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Abstract

This paper proposes a notion of branching bisimilarity for non-deterministic probabilistic processes.
In order to characterise the corresponding notion of rooted branching probabilistic bisimilarity, an
equational theory is proposed for a basic, recursion-free process language with non-deterministic
as well as probabilistic choice. The proof of completeness of the axiomatisation builds on the
completeness of strong probabilistic bisimilarity on the one hand and on the notion of a concrete
process, i.e. a process that does not display (partially) inert 7-moves, on the other hand. The
approach is first presented for the non-deterministic fragment of the calculus and next generalised
to incorporate probabilistic choice, too.

1. Introduction

In [13], in a setting of a process language featuring both non-deterministic and probabilistic choice,
Yuxin Deng and Catuscia Palamidessi propose an equational theory for a notion of weak bisimilarity
and prove its soundness and completeness. Not surprisingly, the axioms dealing with a silent step
are reminiscent to the well-known 7-laws of Milner [34, 35]. The process language treated in [13]
includes recursion, thereby extending the calculus and axiomatisation of [7]. While the weak
transitions of [13] can be characterised as finitary, infinitary semantics is treated in [17], providing
a sound and complete axiomatisation also building on the seminal work of Milner [35].

In this paper we focus on branching bisimilarity in the sense of [22], rather than on weak bisim-
ilarity as in [7, 13, 17]. In the non-probabilistic setting branching bisimilarity has the advantage
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over weak bisimilarity that it has substantially more efficient algorithms [23, 26]. Furthermore,
branching bisimilarity has a strong logical underpinning [11]. It would be attractive to have these
advantages available also in the probabilistic case, in particular for the support of model checking
which is more demanding in the probabilistic setting than in the non-deterministic one. See also
the initial work reported in [28].

For a similarly basic process language as in [13], without recursion though, we propose a notion
of branching probabilistic bisimilarity as well as a sound and complete equational axiomatisation
of its rooted version. Hence, instead of lifting all 7-laws to the probabilistic setting, we need to do
this here for the well-known B-axiom of [22], the single axiom capturing inert silent steps. For what
is referred to as the alternating model [29], branching probabilistic bisimilarity has been studied
in [2, 3]. Also [36, 37] discuss branching probabilistic bisimilarity. However, the proposed notions
of branching bisimilarity are either no congruence for the parallel operator, or they invalidate
the identities below which we desire. The paper [1] proposes a complete theory for a variant of
branching bisimilarity that is not consistent with the first 7-law unfortunately.

In view of the above, our investigation is led by the wish to identify the three processes below,
involving as a subprocess a probabilistic choice between probabilistic processes P and ) with equal
probability for each. Essentially, ignoring the occurrence of the initial action a, the three processes
represent (i) a probabilistic choice between two instances of the subprocess mentioned, the one with
probability %, the other with probability i, (ii) the subprocess on its own, and (iii) a probabilistic
choice between the subprocess guarded by a 7-prefix with probability % and a rescaling of the
subprocess, selected with probability % for P and @ together, thus with probability % for P and @
individually.

Go

a-(0(r-(P 1@ Q) 3® 9(7(P & Q)))

In our view, the three processes starting from Gg, G1 and Go are to be identified. The behaviour
that can be observed from them when ignoring 7-steps and exploiting coin tosses to resolve prob-
abilistic choices is the same. This leads to a definition of probabilistic branching bisimilarity that
hitherto was not proposed in the literature and appears to be the pendant of weak distribution
bisimilarity defined by [15].

As for [13] we seek to stay close to the treatment of the non-deterministic fragment of the
process calculus at hand. However, as an alternate route in proving completeness, we rely on a novel
definition, viz. that of a concrete process. We first apply the approach for strictly non-deterministic



processes and mutatis mutandis for the whole language allowing processes that involve both non-
deterministic and probabilistic choice. For now, let’s call a process concrete if it doesn’t exhibit inert
transitions, i.e. 7-transitions that don’t change the potential behaviour of the process essentially.
The approach we follow first establishes soundness for branching (probabilistic) bisimilarity and
soundness and completeness for strong (probabilistic) bisimilarity. Because of the non-inertness of
the silent steps involved, strong and branching bisimilarity coincide for concrete processes. The trick
then is to relate a pair of branching (probabilistically) bisimilar processes to a corresponding pair of
concrete processes. Since these are also branching (probabilistically) bisimilar, as argued, they are
consequently strongly (probabilistically) bisimilar, and, voila, provably equal by the completeness
result for strong (probabilistic) bisimilarity.

Related work. Our branching probabilistic bisimulation semantics is essentially distribution-based,
in the sense that it employs bisimulation relations between probability distributions of states that
cannot be reduced to relations between states. This feature makes it coarser, or less discriminating,
than the state-based branching probabilistic bisimulation semantics of Segala & Lynch [37], which
distinguishes the processes Gg, G1 and Gg. Distribution-based notions of weak probabilistic sim-
ulation and bisimulation semantics were explored in [12] and [15]. The standard pair of processes
a-(tT-b+c¢) vs. a-(7-b+ ¢) + a-b that are equivalent for weak bisimilarity but inequivalent for
branching bisimulation (see e.g. [25]) yields the same observation when translated to the proba-
bilistic setting: identified by weak distribution equivalence as introduced in [15] but different with
respect to branching probabilistic bisimulation proposed here. However, the paper [15] additionally
presents a decision procedure for their probabilistic equivalence based on the notion of maximal
end components and on earlier results reported in [32].

A state-based approach to branching probabilistic bisimilarity by Andova and Willemse is pre-
sented in [3]. The focus in the paper is on the handling of 7-loops in probabilistic processes
represented by finite bipartite graphs. The ensuing behavioural notion can be characterised in
terms of concrete coloured traces involving so-called blends of colours. The technique of [3] gen-
eralises the paradigm of coloured traces for the non-deterministic setting originating from [22] to
the setting of mixed non-deterministic and probabilistic processes. However, equivalence based
on concrete coloured traces is finer grained than the branching bisimilarity as proposed here. For
example, referring forward to Figure 2, the processes T1 to Ty are not identified in the setting
of [3], contrary to the present paper, because in [3] there is no means to identify the equal blend of
the two colours b-(3P & 2Q) and b-(3P @ Q) with the single colour blend of b-(3P & 1Q).

The comprehensive account [5] of the ‘probabilistic bisimulation spectrum with silent moves’
focuses on the analysis of branching, delay, 1, vs. weak bisimilarity (in various stuttering and
divergence flavours) for which corresponding Hennessy/Milner style modal logics are shown to be
sound and complete. The paper predominantly considers state-based behavioural equivalences. As
argued in [15], state-based equivalences with equivalences on distributions induced by so-called
lifting do not deal with silent moves in the way aimed for in [15]—and here. The processes Go,
G1, and Gg above are all distinguished in these state-based equivalences because the distributions
involved assign different probabilities to (the non-deterministic processes in the support of) P and
Q,and 7-(3P & 1Q).

Our syntax for processes is two-sorted, and comprises nondeterministic processes, ranged over



by E, F, and probabilistic processes, ranged over by P, Q. Following [7, 12], nondeterministic pro-
cesses denote states in a probabilistic labelled transition system, whereas probabilistic processes
denote probability distributions of states. They are connected through the operator 0, which
turns a nondeterministic process E into a probabilistic processes d(E), denoting the Dirac distri-
bution d(E), which assigns all its probabilistic weight to the state E. In [12] the operator 0 was
elided, thereby identifying the processes E and O(FE). This practice naturally leads to semantic
equivalences ~ satisfying

E~F&J(E)~0F). (1)

In fact, this property holds for any semantic equivalence ~ from the literature that we know of,
and for which both sides are defined.

In [20], which is an extended abstract of an earlier version of the present paper, we present
a complete axiomatisation of a form of branching probabilistic bisimulation semantics that on
nondeterministic processes coincides with the version in the present paper, but on probabilistic
processes it is strictly finer. Whereas that semantics satisfies (1), our present semantics merely has
the congruence property £ ~ F = 0(E) ~ O(F). This is because for nondeterministic processes
we impose a root condition, making branching probabilistic bisimilarity into a congruence for the
CCS choice operator +, whereas we refrain from doing so for probabilistic processes.

The remainder of the paper is organised as follows. In Section 2 we gather some notation regarding
probability distributions. For illustration purposes Section 3 treats the simpler setting of non-
deterministic processes, reiterating the completeness proof for the equational theory of [22] for
rooted branching bisimilarity. Next, after introducing probabilistic processes in Section 4 and
branching probabilistic bisimilarity and some of its fundamental properties in Section 5, we prove
in Section 6 the main result, viz. the completeness of an equational theory for rooted branching
probabilistic bisimilarity, exploiting the notion of a concrete process and following the same lines
set out in Section 3. In Section 7 we wrap up and make concluding remarks.

2. Preliminaries

Let Distr(X) be the set of probability distributions of finite support over the set X. The support
of a distribution p is denoted as spt(u), thus spt(p) = {x € X | u(xz) > 0 }. Each distribution p €
Distr(X) can be represented in the form pu = €, ;p; - x; where p(x;) = p; fori € Tand ), ;p;i =1
for some finite index set I. For convenience later, we do not require z; # x; for ¢ # ' nor p; > 0
for 7,4 € I. So, the representation of y is not unique.

We use 0(z) to denote the Dirac distribution for x € X with é(x)(z) = 1 and d(x)(y) = 0
fory € X, y # x. For p,v € Distr(X) and r € [0, 1] we define p,® v € Distr(X) by (1 ,® v)(x) =
r-u(x) + (1—r) - v(x). By definition (@ v = v and p,@® v = p. For an index set I, p; € [0,1] and
i € Distr(X), we define @, pi - us € Distr(X) by (D;c; pi- i) (x) = > o,cp i - pi(x) for € X.
For p = @,c; pi- i, v = @iy i Vi, and r € [0,1] it holds that p & v = @, (i . v;). For a
subset X’ C X and distribution p € Distr(X), we occasionally write u[X'] for >° v/ u(x).

Given a binary relation R C Distr(X) x Distr(X) between distributions, its convex closure cc(R)

is defined by cc(R):= {(B,c; i 1ti Pjicr pi-vi) | Vi€ L. (pi,vi) € RAY icrpi = 1}



Figure 1: Distributions p on X, gon Y, and r on X x Y.

In the sequel we make frequent use of the following property. If p: X - Rand¢g:Y — R
are (weight) functions of finite support such that p[X] = ¢[Y], then there isan r : X x Y — R
satisfying p(z) = >_ oy r(2,y) for all z € X and q(y) = >_,cx r(z,y) for all y € Y. See Figure 2.
For p and ¢ distributions one can define r(z,y) = p(z)q(y). A direct proof is by application of the
max-flow min-cut theorem assigning capacity 1 to the edges (x;,y;), cf. [19].

3. Concrete processes

In this section we present an approach to prove completeness of an axiomatic theory for branching
bisimilarity exploiting the notion of a concrete process. To explicate the concept, we consider a
basic process language with inaction, prefix, and non-deterministic choice only. The result is not
new, but the approach is non-standard. In the remainder of the paper we extend the approach to
establish the completeness of an axiomatisation of branching probabilistic bisimulation.

We assume to be given a set of actions A including the so-called silent action 7. The process
language we consider is called a Minimal Process Language in [4]. It provides a constant for
inaction 0, a prefix construct for each action a € A, and non-deterministic choice between to
processes.

Definition 3.1 (Syntax). The class £ of non-deterministic processes over A, with typical

element F, is given by
E:=0|a-E|E+E
with actions « from A.

As technical aid below, we define for E € £ its complexity ¢(E) by ¢(0) =0, c(a- E) = ¢(E) + 1,
and ¢(E+ F) = c¢(E) + ¢(F).

The behaviour of processes in £ is as usual and given by a structural operational semantics
going back to [31].

Definition 3.2 (Operational semantics). The transition relation — C £ x A x £ is given by

PREF
o B g )
B 5 B By =5 By
= (ND-CHOICE 1) = (ND-CHOICE 2)
FEi+ FEy — E; E1+Ey — By



Thus, the process 0 cannot perform any action, a - F can perform action o and subsequently behave
as F, and Fy + E5 represents the choice in behaviour between that of E; and of Ej.

We have auxiliary definitions and relations derived from the transition relation of Definition 3.2.
A process E' € £ is called a derivative of a process £ € £ iff n > 0, Ey,...,E, € &, and
ai,...,op exist such that E = Ey, Ej_y —» E; for 1 < i < n, and E, = E'. We define
der(E) = { E' € £ | E' is a derivative of E }. Furthermore, for E, E' € £ and a € A we write
E % E'if E2 E',or a =71 and E = E'. We use = to denote the reflexive transitive closure
of -,

The definitions of strong and branching bisimilarity for £ are standard and adapted from [22, 34].

Definition 3.3 (Strong and branching bisimilarity).

(a) A symmetric relation R C £ x € is called a strong bisimulation relation iff for all E, E', F € £
such that ER F and E = E’ there is an F’ € £ such that

F S F and ERF.

(b) A symmetric relation R C £ x & is called a branching bisimulation relation iff for all E, E'F e
£ such that ER F and E - FE’ there are F, F’ € £ such that

F=F F S F ERF, and ERF.

(c) Strong bisimilarity, denoted by < C &£ x &£, and branching bisimilarity, written as < C
E x &, are defined as the largest strong bisimulation relation on £ and the largest branching
bisimulation relation on &, respectively.

Clearly, in view of the definitions, strong bisimilarity between two processes implies branching
bisimilarity between the two processes. Thus & C .

The notion of an inert transition is well-known, see [22]: if for a transition E —+ E’ we have that
E < E', the transition is called inert. Much less well-known is the derived notion of a concrete
process, going back to [24]: a process E is called concrete iff it has no inert transitions, i.e., if
E' € der(E) and E' =5 E", then E' ¢, E". Note, for E' € der(E) we have der(E') C der(E),
thus £’ is concrete if F is. A straightforward example of a concrete process is a-0 4+ b-0 in which
no 7-actions occur at all, but also a-0 + 7-b-0 is a concrete process since a-0+ 7-b-0 %pb-0
(assuming a # b). We write £, = { E € £ | E concrete }.

