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Abstract

In approval-based committee (ABC) elections, the goal is to se-
lect a fixed size subset of the candidates, a so-called committee,
based on the voters’ approval ballots over the candidates. One
of the most popular classes of ABC voting rules are ABC scor-
ing rules, which have recently been characterized by Lackner
and Skowron (2021b). However, this characterization relies on
a model where the output is a ranking of committees instead
of a set of winning committees and no full characterization
of ABC scoring rules exists in the latter standard setting. We
address this issue by characterizing two important subclasses
of ABC scoring rules in the standard ABC election model,
thereby both extending the result of Lackner and Skowron
(2021b) to the standard setting and refining it to subclasses. In
more detail, by relying on a consistency axiom for variable
electorates, we characterize (i) the prominent class of Thiele
rules and (ii) a new class of ABC voting rules called ballot size
weighted approval voting. Based on these theorems, we also
infer characterizations of three well-known ABC voting rules,
namely multi-winner approval voting, proportional approval
voting, and satisfaction approval voting.

1 Introduction
An important problem for multi-agent systems is collective
decision making: given the voters’ preferences over a set
of alternatives, a common decision has to be made. This
problem has traditionally been studied by economists for set-
tings where a single candidate is elected (Arrow, Sen, and
Suzumura 2002), but there is also a multitude of applica-
tions where a fixed number of the candidates needs to be
elected. The archetypal example for this is the election of a
city council, but there are also technical applications such
as recommender systems (Skowron, Faliszewski, and Lang
2016; Gawron and Faliszewski 2022). In social choice theory,
this type of elections is typically called approval-based com-
mittee (ABC) elections and has recently attracted significant
attention (e.g., Aziz et al. 2017; Faliszewski et al. 2017; Lack-
ner and Skowron 2023). In more detail, the research on these
elections focuses on ABC voting rules, which are functions
that choose a set of winning committees (i.e., fixed-size sub-
sets of the candidates) based on the voters’ approval ballots
(i.e., the sets of candidates that the voters approve).
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One of the most important classes of ABC voting rules are
ABC scoring rules (see, e.g., Lackner and Skowron 2021b).
These rules generalize the idea of single-winner scoring rules
to ABC elections: each voter assigns points to each com-
mittee according to some scoring function and the winning
committees are those with the maximal total score. There are
many well-known examples of ABC scoring rules, such as
multi-winner approval voting (AV), satisfaction approval vot-
ing (SAV), Chamberlin-Courant approval voting (CCAV), and
proportional approval voting (PAV). Moreover, ABC scoring
rules are a superset of the prominent class of Thiele rules.

In a recent breakthrough result, Lackner and Skowron
(2021b) have formalized the relation between ABC scoring
rules and single-winner scoring rules by characterizing ABC
scoring rules with almost the same axioms as Young (1975)
uses for his influential characterization of single-winner scor-
ing rules. In more detail, Lackner and Skowron (2021b) show
that ABC scoring rules are the only ABC ranking rules that
satisfy the axioms of anonymity, neutrality, continuity, weak
efficiency, and consistency. However, this result discusses
ABC ranking rules, which return transitive rankings of com-
mittees, whereas the literature on ABC elections typically
focuses on sets of winning committees as output. Hence, this
theorem does not allow for characterizations of ABC scoring
rules in the standard ABC voting setting.

While Lackner and Skowron (2021a) also present a result
for the standard ABC election setting, the proof of this result
is incomplete.1 Moreover, even when the proof could be fixed,
this result is not a full characterization of ABC scoring rules
as it needs a technical axiom called 2-non-imposition. This
axiom is, e.g., violated by AV and SAV. Hence, characteri-
zations of important ABC voting rules—and more generally
tools to easily infer such results—are still missing. Lackner
and Skowron (2021a, p. 16) also acknowledge this shortcom-
ing by writing that “a full characterization of ABC scoring
rules within the class of ABC choice rules remains as impor-
tant future work”.

1Roughly, the proof of Lackner and Skowron (2021a) works by
constructing an ABC ranking rule g based on an ABC voting rule f
that satisfies the given axioms. Then, Lackner and Skowron (2021a)
show that g is an ABC scoring rule, which implies that f is an ABC
scoring rule in the choice setting. However, the authors never show
that g returns transitive rankings, which is required by definition of
ABC ranking rules. Closing this gap seems surprisingly difficult.



Our contribution. We address this problem by presenting
full axiomatic characterizations of two important subclasses
of ABC scoring rules, namely Thiele rules and ballot size
weighted approval voting (BSAV) rules, in the standard ABC
election setting. Hence, our results refine the result of Lack-
ner and Skowron (2021b) to subclasses and extend it to the
standard ABC voting setting. Thiele rules are ABC scoring
rules that do not depend on the ballot size and have attracted
significant attention (e.g., Aziz et al. 2017; Skowron, Fal-
iszewski, and Lang 2016; Brill, Laslier, and Skowron 2018).
On the other hand, BSAV rules generalize multi-winner ap-
proval voting by weighting voters depending on the size of
their ballots. So far, the class of BSAV rules has only been
studied for single-winner elections (Alcalde-Unzu and Vor-
satz 2009) but not for ABC elections. For example, PAV and
CCAV are Thiele rules, SAV is a BSAV rule, and AV is in
both classes. Moreover, every ABC scoring rule that has been
studied in the literature is in one of our two classes.

For our results, we mainly rely on the axioms of Lackner
and Skowron (2021b): anonymity, neutrality, continuity, weak
efficiency, and consistency. The first four of these axioms
are mild standard conditions that are satisfied by every rea-
sonable ABC voting rule. By contrast, consistency is central
for our proofs. This axiom requires that if some committees
are chosen for two disjoint elections, then precisely these
committees should win in a joint election, and it features in
several prominent results in social choice theory (e.g., Young
1975; Young and Levenglick 1978; Fishburn 1978).

To characterize Thiele rules, we need one more axiom
called independence of losers. This condition requires that a
winning committee W stays winning if some voters change
their ballot by disapproving “losing” candidates outside of
W as, intuitively, the quality of W should only depend on
its members. Similar conditions are well-known for single-
winner elections (e.g., Brandl and Peters 2022) and this ax-
iom has recently been adapted to ABC voting by Dong and
Lederer (2023a). We then show that an ABC voting rule is a
Thiele rule if and only if it satisfies anonymity, neutrality, con-
sistency, continuity, and independence of losers (Theorem 1).

For our characterization of BSAV rules, we introduce a new
axiom called choice set convexity. This condition requires
that if two committees are chosen, then all committees “in
between” those committees are chosen, too: if W and W ′ are
chosen, then all committees W ′′ with W∩W ′ ⊆ W ′′ ⊆ W∪
W ′ are also chosen. We believe that this axiom is reasonable
for excellence-based elections (where only the individual
quality of the candidates matters) as a tie between committees
indicates that they are equally good and the candidates in
W \W ′ and W ′ \W are thus exchangeable. We then prove
that an ABC voting rule is a BSAV rule if and only if it satisfies
anonymity, neutrality, consistency, continuity, weak efficiency,
and choice set convexity (Theorem 2).

