, in [9, Appendix A.2]. Hence one may take ar(f) to be any ordinal. An operator, like the summation or choice of
CCS [30], that actually takes any set of arguments, needs to be simulated by a family of operators with a sequence of arguments
(but yielding the same value upon reshuffling of the arguments), one for each cardinality of this set.

ZWhen S contains free variables from a set W, this solution is parameterised by the choice of a valuation of these variables
as processes, thereby becoming a W-ary function.
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Definition 3 (Transition system specifications) Let ¥ be a signature. A positive X-literal is an expres-
sion E % E' and a negative X-literal an expression E—%4 with E,E' € T(X) anda € A. For E,E' € T(X)
the literals E — E’ and E-%4 are said to deny each other. A transition rule over X is an expression of
the form g with H a set of X-literals (the premises or antecedents of the rule) and & a positive X-literal
(the conclusion). The terms at the left- and right-hand side of « are the source and target of the rule. A
rule g with H = 0 is also written «. A literal or transition rule is closed if it contains no free variables.
A transition system specification (TSS) is a pair (X,R) with X a signature and R a set of transition rules
over X; it is positive if all antecedents of its rules are positive.

The concept of a (positive) TSS presented above was introduced in GROOTE & VAANDRAGER [24]; the
negative premises E—4 were added in GROOTE [23]. The notion generalises the GSOS rule systems of
[7] and constitutes a formalisation of PLOTKIN’s Structural Operational Semantics (SOS) [32] that is
sufficiently general to cover many of its applications.

Example 4 Let X feature a constant 0, unary operators a._ for a ranging over the set A of actions, binary
operators _>_ and _||_ for each S C A, and unary operators eng(_) for each R C A. Their semantics is
given by the following set of transition rules:

x——x x5y y-y y ==y (Sx|8) ==z
x|y — ¥ [lgy xllgy — 2 [lgy x[lgy —xllgy X|S)—z
x -5 ¥ x4 x —5 i x5y
a 2 (a€R) g (aFsw) —
eng(x) — eng(x') eng(x) — eng(x) x>y — x>y x>y — y>x/

Here all rules displayed are really rule templates, with one instance for each choice of a € A, except when
this choice is restricted by the side condition. The operators 0 and a._ stem from CCS [30] and ||y from
CSP [31]. The operators eng and > were invented to create this example.

The process 0 cannot perform any actions, and the process a.P first performs the action a and then
behaves as P. The process P || Q is a partially synchronous parallel composition of the processes P and
0, where actions a ¢ S from P and Q may occur independently, whereas actions a € S can occur only
when both P and Q partake in such a synchronisation. The process eng(P) behaves like P, but with the
modification that the actions from R must be enabled in any state. In a state where P cannot perform such
an action, eng(P) adds it as a self-loop. The purpose of this operator is to take R to be those actions that
are interpreted as receiving a message, so that the process eng(P) can receive a message in any state. In
case P itself could not receive the message (by having an appropriate outgoing transition), then eng(P)
adds the possibility of receiving and dropping said message. As a consequence, whereas in P || O the
process P can be blocked when it wants to “send” a message b € S that Q is not ready to receive, in
P || ens(Q) no such blocking can occur. Finally, the operator P> Q lets P work while Q rests, until P
performs the action sw(itch) € A, after which Q works and P rests.

The following definition (from [16]) tells when a transition is provable from a TSS. It generalises the
standard definition (see e.g. [24]) by (also) allowing the derivation of transition rules. The derivation of a
transition £ — E’ corresponds to the derivation of the transition rule with H=0. The case H#0
corresponds to the derivation of E —%+ E’ under the assumptions H.

a.

E-LE
Definition 4 (Proof) Let T = (£,R) be a TSS. A proof of a transition rule % from 7 is a well-founded,
upwardly branching tree of which the nodes are labelled by X-literals, such that:

* the root is labelled by ¢, and
* if B is the label of a node ¢ and K is the set of labels of the nodes directly above ¢, then
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- either K=0and B € H,

- or % is a substitution instance of a rule from K.

If a proof of £ from 7T exists, then £ is provable from T, notation 7+ Z.

Example 5 In Example 4 one can prove that a.b.0 || (44} enyqpy (b.a.0) X0 ll{a,} €n4a,p} (b.a.0) and
b.0 || {a,py €ngapy (b-a.0) 50 l{a,6} €nfapy(a.0). No further transitions from these three processes are
provable. Let S be the recursive spemﬁcatlon X =b.0||penp(X). Under the assumption that X1S) Lop
one can now prove that (X|S) 250 ||» enp(P), whereas under the assumption that (X |S>7L> one proves
that (X|S) N |5 eny((X|S)). However, there is no outright proof of any transition (X|S) — Q.

A TSS is meant to specify a transition system in which the transitions are closed positive literals. A
positive TSS specifies a transition relation in a straightforward way as the set of all provable transi-
tions.> But as pointed out in GROOTE [23], it is not so easy to associate a transition relation to a TSS
with negative premises. In [19] several solutions to this problem were reviewed and evaluated. Ar-
guably, the best method to assign a meaning to all TSSs is the well-founded semantics of VAN GELDER,
ROSS & SCHLIPF [15], which in general yields a 3-valued transition relation T : T(£) x A x T(X) —
{present, undetermined, absent}. I present such a relation as a pair (CT,PT) of 2-valued transition
relations—the sets of certain and possible transitions—with CT C PT. When insisting on 2-valued tran-
sition relations, the best method is the same, declaring meaningful only those TSSs whose well-founded
semantics is 2-valued, meaning that CT = PT. Such a TSS is called complete [19].

Below I follow the presentation from [20], which was strongly inspired by earlier accounts [33, 8, 19].
As Definition 4 does not allow the derivation of negative literals, to arrive at an approximation AT of
the set of transitions that are in the transition relation intended by a TSS 7, one could start from an
approximation AT~ of the closed negative literals that ought to be generated, and define AT as the set
of closed positive literals provable from 7 under the hypotheses AT ~. Intuitively,

1. if AT~ is an under- (resp. over-)approximation of the closed negative literals that “really” hold,
then AT will be an under- (resp. over-)approximation of the intended (2-valued) transition rela-
tion, and

2. if AT is an under- (resp. over-)approximation of the intended transition relation, then the set of all
closed negative literals that do not deny any literal in AT " is an over- (resp. under-)approximation
of the closed negative literals that agree with the intended transition relation.