Next we introduce a restricted form of branching bisimilarity, called rooted branching bisimilarity,
instigated by the fact that branching bisimilarity itself is not a congruence for the choice operator,
cf. [18]. This makes branching bisimilarity unsuitable for equational reasoning where it is natural to
replace subterms by equivalent terms. Note that weak bisimilarity has the same problem, cf. [34].

For example, we have for any process F € £ that F and 7- FE are branching bisimilar, but in
the context of a non-deterministic alternative they may not, i.e., it is not necessarily the case that



Al E+F=F+E

A2 (E4+F)+G=E+ (F+Q)
A3 E+E=E

Ad E4+0=E

B a(r(E+F)+F)=a(E+F)

Table 1: Axioms for strong and branching bisimilarity

E+F <y 7- E+F. More concretely, although 0 <25 7- 0, it doesn’t hold that 0+b-0 < 7-0+b- 0.
The 7-move of 7-0 4 b-0 to 0 has no counterpart in 0 4+ b-0 because 0 4+ b-0 %2, 0. Intuitively,
the summand 7-0 can preempt non-deterministic alternatives whereas the summand O cannot.

Definition 3.4. Two nondeterministic processes F, F' € £ are rooted branching bisimilar, notation
E <. F, if for each transition E — E’ with o € A there is a transition F — F' with E' & F',
and, vice versa, for each transition F' — F”’ there is a transition E — E with E’ < F'.

When comparing processes E, F € £, rooted branching bisimilarity requires ‘strong’ bisimilarity
at the root, i.e. for £ and F' themselves, and allows branching bisimilarity for the derivatives of F
and F.

Direct from the definitions we obtain < C <, C 5. As eluded upon, we have a congruence
result for rooted branching bisimilarity. A proof is given in [22].

Lemma 3.5. <, is a congruence on &£ for the operators - and +. O

In [22] it is also shown that ¢, is the coarsest, or largest, congruence included in ;. It is
well-known that both strong bisimilarity and branching bisimilarity for £ can be equationally
characterised [4, 22, 34]. In line with the so-called root condition of Definition 3.4, a prefix context
« - . is added in the B-axiom.

Definition 3.6 (Axiomatization of < and <*,5). The theory AX is given by the axioms Al
to A4 listed in Table 1. The theory AX® contains in addition the axiom B.

If two processes are provably equal with respect to the theory AX?, then they are rooted branching
bisimilar as well.

Theorem 3.7 (AXb sound for ¢,4). Forall E|F €&, if AX+ E = F then E < F.

Proof. (Sketch) It is easy to see that the left-hand side and the right-hand side of the axioms
of AX? are rooted branching bisimilar. For example, for o« € A and E,F € &, the processes
a-(F+717(E+F))and a-(F + F) in axiom B both have an a-transition as their only transition,
which yield the branching bisimilar processes F' + 7-(E + F') and E + F, respectively. To finish
the proof of this lemma, one observes that rooted branching bisimilarity is a congruence, see
Lemma 3.5. O



In order to obtain a completeness result for AX ® modulo b we deviate from the usual approach to
prepare the stage for the proof of completeness with respect to branching probabilistic bisimilarity
as presented in Section 6. Here, we will proceed along the following route.

1. First we observe that the theory AX, without the B-axiom, is (sound and) complete with
respect to strong bisimilarity; this is Theorem 3.8.

2. Next, we obtain a result stating that for concrete processes, which have by definition no inert
T-transitions, branching bisimilarity implies strong bisimilarity, and hence, the axiom set AX
is complete for branching bisimilarity if processes are concrete, see Lemma 3.9.

3. Then we have a technical result, relating to each process F € £ a concrete and branching
bisimilar process E € & such that E and E are equal for AX®. This is Lemma 3.10.

4. Finally we combine the above results to obtain completeness of AX? for 4 as stated by
Theorem 3.11.

So, we start off by noting that strong bisimilarity is equationally characterised by the axioms A1l
to A4 of Table 1. See for example [34, Section 7.4] for a proof.

Theorem 3.8 (AX sound and complete for ). For all processes E, F' € £ it holds that
AXFE=Fift E< F. O

Next we consider concrete processes and branching bisimilarity. Since by their definition, concrete
processes have no inert transitions, it holds that branching bisimilarity and strong bisimilarity
coincide. Hence, by the above theorem, Theorem 3.8, branching bisimilarity implies equality for AX.

Lemma 3.9. For all concrete E, F € E..,if E ©, F then E < F and AX - E=F.

Sketch. Consider E, F € &, such that E £ F. Define the relation R C £ x £ to be the restriction
of branching bisimilarity <* to the derivatives of E and F, i.e., R = €3 N ((der(E) x der(F)) U
(der(F) x der(F))). Then R is a strong bisimulation relation, smce none of the processes involved
admits an inert 7-transition. In more detail, if ER F and E < E’, then F = F and F L), g
for suitable processes F' and F” with F R F and F <, E'. Since F € der(E E) U der(F' F') is a concrete
process as well, we must have £ = F. Thus F () B Ifa=7and F and ' would coincide,
it follows that £ s E' while E < F © F/ 3 B/ , which cannot be since E is concrete. Thus
F % [ for F' <y, B and showing that R is a strong bisimulation relation and E ¢ F.

To finish the proof of the lemma, by the completeness of AX with respect to strong bisimulation,
see Theorem 3.8, it follows that AX - E = F. O

We have now arrived at the main technical lemma of this section, viz. the result that branching
bisimilarity implies equality for AX? under a prefix. In the proof the notion of a concrete process
plays a central role. On the one hand, the lemma aims to reduce the question of equality for general
processes to the question of equality for concrete processes by appointing a concrete and branching
bisimilar counterpart for each non-deterministic process. On the other hand, the lemma guarantees
equality in the context of a prefix for branching bisimilar processes.



Lemma 3.10.

(a) For all processes E' € £, a concrete process E € &, exists such that E <, F and AX®
a-E=a-F for al a € A.

(b) For all processes F,G € &, if F €, G then AX*F a-F = a-G for all a € A.

Proof. We prove statements (a) and (b) by simultaneous induction on ¢(F) and max{c(F), c(G)},
respectively. The complexity measure c is given right after Definition 3.1.

Basis, ¢(E) = 0: We have that £ = 0 + --- + 0. Hence, we can take £ = 0. Then clearly,
part (a) of the lemma holds as 0 is concrete, E <5, 0, and AX’Fa-E =«-0 for all a € A.

Induction step, c(E) > 0: The process E can be written as ), ; a; - E; for some finite index
set I and suitable actions a; € A and subprocesses E; € £. We distinguish two cases.

Case 1. We first assume that for some i, € I we have o;, = 7 and F;, < E. Then it holds that
AX - FE =r71.E; + H, where H = Zzel\{z y ;- Ei. By the induction hypothe51s for part (a), there
is a concrete process E € &¢c such that E; <y E . We claim that E oy B, + H.

For suppose E;, —+ F. Then, for sultable processes Eio and G, we have EZO = E;O (o), G,
E/ ©y Ej,, and G &3 F. If E;, = E|_ it follows that Ej, {9, G. Since E;, is concrete, either
o # 7 or F$,E;. Hence, « # 7 or G %, E;, and G # E;,. So E;, = G. Consequently,
By, +H % G. If By, # E}, we have By, + H = E %G

Now suppose E;, + H = F. Then either F;, 5 F or H % F. In the first case we have
E;, = E’ Q G for suitable E’ and G with E < E’ and F < G, while in the latter case
we have E 2, F, and since E <—>b E;, < E;, we have EZO = E' Q) G for E’ and G with
E <y E’ and F < G. Because Ej, is concrete E’ = E;,. Thus E;, Q G with F < G, which
was to be shown.

We conclude that E;, <3 E;, ©p E;, + H as claimed. By definition of ¢ it holds that
c¢(E;,),c(E;, + H) < c(r-E;, + H) = ¢(E). Therefore, by the induction hypothesis for part (b) for
the two processes F;, and E;, + H, it holds that AX® F - 7-(E;, + H), which we will use
below. By the induction hypothesis for part (a), there is a process E € & such that E ¢y E; +H
and AX°+a-FE = «- (B, + H) for every a € A. Observe that £ <y E;, <y E;, + H <—>bE
Therefore, we can calculate

AX'Fa-E=a-(r-E;, + H)

=a-(t-(E;, + H)+ H) Since AX* - 7-E;, = 7-(E;, + H)
=oa- (B, +H) Axiom B
=a-F Choice of E.

Hence, for this case we have shown the existence of a process E with the required properties.

Case II. Now suppose, for all i € I we have o # 7 or E; % E. Clearly ¢(E;) < ¢(FE) for all i € I.
By the induction hypothesis for part (a) we can find, for all i € I, a concrete process Ej; such
that E; < E; and AXY - o-E; = a- E; for every action a € A. Define E = D ier Qi E;. Then
E < E and E is concrete too, since E; 4, E; bad W R w ) E fori € I in case o = T. Moreover,



AX* - E=F,since E =3, ;a; - E; =3 ,.; &+ E; = E. Hence, for all actions a € A, it holds
that AX?F «- E—a E.

Basis, max{c(F), ¢(G)} = 0: As for the base case for E, we have F,G <, 0 and AX’F o- F =
a-0=a-G.

Induction step, max{c(F'),c(G)} > 0: Suppose F' <, G. Choose, by the induction hypothesis
for part (a), F,G € &, such that F <, F and AX"F a-F =« F for all a € A, and similarly for
G and G. Then we have F ¢, G. Since F and G are concrete it follows that AX - F = G, see
Lemma 3.9. Now pick any o € A. Then we have AX’Fa-F=a-F=a-G=a-G. O

With Lemma 3.10 in place, we have by now gathered sufficient building blocks to provide a com-
pleteness proof for AX® based on concrete processes.

Theorem 3.11 (AX b complete for ;). For all processes E, F' € £ it holds that E <, F iff
AX+E=F.

Proof. Suppose E,F € £ and E € F. Let E =), ;0;-E; and F = ZjeJ Bj - Fj for suitable
index sets I and J, oy, 5; € A, E;, F; € £ (tacitly using theory AX). Since E <, ' we have that
for all ¢ € I thereis a j € J such that a; = 8; and E; £ F}, and, symmetrically, that for all j € J
there is an 7 € I such that a; = Bj and Ez < Fj. Put K = {(’L,j) elxJ ‘ (Oéi = ﬂ])/\(EZ < FJ)}
Define the processes G, H € £ by

G=>ex W Gr and H =3} r (- Hy

where, for i € I, v, = oy and Gy, = E; if k = (4, j) for some j € J, and, similarly for j € J, (; = 5;
and Hy = Fj if k = (i,j) for some ¢ € I. Then G and H are well-defined. Moreover, AX - E =G
and A X F=H.

For k € K, say k = (i,7), it holds that v, = o = f; = (} and Gy, = E; <y F; = Hy, by
definition of K. By Lemma 3.10b we obtain, for all k € K, AX? F v, - Gy, = i, - Hy. From this we
get AXP+FE = Yoicr % Ei = ek W Gr = D pex Ch-Hi = ZjeJ Bj - Fj = F which concludes
the proof of the theorem. O

In summary, in this section we describe a proof method for completeness, in particular, of an ax-
iomatisation of branching bisimilarity in the setting of a simple non-deterministic process language.
The key building blocks of the method are the completeness of strong bisimilarity and the lemma
that every process has a branching bisimilar concrete counterpart. In the sequel of the paper we
apply the proof method to obtain a complete axiomatisation of branching probabilistic bisimulation
for a process language featuring both non-deterministic and probabilistic choice.

4. Probabilistic processes

In this section we define a syntax and a transition system semantics for probabilistic processes.
Following [7], we start with adapting the syntax of the processes of Section 3, by mixing non-
deterministic and probabilistic choice. Dependent on the top operator, a process is either a non-
deterministic process E € &£, for constant 0, prefix operators « -, and non-deterministic choice +,
or a probabilistic process P € P, for the Dirac operator 0 and probabilistic choices ,® .
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Definition 4.1 (Syntax). The classes £ and P of non-deterministic and probabilistic processes,
respectively, over the set of actions A, are given by

E:=0|a-P|E+FE
P:=0(F)|P,®P

with actions « from A where r € (0,1).

We use E, F,G,... to range over £ and P, @, R,... to range over P. The probabilistic process
Py .® P, executes the behaviour of P; with probability r and the behaviour P» with probability 1—1.
By convention, P ® @ denotes P and P (& @ denotes Q.

In the sequel we often write ;.| p;- E; for n > 1, p1,...,pnp = 0 such that p1 +--- +p, =1
and E1,...,E, € & for the probabilistic process given by @, pi-E; = 9(E1) if p1 = 1 and
B, pi- Ei = 0(Er) ,,® (@?:2 % EZ) otherwise. For example, for non-deterministic processes
E, F and G, we have that 3 - E® £ - F @& - G is the probabilistic process 9(E) 1@ (9(F) 3@ 0(G)).
Similarly we use the notation @; , p;-P; where n > 1, p1,...,pn > 0, p1 +--- +pp = 1 and
Py, ..., P, € P, and also the notation €, ;p; - P; for an ordered finite index set I. As a consequence,
each non-deterministic process E € £ and each probabilistic process P € P can be written as

E=%croi-P, and P=@P;c;p; Ej

for suitable index sets I and J, o; € A, P, € P for i € I, and p; > 0, E; € € for j € J such that
> jes Pj = 1. The proof is straightforward by induction on the structure of terms.

Figure 2 presents a number of example pairs of (rooted branching probabilistic bisimilar) non-
deterministic processes collected from the literature. The examples Hy and Hg are taken from [30];
G1 and Gg are taken from [20]. Examples B; and B2 express the axiom called B in [22], cast
to the setting of the present paper. The processes I3 and Iy are typical instances of B; and Ba.
The two examples E; and Eg are adapted from [15], while the new examples Tq and Tg further
illustrate the intricacy of the mingling of probabilistic choice and action prefix.

As usual, the SOS semantics for £ and P makes use of two types of transition relations [29, 7].

Definition 4.2 (Operational semantics).