While our theorems are intuitively related to the results of
Lackner and Skowron (2021a,b), they are logically indepen-
dent. In particular, in contrast to their results, our theorems
allow for simple characterizations of all Thiele rules and
BSAV rules in the standard ABC voting model. We also
demonstrate this point in Section 3.3 by axiomatizing AV,
SAV, and PAV. In more detail, we obtain full characteriza-
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Figure 1: Overview of our results. An arrow from X to Y
means that Y is a subset or an element of X . The axioms
written on an arrow from X to Y characterize the rule Y
within the class X . The axioms written below Thiele rules
and BSAV rules characterize these classes of ABC voting
rules.

tions of these rules by analyzing axioms for party-list profiles
(where candidates are partitioned into parties and each voter
approves all candidates of a single party) that formalize when
all candidates of a party are chosen. To the best of our knowl-
edge, the result for SAV is the first full characterization of
this rule. An overview of our results is given in Figure 1.

Related work. The lack of axiomatic characterizations is
one of the major open problems in the field of ABC voting
(see, e.g., Lackner and Skowron 2023, Q1), and there are thus
only few closely related papers. Maybe the most important
one is due to Lackner and Skowron (2021b) who characterize
ABC scoring rules in the context of ABC ranking rules; how-
ever, this result does not allow for characterizations of ABC
scoring rules in the standard setting. The follow-up paper by
Lackner and Skowron (2021a) tries to fix this issue, but its
proof is incomplete and the main result requires a technical
auxiliary condition that rules out important rules such as AV
and SAV. Moreover, Dong and Lederer (2023a) characterize
committee monotone ABC voting rules, which can be seen as
greedy approximations of ABC scoring rules. Finally, com-
mittee scoring rules have also been analyzed for the case that
voters report ranked ballots, but the results for this setting
are also restricted to characterizations of committee rank-
ing rules (Skowron, Faliszewski, and Slinko 2019) or partial
characterizations within the class of committee scoring rules
(Elkind et al. 2017; Faliszewski et al. 2019).

Furthermore, a large amount of papers studies axiomatic
properties of ABC scoring rules (e.g., Lackner and Skowron
2018; Aziz et al. 2017; Sánchez-Fernández and Fisteus 2019;
Brill, Laslier, and Skowron 2018; Lackner and Skowron
2020). For instance, Aziz et al. (2017) investigate Thiele
rules with respect to how fair they represent groups of vot-
ers with similar preferences, and Sánchez-Fernández and
Fisteus (2019) study monotonicity conditions for several
ABC scoring rules. Another important aspect of these rules
is their computational complexity. In particular, it is known
that all Thiele rules but AV are NP-hard to compute on the
full domain (Aziz et al. 2015; Skowron, Faliszewski, and



Lang 2016). There is thus significant work on how to com-
pute these rules by, e.g., restricting the domain of preference
profiles (Elkind and Lackner 2015; Peters 2018), studying
approximation algorithms (Dudycz et al. 2020; Barman et al.
2022), or designing FPT algorithms (Bredereck et al. 2020).
For a more detailed overview on ABC scoring rules, we refer
to the survey by Lackner and Skowron (2023).

Finally, in the broader realm of social choice, there are
numerous conceptually related results as consistency features
in many prominent theorems: for instance, Young (1975) has
characterized scoring rules for single-winner elections based
on this axiom (see also Smith 1973; Myerson 1995; Pivato
2013), numerous characterizations of single-winner approval
voting rely on consistency (Fishburn 1978; Brandl and Peters
2022), Young and Levenglick (1978) have characterized Ke-
meny’s rule with the help of this axiom, and Brandl, Brandt,
and Seedig (2016) characterize a randomized voting rule
called maximal lotteries based on this condition.

2 Preliminaries
Let N = {1, 2, . . . } denote an infinite set of voters and
let C = {c1, . . . , cm} denote a set of m ≥ 2 candi-
dates. Intuitively, we interpret N as the set of all pos-
sible voters and a concrete electorate N is a finite and
non-empty subset of N. We thus define F(N) = {N ⊆
N : N is non-empty and finite} as the set of all possible elec-
torates. Given an electorate N ∈ F(N), we assume that each
voter i ∈ N reports her preferences over the candidates as
approval ballot Ai, i.e., as a non-empty subset of C. A is
the set of all possible approval ballots. An (approval) profile
A is a mapping from N to A, i.e., it assigns an approval
ballot to every voter in the given electorate. Next, we define
A∗ =

⋃
N∈F(N) AN as the set of all approval profiles. For ev-

ery profile A ∈ A∗, NA denotes the set of voters that submit
a ballot in A. Finally, two approval profiles A,A′ are called
disjoint if NA ∩ NA′ = ∅ and for disjoint profiles A,A′,
we define the profile A′′ = A + A′ by NA′′ = NA ∪ NA′ ,
A′′

i = Ai for i ∈ NA, and A′′
i = A′

i for i ∈ NA′ .
Given an approval profile, our aim is to elect a committee,

i.e., a subset of the candidates of predefined size. We denote
the target committee size by k ∈ {1, . . . ,m − 1} and the
set of all size-k committees by Wk = {W ⊆ C : |W | =
k}. For determining the winning committees for a given
preference profile, we use approval-based committee (ABC)
voting rules which are mappings from A∗ to 2Wk \{∅}. Note
that we define ABC voting rules for a fixed committee size
and may return multiple committees. The first condition is
for notational convenience and the second one is necessary
to satisfy basic fairness conditions.

2.1 ABC Voting Rules
We focus in this paper on two classes of ABC voting rules,
namely Thiele rules and BSAV rules, which are both refine-
ments of the class of ABC scoring rules.

ABC scoring rules. ABC scoring rules rely on a scoring
function according to which voters assign points to commit-
tees and choose the committees with maximal total score.
Formally, a scoring function s(x, y) is a mapping from

{0, . . . , k} × {1, . . . ,m} to R such that s(x, y) ≥ s(x′, y)
for all x, x′ ∈ {max(0, k + y − m), . . . ,min(k, y)} with
x ≥ x′. We define the score of a committee W in a pro-
file A as ŝ(A,W ) =

∑
i∈NA

s(|Ai ∩ W |, |Ai|). Then, an
ABC voting rule f is an ABC scoring rule if there is a
scoring function s such that f(A) = {W ∈ Wk : ∀W ′ ∈
Wk : ŝ(A,W ) ≥ ŝ(A,W ′)} for all profiles A ∈ A∗. The
set {max(0, k+y−m), . . . ,min(k, y)} contains all “active”
intersection sizes: a committee of size k and a ballot of size
y intersect at least in max(0, k + y −m) candidates and at
most in min(k, y) candidates.