Based on this insight, for each ordinal A I define overapproximations PT/IJr and PT, of the closed
positive and negative literals that the transition relation intends to generate, and underapproximations
CT;LJr and CT, . The approximations get better with increasing A. I start by taking the set of all closed
negative literals as PT," and then apply 1 and 2 above to generate these approximations in the order

PT, —>PT+—>CT —>CT — PT, —

Definition 5 (Over- and underapproximations of transition relations [20]) Let 7 be a TSS. For ordi-
nals A the sets C Tf and PT)L+ of closed positive literals, and CT,", PT," of closed negative literals are

defined inductively by:
P is the set of negative literals

A that do not deny any
B € CTS with k < A

e PTriff T+ 2
A

is the set of negative literals

+
that do not deny any § € PT,
3Readers interested only in the restriction of my results to TSSs without negative premises—giving rise to 2-valued transition

relations—can safely skip the remainder of this section, and identify p —%— p’ with p —= p’. In the proof of Lemma 2 the
induction on A can be skipped, as well as Claims 1, 2 and 3, and the proof proceeds directly by induction on 7.

Ty BeCTiff T+ .
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Lemma 1 ([20]) CT,, CCT; CPT, CPT, and CT,; CCT;” CPT;,” CPT, for k <A.

Definition 6 (Well-founded semantics [20]) Define PT~ :=, PT, ", taking the intersection over all or-
dinals. Likewise, PT* := ), PT;", CT~ := U, CT; and CT* :=J, CT}.
The 3-valued transition relation (CT ™, PT ") constitutes the well-founded semantics of a TSS.

Since the closed literals over X form a proper set, there must be an ordinal x such that PT,” = PT for all
A > K, and hence also PT,” = PT, CT, = CT, and CT," = CT,}. Such an ordinal « is called a closure
ordinal. Now PT~ =PT., PTT =PT},CT~ =CT: and CT* =CT{ . Trivially, one obtains:

Observation 1 CT- CPT™ CTT CPT™
_ is the set of negative literals Iy PT—
PT that do not deny any € CT* pepPTTiff TH B
_ 1is the set of negative literals L. cr-
cr that do not deny any 8 € PT ™ pecrmiftTH B

In [20] it is shown that the above account of the well-founded semantics is consistent with the one in
[19], and thereby with the ones in [8, 33, 15].

Below the statements P ——, Q, P-7/+;, P—?-, Q and P-%-, will abbreviate (P —— Q) € CT;,
(P-/+)€CT,, (P -+ Q) € PT;" and (P-9~) € PT; , respectively. Likewise, P —~ Q and P -~ Q
abbreviate (P — Q) € CT*, and (P -+ Q) € PT™.

Example 6 For S the recursive specification of Example 5, we have (X|S)—# for all a # b, (X|S) -5/
and (X|S) 20| en,((X|S)). For this application the ordinal 0 is already a closure ordinal.

3 The ready simulation format with recursion

Definition 7 (Ready simulation format with recursion) An ntyft/ntyxt rule is a transition rule whose
source contains at most one operator symbol and no multiple occurrences of the same variable, and
in which the right-hand sides of positive premises are variables that are all distinct and do not occur in
the source. It has lookahead if some variable both occurs in the right-hand side of a premise and in the
left-hand side of a premise. A TSS is in the ready simulation format with recursion if for every recursive
specification S and X € Vs it has arule

<8X |S > <5 Z

X|S) %z

with z € Var and all of its other rules are recursion-free* ntyft/ntyxt rules without lookahead.

Example 7 The TSS of Example 4 is in the GSOS format of [6] (cf. Definition 16), and thus certainly
in the ready simulation format. To make it a non-GSOS example of a TSS in ready simulation format,
eny(x>y) =5 X/

- for each a € A.
h(X,y,Z) — ]’l(Z,X’,)i)

add for instance a ternary operator 4 with a rule

4i.e. without containing recursive calls at all. T conjecture that this restriction can be lifted at the expense of extra bookkeep-

ing regarding bound variables. As I am not aware of any applications of such a generalisation I did not explore this further.
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4 Guardedness

Definition 8 (Frozen arguments of operators [14]) Let X be a signature and I" a unary predicate on the
collection {(f,i) | 1 <i<ar(f), f €L} of arguments of operators. If I'(f,i), then argument i of f is
[-frozen; otherwise it is T-liquid. An occurrence of a variable x in a term E is [-frozen iff E contains a
subterm f(Ej,... s Ear( f)) such that the occurrence of x is in E; for a I'-frozen argument i of f.

To prepare for the definition of guardedness below, I here use a predicate I" that marks the frozen argu-
ments of operators. However, I do not want to break the convention of [14], where a predicate I marks
the liquid arguments. This is why I define frozen and liquid arguments and variable occurrences in terms
of the complement I" of my I.

Definition 9 Let 7 be a TSS in the ready simulation format with recursion. A predicate I" as above
respects guardedness for T if for each rule r of 7 with source f(xi,... s Xar( f)) and i a ['-frozen argument
of f, the variable x; only occurs I'-frozen in the left-hand sides of the premises of 7.

Note that the union of any collection of predicates I" that respect guardedness for T is itself a predicate
that respects guardedness for 7. Hence there exists a largest predicate I'7- that respects guardedness for
7T . Henceforth, T -guarded (or guarded when T is understood from context) will mean I'r-frozen.

Thus, if r is a rule of 7~ with source f(xi,... s Xar( f)) and i is a guarded (= I'r/-frozen) argument of f,
then x; only occurs guarded (= ['7-frozen) in the left-hand sides of the premises of r.

Definition 10 Let 7 be a TSS in the ready simulation format with recursion. An occurrence of a variable
x in a term E is T -guarded if it is T-frozen for some predicate I on arguments of operators that respects
guardedness for 7. A term E is T -guarded if all free occurrences of variables in E are 7 -guarded.