(a) The transition relations — C £ x A x Distr(€) and — C P x Distr(£) are given by

P yu
p (PREF)
a-P—pu
Fy i) 1251 Ey i> M2
P (ND-CHOICE 1) P (ND-CHOICE 2)
Ei+Ey — g By 4+ Ey — po
P Py
(DIrAC) (P-CHOICE)
I(E) — 6(E) P, @ Py 1D pio

(b) The transition relation — C Distr(€) x A x Distr(£) is such that u - y/ whenever y =
Dicrpi- Ei, 1 = P,c; vi- 1, and E; X il for all i € 1.
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H, ]
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al E2
1 1 ) 1
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T b
1
LA
P Q P Q

TP+ta-Q+7 R)1®

7-(0(r-P+a-Q+7-R) 1® 9(0)))

)

Figure 2: Pairwise rooted branching probabilistic bisimilar non-deterministic processes



With [P], for P € P, we denote the unique distribution x such that P — u. Thus, the probabilistic
process €, pi - E; corresponds to the distribution [P, pi - Ei] = @, pi - 0(E;). Similarly, for

@Dicr pi- P € P we have [B;c; pi- Pl = Dy pi - [

Following [37, 36], the transition relation — on distributions as given by Definition 4.2b allows
for a probabilistic combination of non-deterministic alternatives resulting in a so-called combined
transition. For example, for the process £ = a-(P 1® Q) + a-(P 1@ Q) of [7], we have that
the Dirac process () = 9(a-(P 1@ Q) +a-(P 1@ Q)) provides an a-transition to [P 1® Q] as
well as an a-transition to [P 1@ Q[. However, since we can represent the distribution §(£) by
§(E) = 16(F) @ 16(E), the distribution §(E) also has a combined transition

§(E) = 30(E) ® 36(E) = 3[P 1® Q] ® 3[P 1® Q] = [P 50 Q].
As noted in [38], the ability to combine transitions is crucial for obtaining transitivity of probabilistic
process equivalences that take internal actions into account.

Example 4.3. Referring to some of the processes of Figure 2 we have, for example,

Hi: d(a-(Py® (P2 Q) = [P (P Q=[P Q]
Hy: 4(a-(P1® (@18 Q) = [P (Q10 Q) =[P ;0 Q]
Ei: 0(r-(d(r-P+a-Q+7-R)3® 9(0) = §6(7-P+a-Q+7-R)® 16(0).

In preparation to the definition of the notion of branching probabilistic bisimilarity in Section 5 we
introduce some notation.

Definition 4.4. For p, i/ € Distr(€) and a € A, we write p (o), w iff (i) p =/, or (ii) @ = 7 and
w' = p, or (iii) @ = 7 and there exist p1, pa, ), pb € Distr(E) such that p = p1,® pe, ' = p} & ph,

w1 =y, and pg — b for some 7 € (0,1).

Cases (i) and (ii) in the definition above correspond with the limits » = 0 and r = 1 of case (iii).
Following [12], p1 and ug are the fragments of the distribution p that stay in place, respectivel%/, 0
forward via a 7. We use = to denote the reflexive transitive closure of —2+. A transition p o, w
is called a partial transition, and a transition u = ' is called a weak transition.

Example 4.5.
(a) According to Definition 4.4 we have, for example,

W(r(Pyo Q) o3P0 Q) 1 i[PLe QlodP,e Q=[P e ql.

(b) There are typically multiple ways to construct a weak transition =-. Consider the weak
transition 36(7- (7 P))®30(7- P)®#[P] = [P] which can be obtained, among uncountably
many other possibilities, via

15(r-8(r- P)) @ 15(r- P) @ :[P]
15(r-P)) & 18(r- P) @ L[P] = 26(r- P) @& L[P] = [P]
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or via

$0(7-0(r-P)) @ 38(r- P) @ [ P] o, $0(r-0(r-P)) @ 16(P)@ ¢ [P] =
Ls(r-o(r-P)) @ 16(P) % L5(r- Py e L[P] 2 L[P] & L[P] = [P]

(¢) The distribution 5(7-d(a-9(0) +b-9(0))) & 25(a-d(c-0(0))) doesn’t admit a 7-transition
5 nor an a-transition —s. However, we have

L5(r-0(a-0(0) +b-0(0))) & L5(a- d(c-9(0))) 2>
19(a-0(0) +b-0(0)) & 15(a-d(c-0(0))) - 15(0) @ L5(c-0(0)).

The next lemma will play a crucial role in our forthcoming congruence proof. Its proof can be
found in the appendix.

Lemma 4.6. Let I and J be finite index sets, p;,q; € [0,1] and &, p, v € Distr(€), for i € I
and j € J, with both § = @,c; pi-pi and € = @,c; ¢j-vj.- Then there are r;; € [0,1] and
0ij € Distr(€) such that > .. ; ri; = p; and p; - pi = Dy rij-0ij for alli € I, and Y, f rij = gj
and q;-vj = @, 7ij - 045 for all j € J.

The following lemma says that the transitions —, (@), and = of Definitions 4.2b and 4.4 can be

probabilistically composed.
Lemma 4.7. Let p;, ji; € Distr(€) for a finite index set I, and let >, ;p; = 1.

(a) If p; >y for all i € I, then Dicr i i e Dicr pi - 145
(b) If u; HGR p; for all i € I, then @,y pi - i 0, Dicr pi- 1
(c) If py = pj for all i € I, then @,c; pi- i = @ep pi- 1}

Proof. Let p:= @,;c;pi- i and ' := @, pi - ;. Without loss of generality, we may assume that
p; >0 foralliel.

(a) Suppose p; —» pf for all i € I. Then, for all i € I, by Definition 4.2b, exist index sets J;,
pij = 0, and processes E;; € &, for j € J;, such that p; = ®]€J pij - Eij, p, = @jeJi Dij 'u;j, and
E;j —>,u”foralljeJ Let K :={(i,j) | i €1, ]EJ}andq j) = Pi Dij forall(z'j)EK S0
that Y,k gk = 1. Then p = @ qr - Eij and 1 = @jc e @ - ij, SO =5 i/ by Definition 4.2b.

(b) Let u; ), wi for all ¢ € I. Then, for all i € I, by Definition 4.4, there exists r; € [0, 1]

and 5", ,ulgo,,ul € Distr(£) such that p; = 5™, @ 12, MZ ,ujtay D ,ug’ , and either 7, =1 or

pE° o w!. In case r; = 0 for all i € I, we have ‘that pi — ph for all i € I, and thus pu — g/
by the first claim of the lemma, and u o, i’ by Definition 4.4i. In case r; = 1 for all i € I,

we have ' = p and thus g -2 p/ by Definition 4.4ii. Otherwise, let I’ :== {i € I | r; < 1},

k3 i 1— I3 1— i
P = Yy pic i Y = @y B 2 = @ P and 1 = @y PSRl
Then ;2 — 1 by the first claim of the lemma. Moreover, = pS* @& pg°, 1/ = 15 @ 1 and
€ (0,1). So it “™5 1 by Definition 4.4iii.
(c) Let py = ), for all i € I. As [ is finite and => is reflexive, there exists an n € N such that

Wi = uz(.o) ) #1(1) @, O ugn) =y} for all 4 € I. Now p = i/ follows by n applications of

the second statement of the lemma. O
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Likewise, the next lemma allows probabilistic decomposition of transitions —, ——» and =>.

Lemma 4.8. Let p, p' € Distr(€) and p = @, pi - i with p; > 0 for all i € I.

(a) If p = 1/, then there are p} for i € I such that p; — ] for all i € I and p/ = @, pi - 11)-
(b) If o, ', then there are ) for i € I such that u; o, p; for all i € I and 1’ = @,y pi- ;-
(c) If p = 1, then there are p for i € I such that p; =y for all i € I and p' = @7 pi - ;-

Proof. (a) Suppose p — 1. By Definition 4.2b pu = @jeJ q;-Ej, 1 = @JGJ q; - y , and F; = y]
for all j € J, for suitable index set J, ¢; > 0, E; € £, and 1/’ € Distr(&). By Lemma 4.6 there are
rij € [0,1] and o;; € Distr(€) such that 3., rij = p; and i = ey 5> - 0ij for all i € I, and
Y icr Tij = q; and qj - 6(Ej) = @;c; rij - 05 for all j € J. It follows that 0ij = 0(Fj) for alli € I
and j € J.

For all i € I, let i} := ®]EJ o 1/ . Then p; — e, for all i € I, by Lemma 4.7a. Moreover,

Dicrpi- i = Bjer pi- @jeJ %f ) Vg,' = @jeJ Dicrrij- Vg" = EBjeJ q;j - V} =y .

(b) Suppose p o, /. By Definition 4.4, either (i) p — u/, or (ii) p' = p, or (iii) there exist

vi, 1o,V vy € Distr(€) such that u = v ,® ve, ¢/ = v} ,® v, 11 = v}, and v > v} for some
€ (0,1). In case (i), the required p exist by the first statement of this lemma. In case (ii) one
can simply take u; := p; for all i € I. Hence assume that case (iii) applies. Let J := {1,2}, ¢1 :=7r
and ¢z := 1 —r. By Lemma 4.6 there are r;; € [0,1] and g;; € Distr(E) with >, ; rij = p; and
i = GBJEJ o " Oij foralli € I, and ), ; 73 = ¢; and v; = @zel 0 i for all j € J.
Let I':={ieI|rp>0}. Since vo =@, ITQT - 0i2 — b, it follows from the first statement
of the lemma, for all i € I’ there are g}, such that gz — 0y and v} = @,y 17% - 0}y For all
i€ I\I', pick ¢, € Distr() arbitrarily. It follows that p; = g1 %169 0i2 ), 0i1 %169 0}y =: i} for

all ¢ € I. Moreover,

@ief Pi'#é = @ief pi (01 %@ ng) = (@ie[ TTI - 0i1) D (@261 fﬁr 912) =v @ V2 w.

(c) The last statement follows by transitivity from the second one. O

5. Branching bisimilarity for probabilistic processes

We next define the notions of strong probabilistic bisimilarity and branching probabilistic bisimilar-
ity. Note that the notion of strong probabilistic bisimilarity is the variant with combined transitions
as defined in [37, 7].

Definition 5.1 (Strong and branching probabilistic bisimilarity).

(a) A symmetric relation R C Distr(&) x Distr(€) is called decomposable iff for all u,v € Distr(E)
such that R v and p = @, pi - s, there are v; € Distr(E), for i € I, such that

v=&,c;pi-vi and p; Ry, for alli € 1.
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(b) A decomposable relation R C Distr(E) x Distr(€) is called a strong probabilistic bisimulation
relation iff for all yu,v € Distr(E) such that uRv and u — p’ there is a v/ € Distr(E) such
that

v and f/ RV

(¢) A symmetric relation R C Distr(E) x Distr(E) is called weakly decomposable iff for all u,v €
Distr(£) such that pRv and p = ,¢; pi - ju; there are v,v; € Distr(€), for i € I, such that

v="0, pRV, U =@;c;pi-vi, and p; Ry; for all i € I.

(d) A weakly decomposable relation R C Distr(€) x Distr(€) is called a branching probabilistic
bisimulation relation iff for all yu,v € Distr(€) such that pRv and p — ', there are
v,V € Distr(€) such that

V=10V, U ﬂ) V', pRv, and ' RV
(e) Strong probabilistic bisimilarity, denoted by < C Distr(£) x Distr(£), and branching prob-
abilistic bisimilarity, written as 3 C Distr(€) x Distr(E), are respectively defined as the
largest strong probabilistic bisimulation relation on Distr(£) and as the largest branching
probabilistic bisimulation relation on Distr(E).

Strong and branching probabilistic bisimilarity are well-defined by the usual argument that any
union of strong or branching probabilistic bisimulation relations is again a strong or branching
probabilistic bisimulation relation, respectively. In particular, (weak) decomposability is preserved
under arbitrary unions.

Two non-deterministic processes are considered to be strongly or branching probabilistic bisim-
ilar iff their Dirac distributions are, i.e., for E, F' € £ we have E < F iff §(F) < §(F) and E < F
iff §(F) < 0(F). Two probabilistic processes are considered to be strongly or branching proba-
bilistic bisimilar iff their associated distributions over £ are, i.e., for P,Q € P we have P & @ iff
[P] € [Q] and P 3 Q iff [P] < [Q].

The notion of decomposability has been adopted from [30] and weak decomposability from [33].
The underlying idea stems from [12]. These notions provide a convenient dexterity to deal with
the behaviour of sub-distributions, e.g., to distinguish $9(a-9(0)) & 30(b- 9(0)) from 9(0), and to
handle combined behaviour.

By comparison, on finite processes, as used in this paper, the notion of branching probabilistic
bisimilarity of Segala & Lynch [37] can be defined in our framework exactly as in (d) and (e) above,
but taking a decomposable instead of a weakly decomposable relation. This yields a strictly finer
equivalence, distinguishing the processes Go, G1, and Go from the introduction.

Example 5.2.

(a) Since the distributions 6(Hy) = d(a-(P 1® (P 1® Q))) and 6(Hz) = d(a (P 1& (Q 1® Q)))
only have the transitions

S(a-(Py@ (Py@ Q) = 3[Pl@3[Q] and 6(a-(P @ (Q @ Q) = 3[Ple 3[Ql,
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it follows that R = {(§(Hy),0(H2))} U { (i, ) | p € Distr(£) } is a strong bisimulation
relation. Here, for a relation S C Distr(£) x Distr(£), ST denotes its symmetric closure.
Since R is a strong probabilistic bisimulation relation, it follows that H; and Hs are strong
probabilistic bisimilar, i.e., 6(Hy) < 06(H2).