Thiele rules. Arguably the most prominent subclass of
ABC scoring rules are Thiele rules. These rules, which have
first been suggested by their namesake Thiele (1895), are
ABC scoring rules that ignore the ballot size. Hence, Thiele
rules are defined by a non-decreasing Thiele scoring func-
tion s : {0, . . . , k} → R with s(0) = 0, and choose
the committees that maximize the total score. Formally,
an ABC voting rule f is a Thiele rule if there is a Thiele
scoring function s such that f(A) = {W ∈ Wk : ∀W ′ ∈
Wk : ŝ(A,W ) ≥ ŝ(A,W ′)} for all profiles A ∈ A∗, where
ŝ(A,W ) =

∑
i∈NA

s(|Ai∩W |). There are numerous impor-
tant Thiele rules such as multi-winner approval voting (AV;
defined by sAV(x) = x), proportional approval voting (PAV;
defined by sPAV(x) =

∑x
z=1

1
z for x > 0), and Chamberlin-

Courant approval voting (CCAV; defined by sCCAV(x) = 1
for x > 0).

BSAV rules. Ballot size weighted approval voting rules
form a new subclass of ABC scoring rules which general-
ize AV by weighting voters based on their ballot size. For-
mally, a ballot size weighted approval voting (BSAV) rule
f is defined by a weight vector α ∈ Rm

≥0 and chooses for
every profile A the committees W that maximize ŝ(A,W ) =∑

i∈NA
α|Ai||Ai ∩ W |. The score of a committee W for a

BSAV rule can be represented as the sum of the scores of
individual candidates c ∈ W since

∑
i∈NA

α|Ai||Ai ∩W | =∑
c∈W

∑
i∈NA : c∈Ai

α|Ai|. Clearly, AV is the BSAV rule de-
fined by αx = 1 for all x ∈ {1, . . . ,m}. Another well-known
BSAV rule is satisfaction approval voting (SAV) defined by
αx = 1

x for x ∈ {1, . . . ,m}. This rule has been popular-
ized by Brams and Kilgour (2014) for ABC elections, but it
has been studied before by, e.g., Alcalde-Unzu and Vorsatz
(2009) and Kilgour and Marshall (2012).

We note that Thiele rules and BSAV rules are diametrically
opposing subclasses of ABC scoring rules: Thiele rules do
not depend on the ballot size at all, whereas BSAV rules
only depend on this aspect. Consequently, if k < m − 1,
the sets of BSAV rules and Thiele rules only intersect in AV
and the trivial rule TRIV (which always chooses all size k
committees). So, AV is the only non-trivial ABC voting rule
that is in both classes; non-triviality means here that there
is a profile A such that f(A) ̸= TRIV(A). Moreover, both
classes are proper subsets of the set of ABC scoring rules
if 1 < k < m − 1. By contrast, the set of BSAV rules is
equivalent to the set of ABC scoring rules if k ∈ {1,m− 1}.



2.2 Basic Axioms
Next, we introduce the axioms used for our characterizations.

Anonymity. Anonymity is one of the most basic fairness
properties and requires that all voters should be treated
equally. Formally, we say an ABC voting rule f is anonymous
if f(A) = f(π(A)) for all profiles A ∈ A∗ and permutations
π : N → N. Here, we denote by A′ = π(A) the profile with
NA′ = {π(i) : i ∈ NA} and A′

π(i) = Ai for all i ∈ NA.

Neutrality. Similar to anonymity, neutrality is a fairness
property for the candidates. This axiom requires of an ABC
voting rule f that f(τ(A)) = {τ(W ) : W ∈ f(A)} for
all profiles A ∈ A∗ and permutations τ : C → C. This
time, A′ = τ(A) denotes the profile with NA′ = NA and
A′

i = τ(Ai) for all i ∈ NA.

Weak Efficiency. Weak efficiency requires that unani-
mously unapproved candidates can never be “better” than
approved ones. Formally, we say an ABC voting rule f is
weakly efficient if W ∈ f(A) for a committee W ∈ Wk with
c ∈ W \ (

⋃
i∈NA

Ai) implies that (W ∪ {c′}) \ {c} ∈ f(A)

for all candidates c′ ∈ C \W .

Continuity. The intuition behind continuity is that a large
group of voters should be able to enforce that some of its
desired outcomes are chosen. Hence, an ABC voting rule f
is continuous if for all profiles A,A′ ∈ A∗, there is λ ∈ N
such that f(λA+A′) ⊆ f(A). Here, λA denotes the profile
consisting of λ copies of A; the names of the voters in NλA

will not matter as we will focus on anonymous rules.

Consistency. The central axiom for our results is consis-
tency. This condition states that if some committees are cho-
sen for two disjoint profiles, then precisely those committees
are chosen in the joint profile. Formally, an ABC voting rule
f is consistent if f(A+A′) = f(A) ∩ f(A′) for all disjoint
profiles A,A′ ∈ A∗ with f(A)∩f(A′) ̸= ∅. Consistency and
the previous four axioms have been introduced by Lackner
and Skowron (2021a) for ABC elections. Moreover, except
consistency, all these axioms are very mild and satisfied by
almost all commonly considered ABC voting rules.

Independence of Losers. Independence of losers has been
adapted to ABC elections by Dong and Lederer (2023a) and
requires of an ABC voting rule f that a winning committee
W should still be a winning committee if voters disapprove
candidates outside of W . Or, put differently, whether a com-
mittee W wins should not depend on the voters’ approvals of
“losing” candidates not in W . We hence say an ABC voting
rule f is independent of losers if W ∈ f(A) implies that
W ∈ f(A′) for all profiles A,A′ ∈ A∗ and committees
W ∈ Wk such that NA = NA′ and W ∩Ai = W ∩A′

i and
A′

i ⊆ Ai for all voters i ∈ NA. The motivation for this axiom
is that the quality of W should only depend on the candidates
in W . So, if some voters disapprove candidates x ̸∈ W , the
quality of this committee is not affected and, when W is cho-
sen initially, it should remain chosen. All commonly studied
ABC voting rules that are independent of the ballot size (e.g.,
Thiele rules, Phragmén’s rule, and sequential Thiele rules)
satisfy this axiom, whereas all BSAV rules except AV fail it.