Example 8 For the LTS 7 of Example 7, the predicate I’ marks as ['7-frozen (1) the argument of
the unary action prefixing operators a._, (2) the second argument of the binary operator >, (3) the third
argument of A, and (4) the second argument of /. In case (2) this is because there is no rule with source
x>y in which y occurs in the left-hand side of a premise. Likewise, for (1), there is no rule with source a.x
in which x occurs in a premise—in fact, the only rule with source a.x has no premises at all. Similarly,
for (3), the only rule with source 4(x,y,z) lacks a premise containing z. Case (4) is slightly harder, as the
only rule with source A(x,y,z) does have a premise containing y. However, in the left-hand side of that
premise y merely occurs I'r-frozen. Namely, in the term eny,(x>y) the operator > guards the occurrence
of y. As a consequence, the term /(a.x,x,x) is T -guarded, as in it the variable x occurs 7 -guarded only.

The next lemma, that for CCS goes back to MILNER [30], is a crucial tool in proving RSP. When creating
or adapting a definition of guardedness, the main consideration is to make sure that this lemma holds.
Below P,Q € TV are W-tuples of processes; such tuples are also substitutions—hence the notation G[P).

Lemma 2 Let G € T(X,W) be guarded and have free variables from W C Var only, and let ﬁ, Q eTV.
If G[P] -% R with a € A, then R has the form G'[P] for some G’ € T(X,W). Moreover G[0] - G'[Q].
If G[Q] -~ R with a € A, then R has the form G'[Q)] for some G’ € T'(X,W). Moreover G[P] -4— G'[P).

Proof: Given P,Q € TV, 1 will show, for each ordinal A, that for each guarded G € T'(X,W) and a € A,
1. If G[Q]-%-, then G[P] -%-,,
2. If G[Q] - “~+,, R then R has the form G’[Q] for some G’ € T(Z,W). Moreover G[P] -4, G'[P],
3. If G[P]-%, then G[Q]-% ., and
4. If G[P] <%, R then R has the form G'[P] for some G’ € T(Z,W). Moreover G[Q] %+, G'[Q).
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The statements of the lemma then follow by taking A4 to be a closure ordinal. T apply induction on A.

1. Suppose G[P]-%-+, does not hold. Then, by Definition 5, the literal G[P] -%/ denies a B € CT
with k < A. The literal B must have the form G[P] <+, R. By induction, using Claim 4 above,
G[0] < R’ for some R € T(X). Consequently, G[Q] -%-+; does not hold.

2. The proof of Claim 2 proceeds exactly like the one of Claim 4 below.

3. Suppose G|Q]—#+; does not hold. Then, by Definition 5, the literal G[Q]—#+ denies a 8 € PT;".
The literal B must have the form G[Q] - %~ R. Using Claim 2 above, G[Q] -, R’ for some
R € T(Z). Consequently, G[P]-%-, does not hold.

4. The proof of this claim proceeds by a nested induction on the derivation 7 of G[f’] %5 R from the
hypotheses CT, ", making a case distinction on the shape of G. Trivially, if a closed positive literal
is provable from a set of closed literals, all literals occurring in the proof can be chosen closed.
This is the case because applying the same closed substitution to all literals in a proof, preserves
the property of it being a proof. I thus may assume that all literals in 7 are closed.

The case that G = x € Var cannot occur, as G is guarded.

_ _ H
Let G = f(G1,...,Guy)) for some f € X and Gy,...,Gypp) € T(E,W). Let r = o SF

be the ntyft/ntyxt-rule without lookahead and ¢ : V — T(X) the substitution that are used in
the last step of m. Here V is the set of free variables occurring in r. Then F[o] = R and
F(xt, s Xan(p)) 0] = G|P], so 6(x;) = Gi|P] for i = 1,...,ar(f). Now define the substitution
p:V —T(Z,W)by p(x)=G;  fori=1,...,ar(f), and
p(y) =o(y) forallyeV\{xi,...,x. s}

Then E[c] = E[p][P] for any recursion-free term E € T(Z,V).
Given a positive premise E, — y in H, one finds that E,[p][P] = Ey[c] <+, o(y), and the proof
of this transition is a subproof of 7. Consequently, I may apply the induction hypothesis on this
transition, provided I can show that Ey[p] is guarded.
Any free occurrence of a variable y in Ey[p| must lay in a term G;, for some i € {1,...,ar(f)},
that is substituted by p for an occurrence of x; in E). In case x; is a guarded argument of f, each
occurrence of x; in E, is guarded, and hence the occurrence of y is guarded in E,[p] as well. In
case x; is an unguarded argument of f, as this occurrence of y must be guarded in G, it is guarded
in G;, and thus also in Ey[p].
So Ey[p] is guarded indeed. By induction, o(y) has the form E;[ﬁ} for some Ej € T(Z,W).
Moreover E,[p][Q] = E}[Q]. Let Vrus be the set of variables occurring as right-hand sides
of premises in H, and define the substitution p : V — T'(X,W) by

p(x) =G; fori=1,...,ar(f),

ply) = E)’, for y € Vgus, and

p(y) =o(y) forallye V\({xi,...,xu (s} U Vkns)-
Then E[c] = E[p][P] for any recursion-free term E € T'(X,V). Thus R = F[c] = F[p][P], which
is the first statement that needed to be proved.
Towards the second, let ¢ : V — T(X) be the substitution given by

G(x)=Gi[0] fori=1,...,ar(f),
G(y) =Ej[Q] fory € Vkus, and
G(y) =o(y) forallye V\({x1,...,Xu )} UVRns)-
Then E[6] = E[p][Q] for any recursion-free term E € T(Z,V). For each premise E, — y in H
one has Ey[p] = E,[p] since the rule r has no lookahead. Thus

E[6] = E[p)10] = E)[p][0] <, E}[0] = [G].
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For each premise E-%4 in H one has E[p][P] = E[0]-%,, and E[p] is guarded by the same
reasoning as above. By Claim 3 above, E[p][Q]--4,. Again E[p] = E[p], as r has no lookahead,
so E[G6] = E[p][Q] = E[p][Q]-4,. Applying rule r, it follows that

GIO] = f(x1s- - Xar())[6] <=1 F[G] = F[P][0),

which had to be shown.