The distributions §(G1) = d(a-(P1® Q)) and §(Gz) = d(a-(O(7-(P1® Q))1© (P1® Q))) are

1
3

not strong probabilistic bisimilar. Although the two distributions both admit an a-transition,

d(a-(P1® Q) =3[Pl @ 5[Q]
8(a-(O(r-(P 1@ Q) 1@ (P 1@ Q) = 30(7-(P 1@ Q)) @ 3[P] & 3[Q]

the resulting distributions at the right-hand side are not strong probabilistic bisimilar. How-
ever, the symmetric closure R of the relation R containing the pairs

(6(1-(P1® Q)), 5[P] @ 3[QI) and (u, ) for p € Distr(€)

clearly is a branching probabilistic bisimulation relation. By Lemma 5.3 below, also its
convex closure cc(R') is a branching probabilistic bisimulation relation. Considering that

R(5(7-(P 1& Q)), 5[P] @ 3[Q]) and R(3[P] & 3[Q], 5[P] & 5[Q]), we have that
ce(RN(36(7-(P 1@ Q) @ 3(5[P] @ 3[QD), 33 [P] & 3[Q]) @ 3GG[PI & 5[QI)) -

i.e., the distributions (7 - (P.® Q))e2(3[Pl®i[Q]) and [Pl 3[Q] are related by cc(RT).
Adding the pair of processes (d(a-(P1® @)),0(a-(I(1- (P10 Q))1® (P1® Q)))) (and closing
for symmetry) then yields a branching probabilistic bisimulation relation relating §(G1) and
I(Ga).

The a-derivatives of Iy and I, i.e. the processes I{ = d(b- P+ 7-Q) and I}, = 9(7-9(b- P +
7-Q)+b- P+7-Q), are branching probabilistic bisimilar. A 7-transition of I}, partially based
on its left branch, can be simulated by I by a partial stand-still:

I =r[L]ed-r)[L] — réb-P+7-Q)®(1—17)[Q]

L= rlfle =g 2 rlinle-nQl = rib-PrrQe - Ql.
A 7-transition of I can be directly simulated by I of course. It follows that the relation R =
{(6(11),8(X2)), (I}, I Y U{{u, p) | o € Distr(£)}, the symmetric relation containing the pairs

mentioned and the diagonal of Distr(€), constitutes a branching probabilistic bisimulation
relation containing I; and Is.

The a-derivatives of Ty and Tz, say 77 = 9(b-(P 1@ Q)) 1® 9(b-(P 28 Q)) and T =
a(r-(0(b-(P 1® Q)) 1® ab-(P 3@ Q)))+b-(P 1® Qg), are similarly related as in the above
example. Here though, it is slightly more difficult to see that 7] can simulate the b-transition
of T; into P 1& Q. We have
7, 5 [Pye Q]
b
i = 3Py Qles[P ;0 Q] =[Pl o 3IQ] @ 3[Pl @ 5IQ] = [P 1@ Q].
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In the axiomatisation presented in the sequel, axioms are included (the axioms P1 to P3)
to express the above identification of the distributions in Distr(€) in terms of probabilistic
processes from P.

(e) A similar recombination of distributions as for case (d) takes place for the examples Eq
and E5. In this case

§(Ey) ©— 36(r-P+a-Q+7-R)® 16(0)

§(Ez) = 26(r-P+a-Q+7-R) & 30(r-(0(P+a-Q+r- R) 1@ 9(0)))
D 18(r-P+a-Q+7 R @ LA(P+a-Q+7-R) & (0)]
= 30(TP+a-Q+7 R)® 16(P+a-Q+7-R)® ;4(0)
= 30(r-P+a-Q+7-R)® 15(0).

Because for Eg the 7-moves can be combined, the branching probabilistic bisimulation relation
relating E7 and Eg is a bit more extensive. Put S=7-P+a-Q +7- R and

R = {(6(E1),6(Ez)) }T U
{(r-[S] @ 5= [ST ® 152-6(0),r-[S] & (1—r)-6(7-(5 1@ 8(0)))) |[0<r <1} U
{ (o) | € Dlstr(f) }

where the pairs (r-[S] & (17;")[[5]] & 155-6(0),r-[S] & (1—r)-8(7-(S 1 8(0)))), for r # 3, are
needed for R to be weakly decomposable.

Similar to the non-deterministic case, transitions £ — v and u — v are called inert iff §(F) < v
and p £p v. Typical cases of inert transitions include

7-P 5 [P] and E+71-0(E) = 6(E).

A transition £ < py @ pug with r € (0,1] and 6(E) £ pq is called partially inert. An illustrative
instance of partial inertness is

7@ P+717Q),® Q) +aP+7-Q = da-P+7-Q).a [Q].

Here we have that 0(7-(0(a-P+7-Q),® Q)+a-P+7-Q) 4 d(a- P+7-Q), because in particular
da-P+717-Q) =6a-P+7-Q),® d(a-P+71-Q) — HGN d(a-P+7-Q),® [Q]. Partially inert

transitions play a central role in the remainder.

The following lemma is handy for constructing branching probabilistic bisimulation relations; it
was used already in Example 5.2b above. The proof of the lemma, because of its technical nature,
is delegated to the appendix.

Lemma 5.3. If R is a branching probabilistic bisimulation relation, then so is cc(R).

The next lemma provides a witness for strong probabilistic bisimilarity; it is used in the proof of
Lemma 6.13. The proof of the lemma itself is given in the appendix.
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Lemma 5.4. Let R C Distr(€) x Distr(€) be a decomposable relation such that
p1 Ry and puo Ry implies  (u1 @ p2) R (11,8 va) (2)
and for each pair E, F € £
S(EYRS(F) and E % ¢/ implies §(F) 25 v/ and p/ RV (3)
for a suitable v/ € Distr(€). Then pR v implies u < v.

With the help of Lemma 4.6 we show—in the appendix—that the operator . respects branching
probabilistic bisimilarity of distributions.

Lemma 5.5. Let puj,pg,v1,vo € Distr(€) and r € (0,1). If gy <% 11 and pe £ vo then
H1 D p2 S vy D v,

A direct consequence of the lemma is that, for probabilistic processes Py, Py, Q1, Q2 € P, we have
that P £ Q1 and Py £ Q2 implies P; ,® Q1 £ P>, & Q2, ie. [P1,® P €4 [Q1,® Q2] when
[P1] 4 [Q1] and [P], < [Ql,-

As we did for the non-deterministic setting, we introduce a notion of rooted branching proba-
bilistic bisimilarity for non-deterministic processes. We do not need such a notion for probabilistic
processes.

Definition 5.6. Two nondeterministic processes E, F' € £ are rooted branching probabilistic bisim-
ilar, notation E <,y F, if for each transition 0(FE) 2 p with a € A there is a transition §(F) N
with p €y v, and, vice versa, for each transition §(F) = v there is a §(E) 25 p with p £ v.

To show that <2 is an equivalence relation, we need the following useful property.

Lemma 5.7. Let u,v € Distr(€) such that p € v and p = p for some p’ € Distr(€). Then
exists v/ € Distr(€) such that v = v/ and ' €4 /.

Proof. We check that a partial transition p o, i/ can be matched by v given u <3 v. So,
suppose p = 1 & po, p1 — )y, and ' = p) @ pe. By weak decomposability of £, we can
find distributions v, vy, s such that v = v = v1 @ v and p &y U, v1 24 p1, V2 £p po. Choose
distributions 7y, 7} such that vy = LN vy and oy €4 1, v 5 py. Put v/ = 1] ,® va. Then
v = v/, using Lemma 4.7c, and we have by Lemma 5.5: v/ = /| . @ vy €4 pf & po = p/ since
v € ph and vy 4 po. ]

We are now in a position to show that the various bisimulation relations introduced in Definitions 5.1
and 5.6 are equivalence relations.

Lemma 5.8 (Equivalence). The relations <, <4, and £ on £, as well as € and < on P
are equivalence relations.
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Proof. That these relations are reflexive and symmetric follows immediately from the definitions;
for reflexivity one takes the identity relation between distributions as a witness. We show that
is transitive by showing that the relation R given by

R={(wo)|Iv:iprvAv<pol,

i.e. R = €y - &, is a branching probabilistic bisimulation relation. Symmetry of R follows from
symmetry of . As to weak decomposability, suppose R(u, ) for distributions p and ¢ such that
p = @;c; pi- i for an index set I, and p; € Distr(€). Choose v € Distr(€) such that p < v
and v £y 0. Since v € p we can find v,v; € Distr(€) for i € I such that v = v = @,; pi - Vi,
w <y v, and p; &y v for i € I. By Lemma 5.7 we can find ¢ € Distr(€) such that o = o
and ¢ ©p 7. Hence, there exist distributions ¢ and g; for i € I such that o0 = 0 = @,c; pi - 0i,
v £ 0 and v; £y g; for i € I. Thus, o = 6 = @,; pi- 0i, where p £ U and U £ 9, hence
R(u, 0), and likewise u; < v; and v; <4 0;, hence R(p;, 0;) for i € 1.

Finally, if n = 1/ for some ' € Distr(E€), then distributions 7,/ exist such that v = HCONW
and U <p p, V' < p'. Again with appeal to Lemma 5.7 there exists g € Distr(€) such that 9 = g
and g € . Then there also exist g, ¢’ € Distr(€) such that g = o (o), 0,0y and o &1,
So, we have p = 0 HOR o and R(u, 0), R(¢', ¢'). Thus R also satisfies the weak transfer condition
and, consequently, is a branching probabilistic bisimulation relation.

The proof of & being transitive is obtained by simplification of the above argument. The fact
that <,p is transitive follows immediately from the definition. O

For more detail on transitivity proofs, in the setting of a slightly different notion of branching
probabilistic bisimulation, see [9].

As argued in Section 3, for non-deterministic processes branching probabilistic bisimilarity is
not a congruence with respect to non-deterministic choice. The argument holds true in the mixed
non-deterministic and probabilistic setting of this section as well. This is the reason we use rooted
branching bisimilarity instead.

Strong probabilistic bisimulation semantics employs strong probabilistic bisimilarity < on &
as well as P. Here we propose a notion of rooted branching probabilistic bisimulation semantics
that employs rooted branching probabilistic bisimilarity <, on £, and branching probabilistic
bisimilarity < on P.

Lemma 5.9 (Congruence). Both strong probabilistic bisimulation semantics and rooted branch-
ing probabilistic bisimulation semantics induce a congruence relation.

Proof. Regarding rooted branching probabilistic bisimulation semantics we have to show four con-
gruence properties:

1. if P; £ Q; for i = 1,2 then P, ,® Q1 b P, ® Qo,

2. if P 2y @ then a- P ©pa-Q,

3. if E; € F; for i = 1,2 then F1 + F1 € Fo + F5, and
4. if E <,y F then O(E) <y O(F).
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Property 1 was the subject of Lemma 5.5, whereas Properties 2 and 4 are trivial with Definition 5.6.
We are left with Property 3. Suppose 6(E1) € 6(Fy) and §(Ez) b 6(Fy). If §(Fy + Ep) = 4/,
then either 0(Ey) 2 i/, 6(E2) = 1/, or §(Ey) = i, 6(Ea) = py and p = pf @ pby for suitable
why, ph € Distr(€) and r € (0,1). We only consider the last case, as the first two are simpler. In that
case, we can find v/}, € Distr(€) such that 6(Fy) = v}, 6(Fy) < v, py £ v}, and uh <4 V).
From this it follows that 6(Fy + Fy) — v/ and i/ €4 v/ for v/ = v} @ v}, using Lemma 5.5.

The congruence properties for strong probabilistic bisimulation semantics are well-known, and
can be obtained by simplification of the arguments above. O

Exactly as for the nondeterministic case [22], one can show that rooted branching probabilistic
bisimulation semantics yields the coarsest, or largest, congruence included in .

We close this section with two fundamental properties of branching probabilistic bisimilarity that
we need further on. We discuss the stuttering property, known from [22] for non-deterministic
processes, and cancellativity of probabilistic choice with respect to ©5.

Lemma 5.10 (Stuttering Property). For all u,v, o € Distr(€), if p = v, v = pand p <4 0
then it holds that p <y v.

Proof. We show that the relation R = {(u,v), (v, 1)} U <2 is a branching probabilistic bisimulation
relation.

Suppose p — pi for some a € A, i’ € Distr(E). Since p £ o there exist g, o’ € Distr(£) such
that o = 9 —% ¢ matches u — 1. In particular, 6 €, p and o < i/, Then, from v = o we
obtain v = ¢/. Hence v = ¢ - ¢ matches p — 1.

Now suppose v — v/ for some o € A, /' € Distr(£). Since p = v by assumption, we see that
u= v — 1/ matches v = /.

To verify weak decomposability of the relation R, first suppose u = @, p; - pi for some index
set I and pu; € Distr(€) for i € I. Since g £ p, we obtain from weak decomposability of < that
0 = @,c; pi- 0 for o; € Distr(E) such that o; £y pu; for i € I. From v = o we then obtain for
vi = o; for i € I that v = @,c; pi-v; and v; £y p; for i € I. Second, suppose v = @, pi - v; for
some index set I and v; € Distr(€) for i € I. Since p = v by assumption, we have for u; = v; for
i €I that u= @;c;pi-pi and p; pv; fori € I O

The so-called cancellativity law, proven in [21], provides a partial reversal of Lemma 5.5: Suppose
a convex combination of two distributions is branching probabilistic bisimilar to a similar convex
combination of two other distributions. If one pair of corresponding components is branching
probabilistic bisimilar, then so is the other.

Lemma 5.11 (Cancellativity). Let pu,p/,v,v/ € Distr(€). If u,® v €4 ¢/ @ v/ with r € (0, 1]
and v € 1/, then p € 1.

In this section we have introduced notions of strong, branching, and rooted branching probabilistic
bisimilarity, and we derived various properties. In the next section we address how these notions
of bisimilarity can be captured equationally.
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6. Complete axiomatisation of probabilistic bisimulation

In this section we provide a sound and complete equational characterisation of strong probabilistic
bisimulation semantics and rooted branching probabilistic bisimulation semantics. The complete-
ness result for the latter is obtained along the same lines as the corresponding result for branching
bisimilarity for non-deterministic processes in Section 3.

First, we extend and adapt the non-deterministic theory AX of Section 3 to the theory AX, to
cater for probabilistic choice and combined transitions.

Definition 6.1 (Axiomatization of ). The equational theory AX), is given by the axioms A1l
to A4, the axioms P1 to P3, and the axiom C listed in Table 2.