Choice Set Convexity. Finally, we introduce a new con-
dition called choice set convexity: an ABC voting rule f is
choice set convex if W,W ′ ∈ f(A) implies that W ′′ ∈ f(A)
for all committees W,W ′,W ′′ ∈ Wk and profiles A ∈ A∗

such that W ∩W ′ ⊆ W ′′ ⊆ W ∪W ′. More informally, this
axiom states that if a rule chooses two committees W and W ′,
then all committees “between” W and W ′ are also chosen.
We believe that choice set convexity is reasonable in elections
in which only the individual quality of the elected candidates
matters. For example, if we want to hire 3 applicants for
independent jobs based on the interviewers’ preferences, it
seems unreasonable that the sets {c1, c2, c3} and {c1, c4, c5}
are good enough to be hired but {c1, c2, c4} is not. More
generally, we can interpret the membership of a candidate
in a chosen committee as certificate for its quality and all
candidates c ∈ (W \W ′)∪ (W ′ \W ) are then equally good.
Many commonly considered voting rules fail this axiom, but
one can always compute the “convex hull” of a choice set.

3 Results
We are now ready to state our results. In particular, we dis-
cuss the characterizations of Thiele rules and BSAV rules
in Sections 3.1 and 3.2, respectively. Moreover, we present
characterizations of AV, PAV, and SAV in Section 3.3. Due
to space constraints, we defer most proofs to the full version
(Dong and Lederer 2023b) and give proof sketches instead.

3.1 Characterization of Thiele Rules
We now turn to our first characterization: Thiele rules are the
only ABC voting rules that are anonymous, neutral, consis-
tent, continuous, and independent of losers. We thus turn the
result of Lackner and Skowron (2021b) into a characteriza-
tion of Thiele rules in the standard ABC voting model by
replacing weak efficiency with independence of losers.

Theorem 1. An ABC voting rule is a Thiele rule if and only
if it satisfies anonymity, neutrality, consistency, continuity,
and independence of losers.

Proof Sketch. First, suppose that f is a Thiele rule and let
s(x) denote its Thiele scoring function. Clearly, f is anony-
mous, neutral, consistent, and continuous as all ABC scoring
rules satisfy these axioms. So, we will only show that f is
independent of losers. For this, consider two profiles A,A′ ∈
A∗ and a committee W ∈ f(A) such that NA = NA′ and
A′

i ⊆ Ai and W ∩ A′
i = W ∩ Ai for all i ∈ NA. It holds

that ŝ(A′,W ) = ŝ(A,W ) since W ∩ A′
i = W ∩ Ai for all

i ∈ NA. Moreover, ŝ(A,W ) ≥ ŝ(A,W ′) for all W ′ ∈ Wk

because W ∈ f(A). Finally, ŝ(A,W ′) ≥ ŝ(A′,W ′) for
all W ′ ∈ Wk as s(x) is non-decreasing and A′

i ⊆ Ai for
all i ∈ NA. By chaining the inequalities, we conclude that
ŝ(A′,W ) ≥ ŝ(A′,W ′) for all committees W ′ ∈ Wk, so
W ∈ f(A′) and f satisfies independence of losers.

For the other direction, we suppose that f is an ABC voting
rule that satisfies all axioms of the theorem and aim to show
that f is a Thiele rule. For this, we will use the separating
hyperplane theorem for convex sets similar to the works of,
e.g., Young (1975) and Skowron, Faliszewski, and Slinko
(2019). For this, we note first that, if f is trivial, it is the



Thiele rule defined by s(x) = 0 for all x. So, we suppose that
f is non-trivial and show that for every committee W ∈ Wk,
there is a profile A ∈ A∗ such that f(A) = {W}. To apply
the separating hyperplane theorem for convex sets, we next
extend f to a function ĝ of the type Q|A| → 2Wk \ {∅}
while keeping all its properties intact. We then define the sets
Rf

i = {v ∈ Q|A| : W i ∈ ĝ(v)} for all W i ∈ Wk and let
R̄f

i denote the closure of Rf
i with respect to R|A|. It follows

from the properties of ĝ that the sets R̄f
i are convex and

have disjoint interiors. The separating hyperplane theorem for
convex sets thus shows that there are non-zero vectors ûi,j ∈
R|A| such that vûi,j ≥ 0 if v ∈ R̄i and vûi,j ≤ 0 if v ∈ R̄j .
Moreover, we will show that R̄f

i = {v ∈ R|A| : ∀W j ∈
Wk \ {W i} : vûi,j ≥ 0}, so we study the vectors ûi,j next.

For this, we first infer from neutrality and independence
of losers that there is a function s1(x, y) such that ûi,j

ℓ =
s1(|W i ∩ Aℓ|, |W j ∩ Aℓ|) for all ballots Aℓ and commit-
tees W i,W j with |W i \ W j | = 1. If k ∈ {1,m − 1},
this insight is already enough for the proof. By contrast, if
k ∈ {2, . . . ,m− 2}, we need to analyze the vectors ûi,j for
committees W i,W j with |W i \W j | = t > 1. To this end,
we construct a sequence of committees W j0 , . . . ,W jt by
replacing the candidates in W i \W j one after another with
those in W j \ W i. By studying the linear (in)dependence
of the vectors ûi,j and ûjx−1,jx for x ∈ {1, . . . , t}, we
then show that ûi,j = δ

∑t
x=1 û

jx−1,jx for some δ > 0.
Based on this insight, we can now define the score func-
tion s of f : s(0) = 0 and s(x) = s(x − 1) + s1(x, x − 1)
for x ≥ 1. By our previous observations, it follows that
ûi,j
ℓ = δ(s(|W i ∩ Aℓ|) − s(|W j ∩ Aℓ|)), so R̄f

i = {v ∈
R|A| : ∀W j ∈ Wk : ŝ(v,W

i) ≥ ŝ(v,W j)}. From this, we
infer that ĝ(v) ⊆ {W i ∈ Wk : v ∈ R̄f

i } = {W i ∈
Wk : ∀W j ∈ Wk \ {W i} : ŝ(v,W i) ≥ ŝ(v,W j)} for all
v ∈ Q|A|. Thus, f(A) ⊆ {W i ∈ Wk : ∀W j ∈ Wk \
{W i} : ŝ(A,W i) ≥ ŝ(A,W j)} and, as the last step, con-
tinuity shows that f is the Thiele rule induced by s.

Remark 1. All axioms are required for Theorem 1. If we
omit independence of losers, SAV satisfies all remaining
axioms. If we omit continuity, we can refine Thiele rules
by applying a second Thiele rule as tie-breaker in case of
multiple chosen committees. If we only omit consistency,
sequential Thiele rules satisfy all given axioms. These rules
compute the winning committees iteratively by always adding
the candidate to a winning committee which increases the
score the most. If we omit neutrality or anonymity, biased
Thiele rules that double the points of every committee that
contains a specific candidate or the points assigned by specific
voters to the committees satisfy all other axioms.

3.2 Characterization of BSAV Rules
Next, we discuss the characterization of BSAV rules: these
are the only ABC voting rules that satisfy anonymity, neutral-
ity, consistency, continuity, choice set convexity, and weak
efficiency. The central axiom for this characterization (aside
of consistency) is choice set convexity as it enforces that
candidates can be exchanged between chosen committees.