Finally, let G = (X|S), so that G[P| = (X|S[P']), where P’ is the W\Vs-tuple that is left of P
after deleting the Y-components for ¥ € Vs. The transition (Sx[P']|S[P]) <%, R is derivable
through a subderivation of the one for (X|S[P]) <%+, R. Moreover, (Sx [ﬁTMS [P1]) = <§X|S>[ﬁ]

So by induction, R has the form E[P] for some E € T(X, W), and (Sx|S)[Q] =, E[Q]. Since
(Sx[8)[Q] = (Sx[Q"]|S[Q"]). it follows that G[Q] = (X|S)[Q] = (X|S[Q"]) <+, G'[Q). O

Definition 11 (Guarded recursive specifications) A recursive specification S is manifestly guarded if
for each X,Y € Vs all occurrences of the variable Y in the term Sy are guarded. It is guarded if it can
be converted into a manifestly guarded recursive specification by repeated substitution of expressions Sy
for variables Y € Vs occurring in expressions Sz for Z € Vs.

Example 9 The recursive specification {X = h(a.b.sw.X,X,X)} is manifestly guarded. The specifica-
tion S:={X =YX, Y = (a.b.sw.X)>Y} is not manifestly guarded, since ¥ occurs unguarded in Sx.
However, S is guarded, because substituting Sy = (a.b.sw.X)>Y for Y in Sy =Y > X yields the recursive
specification {X = ((a.b.sw.X)>Y)>X, Y = (a.b.sw.X)>Y }, which is manifestly guarded.

5 The bisimulation preorder

Traditionally [30], bisimilarity is defined on 2-valued transition systems only, whereas the structural
operational semantics of a language specified by a TSS can be 3-valued. Rather than limit my results to
languages specified by complete TSSs, I follow [20] in using an extension of the notion of bisimilarity
to 3-valued transition systems. This extension stems from [28] under the name modal refinement; there
3-valued transition systems are called modal transition systems.

Definition 12 (Bisimilarity) Let 7 = (X,R) be a TSS. A bisimulation 2 is a binary relation on T(X)
such that, for P,Q € T(X) and a € A,

o if PZ Qand P -5 P/, then there is a Q' with Q —— Q' and P' Z @/,

e ifP#Qand Q-2 Q, thenthereisa P’ with P-4~ P and P B Q'.
A process Q € T(XY) is a modal refinement of P € T(X), notation P Cp Q, if there exists a bisimulation
B with P £ Q. 1 call Cp the bisimulation preorder, or bisimilarity. The kernel of C, given by =p :=
Cp N g, is bisimulation equivalence.

Clearly, modal refinement is reflexive and transitive, and hence a preorder. The underlying idea is that
a process P with a 3-valued transition relation (CT, PT) is a specification of a process with a 2-valued
transition relation, in which the presence or absence of certain transitions is left open. CT contains the
transitions that are required by the specification, and PT the ones that are allowed. If P Cp Q, then Q
may be closer to the eventual implementation, in the sense that some of the undetermined transitions
have been resolved to present or absent. The requirements of Definition 12 now say that any transition
that is required by P should be (matched by a transition) required by Q, whereas any transition allowed
by Q, should certainly be (matched by a transition) allowed by P.

In case P and Q are 2-valued (i.e. implementations) the modal refinement relation is just the tradi-
tional notion of bisimilarity [30] (and thus symmetric).
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Theorem 1 (Lean precongruence [20]) Let 7 = (X,R) be a TSS in the ready simulation format with
recursion. Let E € T(Z,W) be an expression, and let P, 0 € T(Z)" be W-tuples of processes for some
W C Var, such that P(x) g O(x) for each x € W. Then E[P] Cp E[Q].

In [20] this result was actually obtained for the more general ntyft/ntyxt-format with recursion, obtained
by lifting the restriction ruling out lookahead. The special case that E is a recursion-free expression
stems from [8] (under a side condition on the TSS called well-foundedness, which was lifted in [13]).
The special subcase in which 7 has no negative premises goes back to [24].

MILNER [30] proposed an important tool in proving bisimilarity between two processes: the notion
of a bisimulation up to bisimilarity. Here I extend it to the bisimulation preorder on 3-valued TSSs.

Definition 13 (Bisimulation upto) Let 7 = (X,R) be a TSS. A bisimulation % up to bisimilarity is a
binary relation on T(X) such that, for P,Q € T(X) and a € A,

e if P# Qand P - P/, then there is a Q' with Q —— Q' and P’ Ty BL3 Q,

e ifP#AQand Q-2—Q,thenthereisa P’ withP- 2P and P Cg B3 Q.
Here C3 BT :={(R,S)|3R,S.RCzR B S CyS}.

Proposition 1 If P % Q for some bisimulation % up to bisimilarity, then P Cg Q.

Proof: Using the reflexivity of Cp it suffices to show that Cg %8 Cp is a bisimulation. Using transitivity
of Cp this is straightforward. O

6 The recursive specification principle

Let X be a signature. Any preorder = C T(X) x T(X) on the closed terms over ¥ extends to a preorder
C C T(X) x T(X) on open terms by defining E C F iff E[p] C F|[p] for each closed substitution p. It
extends to substitutions p, v : Var — T(X) by p ~ v iff dom(p) = dom(v) and p(x) ~ v(x) for each
x € dom(p). As W-tuples E, F € T(X)" for W C Var are substitutions, this gives E C F iff E (x) C F (x)
for each x € W. A recursive specification S : Vs — T(X) is a Vs-tuple; if E € T(X)"5 is another Vs-tuple
then with S[E] I denote the Vs-tuple with elements Sx[E] for each X € Vs, that is, the body Sy of the
recursive equation of X in which E (Y) is substituted for each variable Y € Vs occurring freely in Sy.

Definition 14 (Solution) For S a recursive specification and = a semantic equivalence, a Vs-tuple of
expressions E € T(X)"S is a solution of S if E = S[E].

When generalising this definition with a preorder C in the r6le of =, one obtains pre- and postsolutions.

Definition 15 For S a recursive specification and C a semantic equivalence, a Vs-tuple of expressions
E € T(X)¥s is a presolution (resp. postsolution) of S if E C S[E] (resp. S[E] C E).

The following theorem establishes RSP for the bisimulation preorder.

Theorem 2 Let 7 = (X,R) be a TSS in the ready simulation format with recursion, and S be a 7 -
guarded recursive specification. If E Cp S[E] and S[F] Cp F with E,F € T(X)¥s, then E Cp F.