The axioms A1-A4 for non-deterministic processes are as before. Regarding probabilistic processes,
for the axioms P1 and P2 dealing with commutativity and associativity, we need to take care of
the probabilities involved. For P2, it follows from the given restrictions that it also holds that
(1-r)s = (1—7)s. In particular, the probability for subprocess @ to execute is equal for the
left-hand and right-hand side of the equation. Axiom P3 expresses that a probabilistic choice
between equal processes can be eliminated. Axiom C captures that any two non-deterministic
transitions with the same label can be executed in a combined fashion: assigning probability r to
the one transition and the complementary probability 1—r to the other. For the mixed setting of
non-deterministic and probabilistic choice, the axioms A1-A4 and P1-P3, together with axiom C
have been presented as an equational theory for probabilistic strong bisimulation elsewhere, e.g.,
in [7, 30, 17].
The axioms P1 and P2 allow us to write each probabilistic process P as

I(Er) @ (0(E2) »,@ (O(E3) r5® )

for non-deterministic processes F;. As explained in Section 5, we often denote such a process by
D,c; pi - E; with p; = r; H;-;ll(l—rj). More specifically, if a probabilistic process P corresponds to
a distribution @, pi- Es, i.e. [P] = B, pi - Ei, then we have that AX, - P = @,.; pi- Ei, as
can be shown by induction on the structure of P.

As noted, the equational characterisation of strong probabilistic bisimilarity has been addressed
by various authors. The theory AX,, provides a sound and complete equational axiomatisation of
strong probabilistic bisimilarity. For a proof, see [30], for example.

Theorem 6.2. The theory AX), is sound and complete for strong probabilistic bisimilarity. O

Continuing with the axiomatisation of rooted branching probabilistic bisimulation semantics, we
make use of an auxiliary relation C on £ x P, referred to as inclusion of a non-deterministic process
in a probabilistic process—see Table 2.

Definition 6.3 (Probabilistic inclusion). The relation C C £ x P is such that
ECP iff E-% uforac A, puc Distr(£) implies

[P] {9, 1 for some v € Distr such that v © i
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Thus, for £ C P to hold, we require that every transition of the non-deterministic process E can be
directly matched by the probabilistic process P, possibly as a partial transition. The next lemma
confirms that this matching of transitions extends to the Dirac process of E.

Lemma 6.4. If EC P and 6(E) = u, then [P] s » for some v € Distr(€) such that p € v.

Proof. If §(E) % p, then pu = @,crpi-pi and E =5 p; for suitable index set I, p; > 0, and u; €
Distr(€). Since E C P, we have for each ¢ € I that [P] o, v; for some v; € Distr(€) satisfying
w; < v;. Hence [P] {95 ) for v = @P,c; pi-vi by Lemma 4.7, and p £ v by Lemma 5.5. O

The following lemma tells that the inclusion relation T is compatible with strong probabilistic
bisimulation semantics.

Lemma 6.5. f EC P, F < F,and P & @, then F C Q.

Proof. Suppose EC P, E & F,and P & Q. Let F % p1. Then §(F) = y, and by Definition 5.1b
S(E) % i for some ' € Distr(€) such that u < /. So, by Lemma 6.4 exists v/ € Distr(€) such
that [P] {2, ) and ' < V. Again by application of Definition 5.1b, exists v € Distr(€) such
that [Q] -5 v and v/ © v. By transitivity u © v. O

However, C is not compatible with (rooted) branching probabilistic bisimulation semantics: we
have a.P T 0(a.P) <y 0(1.0(a.P)), yet a.P Z 0(1.0(a.P)). Thus, if we have AX,, - P = Q
and ¥ C P we can conclude that £ C (). However, with AXII)’ the equational theory capturing
branching probabilistic bisimulation semantics discussed below, it is not allowed to infer £ C @
from £ C P and AXZ? F P = Q, ie., after proving P = ) by means of axioms that are merely
sound for branching probabilistic bisimilarity.

We must be able to capture inclusion equationally. The axioms I1-16, presented in Table 2,
together with AX,,, constitute a complete axiomatisation of C. We refer to the theory AX,, I1-16
as AXZf .

Axioms I1 and I2 for inclusion take care of matching by a standard transition and of matching
by no transition, respectively. Matching of a partial transition is captured by axiom I3. Note that
the variants of axiom I3 with r = 0 and r = 1 follow from I1 and 12, respectively. Probabilistic and
non-deterministic composition are covered by axioms 14 and I5, respectively, deadlock by axiom I6.

Lemma 6.6. Let £ € £ and P € P. ThenEEPiffAXpII—EEP.

Proof. “If”, soundness. In view of Theorem 6.2 and Lemma 6.5, it suffices to check the soundness
of each of the axioms I1-16. The soundness of the axioms I1, 12, and 16 follows immediately from
the definition of C.

For the soundness of I3, the transition 7-(9(E + 7- P) ,& P) -5 §(E + 7-P) @ [P] can be
mimicked as [0(E + 7+ P)] % 6(E + - P) ,& [P]. Namely, [0(E + 7-P)] = 6(E + 7 P) ,®
S(E+7-P)and 6(E+7-P) = [P].

For axiom I4, suppose a - P; C Q; for i = 1,2. Since a- P; % [P;], one has [Q;] (o), [P;] for
i=1,2. So [Q1.® Q2] = [Q1] .® [Q2] L), [P1] @ [P:] = [P1.® P»]] by Lemma 4.7. Hence, the
transition o -(Py ,® Py) — [P ,® P»] can be matched by [Q; ,® Q2].
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Al E+F=F+E
A2 (E+F)+G=E+ (F+G)
A3 E+E=E
Ad E+0=F

Pl P®&Q=Q,,® P
P2 P& (Q.0R)=(P.® Q)R
where r = 75 and (1-r)(1—s) =1-5
P3 P& P=P
C a-P+a-Q=a-P+a-(P.®Q)+a-Q
BP if FCP then O(E+7-P)=P
G if ECO(F) then O(E+F)=0(F)
Il a-PCOE+a-P)
12 7-0(F)CI(E)
I3 7 (0(E+7-P),®P)CIE+T-P)
4 if - PPEQ) and a- Py C Q2 then Oé‘(Plr@ PQ)EQ1T® Q2
I5 if -y P and Eo E P then B4y +E,C P
I6 oCP

Table 2: Axioms for strong and rooted branching probabilistic bisimilarity

For I5, suppose E; C P for i = 1,2, and Fy + F» 2 . Then either Fy 2 wor Fy 2 4, SO
[P] {9, ) for some v € Distr(€) such that u < v.

“Only if”, completeness. Suppose F C (. Using AX,, process E can be brought in the form
>ier @i+ P, and Q in the form B, ; ¢; - Fj with ¢; > 0 for all j € J.

First consider the situation where |I| = |J| = 1, so E = a- P and @ = O(F) for suitable «,
P, and F. Since E = [P] and E C 9(F), one has §(F) {9y ) for some v € Distr(€) such that
v & [P]. By Definition 4.4 either (i) 6(F) - v, or (ii) @ = 7 and v = §(F), or (iii) o = 7 and
v =68(F) @ vy for some r € (0,1) and vy € Distr(€) with 6(F) = 15. (i) In the first case we
have FF & F +a-P,so AX, - F = F 4+ «- P by Theorem 6.2 and AX, - O(F) = 0(F + «- P).
Application of axiom I1 yields AXpI FE=a-PCOF +a-P)=0(F)=Q. (ii) In the second
case, AX,, - P = O(F) by Theorem 6.2. Axiom I2 yields AXp[ FE=7-P=7-0(F)CO(F)=Q.
(iii) In the third case, decomposability required by Definition 5.1a yields [P] = p1 ,® po with
p1 2 6(F) and po < vo. Thus, by Theorem 6.2 we have AX, - P = 0(F) ,® P» with P, such
that [P] € vo. Now F & F + 7- Py, since 6(F) — vy € [P2]. So AX, - F = F+7-P, by
Theorem 6.2. Therefore it holds that

AXJFE=7-P=7-(0(F),® P,) =7-(0(F+7-P1),® P,) CO(F+7-P) =09(F) =Q

by help of axiom I3.
Next consider the situation where |I| = 1 and |J| > 1. So, £ = «-P for some « and P.
Since E % [P] and E C @D,cs 4 Fj, one has B, ; q; - 0(F}) {5 ) for some v € Distr(€)
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such that [P] < v. By Lemma 4.8, v = @, ; q; - v; for v; € Distr(£) with 5(F}) o, v; for all
J € J. By Definition 5.1a, [P] = ;c; ¢; - p; for p; € Distr(£) with p; < v; for all j € J. We
have AX, = P = ,c; ¢;- P; where P; € P is such that [P;] = p; for all j € J. In addition,
a- P; T O(F}), hence AX; F a- P; T O(F};) by the previous case of |I| =1 and |J| = 1. Therefore
it follows that
AXI{ - E:O"P:a‘(@jeJqJ'Pj) C @jeJqJ"Fj =Q

by application of axiom 14 specifically.

Finally, consider £ = ), ., a; - P; with |I| > 1. If a;- P; iy for some i € I then F 5 4.
Since E C Q, this implies Q -~ v for some v < u. Hence o, - P; C Q. Thus, by the above, we
obtain AX - a;- P, C Q for all i € I. Axioms I5 and I6 then yield AX] - E C Q. O

Having introduced the notion of inclusion and its axiomatisation, we now introduce an axiomati-
sation for rooted branching probabilistic bisimulation semantics that we will show to be sound and
complete. The theory involves the inclusion relation. At the end of this section we convert the
conditional axioms BP and G to a purely equational form.

Definition 6.7 (Axiomatization of <*,;). The theory AX;,’ contains AX, together with the
axioms BP and G. The preconditions £ C P of BP and G are to be obtained from AXIf .

Axiom BP is an adaptation of axiom B of the theory AX? presented in Section 3 to the probabilistic
setting of AX}I?7 . In the setting of non-deterministic processes the implication F — F' = E - E’
A F' &y E' for some E' is captured by E + F <, E. If we reformulate axiom Bas E+ F = FE
— a-(F +7-F) =«-FE, then it becomes more similar to axiom BP in Table 2. In comparison,
the action prefix a occurring in B, related to the root condition for rooted branching bisimulation,
has been replaced in BP by the Dirac construction 9(-).

As to BP, a non-deterministic alternative E that is also offered by a probabilistic process P
after a 7-prefix can be dispensed with, together with the prefix 7. In a formulation retaining the
7-prefix on the right-hand side, the axiom BP shows similarity with axioms T2 and T3 in [17]
which, in turn, are reminiscent of axioms T1 and T2 of [13]; these axioms stem from Milner’s
second 7-law [34].

Let us illustrate the working of axiom BP. Consider the non-deterministic process £ = b-9(0) and
the probabilistic process P = d(a-9(0) + b-0(0)) 1,24 O(b-0(0)). Then we have E C P, i.e.

b-0(0) C 9(a-9(0) +b-0(0)) 1.4 O(b-0(0)).
Therefore, we have by application of axiom BP the provable equality

AXDEO(b-8(0) + 7+ (0(a-8(0) + b-0(0)) 5B 8(b-0(0)))) =
(8(a-0(0) +b-0(0)) .8 A(b-0(0))) .
Another example is a-(P; ,® P,) CI(b-R+a-P1),.® dc-S+a-Ps), so
AXPFOla-(PL @ Py)+7-(0b-R+a-Py),® dlc-S+a-P))) =
(0b-R4+a-Pp),® 0c-S+a-P)).
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An example illustrating partiality, i.e., the use of (7), rather than 7 as label of the matching
transition of [P] in the definition of C is

7 (0b-P+7-Q),® Q) CIb-P+7-Q)
from which we obtain
AXPEO(r-(0(b-P+7-Q),® Q) +7-(0(b-P+7-Q))) = (0(b-P+7-Q)) .

Roughly, the axiom G is a variant of BP without the 7 prefixing the process P. A typical example,
matching the one above, is

AXP (- (0(b-P+7-Q) & Q)+ (b-P+7-Q) = (8(b-P+7-Q)) .

Before presenting concrete applications of AX;’ we first discuss some derived laws, also as an il-

lustration. The second equation is the B-axiom of [22] in the setting of AX;; . The axioms in a
non-probabilistic setting are preceded by an action to deal with the rootedness issue. In the prob-
abilistic setting it is enough to use only the Dirac operator. See the first equation. Clearly the
second equation follows directly from the first. The last one is the pendant of Milner’s first 7-law.

Lemma 6.8. The following equations are derivable from AX]? .
(a) AXFO(E+F)=0(r-0(E+F)+F).

(b) AX)Fa-0(E+F)=a-0(r-0(E+F)+F).

(c) AXY-P=0(r-P).

Proof. (a) The equation follows from axioms BP and Al by taking P := 9(E + F'), using that
FCOE+F).

(b) The equation follows directly from the previous item using congruence.
(c) The equation is yielded by the axioms BP, 16, A1, and A4, taking £ := 0. O

We further illustrate the working of theory AX;,’ by showing the equivalence of the remaining
example pairs of Figure 2.

Example 6.9.

(a) For the two examples taken from [30] we exploit associativity and splitting as provided by the
axioms P2 and P3.

AX) FHy
=a- (P10 (P19 Q)
=a-((P1® P),® Q) Axiom P2
= a-(P1® Q) Axiom P3
= a-(P1® (Q 1@ Q) Axiom P3
= H,



()

()

The partial inert expansion of the examples G1 and G is covered by a combination of axiom P3,
allowing to split a distribution, and the axiom BP to introduce an inert transition in the proper
context.

AX) F Gy
= a- (P Q)
= a-((P 19 Q) 1® (P& Q)) Axiom P3
= a-(0(r-(P 19 Q)18 (P 1@ Q)) Lemma 6.8¢
— G,

To show equality of the processes I1 and I2 we make use of Lemma 6.8. We have
AX)F Ty

=a-0b-P+71-Q)

=a-0b-P+7-Q+b-P+71-Q) Axiom A3

=a-0(1-0b-P+7-Q+b-P+7-Q)+b-P+7-Q) Lemma 6.8a

=a-0(1-0b-P+7-Q)+b-P+71-Q) Axiom A3

= I.

b-(P 3@ Q)) and the process Ty =
) modulo AX]I; follows immediately
® 9(b-(P 2& Q)). This follows
1@ (P 2P Q)), using axioms P1

a-9(r-(0(b-(P 1® Q)) 1® 9(b-(P :® Q
from axiom BP once we have b-(P ;& Q
from axioms I1 and 14, by writing b-(P
to P3 as well.