Theorem 2. An ABC voting rule is a BSAV rule if and only
if it satisfies anonymity, neutrality, consistency, continuity,
choice set convexity, and weak efficiency.

Proof Sketch. First, we assume that f is a BSAV rule and
let α = (α1, . . . , αm) denote its weight vector. It is sim-
ple to verify that f is neutral, anonymous, continuous, and
consistent. Moreover, f is weakly efficient as the weights
αi are all non-negative. Finally, we show that f is choice
set convex. For this, we consider a profile A and two dis-
tinct committees W,W ′ ∈ f(A). Next, we choose two can-
didates a ∈ W \ W ′ and b ∈ W ′ \ W and let W ′′ =
(W \ {a}) ∪ {b}. The central observation is now that BSAV
scores are additive, i.e., ŝ(A,W ) =

∑
x∈W ŝ(A, x) for

ŝ(A, x) =
∑

i∈NA : x∈Ai
α|Ai|. Since W ∈ f(A), 0 ≤

ŝ(A,W ) − ŝ(A,W ′′) = ŝ(A, a) − ŝ(A, b). By applying
this argument also to W ′ and W ′′′ = (W ′ \ {b}) ∪ {a},
we obtain 0 ≤ ŝ(A, b) − ŝ(A, a), so ŝ(A, a) = ŝ(A, b) and
ŝ(A,W ) = ŝ(A,W ′′). This proves that W ′′ ∈ f(A) and by
repeating the argument, we infer that W̄ ∈ f(A) for all W̄
with W ∩W ′ ⊆ W̄ ⊆ W ∪W ′.

For the converse direction, we give again only a rough
proof sketch and note that the outline of this proof is very
similar to the one of Theorem 1 as mainly the technical
details differ. In more detail, we first extend f to a function
ĝ on Q|A| and then use the same hyperplane argument as
for Theorem 1. Hence, we will again analyze the sets Rf

i =

{v ∈ Q|A| : W i ∈ ĝ(v)} and the vectors ûi,j with vûi,j ≥ 0

if v ∈ R̄f
i and vûi,j ≤ 0 if v ∈ R̄f

j . In particular, based
on choice set convexity, we show for every ballot size r ∈
{1, . . . ,m} that there is a constant αr ≥ 0 such that ûi,j

ℓ =
αr for all ballots Aℓ ∈ A with |Aℓ| = r and committees
W i,W j ∈ Wk with |Wi ∩ Aℓ| = |Wj ∩ Aℓ| + 1. Based
on this insight, it is simple to complete the proof if k ∈
{1,m − 1}. On the other hand, if k ∈ {2, . . . ,m − 2}, we
again consider committees W i,W j such that |W i \W j | =
t > 1. Just as for Theorem 1, we consider a sequence of
committees W j0 , . . . ,W jt such that W j0 = W i, W jt =
W j , and |W jx−1 \W jx | = 1 for x ∈ {1, . . . , t}, and show
that ûi,j = δ

∑t
x=1 û

jx−1,jx for some δ > 0. This implies
that ûi,j

ℓ = αr(|W i ∩Aℓ| − |W j ∩Aℓ|) for all committees
W i,W j ∈ Wk and ballots Aℓ ∈ A with |Aℓ| = r. Finally,
we can now prove that f is the BSAV rule defined by the
score function s(|W ∩Aℓ|, |Aℓ|) = α|Aℓ||W ∩Aℓ|.

Remark 2. All axioms are required for Theorem 2. For
anonymity, neutrality, and continuity, we can define examples
similar to the ones given for Thiele rules. When omitting
consistency, the “convex hull” of Phragmén’s rule satisfies all
remaining axioms and is no BSAV rule. The rule that elects
the k candidates with minimal approval scores satisfies all
given axioms but weak efficiency. Finally, every Thiele rule
other than AV only fails choice set convexity.

Remark 3. AV is the only non-trivial ABC voting rule that
is both a BSAV rule and a Thiele rule if k ≤ m − 2. Theo-
rems 1 and 2 thus characterize AV as the only non-trivial ABC
voting rule that is anonymous, neutral, continuous, consistent,
independent of losers, and choice set convex if k ≤ m− 2.



Remark 4. We define ABC voting rules for a fixed com-
mittee size k, but in the literature k is often part of the in-
put. For such rules, Theorems 1 and 2 imply that for every
k ∈ {1, . . . ,m − 1}, f(A, k) is a Thiele rule or a BSAV
rule, respectively, if it satisfies the required axioms. However,
our conditions do not enforce consistency with respect to
the committee size, so we can, e.g., use AV for k = 2 and
PAV for k = 3. It is not difficult to exclude such rules. For
instance, the well-known axiom of committee monotonicity
(Elkind et al. 2017) entails for every BSAV rule that it must
use the same weight vector for every committee size k. Simi-
lar, committee separability, an axiom introduced by Dong and
Lederer (2023a), can be used to enforce that non-imposing
Thiele rules use the same Thiele scoring function for every
committee size. Thus, our results can be easily extended to
the setting where the committee size is part of the input.

3.3 Characterizations of AV, PAV, and SAV
Finally, we demonstrate in this section how Theorems 1 and 2
can be used to characterize specific ABC voting rules. To this
end, we first note that there are numerous characterizations
of ABC voting rules within the class of Thiele rules in the
literature, and Theorem 1 can typically be used to extend
these results to full characterizations. For instance, Lackner
and Skowron (2018) characterize AV among the class of
Thiele rules based on a strategyproofness notion and it is
easy to extend this result to a full characterization of AV
based on Theorem 1. Similar claims are true for, e.g., the
characterization of AV based on committee monotonicity
(Janson 2016), the characterization of PAV based on D’Hondt
proportionality (e.g., Brill, Laslier, and Skowron 2018), or
characterizations of CCAV (e.g., Delemazure et al. 2023).
In this paper, we will, however, give characterizations of
three ABC scoring rules (namely AV, PAV, and SAV) that
are largely independent of the literature. The reason for this
is that our technique seems rather universal and may thus
also be used to characterize further Thiele rules or BSAV
rules. Finally, we will state our results only within the class
of Thiele rules and BSAV rules, respectively; Theorems 1
and 2 then generalize these results to full characterizations.

In more detail, for all three results in this subsection, we
study axioms defined for special profiles. To this end, we say
a profile A ∈ A∗ is a party-list profile if there is a partition
PA = {P1, . . . , Pℓ} of the candidates such that every voter
approves all candidates in one set Pj , i.e., for every voter
i ∈ NA, there is a set Pj ∈ PA such that Ai = Pj . Less
formally, in a party-list profile, the candidates are grouped
into disjoint parties and every voter supports a single party by
approving all of its members. We denote by nj the number
of voters who support party Pj in a party-list profile A. For
these profiles, we will investigate the question when a voting
rule elects all members of a party. The reason for this design
choice is twofold: firstly, this will lead to rather mild axioms
which makes our characterizations only stronger. Secondly,
on party-list profiles, BSAV rules typically elect one party
after another by first electing all members of the first party,
then electing all members of the second party, and so on.
Hence, axioms describing when all candidates of a party are
elected are well-suited for characterizing these rules.