Proof: It suffices to prove Theorem 2 under the assumptions that £, F € T(X)"s and only the variables
from Vs occur free in the expressions Sy for X € Vs. For in the general case I have to establish that
E[o] Cp F[o] for an arbitrary closed substitution ¢ : Var — T(X). Let 67 : Var\Vs — T(Z) be given
by 6'(X) = o(X) for all X € Var\Vs. Then E Cp S[E] and S[F] Cp F imply E[c] Cp S[E][c] =
S[c"[E[c]] and S[c'][F[0]] = S|F][c] Cp F[o]. Hence, I merely have to prove the theorem with E|[o],

-

F[c]and S[c'] in place of E, F and S.
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It also suffices to prove Theorem 2 under the assumption that S is a manifestly guarded recursive
specification. Namely, for a general guarded recursive specification S, let S’ be the manifestly guarded
recursive specification into which S can be converted. Then E Cp S[E] implies E Cg S[E] by Theorem 1
and transitivity, and likewise S[F] Cp F implies S'[F] Cp F .

So let S be manifestly guarded with free variable from Vs only, and let B, Q € TV$(X) be a pre- and
postsolution of S, that is, PCyS [ﬁ} and S [Q] Cg O. I will show that

#.={G[S [ﬁ}],G[S [Q]] | G€T(X) is recursion-free and has variables from Vs only}

is a bisimulation up to b1s1m11ar1ty Once I have that, taking G :=X € Vg ylelds SX[ P| Cp Sx [Q] by
Proposition 1, and thus P(X) Cp Sx[P] Cp Sx[Q] T O(X) for all X € V. So P Cp 0.
e letRAT and R % R withacA. Thavetofinda T/ with T 5> T' and R Cg AL T'. Let
R=G[S[P]] and T = G[S[Q]], where G € T'(Z) is recursion-free and has variables from Vs only.
Note that G[S[P]] can also be written as G[S][P]. Since the expressions Sy for X € Vs have free
variables from Vs only, so does G[S]. Moreover, since S is manifestly guarded, the expression
G[S] must be guarded. By Lemma 2, R’ must have the form G'[P], where G’ € T(Z,Vs). Moreover,
T = G[S[0]] = G[S)[0] <+ G'[Q] =: T'. Furthermore, by Theorem 1, G'[P] Cp G/[S[P]] and
G'[S[0]] Cs G'[0]. By definition G'[S[P]] % G'[S|Q]]. Thus, R’ =G'[P] Ty BT G'[0] =T
e LetRAT and T -4~ T' witha€cA. Thave to find an R withR- ¢ R and R Cp BCp T'. Let
R=G[S[P]] and T = G[S[Q]], where G € T(Z) is recursion-free and has variables from Vg only.
Note that G[S[Q]] can also be written as G[S][Q]. Since the expressions Sx for X € Vs have free
variables from Vs only, so does G[S]. Moreover, since S is manifestly guarded, the expression
G[S] must be guarded. By Lemma 2, T’ must have the form G'[Q], where G’ € T(Z, Vss). More-
over, R = G[S|P]] = G[S][P| -~ G'|P] =: R'. Furthermore, by Theorem 1, G’[P] C G'[S[P]] and
G'[S[0]] T G'[Q]. By definition G'[S[P]] # G'[S[Q]]. Thus, R’ =G'[P] Cs B G'[0]=T. O

7 The recursive definition principle

The recursive definition principle, saying that recursive specifications have a solution, trivially holds for
bisimulation equivalence, and thereby also for all coarser equivalences. Namely the recursive call (X|S)
itself is a solution of the recursive specification S.

(X|S)=p (Sx|S) forallX € Vs (2)

This follows immediately from the operational rules for recursion.

Write (Vs|S) for the Vs-tuple with elements (X|S) for X € Vs. Connecting this with the notation
of Definition 2, and seeing Vs-tuples as substitutions, this yields (E|S) = E[(Vs|S)] for any E € T(X).
Moreover, S[(Vs|S)] is the Vs-tuple with elements (Sx|S) for X € Vs.

Now (2), or RDP, for an arbitrary semantic equivalence =, can be restated as (Vs|S) = S[(Vs|S))].
When = is the kernel of a preorder C, this implies S[(Vs|S)] C (Vs|S) and (Vs|S) C S[(Vs|S)]. Using
this, RSP (1) can be restated as

P=S[P] PC S[P] S[0]
Vs

p CQ 3)
P=(Vs|S)  PC(VslS) (Vs|S)CQ
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8 The simulation and ready simulation preorders

The ready simulation preorder Cgs [7, 18] has been generalised to 3-valued transition systems in [5].
Its definition is just like Definition 12, but without the targets Q' and P’ in the second clause. Here
O-2-, means that there exists a Q' such that Q —-£— @’. In [5] it is also shown to be a congruence (cf.
Theorem 1) on TSSs in the ready simulation format, albeit without recursion. Using this, the proof of
Theorem 2 generalises smoothly to Cgg. There merely is a straightforward simplification in the second
clause, dealing with transitions ———. I conclude that RSP holds for the ready simulation preorder for
TSSs in the ready simulation format.

The simulation preorder Cg [18] is defined just like the bisimulation preorder, but without its second
clause. It is a congruence only for TSSs in the positive ready simulation format, that is, ruling out
negative premises [5]. As a counterexample, in the TSS of Example 4, but extended with the familiar
choice operator + of CCS [30], we have a.0 Cs a.0+ 5.0, yet eng,y (a.0) s eng;) (a.0+5.0), since only
en{b}(a.O) can do first a b and then an a-transition. Again a straightforward simplification of the above
proof shows that RSP holds for the simulation preorder for TSSs in the positive ready simulation format.

Example 10 Let S :={X =a.X +b.0}. Take P:=(Y|{Y =a.Y})and Q := (Z|{Z =a.Z + a.b.0}).
a.P+b0 0.0+ b0

b b
P ga\ : R
b Foo O
c c
a a a a

Now P Cg S[P] = a.P+b.0 and S[Q] = a.Q0+b.0 Cg Q. Hence, by RSP, P C Q.

The literature is divided about the orientation of the simulation preorder, i.e., whether a.0 Cg a.0+ 5.0 or
a.04b.0 Cg a.0, and likewise for all semantic preorders. Intuitively, the argument for a.0 Cs a.0+ 5.0 is
that there exists a simulation from a.0 to a.0+ b.0, in the sense that behaviour of the former process can
be mimicked by the latter. Related to that, the process a.0 has less behaviours or runs than a.0 4 5.0.