~—
ey
— N

To formally prove that the processes E; and Eg of [15] are equal with respect to AX;,’ we
observe

AX] - By
=7-(0(r-P+a-Q+7-R)3® 0(0))
T (O P+a-Q+71 R)® (0(T-P+a Q+7-R) & 0(0))) Axioms P3, P2
T (0(r-P+a-Q+7 R)®
(O(T-0(r-P+a-Q+7-R) 1D 0(0)))) Lemma 6.8¢c

= E,.

T

Soundness of the theory AX; for rooted branching probabilistic bisimilarity is straightforward.

Lemma 6.10 (Soundness). For all P,Q € P, if AXII,’ F P =@ then P £} . Likewise, for all
E,F €&, if AX)E=F then E & F.
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Proof. In view of Theorem 6.2 and Lemma 5.9 we only need to prove the soundness of the axioms
BP and G. For BP we need to show that 6(E + 7.P) <, [P] when E C P, and for G that
S(E+F) £ d(F) when E C O(F).

Both statements follow from the observation that the relations

{G(E+7.P),[P]) | EC P} U,

and
{(0(E+F),8(F)) | ECOF)} Uy

are branching probabilistic bisimulation relations, as can be straightforwardly checked. O

As for the process language with non-deterministic processes only, we aim at a completeness proof
that is built on the completeness of strong bisimilarity and the notion of a concrete process. In
Section 3, a process is called concrete if it does not exhibit an inert transition. In the setting with
probabilistic choice we need to be more careful. Not only do we need to consider partially inert
transitions, but we also want to exclude, for example, processes of the form

HT-P)1)y® 0(a-Q)) and I(a-P),;® 9(b-(I(T-Q) 1% Q))

from being concrete, although they cannot perform a transition by themselves at all. To capture
inertness of subprocesses we employ the following definition.

Definition 6.11.

(a) The derivatives der(E),der(P) C £ of non-deterministic and probabilistic processes E € &
and P € P are given by

der(};er i Pi) = {2 ey i P} UU,eq der(P)
der(@jer pi- Ei) = Uiy der(Ei).

(b) A process E € £ or P € P is said to be concrete if none of its derivatives can perform a
partially inert transition, i.e., there is no E € der(E) or E € der(P), respectively, that has a
transition of the form E — p1 @O po with 7 >0 and 0(E) <4 .

(c) A process E € £ is called rigid if it has no inert transition, i.e., a transition £ — p such
that 6(E) < p.

(d) The sets . and P, of concrete non-deterministic processes and concrete probabilistic pro-
cesses are given by

Eoe={Ec&|Eisconcrete} and P, ={P¢cP|Pisconcrete }.

The set &€, of non-deterministic processes that are rigid is given by &, = { E € £ | E is rigid }.
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A concrete process has no derivative that can perform a partially inert transition. Thus, a non-
deterministic process is concrete if it has no partially inert transition and all its derivatives are
are concrete. A probabilistic process is concrete if it is a probabilistic choice of concrete non-
deterministic processes. Clearly, £, C &,. We use concrete and rigid processes to build the
completeness proof for rooted branching probabilistic bisimilarity on top of the completeness proof
of strong probabilistic bisimilarity. The following lemma lists all the properties of concrete and
rigid processes that we need for this.

Lemma 6.12.

(a) Let E =), o;- P; with P, € P, fori € I. If, for all i € I, (i) a; # 7, or (ii) [P;] cannot be
written as p1 @& pe where r > 0 and 6(E) £ p1, then E € E..

(b) IfPl’PQ epcc, then Pl'r*@ PZGPCC'
)

(c) If p = @;c; pi- i € Distr(Ece) where p; > 0 for all i € I, then p; € Distr(E..) for all i € I.
(d) If u € Distr(E..) and HOR W', then u' € Distr(E..).
(e) If p € Distr(&,) and p = p with p < p/, then p = p/.

(f) If u £ @,c; pi - vi for p € Distr(E,), then p = @,;c; pi - s for certain p; <y vy with i € I.
(g) f E €&, and 6(E) v, then E <4 F for all F € spt(v).

(h) If E € & and §(F) L w1 @ p with d(F) < p1, then r = 0.

(i) Let E € Ex and F € € such that 6(E) £ 8(F). If §(E) % u, 6(F) 2L v, and p ¢ v for
u, v € Distr(€), then §(F) -+ v and there is no G € spt(v) with E € G.

Proof. For property (a) it suffices to show that E cannot perform a partially inert transition. So
suppose, to the contrary, that F — p1 ,@® po with 7 > 0 and 0(E) p p1. Then there is an index
i € I with a; = 7 and [BP;] = p1 . pe, contradicting the assumption.

Property (b) follows directly from the observation that following Definition 6.11 it holds that
der(Py ,® P3) = der(P;) U der(P).

To see property (c), we observe that, for i € I, spt(p;) C spt(u), and therefore spt(u) C E..
implies spt(u;) C Ece.

As to property (d), we can assume spt(u) = { E; | i € I } and y/ = @,¢; p; - pi where E; = ]
or u, = 6(E;) for i € I. So, we have spt(u}) C der(E;) C & or spt(u) = E; € spt(u) C &,
respectively, for i € I. Therefore, spt(u}) C &, for ¢ € I and spt(p') C Ec.

For (e), let p € Distr(€,) and p = p/ with p < p/. Towards a contradiction, suppose pu # 1.
Then there must be a distribution fi # u such that g —2 fi and i = /. We may even choose i
such that the transition g — i acts on only one element of the support of j, i.e. there are E € &,
r € (0,1] and f, ¢ € Distr(€) such that p = §(F) ,® o, E > i and i = fi @ o. By the stuttering
property of Lemma 5.10, u < fi, thus 6(F) & 0= u £p i = i, o. Hence, by cancellativity of
Lemma 5.11, we obtain §(F) £y 1. So, the transition F L5 ju is inert, contradicting F € &,.
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Regarding (f), if pu <4 @, pi-vi for p € Distr(E,), then p = i := @, pi- i with p ©p i
and p; 3 v; by weak decomposability of 2. By case (e) of the lemma we have g = p.

For (g), suppose £ € &, and 0(E) ©p v. Let v = @,c; pi- Fi. Then §(E) = @,  pi- i for
certain p; <y d(F;), using case (f). Now u; = §(E) for all ¢ € I and hence F; <2y E for all i € I.

For (h), suppose E € &, and 6(E) = pu1 ,® pp with 6(E) £ py and r > 0. Say, p1 ,® po =
@, pi - vi where E 15 v; for i € I. Since r > 0, for some i € I we have that spt(u1) Nspt(v;) # 0.
By case (g) of the lemma it holds that F' <, E for F € spt(u1). Thus, the transition E - v; is
partially inert. This contradicts the assumption F € &,..

To establish (i), suppose E € &, F € &, and p,v € Distr(€) are such that §(F) < §(F),
S(E) % p, 6(F) 9, 1 and p <2y v. Assume, for proving the first conclusion of case (i), that
a = 7, for otherwise the statement is trivial. Then, for some vi,1vo € Distr(€) and r € [0, 1],
v =uv,® vy, v = 6(F) and either r = 1 or §(F) L 1y, Since p €4 v and £y is weakly
decomposable, there are i, u1, uo € Distr(€) such that p = g = p1 . ® pe, p b 1, u1 €p v1 and
w2 <y v1. Because p € Distr(Ec) by case (d) of the lemma, it follows that 1 = p by case (e)
of the lemma. Thus 6(E) - u1 @ pg and §(E) € §(F) = vy € py. Since E is concrete and
I(E) T 1 @ g, case (h) of the lemma yields r = 0. It follows that v = vy and 6(F) .

For the second conclusion of case (i), suppose E <, G for some G € spt(v). Then v = §(G),d v
for some v/ € Distr(€) and r > 0. Exactly as above we find p1, po € Distr(E) such that p = py,® pe,
S(E) 55 p1 ,@ po and §(E) <4 6(G) 4 p1, contradicting case (h) of the lemma. O

/

Because in concrete probabilistic processes partially inert transitions are absent, branching bisim-
ilarity and strong bisimilarity coincide for concrete processes. As mentioned, this will help us to
lift the completeness of the theory AX, for strong probabilistic bisimulation to the completeness of
the theory AX;,’ for branching probabilistic bisimulation.

Lemma 6.13. For all p,v € Distr(E..), if u <4 v then p < v.
Proof. Let p,v € Distr(E..) be such that p <4 v. Define the relation R by
R = & N (Distr(Ee.) x Distr(Ee.)) -

Then, by Lemma 6.12cd, R is a branching probabilistic bisimulation relation relating p and v. We
show that R moreover satisfies the conditions of Lemma 5.4.

That R is decomposable follows by Lemma 6.12¢ since R is weakly decomposable. Condition (2)
of Lemma 5.4 is a direct consequence of the congruence result of Lemma 5.5 and the observation that
1 D p2,v1 B vy € Distr(Ee) if p1, pa, 1,2 € Distr(E..). Now, in order to verify condition (3)
of the lemma, suppose §(F),§(F) € Distr(&..) are such that §(E)RS§(F) and E =5 /. Then
F)=rv {9, 1/ for some v,V € Distr(€) such that 6(F)R v and ¢/ Rv/. By Lemma 6.12e we
have v = 0(F'). Thus 0(F) )y, Using Lemma 6.12i it follows that §(F) = /. With R being
decomposable and satisfying conditions (2) and (3), Lemma 5.4 yields p < v. O

Lemma 6.13 has a partial completeness result as an immediate consequence: branching bisimilarity
for concrete probabilistic processes implies equality modulo AXZI,’ , in fact modulo AXj,.

Corollary 6.14. For all P,Q € P, if P £} Q then AX, F P=qQ.
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Proof. For P,Q € P.. such that P <}, @, Lemma 6.13 above yields P & Q. Theorem 6.2 it
then follows that AX, - P = @, hence AX} - P = Q. O

The following lemma plays a crucial role in our completeness proof. It describes exactly the pre-
condition £ C J(F) that is needed for application of the axiom G in the proof.

Lemma 6.15. Let F.H € .., P € P, v € (0,1), and let E :=7-(0(F) ,® P)+ H € &, be such
that E <y F. Suppose G <, E for no G € spt([P]). Then 7-(0(F) ,® P) C 0(H).

Proof. Tt suffices to show that 6(H) sy for some v d(F) @ [P]. To this end we prove three
claims.

(a) 6(F) = u for some p € Distr(E) with u < [P].
(b) If §(F) = o then §(H) = 7 for some 7 € Distr(€) with 7 £ o.
(¢) H <y F.

From claims (a) and (b) we derive §(H) — 1 for some 1 with n < [P]. Now take v := §(H) ,® n.
Then §(H) NG By claim (c) and Lemma 5.5 we obtain v <, §(F) ,@® [P]. By Lemma 6.12d
we have n € Distr(E..), and thus 6(H) 6977, d(F),®[P] € Distr(E.) by the assumptions for H,
F, and P being concrete. Hence v < §(F) .@ [P] by Lemma 6.13.

Proof of claim (a). Since E — §(F )TGB [P] and E < F, we have 6(F) = o — o, o for some
g <y 0(F) and p <4 §(F),@ [P]. By Lemma 6.12¢ it follows that i = §(F), using that F is
rigid. By Lemma 6.12d we have u € Distr(E..) C Distr(E,). So by Lemma 6.12f, u = p1 @ o
with g1 €4 0(F) and po <3 [P]. On the other hand, as §(F) o, i, we obtain pu = §(F) &
for some s € [0,1] and g/ with either s = 1 or 6(F) —» /. Thus, we have two divisions of the same
distribution p in two parts. We proceed to show that these divisions are actually the same.

By Lemma 6.12g F <y G’ for each G’ € spt(u1). Furthermore, we claim that F' < G’ for no
G’ € spt(p2). Namely, if G' € spt(uz) with F €3 G, then ps = §(G’) @ pf for some p > 0, and by
Lemma 6.12f, using that [P] C Distr(E..) C Distr(E,), [P] = v1 ,® vo for some vy 2y, (5(G’) and
vo £y ph. Since v1 €4 6(G') €4 6(F) and F is rigid, by Lemma 6.12g one obtains G <, F <4 E
for some, in fact all, G € spt(v1) C spt([P]), contradicting our assumption.

Since spt(d(F)) = F it follows that s < r < 1. Thus 6(F) - . Since F € &, by Lemma 6.12h
we have that no G’ € spt(y/) satisfies F' <, G'. Hence s = r and ¢/ = ps € [P]. This proves
that §(F) — u' for some y/ with ' < [P], as claimed.

Proof of claim (b). Assume 6(F) =+ o. Since E ) F, we have §(F) = 5 ——2» {2, n for some
7 <4 6(F) and n £p o. By Lemma 6.12e 7 = §(F), using that E is rigid. Since F' is concrete and
I(E) ), n, we have §(F) = n by Lemma 6.12i. Lemma 6.12i also says that F ¢ sup(n). Hence
no fraction of the transition §(E) —+ 5 can stem from the transition E — §(F),@® [P]. It follows
that 6(H) < n with n £ 0.

Proof of claim (c). Let R = {(6(H),d(F))}' U €. It suffices to show that R is a branching
probabilistic bisimulation relation. That R is weakly decomposable is straightforward. So it suffices
to check the transfer condition for the pairs (§(H),d(F)) and (3(F),d(H)). Assume §(H) - o.
Then also §(E) % p, and since E £, F this move can be matched by §(F). The other case follows
by (b) above. O
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We have now arrived at the main lemma that we need for a proof of completeness of the axioms
of Table 2 with respect to rooted probabilistic branching bisimulation semantics. In its proof we
reason by induction on the complexity of processes as captured by the complexity measure ¢ below.
Roughly speaking, the complexity measure counts the number of transitions of a process.

Definition 6.16. The complexity function c¢: £ UP — N is defined as follows:

C(O) =0 C(Od . P) =14 C(P) C(El + EQ) = C(El) + C(Eg)
c(0(E)) = c(E) c(P1,® P2) =c(Pr) + c(Pa).

Note, the application of axiom Al, A2, A4, P1 and P2 does not change the complexity of a term.

Lemma 6.17.

(a) For each non-deterministic process E' € & there is a concrete probabilistic process P e P,
such that [P] € 6(E) and AX) + P = 0(E).