Clearly, any justification for when all members of a party
should be chosen needs to consider the purpose of the elec-
tion. For instance, if the goal of an election is to find the best
k candidates only based on their individual quality (a set-
ting known as excellence-based elections), the main criterion
for deciding whether to choose a candidate is the number
of voters supporting it. Hence, if a party Pi is approved by
more voters than another party Pj , then every candidate in
Pi seems better than every candidate in Pj . Thus, if all can-
didates of party Pj are chosen, all candidates of party Pi

should also be chosen. We formalize this idea as follows: An
ABC voting rule f satisfies the excellence criterion if for
all party-list profiles A, committees W ∈ f(A), and parties
Pi, Pj ∈ PA with ni < nj , it holds that Pi ⊆ W implies
that Pj ⊆ W . As we show next, this condition characterizes
AV among Thiele rules.

Proposition 1. AV is the only Thiele rule that satisfies the
excellence criterion.

Proof. Clearly, AV satisfies the excellence criterion and we
thus focus on the converse direction. For this, let f denote
a Thiele rule that satisfies the excellence criterion and let s
denote its Thiele scoring function. Our first goal is to show
that s(1) > 0 and we consider for this the party-list profile A
in which 2 voters approve P1 = {c1} and 1 voter approves
P2 = {c2, . . . , ck+1}. Now, if s(1) = 0, then P2 ∈ f(A) as
s is non-decreasing. This, however, violates the excellence
criterion as there is a winning committee that contains all
members of P2 but none of P1, even though n1 > n2. Hence,
s(1) > 0 and we subsequently suppose that s(1) = 1 as
Thiele rules are invariant under scaling the scoring function.

Next, we assume for contradiction that there is an index
ℓ ∈ {2, . . . , k} such that s(ℓ) ̸= ℓ and s(x) = x for all x < ℓ.
Moreover, we define ∆ = |s(ℓ)− ℓ| ̸= 0 and let t ∈ N such
that t ≥ 2 and t∆ > k. We now use a case distinction with
respect to s(ℓ) and first suppose that s(ℓ) = ℓ + ∆. In this
case, consider the party-list profile A where t voters approve
P1 = {c1, . . . , cℓ} and each other candidate c ∈ C \ P1 is
uniquely approved by t + 1 voters. It is easy to verify that
every committee W with P1 ⊆ W has a score of ŝ(A,W ) =
ts(ℓ)+ (k− ℓ)(t+1) = t∆+ tℓ+(k− ℓ)(t+1) > k+ tk.
By contrast, every committee W ′ with ℓ′ = |P1 ∩W ′| < ℓ
has a score of ŝ(A,W ′) = ts(ℓ′) + (k − ℓ′)(t+ 1) = tℓ′ +
(k − ℓ′)(t+ 1) ≤ tk + k. Thus, f(A) = {W ∈ Wk : P1 ⊆
W}. However, this contradicts the excellence criterion since
P1 ⊆ W for every W ∈ f(A) and there is a party Pj = {c}
with c ̸∈ W and nj > n1.

For the second case, we suppose that s(ℓ) = ℓ − ∆ and
consider the profile A in which t voters approve the party
P1 = {c1, . . . , cℓ} and each candidate c ∈ C \P1 is uniquely
approved by t − 1 voters. We compute again the scores of
committees W ∈ Wk: if P1 ⊆ W , then ŝ(A,W ) = ts(ℓ) +
(k − ℓ)(t − 1) = tℓ − t∆ + (k − ℓ)(t − 1) < tk − k, and
if |W ′ ∩ P1| = ℓ − 1, then ŝ(A,W ′) = ts(ℓ − 1) + (k −
ℓ + 1)(t − 1) = t(ℓ − 1) + (k − ℓ + 1)(t − 1) ≥ kt − k.
Hence, P1 ̸⊆ W for all W ∈ f(A). However, this violates
the excellence criterion since for every W ∈ f(A), there is a
party Pj = {c} with Pj ⊆ W and nj < n1. We thus have a
contradiction in both cases, so s(ℓ) = ℓ and f is AV.



Another frequent goal in committee elections is propor-
tional representation: the chosen committee should propor-
tionally represent the voters’ preferences. To this end, we note
that if a party Pi with ni votes gets xi seats in the chosen com-
mittee, then each of the elected candidates in Pi represents
on average ni/xi voters. Hence, if ni/xi < nj/xj+1, then reas-
signing one seat from party Pi to party Pj intuitively results
in a more representative outcome. We will formalize this intu-
ition with a new proportionality notion since we aim to show
that SAV is more proportional than AV, but SAV violates all
commonly considered proportionality axioms. In more detail,
we say that an ABC voting rule f is party-proportional if for
all party-list profiles A, committees W ∈ f(A), and parties
Pi, Pj ∈ PA with ni/|Pi| < nj/|Pj |, it holds that Pi ⊆ W
implies Pj ⊆ W . Intuitively, this axiom states that we can
only choose all members of a party if there is no party that
represents on average more voters and is not fully chosen
yet. Hence, this axiom combines the idea of proportionality
with the native behavior of BSAV rules. Even though party-
proportionality is a rather weak axiom as it is, e.g., implied
by D’Hondt proportionality (Lackner and Skowron 2021b),
we show next that this condition characterizes PAV within the
class of Thiele rules. This demonstrates that our new axiom
is indeed a reasonable and non-trivial proportionality notion.
Proposition 2. PAV is the only Thiele rule that satisfies
party-proportionality.

Proof Sketch. First, we show that PAV is party-proportio-
nal. To this end, let A denote a party-list profile, consider
two parties Pi, Pj ∈ PA with ni

|Pi| <
nj

|Pj | , and suppose for
contradiction that there is a committee W ∈ PAV(A) such
that Pi ⊆ W , Pj ̸⊆ W . In this case, exchanging a candidate
x ∈ W∩Pi with a candidate y ∈ Pj\W leads to a committee
W ′ with higher PAV-score than W , which contradicts that
W ∈ PAV(A). Thus, PAV is party-proportional. For the other
direction, we proceed similarly to the proof of Proposition 1
and let f denote a Thiele rule that is party-proportional and
s its Thiele scoring function. First, we show that s(1) > 0
by the same construction as in the proof of Proposition 1 and
rescale s such that s(1) = 1. Then, we construct two profiles
showing that f fails party-proportionality if s(ℓ) ̸=

∑ℓ
x=1

1/x
for some ℓ ∈ {2, . . . , k}. So, f is indeed PAV.