Below I will follow the argument of TONY HOARE [25] that P C Q should mean that Q is a (non-
strict) improvement of P, in the sense that all good properties of P should hold for Q as well. As a
specification S tells us the minimal set of requirements that an implementation / should satisfy, this
pleads for the orientation S C 1.

Usually this argument is used to advocate the direction a.0 4 5.0 Cg a.0. A good property could be a
satisfy property, saying that nothing bad will ever happen, or a liveness property, saying that something
good will happen eventually [26]. An example of a safety property could be that the action b will never
occur, and an example of a liveness property could be that each run contains the action a or b. Both
safety and liveness properties are linear time properties: they are defined to hold for certain runs of a
system, and then are said to hold for a system iff they hold for all its runs. Now a system with less runs
will automatically satisfy more linear time properties, and thus be a more suitable implementation. This
pleads for the direction a.0+ 5.0 Cg a.0.

Nevertheless, theoretically one could have quite different intentions with specifications, modelled as
2- or 3-valued labelled transition systems. It could be that the specification stipulates which transitions
should be present at least, allowing room for adding more transitions. This fits with allowing possibility
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properties [27] in the above argument about good properties preserved by semantic preorders. Such
properties may say that a process has the possibility to behave in a certain way.

In [17], for each semantic preorder C surveyed there I propose two variants, called C™® and C™US,
Although these preorders differ from each other in non-trivial ways when dealing with divergence and
underspecification, when restricted to processes P and Q without divergence and underspecification,
we simply have P C™ Q iff Q C™*' P. For the simulation preorder we have a.0 C¢® a.0+ 5.0 and
a.0+b.0 C§"" 4.0, and more in general P C™ Q says that possible behaviour of P must also be possible
for Q, whereas P C™U! O says that required behaviour of P must also be required of Q. The annotations
may and ™"t were inspired by the may- and must-testing preorders of DE NICOLA & HENNESSY [11],
which also are oriented this way.

When applying preorders C™ and C™ to modal transition systems, in which transitions —s are
required, and transitions —¢— are allowed, it makes most sense to define C™ in terms of the necessary
transitions —s, and ™! in terms of the possible transitions —¢—. Thus Ersnay is defined like Cp in
Definition 12, but without the second clause, whereas EIS‘“’S‘ is defined like Cpg, but without the first
clause. In the same spirit, E?;y is as Cp but without the targets in the second clause, so that this second
clause can be restated as

e if P % Q and P-+, then Q—/>.

Similarly, E}?g‘s‘ is as Cp but without the targets in the first clause. Hence the preorders Cgg and Cg from
[18, 5] that were featured at the beginning of this section are the may-versions of the ready simulation and
simulation preorders. The must-versions of these preorders, which may be preferable when concentrating
on safety and liveness properties, satisfy RSP by entirely symmetric arguments.

Corollary 1 RSP holds for CR¢*" for any TSS in the ready simulation format.
RSP also holds for C§"* for any TSS in the positive ready simulation format.

9 Full congruence results for guarded recursion

A semantic equivalence = is called a full congruence for recursion [20] if
S=8= <V3|5> = <V3|5/>

for all recursive specifications S and S” with Vs = V. When expanding the application of = to Vs-tuples,
defined at the beginning of Section 6, and the tuple (Vs|S) of Section 7, this translates to

if Sy =8y forall Y € Vs then (X|S) = (X|S) forall X € S,

where Sy = S}, means that Sy [c] = Sy [o] for all closed substitutions . In [20] this was merely required
for recursive specifications S,S’ : Vs — T(X,Vs), that is, without free variables (cf. Example 2), so that
(X|S) and (X|S’) are closed terms. However, when we have that, the general form follows trivially, just
as in the first paragraph of the proof of Theorem 2. In the same way, a preorder C is a full precongruence
for recursion [20] if ,
SC S = (Vs|S)C(Vs|S')
for all recursive specifications S and 8" with Vs = V5. A preorder C is a precongruence for an n-ary
operator f € X if _ B .

FCO= f(P)C f(0)

where P and 0 denote the tuples (P)", and (Q;)"_,. Clearly, if C is a precongruence for all operators

f in a language given by a signature ¥, as well as a full precongruence for recursion, then it surely is a
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lean precongruence [20] (cf. Theorem 1), meaning that
PEO= E[P|CE[Q]

for all expressions E € T(X). Moreover, being a lean precongruence implies that a preorder is a pre-
congruence for all operators. However, as illustrated in [20], being a lean precongruence does not imply
that a preorder is a full precongruence for recursion. In [20] it was shown that (strong) bisimilarity is a
lean precongruence for all TSSs in the ready simulation format with recursion—in fact, this was shown
for the even more general ntyft/ntyxt format with recursion. However, a full precongruence result could
be obtained only for the positive ntyft/ntyxt format with recursion, avoiding all negative premises. For
the ready simulation format with recursion, allowing negative premises, and even for the more restrictive
GSOS format (Definition 16), it remained an open question whether bisimilarity is a full precongruence.
Here I partly answer that question: for TSSs in the ready simulation format with recursion, bisimilarity
is a full precongruence for guarded recursion. This is a straightforward consequence of RSP.

Theorem 3 Let 7 = (X,R) be a TSS in the ready simulation format with recursion, and S,S’ be two
recursive specifications with Vs = Vs and one of them 7 -guarded. If S Cp S’ then (Vs|S) Cp (Vs|S').

Proof: I consider first the case that S and then the one that S’ is guarded.

By RDP, (Vs|S') =p S’[(Vs|S')], and thus S’[(Vs|S')] Cp (Vs|S'). Since S[o] Ep S'[o] for all substi-
tutions o, in particular S[(Vs|S')] E5 S'[(Vs|S')]. By transitivity, S(Vs|S') Cpg (Vs|S'), that is, (Vs|S') is
a postsolution of S. Given that S is guarded, this yields (Vs|S) Cp (Vs|S’) by RSP (3).