(b) For eagh probabilistic process_P € P there is a concrete probabilistic process P € P,. such
that [P] € [P] and AX + P = P.

(c) For all probabilistic processes P, Q € P, if [P] < [Q] then AX]f FP=Q.
Proof. We prove items (a) to (c¢) by simultaneous induction on ¢(E), ¢(P), and max{c(P),c(Q)}.

Basis If ¢(E) = 0, then E is provably equal to 0. Hence, choosing P = 9(0) € P.. suffices.
If ¢(P) = 0, then AX, - P = @,.; pi-9(0) for a suitable index set I and p; > 0 for i € I.
Hence AX, F P = 9(0) and choosing P = 9(0) € P, suffices here. If max{c(P),c(Q)} = 0, then
AX, = P = 0(0), Q = 0(0) by the above, from which AX;,’ F P = Q@ follows directly.

Induction step As to case (a), suppose ¢(E) > 0. Using axiom A1, A2, and A4 we can rewrite F
such that AX, = E = >, ; a;- P; for some index set I and suitable o; € A and P; € P. Note
that, for all ¢ € I, ¢(P;) < ¢(E). Choose for each i € I, by the induction hypothesis for part (b)

P; € Pec such that [B] € [P] and AX) - P; = P,. Now AX) - E=FE for E:=3Y,.; o;- P;. We
distinguish two cases.

(i ) First suppose that for some ig € I we have oy, = 7 and P;, £ O(E), so that the summand
i, - P;, of E represents an inert 7-step. Then AXb FE=H+rT- BO, where H := Zze[\{zo} TR B
It sufﬁces to show that H C P, because then axiom BP yields AXb - 8( )=0(H+T- on) = RO.

So, suppose H 5 y. Then p = [[B]] for some i € I\ {ip}. Slnce E % [P] and O(E) £ P,
we have [P, ] = v {9, ) where §(E (E) €4 v and [P;] € v. Because P, is concrete, [P;,] = v by
Lemma 6.12e. Thus [P;,] {2, ). Since [P] € Distr(E.), v € Distr(€.) by Lemma 6.12d, and

[P;] < v, Lemma 6.13 yields [P;] € v, which was to be shown.

(ii) Next suppose that a; # 7 or P; ¢4 0(E) for all i € I, ie., E is rigid. We will show that
there is a concrete process C € €., such that AX;’ F O(E) = 0(C). We proceed by induction on the
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number of indices k € I such that aj =7 and [[pk]] can be written as u1 @ po for some r € (0, 1]
and 0(E) < p1. Basis If there are no such k, then C := E € £.. by Lemma 6.12a.

Induction step Let i9 € I be an index such that a;, = 7 and [[]520]] can be written as 1 & 2
with r € (0,1] and 6(E) £ p1. Without loss of generality we can assume that [P;,] = p1 @ pe
with r € (0,1], §(E) < pu1, and G €4 E for no G € spt(uz), for each such G € spt(uz) can be
shifted to spt(u1). As E is rigid, it follows that r < 1.

Let again H := Zzel\{z y P;. Then AX, F E = 7- P, + H. By induction, exists C' € &
with AX] F 0(H) = 9(C). So, AX) - E =17- P,O +C. Tt suffices to show that AX] - 9(E) = 9(C).
This will follow from axiom G once we obtain 7- P;, C 9(C).

By axioms P1-3, there are P, P’ € P, such that AX, - P, = P’ & P with [P'] = y; and
[P] = p2. For all F € spt([P']) we have F' <, E by Lemma 6.12g. So, for each F € spt([P']),
we have P’ <, (F) and AX, - P’ = O(F) by Corollary 6.14. Hence, AX, - P, = 9(F) ,& P.
Moreover, E :=7-(0(F) ,® P)+C &, 7P, + C €3 E.

We analyse the 7- transitions of E in order to show that it is rigid. Regarding the transition
E = r-(3(F) & P)+ C 5 [8(F) & P] we observe that O(F) ,& P 4 Py, P, #59(E) b
assumptlon and E €3 E. So, [0(F),® P] ¢, E. Now assume, to arrive at a contradlctlon,
that C < v and v € 6(E) for some v € Distr(€). By Lemma 6.12d v € Distr(..). We claim
that, given the assumption, it holds that C E: Clearly, any transition §(C) — o can be
matched by 6(E) = 6(7-((F) ,& P) + C). Conversely, if 6(E) 5 o, then v = v {9, 1 for some
7,v € Distr(€) with 7 £ §(E) and v ¢ 0, and therefore §(C) = 7 ~2%s v. So, we have C L
and v £ 5(E) <y 0(C'), which contradicts C' being concrete. We conclude that 7-(0(F) ,& P)
nor C yields an inert transition and that E = 7-(0(F) ,® P) + C is rigid.

Since F, P, and C are concrete, r € (0,1), E = 7-(d(F) ,® P)+ C is rigid, F &, E <3 E
and G €, E for no G € spt([P]), we obtain 7-(0(F) ,& P) C d(C) by Lemma 6.15. Above we
have shown that AX, - P, = 9(F) ,® P, hence O(F) ,® P < P,. Therefore Lemma 6.5 gives
7- P, CO(C) as desired, closing the induction step for part (a).

As to the induction step for part (b), let P = ,.; pi - &; where p; > 0, E; € £ for i € I. Note,
c¢(E;) < ¢(P), for i € I. By part (a), for all i € I, concrete processes P; € P exist such that
[P] € d(E;) and AXb F P, = 0(E;). Put P =@, pi- P;. Then P € P, by Lemma 6.12b. We
have that [P] = [[EBZE[ pi- Pi] € [@,c; pi- Bi] = [P], since [P;] €4 6(E;) for i € I. Moreover,
it holds that AXb}—P @D, pi- Ps = @,c; pi - Ei = P, because AXbI—P O(E;) for i € I. This
concludes the 1nduct10n step for part (b).

For the induction step of part (c), let P,@Q € P be such that max{c(P),c(Q)} > 0 and assume
[P] € [Q]. By part (b) exist concrete processes P,Q € P, such that [P] <, [P] and AX, b
P = P, on the one hand, and [[Q]] < [Q] and AXb - @Q = Q, on the other hand. Thus
[P] < [P] €0 [Q] €4 [Q]. Since P,Q € P.., it follows that AX, - P = Q using Corollary 6.14.
Combination of this gives AX)) bl P =P =Q = Q and settles the induction step for part (c¢) and
the proof of the lemma. O

By now we have gathered all ingredients to prove that the theory AXIS is a complete axiomatisation
of rooted probabilistic branching bisimulation semantics. In the proof of this theorem we exploit
axiom C.
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Theorem 6.18 (AX;; is sound and complete for ¢<,;). For all non-deterministic processes
E,F € £ and all probabilistic processes P, € P it holds that £ <,y F iff AX;)’ F E=F and
[P] < [Q] iff AX) P =Q

Proof. Lemma 6.10 settles the soundness of AX). b Therefore it remains to show that the the-
ory AX is complete. The completeness result for probabilistic processes was already delivered as
Lemma 6.17c.

So, choose non-deterministic processes F, I' € £ such that E < F'. Suppose £ =) ;; a;- P;
and =5, jeJ Bj - Q; for suitable index sets I J, actions «;, 3;, and probabilistic processes R, Qj,
forie I, j € J. For each j € J we have F' — [Q,]. Since E <, F', we Can ﬁnd for each j € J,
a non-empty subset I; C I and p;; > 0 such that a; = §; for i € I, §(E ) @ie]j pij-P; and
[[@ielj pij-P;] € [Q;]. By Lemma 6.17c we have AX;; F (Gaz'elj pij-P;) = Q;. Thus, for each
7 € J, it holds that

AXDE S 0 Py
= Dier @i P + Ziefj ;- b Axioms A1-A3
= Dier @i~ P+ Xier, B Bi a; = 3 for i € I
= Zie[ o P + Zielj Bj- P + B '(@ie[j Dij 'Pz') Axiom C
= Zie[ a;- Py + Zie[j Bi- P + Bj-Q; Since AX;; - @ielj pij- P = Q;
=Y er i P+ B-Qj. Reversing two steps above

Exploiting this equality for each j € J, as well as axioms Al and A2, we obtain

E = Zielai'PZ’ = Zz’elai'Pi + ZjeJ/Bj'Qj-

Symmetrically, we derive

F= ZjeJﬁj'Qj = ZjeJﬁj'Qj + Dier i b
Combination of the two equations yields, again with help of axioms Al and A2,
AXJFE=Ycr0i-Pi=Y ;i P+ Y e ;8- Q;
=2 es Bi Qi + Deri-Pi=3c,8;-Q =F

which was to be shown. O

The axiomatisation AXII,’ , whose soundness and completeness has been proven above, involves the
auxiliary relation = C £ x P. This relation does not satisfy the law

F=E ECP P=Q
FCO (4)
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when equality denotes provability with respect to AX;’ . However, it satisfies (4) when equality
denotes provability with respect to AX,. See Lemma 6.5. This could be considered better, as it
tells us that we never need to use the axioms BP and G to prove the inclusions ¥ C P that are
needed as premises of BP and G. However, if seen as a shortcoming of the relation C, this can be
easily repaired. Define the relation C' C £ x P by

FC' Q iff 3IEc&E,PeP. FWwEAECPAP <Q.

As can be directly obtained, this relation satisfies (4), i.e. F <4 E, E C' P, and P £ Q
implies F' ' Q. It also satisfies axioms I11-16, as can be straightforwardly verified. In addition, the
axioms BP and G trivially remain sound when using C’ in the precondition instead of C. Thus,
replacing C by C’ in Table 2 yields the same axiomatisation, which is therefore sound and complete
for rooted branching probabilistic bisimulation semantics, and now also satisfies (4).

We now proceed to convert the axioms BP and G into equations.

Lemma 6.19. Through application of AX),, each true statement of the form ¥ C P can be written
in the form

ZieIT' <@keK Pk - (8(Fk) rnD Pdc)) + ZjeJ aj- (@ke}( PkPglc> C ®keK Dk - Fy

with

Ey, :Ek“‘Zielk 7 P +Zj€Jaj'ij7
where I, J, K are finite index sets, INJ=0), E}, € £ and p;€(0, 1] for all k€ K such that Y, _x pp=1,
Py, €P and ry, €[0,1] foriel and k€ K, Pjp, € P for je€J and k€ K, aj € A\{r} for j € J, and
Ik:{iEI|T1‘k<1}.

Proof. Suppose that E and P have the above form. We need to show that £ C P. So, suppose
E % i for some o € A and p € Distr(€).

First assume that o # 7. Then p = @ ¢ i - [Pji] for some j € J with a; = a. For each k € K
one has Fj, =5 [Pji]. Hence [P] = @y Pk 6(F) — @pese i - [Pjk] = p by Lemma 4.7a. Next
assume that o = 7. Then u = @ i - (0(Fk) ., @ [Pix]) for some i € I. For each k € K one has
5(Fy) HGR 6(F) +,,® [Pir]. Hence [P] 0, p by Lemma 4.7b.

Now suppose £ C P. We need to show that using AX), the expressions ¥ and P can be written
in the required form. Let E have the form ) ,.; 7- P + ZjeJ a; - P; for finite index sets I,J
with INJ =0, a; € A\{r} for j € J, and P; € P for i € I UJ. Moreover, let P have the form
Dk pr - Fi. for a finite index set K, Fj, € € and py, € (0,1] for all k € K, with >~ pr=1.

For each j € J one has E % [P;] and thus P % v; for some v; € Distr(£) with v; < [P].
Lemma 4.8a implies that §(F},) v;i, for certain vj, € Distr(€) such that v; = @ i Pr-vjk. Let
Pj, € P be such that [Pj;] = vy for all j € J and k € K. Then Fj, & Fj, +aj- Py, for all j € J
and k € K, and thus AX), - F}, = F}, +a;- Pj; for all j € J and k € K, by Theorem 6.2. Moreover,
P; © @y.c i Pr-Pjk, and thus AX, = P; = @, c i pr-Pji by Theorem 6.2.

For each i € I one has E - [P;] and thus [P] 0, v; for some v; € Distr(€) with v; < [B].
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Lemma 4.8b implies that §(F},) o, Vi for certain vy, € Distr(£) such that v; = @, c g Pr-Vik- By
Definition 4.4, for each i € I and k € K, either (i) 6(F) — v, or (ii) v = 6(F}), or (iii) there
exists a v, € Distr(€) such that vy = §(Fy),,® v and §(F) - v}, for some ry, € (0,1).
Let Py € P be such that [P;;] = v for all (i,k) € I x K for which possibility (i) applies, and
[Pir] = v, for all (i,k) € I x K for which possibility (iii) applies. Pick P;, € P arbitrary in case
possibility (ii) applies. Let r; := 0 for all (i, k) € I x K for which possibility (i) applies, and 7 := 1
for all (i, k) € I x K for which possibility (i) applies. Then P; € @, pr-(0(Fy) ., ® Pi) for all
(i,k) € I x K, and thus AX), & P; = @c i (0(F) ,,® Py, for all (i,k) € I x K by Theorem 6.2.
Moreover, putting I, = {1 € I | ry <1}, Fp © Fy+7- Py for all k € K and i € I, and thus
AX, & F, = Fj, 4+ 7- Py, for all k € K and i € I, by Theorem 6.2.