It is easy to see that SAV satisfies—in contrast to AV—
party-proportionality, so SAV is more proportional than AV.
Even more, party-proportionality characterizes SAV within
the class of BSAV rules when only allowing voters to approve
at most k candidates. However, if there is a party Pi with
|Pi| > k, this is no longer true as not all member of such
parties can be elected. We thus introduce another axiom to
characterize SAV: an ABC voting rule f satisfies aversion to
single-party committees if for all party-list profiles A and par-
ties Pi ∈ PA, it holds that W ⊆ Pi for all W ∈ f(A) implies
that ni

|Pi| > nj for all other parties Pj ∈ PA with |Pj | = 1.
Intuitively, this axiom is a mild diversity criterion which re-
quires that a single party can only get all seats in the chosen
committee if it is approved by a sufficient number of voters
when compared to singleton parties. We next characterize
SAV based on this this axiom and party-proportionality.

Proposition 3. SAV is the only BSAV rule that satisfies party-
proportionality and aversion to single-party committees.

Proof Sketch. First, it follows immediately from the defini-
tion of SAV that it satisfies party-proportionality and aversion
to single-party committees. For the other direction, we con-
sider a BSAV rule f that satisfies the given axioms and let
α ∈ Rm

≥0 denote its weight vector. From here on, the proof
proceeds again just as the one of Proposition 1: we first show
that α1 > 0, rescale such that α1 = 1, and then use a similar
construction to infer that αℓ =

1
ℓ for all ℓ ∈ {1, . . . ,m}.

Remark 5. We note that PAV fails aversion to single-party
committees as the ratio is chosen too restrictive: there are
party-list profiles A with a party Pi such that W ⊆ Pi for all
W ∈ PAV(A) even though nj > ni/|Pi| for a singleton party
Pj . However, for all such profiles, it holds that ni/k > nj . In
the context of proportional representation, this bound seems
more reasonable as it states that each elected member of
Pi represents more voters than the single member of Pj .
Interestingly, party-proportionality together with a variant
of this condition (for all party-list profiles A and parties
Pi, it holds that W ⊆ Pi for all W ∈ f(A) if and only if
nj < ni/k for all singleton parties Pj) characterize the BSAV
rule defined by the weight vector αℓ = max(1/ℓ, 1/k) for all
ℓ. This rule is known as modified satisfaction approval voting
(Kilgour and Marshall 2012) and this observation shows that
it might be more desirable than SAV.

4 Conclusion
In this paper, we axiomatically characterize two important
classes of approval-based committee (ABC) voting rules,
namely Thiele rules and BSAV rules. Thiele rules choose
the committees that maximize the total score according to
a score function that only depends on the intersection size
of the considered committee and the ballots of the voters.
On the other hand, BSAV rules are a new generalization of
multi-winner approval voting which weight voters depending
on the size of their ballot. For both of our characterizations,
the central axiom is consistency which has famously been
used by Young (1975) for a characterization of single-winner
scoring rules or by Lackner and Skowron (2021b) for a char-
acterization of ABC scoring rules in the context of committee
ranking rules. In particular, our results allow for simple char-
acterizations of all important ABC scoring rules as all such
rules belong to one of our classes. We also demonstrate this
point by characterizing the well-known ABC voting rules AV,
SAV, and PAV. In particular, the result for SAV is, to the best
of our knowledge, the first full characterization of this rule.
Figure 1 shows a more detailed overview of our results.

Our paper offers several directions for future work. Firstly,
our main results allow, of course, to characterize further ABC
scoring rules. Secondly, characterizations of many important
ABC voting rules (e.g., Phragmén’s rule and the method of
equal shares) are still missing and some of our ideas might be
helpful to derive such results. Finally, even though all relevant
ABC scoring rules belong to one of our classes, we would
still find a full characterization of the set of ABC scoring
rules interesting.



Acknowledgements
We thank Felix Brandt and Dominik Peters for helpful feed-
back. This work was supported by the Deutsche Forschungs-
gemeinschaft under grants BR 2312/11-2 and BR 2312/12-1.

References
Alcalde-Unzu, J.; and Vorsatz, M. 2009. Size approval voting.
Journal of Economic Theory, 144(3): 1187–1210.
Arrow, K. J.; Sen, A. K.; and Suzumura, K., eds. 2002. Hand-
book of Social Choice and Welfare, volume 1. North-Holland.
Aziz, H.; Brill, M.; Conitzer, V.; Elkind, E.; Freeman, R.;
and Walsh, T. 2017. Justified Representation in Approval-
Based Committee Voting. Social Choice and Welfare, 48(2):
461–485.
Aziz, H.; Gaspers, S.; Gudmundsson, J.; Mackenzie, S.; Mat-
tei, N.; and Walsh, T. 2015. Computational Aspects of Multi-
Winner Approval Voting. In Proceedings of the 14th Inter-
national Conference on Autonomous Agents and Multiagent
Systems (AAMAS), 107–115.
Barman, S.; Fawzi, O.; Ghoshal, S.; and Gürpınar, E. 2022.
Tight Approximation Bounds for Maximum Multi-Coverage.
Mathematical Programming, 192(1–2): 443–476.
Brams, S. J.; and Kilgour, D. M. 2014. Satisfaction Approval
Voting. In Voting Power and Procedures, Studies in Choice
and Welfare, 323–346. Springer.
Brandl, F.; Brandt, F.; and Seedig, H. G. 2016. Consistent
Probabilistic Social Choice. Econometrica, 84(5): 1839–
1880.
Brandl, F.; and Peters, D. 2022. Approval Voting under
Dichotomous Preferences: A Catalogue of Characterizations.
Journal of Economic Theory, 205.
Bredereck, R.; Faliszewski, P.; Kaczmarczyk, A.; Knop, D.;
and Niedermeier, R. 2020. Parameterized Algorithms for
Finding a Collective Sets of Items. In Proceedings of the
34th AAAI Conference on Artificial Intelligence (AAAI), 1838–
1845.
Brill, M.; Laslier, J.-F.; and Skowron, P. 2018. Multiwin-
ner Approval Rules as Apportionment Methods. Journal of
Theoretical Politics, 30(3): 358–382.
Delemazure, T.; Demeulemeester, T.; Eberl, M.; Israel, J.;
and Lederer, P. 2023. Strategyproofness and Proportionality
in Party-approval Multiwinner Elections. In Proceedings of
the 37th AAAI Conference on Artificial Intelligence (AAAI),
5591–5599.
Dong, C.; and Lederer, P. 2023a. Characterizations of Sequen-
tial Valuation Rules. In Proceedings of the 22nd International
Conference on Autonomous Agents and Multiagent Systems
(AAMAS), 1697–1705.
Dong, C.; and Lederer, P. 2023b. Refined Characterizations
of Approval-Based Committee Scoring Rules. Technical
report, https://arxiv.org/abs/2312.08799.
Dudycz, S.; Manurangsi, P.; Marcinkowski, J.; and Sornat, K.
2020. Tight Approximation for Proportional Approval Voting.
In Proceedings of the 29th International Joint Conference on
Artificial Intelligence (IJCAI), 276–282.