By RDP, (Vs|S) =g S[(Vs|S)], and thus (Vs|S) Cp S[(Vs|S)]. Since S[o] Cp S’[o] for all substitu-
tions o, in particular S[(Vs|S)] Cp S'[(Vs|S)]. By transitivity, (Vs|S) Cp S'(Vs|S), that is, (Vs|S) is a
presolution of §’. Given that &’ is guarded, this yields (Vs|S) Cg (Vs|S’) by RSP (3). O

Similarly, bisimulation equivalence, =g, is a full congruence for guarded recursion. This can be shown
in exactly the same way, or follows directly from Theorem 3, using that =p is the kernel of Cp.

Also in the same way it follows that E?;y and CR¥" are full precongruences for guarded recursion
on TSSs in the ready simulation format with recursion, and that Ersnay and C§"*" are full precongruences

for guarded recursion on TSSs in the positive ready simulation format with recursion.

10 GSOS languages

Definition 16 A GSOS rule is a ntyft/ntyxt rule without lookahead, such that the left-hand sides of all
premises are variables that also occur in the source of the rule, and its target contains only variables that
also occur in its source or premises. A TSS is in GSOS format if has the recursion rules from Definition 7,
and all of its other rules are recursion-free GSOS rules. A GSOS language is language whose syntax is
given by a signature X and its semantics by TSS 7 in GSOS format, but only allowing recursive calls
(X|S) for T-guarded recursive specifications S.

GSOS languages, or GSOS rule systems, were introduced by BLOOM, ISTRAIL & MEYER in [6]. Here
“GSOS” stands for structural operational semantics with guarded recursion. In [6] the action prefixing
operators a._ of CCS and Example 4 are required to be present in each GSOS language, so that guarded
recursion could be defined as in CCS, using only such operators as guards. As here I have proposed a
general definition of guardedness for GSOS languages, the requirement that the operators a._ must be
present can be dropped. In [7], which could be seen as the journal version of [6], recursion has been
dropped altogether, and there the “G” of “GSOS” ‘might as well stand for “Grand.”
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Theorem 4 The well-founded semantics of a GSOS language is always 2-valued.

Proof: Let 7 = (X,R) be the TSS of a GSOS language. If (CT ™, PT™) is its well-founded semantics, I
have to show that CT" = PT . This amounts to PT" C CT™, as the other direction holds always.

Let ~~ be the smallest binary relation on T(X) such that (i) f(Py,...,P;) ~ P; for each k-ary operator
f€Xandeachie {1,...,k} such that the i argument of f is unguarded, and (i) (X|S) ~ (Sx|S).

Claim: ~ has no forward infinite chain Py ~> P ~ .. ..

Proof of claim: Let Py ~ Py ~ ... be a forward infinite chain. First consider the possibility that P,
has the form (X|S) for some /o > 0, and all P, with m > hy have a subterm of the form (Y|S). In that case
there must exist indices A; for i € N such that iy < h; < hp < --- and, for all i € N, each P, has the form
(X;|S) for some X; € Vs, and X;,| occurs unguarded in the expression P, | = (Sx.|S).> It follows that
the recursive specification S is not manifestly guarded, and neither can it be converted into a manifestly
guarded recursive specification by repeated substitution of expressions Sy for variables Y € Vs occurring
in expressions Sz for Z € Vs. This contradicts the assumption that all recursive specifications S in the
language must be guarded. It follows that each P, in the chain is followed by an expression P, with
m > h that is a strict subterm of P,. But this contradicts the inductive process of building terms.

Application of the claim: The relation ~ is finitely branching, meaning that for any P € T(X) there
are only finitely many P with P ~+ PT. For any process P € T(X), let ¢(P) be the length of the longest
forward chain P ~~ P ~ -+ ~ P,(p). I show with induction on e(P) that

P PYePTt = (P-5P)ecTt

which suffices to conclude the proof. Here I make a case distinction on the shape of P.
Let P= f(Py,...,Pu(y)). Using that B € PT" iff 7 - P%, the transition (P - P') € PT* must be

derivable from PT~ through a substitution instance of a proof rule r = ————— from R. Since r
f(xl -,-~-7xar(f))_>F

is a GSOS rule, the premises of that substitution instance must have the form 7 —24 R and/or Pl'ﬁaL) with
i€{l,...,ar(f)}. Moreover, in case i is be a guarded argument of f, the rule r cannot have premises
X; — y or x;—/+, using that the occurrence of the variable x in the term x is unguarded. Thus, if there is
a premise P, — R or P,—/+ then i must be an unguarded argument of f, and hence P ~ P,. In that case
e(P;) < e(P), and I may apply the induction hypothesis.

If the substitution instance of r has a premise P; %5 R, then (P, LN R) € PT™, and by induction
(P, %5 R) € CT*. If it has a premise P—», then (P—#+) € PT~. I show that (P-%) € CT~ by
contradiction. Namely, if (P.—/+) ¢ CT~, then (P, =% Q) € PT™ for some Q € T(X), by Observation 1.
In that case (P, —— Q) € CT™ by induction, which implies (P.—%+) ¢ PT ™, again by Observation 1, so
that a contradiction is reached.

Applying the rule r again, I obtain (P %+ P') € CT™.

In case P = (X|S), the transition (P - P') € PT* must be derivable from PT~ using a proof
rule for recursion with premise (Sx|S) —— P'. Since e((Sx|S)) < e((X|S)) I may apply the induction
hypothesis. So from ((Sx|S) —=+ P') € PR* I conclude ((Sx|S) -+ P') € CR* by induction, and this
yields (P - P') € CT™. O

In [6] it was observed that processes in GSOS languages (X, R) are finitely branching, in the sense that
for each P € T(X) there are only finitely many pairs (a,P") € A x T(X) such that P —*+ P'. Here I show

SHere I use that a term {Sy,|S) cannot contain, as a subterm, a recursive call (Z|S’) with S’ # S, such that (Z|S’) has a
subterm of the form <Y |S > This is because terms and recursive specifications are constructed inductively, and if S is a recursive
specification with a subterm (Z|S’) then S’ cannot have a subterm (Y|S).
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that this observation remains valid now that I have generalised the definition of guardedness. In [6, 7]
GSOS languages are required to feature only finitely many GSOS rules, and each of these rules has only
finitely many premises. In the following I need a weaker assumption, namely that each operator f € ¥
occurs in the source of only finitely many abstract GSOS rules, and each of these rules has only finitely
many positive premises. Here I define an abstract GSOS rule as a (possibly infinite) family of GSOS
rules that differ only in their transition labels, and with the property that for each choice of transition
labels in the premises there are only finitely many choices for the transition label of the conclusion.
GSOS languages that satisfy this requirement I here call finitary.