Thus, for all k € K there are Ej, € £ such that AX, - Fj, = Ek+zi61k 7"Pz‘k+ZjeJ aj- Pj. It
follows that using AX), the expressions E/ and P can be written in the form given by the lemma. [J

It follows that an equational form of axiom BP can be obtained by skipping the precondition £ C P,
and instead filling in the general forms of Lemma 6.19 for £ and P. Thus, BP can be rendered as

O(Sier T (@rer pr- (O(Fk) 1@ Pa)) +
Zje] aj - (Drer Pr Pik) + 7 Dpex pk‘Fk> = @rer P Fi

with
Fio=Ep+ Y ier, TPk +25e5 05 Pk,
and where I, J, K are finite index sets, INJ =0, E}, € £ and p € (0,1) forall ke K, >, .o i =1,
Py, €P and ry, €[0,1] foriel and k€ K, Pjp, € P for je€J and k€ K, aj € A\{r} for j € J, and
Ii={iel|rgp<1}.
In the same way, axiom G can be transformed to a purely equational form. Since its precondition

has the form E C J(F'), we may restrict attention to the special case of the form for Lemma 6.19
with |K| = 1. This yields

a<ZiEI T(OWF) & )+ e5a P+ F) = 9(F)

with
F:E+Zi€]’ T'PZ' +Z]€Jajpj

where I,J are finite index sets, INJ =0, E € £ P, € P and r; € [0,1] for i € I, P; € P and
aj € A\{r}for j € J,and I'={iel | r; <1}. By application of axiom A3 the above axiom scheme
can be simplified by restricting to the case J = (). Another application of A3 allows restriction to
the cases that I’ = I or [I\I'| = 1. The latter case can already be obtained as an instance of BP.
Hence G can be rendered equationally as

a(zie]T'<Pi D 8<E+Zi617‘Pi))+E+ZiejT'Pi> = a(E+Zie] T-B)

with I a finite index set, E € £, P, € P and r; € [0,1] for all i € I.
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7. Concluding remarks

We presented an axiomatisation of rooted branching probabilistic bisimilarity and proved its sound-
ness and completeness. In doing so, we aimed to stay close to a straightforward completeness
proof for the axiomatisation of rooted branching bisimilarity for non-deterministic processes that
employed concrete processes, also presented in this paper. In particular, the route via concrete
processes guided us to find the right formulation of the axioms BP and G for branching bisimilarity
in the probabilistic case.

Future work will include the study of the extension of the setting of the present paper with
a parallel operator [14]. In particular a congruence result for the parallel operator should be
obtained, which for the mixed non-deterministic and probabilistic setting can be challenging. Also
the inclusion of recursion [13, 17] is a clear direction for further research.

Also, we want to develop a minimisation algorithm for probabilistic processes modulo proba-
bilistic branching bisimilarity. Eisentraut et al. propose in [15] an algorithm for deciding equiv-
alence with respect to weak distribution bisimilarity relying on a state-based characterisation, a
result presently not available in our setting. Other work and proposals for weak bisimilarity in-
clude [10, 16, 39], but these do not fit well with the installed base of our toolset [8]. For the case
of strong probabilistic bisimilarity without combined transitions we recently developed in [27] an
algorithm improving upon the early results of [6]. In [39] a polynomial algorithm for Segala’s prob-
abilistic branching bisimilarity, which differs from our notion of probabilistic branching bisimilarity,
is defined. We hope to arrive at an efficient algorithm by combining ideas from [40, 41, 39] and
of [26, 23].
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Appendix

Lemma 4.6 Let I and J be finite index sets, p;,q; € [0,1] and &, p;, v € Distr(€), for i € I
and j € J, with both { = @,c; pi-pi and § = @,c; ¢;-v;. Then there are r;; € [0,1] and
0ij € Distr(€) such that ZjeJ rij = p; and p; - p; = @jeJ rij-0ij for all i € I, and ) ;. rij = gj
and q;-vj = @,y 7ij - 045 for all j € J.

Proof. Put r;j = ZEespt(g) il g(E)j i(E)
0ij € Distr(€) arbitrarily. In case r;; # 0, define p;; € Distr(£), for i € I and j € J, by

pip(E) - qjvi(E)
o) =1 ryf(E) =0

0 otherwise

for all i € I and j € J. In case r;; = 0, choose

for all E' € £. By definition of r;; and g;; it holds that ) { 0;;(E) | £ € £} = 1. So, g;; € Distr(£)
indeed.

We verify ZjeJ ri; = p; and p; - p; = ®jeJ rij - 0i5 for i € I.

Siestii =Y ges . piki(E)-qvi(E)/E(E)

Eespt(€)
= ZEespt(g) pipi(E) - ZjeJ q;v;(E)/&(E)
=2 pespu(e) Piti(E) Since § = ;e 4 - V)
=P
Next, pick F' € £ and i € I. If {(F) = 0, then p;p;(F') = 0, since {(F) = Y, pipi(F), and r;5 = 0
or 0;;(F) =0 for all j € J, by the various definitions, thus ZjeJ 135015 (F) = 0 as well.
Suppose £(F) > 0. Put J; = {j € J | r; > 0}. Note, if j € J\J;, i.e. if 75 = 0, then
piti(F)q;vi(F)/§(F) = 0 by definition of 7;;. Therefore we have
dies Tij0ii(F) = X ey Tijoi(F)
= Yjeu; TijPiti(F) - qjvi(F)/ (ri;§(F))
= Zjeji pipi(F) - ;v (F)/&(F)

= > jes Piti(F) - q;vi(F)/§(F) Summand zero for j € J\J;.

= pipi(F)/E(F) - 2255 4ivi(F)

= pipi(F) Since £ = @jc; 5 Vj-
The statements ) ;. 7 = q; and q; - v; = @, 735 - 05 for j € J, follow by symmetry. O
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Lemma 5.3 If R is a branching probabilistic bisimulation relation, then so is cc(R).

Proof. We first verify that cc(R) is weakly decomposable. Suppose i cc(R) v for u,v € Distr(E).
Say = @,c; pi - pi and v = @, pi - v; for a suitable index set I and p; > 0, p;,v; € Distr(€)
such that u; Ry; for i € I. For i € I, we have u; = @EESpt(M) wi(E)-E. Since R is weakly
decomposable and p; Rv;, there exist distributions ; and v; g for i € I, E € spt(u), such that
Vi = U, U; = ®E€Spt(u) wi(E) v g, and 0(E) Ry p. Let v := @,y pi -7 and vy := @, pi - ViE-
Then v = @,c; pi - Vi = @,cp pi - Vi = U because v; = v; for i € I. Moreover, 6(E) cc(R) v,
because §(E) Rv; g for i € I.

Let GB]-E 74" ,u;- be an arbitrary decomposition of u. It suffices to find distributions 7/ and
v; for j € J such that (i) v = 7/, (ii) 7' = EBJGJ qj - v, and (iii) @} cc(R) v} for j € J. In
fact, we choose 7’ := v, thus independently of the given decomp081ti0n of p. Without limitation of
generality we may assume that ¢; > 0 for all j € J.

Because, for each E € spt(u), Zzel Di - ,ul(E') = w(E) = > e qj - W;(E) there are rfj >0
for i € I and j € J, such that Z]eJ = ul( ) and ) i ; ZEJ = qj - pj(E). Define v; =

D respt(n) Picr Z7]/(1] v; g for j € J. Note that v} is well-defined since

ZEEspt(,u) ZZEI z,j/q] ZEEspt(u) qju; (E)/qj ZEespt Hj (E) L.

We verify the remaining requirements (i) and (iii) listed above. Regarding requirement (ii) we
calculate

Djes 4V = Djes s (@EEspt(u) Dics ”/QJ Vi,E)
= @pespr(n) i1 (Xjes i) - vip
= @Eespt(u) Dicrpi-1i(E) - viE
= Dicr i (Bpespr(n) 1i(E) - vip)
= Dicrpi Vi

=v

Regarding requirement (iii) we have

N;' = @Eespt ](E) E
= Oresptw (Xierr ZJ/q]) Choice of 7“ sforiel, jeJ, E€spt(u)
= @E’Espt(u) Dics ri,j/‘]j (E)
cc(R) EBEEspt(u) Dicr ZJ/qj Vi E E)Rv;gforiel
= Vj,- Definition of 1/]'-

Thus 1= @;c; 4 - 1 cc(R) Djc; qj - v; = V as was to be checked.

Next we check that cc(R) satisfies the transfer condition of Definition 5.1d. Suppose p cc(R) v
for p,v € Distr(£). Say p = @;c; pi - i and v = @,; p; - v; for a suitable index set I and
pi > 0, w;,v; € Distr(€) such that u; Ry; for i € I. Furthermore, suppose p =5 4/, that is,
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n=@,csq Ej, 1 =@jc; i and E; = p; for all j € I. By Lemma 4.6 there are 7;; € [0, 1]
and g;; € Distr(&) such that ZjGJ rij = p; and p; - p; = @jeﬂ‘ij -oij foralli e I,and ), ;rij = q;
and q; - Ej = @,y rij - 0ij for all j € J; naturally o;; = §(E;) for all i € I and j € J. Write s;; for
1i;/Di, so that ZjeJ sij =1land p; = Gajerij -Ejforalliel. Foralliellet i := @jeJSij -,u},
so that @ie] Di ﬂ; = @jeJ (Zie] 7”ij) ‘N;' = @jej q; - M; = .

Since R is weakly decomposable, u; Rv; and u; = @je 7 8ij - Ej, there exist distributions 7;
and v;; for i € I, j € J, such that v; = 7, 1; = @jEJ sij - Vij, and 6(E;) Rv;;. Moreover, since

E; = pt;, for each i € J and j € J there are ;;, v;; € Distr(£) such that

7 9,y S(Ej) R

=/
V’Lj = U Z]’ Zj’

!/ /
i and p; Rv;;.

—/ . ol /. R . —! —; (o) / . =/
Let v; 1= D,c sij - Vj; and vj := @,c; sij - vj;- Then v; = v} and ] — v] because v;; = vj;

and 7 HOR v;; for j € J. Moreover, p; cc(R) 7; and fi; cc(R) v}, because 0(E;) R vj; and p; R v
for j € J. Let v/ := @,c;pi-vj and V' := @,y pi - V. Then v =P, pi-vi = @icrpi- v =V
because v; = v; = v, for i € I. Also, p cc(R) v’ and p/ cc(R) V', as p; cc(R) v} and [ cc(R) v
for ¢ € I, which finishes the proof. O

Lemma 5.4 Let R C Distr(€) x Distr(€) be a decomposable relation such that
p1Ruvy and po Rve  implies  (p1 @ po) R (v1,.@ o) (2)
and for each pair E, F € £
S(EYRS(F)and E % 4/ implies §(F) 25 v/ and y/ RV (3)
for a suitable v/ € Distr(€). Then uR v implies p < v.

Proof. We show that R is a strong probabilistic bisimulation relation. So, let u,v € Distr(E) be
such that uRv and p — /. By Definition 4.2b we have y = Bicrvi-Ei, ' = B, pi- 1y, and
E; % w; for all ¢ € I. Since R is decomposable, there are v; € Distr(€), for i € I, such that

v=;c;pi-vi and O0(E;)Ry; forallicl.

Let, for each i € I, v; = @jeJi pij - Fij. Since R is decomposable, there are p;; € Distr(€),
for j € J;, such that

0(E;) = GaiEJi pij - i and  p; RO(Fyj) for all j € J;.

Here pi; = 6(E;). Writing E;j :=E;, ¢;j:=p; - pij and K ={ (4,j) | i € I, j € J; } we obtain (with
k. = 4ij, Ep = Eija and Fj = Fij for k € K such that k& = (Z,j)) that

u:@kequ-Ek,I/:@kequ-Fk and 5(Ek)R5(Fk) forall k € K.

Let pj;:=p; for all i € I and j € J;. Then p' = @y qi - p),- Using that Ey =5 ) for all k € K,
by (3) there must be distributions v}, for k € K such that

§(Fp) % v, and  ph R
By Definition 4.2b this implies v — o/, for v/:= @Drcx @ v, Moreover, property (2) yields
/ /
wWRY. O
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Lemma 5.5 Let py, o, vi, 2 € Distr(E) and r € (0,1). If 1 € 11 and pa < vo then py @ po <y
V1 .© va.

Proof. Suppose p1 £ v and pg £ vo through branching probabilistic bisimulation relations R
and R2. We show that the relation R = { (' .® &",n . @ ") | ¢ Rin/, &' Ran”, s € (0,1) } is a
branching probabilistic bisimulation relation relating p; @& ue with v1 & vs.

Symmetry is straightforward. We first show that R is weakly decomposable. So, assume & R 7
and £ = @,y pi - & with all p; > 0. Thus, £ =& @ £ and n =7 @ 1" with ¢ Ry 7' and £’ Ry "
for suitable ¢, &", 7,7 € Distr(£). Since & ,® " = @,¢; i - &, we have by Lemma 4.6 that there
must be s, s/ > 0 and ¢, &/ € Distr(€), for i € I, such that

91
5'5/ = @ie[ 25/
(1=s5)-&" = Djersi - &
pi-& = s, @s!-g foralliel

and Y . .;8 =8, > crs = 1—s, and s + s = p; for all i € I. Thus § = @,; s;/s- & and
§" = @iy s7/(1=s) - &. Since the relations Ry and Ry are weakly decomposable, there are
i 7", n.,ml! € Distr(€) for i € I such that

n =7 Ry N =@icr ,/S ;i &R,
,'7// j ,,7}// é—// RZ ﬁ” ,'7// — @161 : (1 S) é—// RQ ,,7//

for all 7 € I. Therefore, we can conclude that
o0 =707 ad (.@RG .07

Moreover,

i@ = (Buersi/s- 1) D (Byer s7/(1=5) -nif)
= (@zel z nz) D (@ze[ z "71)
= Dicrpi- 0} v/, ® 0.

Thus, for 7 = 7' @ 7" and n; = 1; ;1 ,,,,® 0 for i € I, we have that n =7 .© " =7 @ 7' =17,
E= (€0 E)VR(T.& ") =11, 7 = Drey s and & = (€], ® ENVR (1], 17) =i for all i € 1.
This finishes the argument that R is decomposable.

Next, we show that R satisfies the transfer property for branching bisimulations. Suppose
ERn. We have & = & ,@ &2, n = n1 @ n2 for distributions &1, &2, 11,172 such that & R1 71 and
EaRoma. If &€ 25 ¢, then & = 51 @ & for distributions &, &) with 5(1 R T fg) and
¢ =¢& @ &. By assumption, 71, 7] and 72, 5 exist such that n; = 7 (o), 771, N2 = M2 HGIRN 7%,
&1 R171, &2 Rate, & R1 1), and & Re nh. From this we obtain for 77 = 71 ,.® 72, ' = n},.® nj that £ =
(61,8 &) R (71, @) = 7,1 = n,&m = &0 =7 L1, and &' = (&,8 ) R (5, ) =1,
as required for R to satisfy the transfer property of Definition 5.1d. Since R clearly relates p1,® po
and 11 @ vy, this finishes the proof. O
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