Proposition 2 Each process in a finitary GSOS language is finitely branching.

Proof: Let 7 = (X,R) be the TSS of a finitary GSOS language. Again I apply the metric e(P) defined
in the previous proof. I show with induction on e(P) that there are only finitely many proofs 7 of
transitions with source P that may use negative literals from CT~ as assumptions. This is sufficient,
since (P~ P') € CTH iff T PCLP/. If 7 derives a transition Q — R, then I call Q the source of 7.

In case P = f(Pi,..., Py (), a proof T with source P is completely determined by the concluding
abstract rule from R, the label of the concluding transition, and the subderivations of 7 with source P; for
some of the i € {1,...,ar(f)}. Moreover, as already argued in the previous proof, such subderivations
only exists when i is an unguarded argument of f, so that e(P;) < e(P). The choice of the concluding
abstract rule r depends on f, and for each f there are only finitely many choices. Moreover, using
that e(P;) < e(P), by induction there are only finitely many subderivations of 7 with source P;. Finally,
for each collection of premises of an instance of r (determined by these subderivations) there are only
finitely many possibilities for the label of the concluding transition. This shows there are only finitely
many choices for 7.

In case P = (X|S), the last step in & must be application of the rules for recursion, so 7 is completely
determined by a subderivation 7’ of a transition with source (Sx|S). By induction there are only finitely
many choices for 7, and hence also for 7. |

11 A complete axiomatisation of bisimilarity for GSOS languages
Let BCCSP [18] be the common kernel of the process algebras CCS [30] and CSP [10], consisting of the

operators 0, a._ for a € A and _+_. It is well-known [30, 3, 12] that the collection Ax of the four axioms
A1-4 constitutes a sound and ground-complete axiomatisation of bisimilarity over BCCSP.

Al x+y = y+x mo(x) =0

A2 (xty)+z=x+(+2) X5y my+1(0) = 0

A3 X+x =x i1 — T0u(y) Tyr1(ax) = a.m,(x)

A4 x+0 = x Tur1(x+Yy) = Tyr1 (X)) + Tur1(y)

This means that P =g Q < Ax F P = Q for all BCCSP processes P and Q. Here provability is w.r.t. equa-
tional logic. To reason in an algebraic way about BCCSP processes extended with guarded recursion, the
Approximation Induction Principle (AIP) [2, 3, 12] can be used. It employs projection operators m, for
all n € N that cut off a process after n transitions. There transition rules are displayed above. Complete
axioms for these operators, when added to BCCSP with recursion, are displayed above as well. Now
AIP says that equivalence of processes is determined by the equivalence of their finite projections. It can
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be formulated as
Vn. m,(x) = m,(y)
xX=y ’

As shown, e.g., in [12], Ax together with RDP and AIP, and of course the projection axioms, constitutes a
sound and ground-complete axiomatisation of BCCSP with guarded recursion. Here, provability is w.r.t.
infinitary conditional equational logic [22].

ACETO, BLOOM & VAANDRAGER [1] extended this sound and ground-complete axiomatisation to
finite GSOS languages (X, R) that contain BCCSP as a sublanguage. Their key contribution is to provide
for each such language a set of axioms that allow to convert each process into a head-normal form.

Definition 17 A head formal form is a process of the form X;c;a;.P; with a; € A and P, € T(X) for all i
from a finite index set /.

In generating these head-normalising axioms some auxiliary operators need to be added to language.
In [1] only recursion-free GSOS languages are studied with finitely many GSOS rules, in which each
rule has only finite many premises. However, their method of generating axioms that allow to convert
each process into a head-normal form generalises straightforwardly to finitary GSOS languages, allowing
guarded recursion, now also using RDP among the axioms. As a consequence, Ax together with RDP,
AIP, the projection axioms and the head-normalising axioms from [1] constitutes a sound and ground-
complete axiomatisation of any finitary GSOS language that contains BCCSP as a sublanguage.

I here contribute that in the above ground-complete axiomatisation result one can replace AIP by
RSP. In [12, Section 4.4] it is shown that the basic axioms that are ground-complete for recursion-
free ACP processes, together with RDP and RSP, fail to constitute a ground-complete axiomatisation
of bisimilarity for ACP with guarded recursion. However, this is because in [12] only recursive spec-
ifications with finitely many recursion equations are allowed. When allowing arbitrary many recursive
equations, the counterexample of [12] goes away. In fact, [12, Theorem 4.4.1] shows that the basic ax-
ioms that are ground-complete for recursion-free ACP processes, together with RDP and RSP, do form a
ground-complete axiomatisation for ACP processes with finite, linear, guarded recursive specifications.
Here linear says in essence that within these recursive specifications only BCCSP operators are allowed
(except that in the setting of ACP one employs a variant that distinguishes deadlock from successful ter-
mination). As observed in [21], nothing in the proof of [12, Theorem 4.4.1] depends on the finiteness of
recursive specifications, so the result holds without that disclaimer. This does turn RSP into an infinitary
conditional equation, just like AIP, so that also here infinitary conditional equational logic needs to be
employed.

VAN GLABBEEK & MIDDELBURG [21] also show that using RSP, any guarded recursive specifica-
tion can be converted into a linear, guarded recursive specification. This shows that the basic axioms that
are ground-complete for recursion-free ACP processes, together with RDP and RSP, do form a sound and
ground-complete axiomatisation of ACP with guarded recursion. Moreover, nothing in the reasoning of
[21] is specific to the language ACP. The only relevant fact about ACP that is incorporated in the proof
is [21, Proposition 1], saying that each ACP process with guarded recursion can be brought into head
normal form. Thus, combining the insights of [1, 12, 21], it follows that Ax together with RDP, RSP and
the head-normalising axioms from [1] constitutes a sound and ground-complete axiomatisation of any
finitary GSOS language that contains BCCSP as a sublanguage.

12 Future work

It would be great to extend this work to branching bisimilarity and/or other weak equivalences.
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