Elkind, E.; Faliszewski, P.; Skowron, P.; and Slinko, A. 2017.
Properties of Multiwinner Voting Rules. Social Choice and
Welfare, 48: 599–632.
Elkind, E.; and Lackner, M. 2015. Structure in Dichotomous
Preferences. In Proceedings of the 24th International Joint
Conference on Artificial Intelligence (IJCAI), 2019–2025.
Faliszewski, P.; Skowron, P.; Slinko, A.; and Talmon, N. 2017.
Multiwinner Voting: A New Challenge for Social Choice
Theory. In Endriss, U., ed., Trends in Computational Social
Choice, chapter 2.
Faliszewski, P.; Skowron, P.; Slinko, A.; and Talmon, N. 2019.
Committee Scoring Rules: Axiomatic Characterization and
Hierachy. ACM Transactions on Economics and Computa-
tion, 7(1): Article 3.
Fishburn, P. C. 1978. Axioms for approval voting: Direct
proof. Journal of Economic Theory, 19(1): 180–185.
Gawron, G.; and Faliszewski, P. 2022. Using Multiwinner
Voting to Search for Movies. In Proceedings of the 19th Eu-
ropean Conference on Multi-Agent Systems (EUMAS), Lec-
ture Notes in Computer Science (LNCS), 134–151. Springer-
Verlag.
Janson, S. 2016. Phragmén’s and Thiele’s election methods.
Technical Report arXiv:1611.08826 [math.HO], arXiv.org.
Kilgour, D. M.; and Marshall, E. 2012. Approval balloting
for fixed-size committees. In Electoral Systems, Studies in
Choice and Welfare, chapter 12, 305–326. Springer.
Lackner, M.; and Skowron, P. 2018. Approval-Based Multi-
Winner Rules and Strategic Voting. In Proceedings of the
27th International Joint Conference on Artificial Intelligence
(IJCAI), 340–346.
Lackner, M.; and Skowron, P. 2020. Utilitarian Welfare and
Representation Guarantees of Approval-based Multiwinner
Rules. Artificial Intelligence, 288: 103366.
Lackner, M.; and Skowron, P. 2021a. Axiomatic characteri-
zations of consistent approval-based committee choice rules.
Technical report, https://arxiv.org/abs/2112.10407v1.
Lackner, M.; and Skowron, P. 2021b. Consistent Approval-
Based Multi-Winner Rules. Journal of Economic Theory,
192: 105173.
Lackner, M.; and Skowron, P. 2023. Multi-Winner Voting
with Approval Preferences. Springer-Verlag.
Myerson, R. B. 1995. Axiomatic derivation of scoring rules
without the ordering assumption. Social Choice and Welfare,
12(1): 59–74.
Peters, D. 2018. Single-Peakedness and Total Unimodu-
larity: New Polynomial-Time Algorithms for Multi-Winner
Elections. In Proceedings of the 32th AAAI Conference on
Artificial Intelligence (AAAI), 1169–1176.
Pivato, M. 2013. Variable-population voting rules. Journal
of Mathematical Economics, 49(3): 210–221.
Sánchez-Fernández, L.; and Fisteus, J. A. 2019. Monotonic-
ity axioms in approval-based multi-winner voting rules. In
Proceedings of the 18th International Conference on Au-
tonomous Agents and Multiagent Systems (AAMAS), 485–
493.



Skowron, P.; Faliszewski, P.; and Lang, J. 2016. Finding a
Collective Set of Items: From Proportional Multirepresenta-
tion to Group Recommendation. Artificial Intelligence, 241:
191–216.
Skowron, P.; Faliszewski, P.; and Slinko, A. 2019. Axiomatic
characterization of committee scoring rules. Journal of Eco-
nomic Theory, 180: 244–273.
Smith, J. H. 1973. Aggregation of Preferences with Variable
Electorate. Econometrica, 41(6): 1027–1041.
Thiele, T. N. 1895. Om Flerfoldsvalg. Oversigt over det
Kongelige Danske Videnskabernes Selskabs Forhandlinger,
415–441.
Young, H. P. 1975. Social Choice Scoring Functions. SIAM
Journal on Applied Mathematics, 28(4): 824–838.
Young, H. P.; and Levenglick, A. 1978. A Consistent Ex-
tension of Condorcet’s Election Principle. SIAM Journal on
Applied Mathematics, 35(2): 285–300.



A Omitted Proofs from Section 3
In this appendix, we will prove Theorems 1 and 2. Since
the proofs of these theorems are rather involved, we orga-
nize them in subsections: first, we discuss the hyperplane
argument for both theorems jointly in Appendix A.1, then
consider the (sligthly simpler) proof of Theorem 2 in Ap-
pendix A.2, and finally present the proof of Theorem 1 in
Appendix A.3.

Moreover, for our proofs, we use additional notation.
In particular, we suppose that there is a bijection B :
{1, . . . , |A|} → A that enumerates all our ballots. This func-
tion allows us to represent profiles A by vectors v such that
the ℓ-th entry of v states how often the ballot B(ℓ) is re-
ported in A. When specifying the vector of a specific profile
A, we typically write v(A), but we also consider arbitrary
vectors v ∈ R|A| which usually have the same interpreta-
tion. Finally, we define the permutation of vectors as follows:
τ(v)ℓ1 = vℓ2 for all permutations τ : C → C, vectors v, and
indices ℓ1, ℓ2 ∈ {1, . . . , |A|} such that B(ℓ1) = τ(B(ℓ2)).
Put differently, if there are v2 ballots of type B(ℓ2) in v, then
there are τ(v)ℓ1 = vℓ2 ballots of type B(ℓ1) = τ(B(ℓ2)) in
τ(v).

A.1 The Hyperplane Argument
In this subsection, we will show the hyperplane argument
sketched in the proof of Theorem 1 and additionally inves-
tigate some of its consequences. Note that our subsequent
arguments do not rely on independence of losers, weak ef-
ficiency, or choice set convexity and thus form the basis of
the proofs of both Theorems 1 and 2. However, we will focus
in this section on non-imposing ABC voting rules, which
requires that for every committee W ∈ Wk, there is a profile
A ∈ A∗ such that f(A) = {W}.

Now, let f denote an anonymous, neutral, consistent, and
non-imposing ABC voting rule. As first step, we aim to ex-
tend the domain of f from approval profiles to Q|A|. To this
end, we recall that, since f is anonymous, there is a function
g : N|A| → Wk such that f(A) = g(v(A)) for all profiles
A ∈ A∗. We show next how to extend this function to Q|A|

while preserving its desirable properties.

Lemma 1. Let f denote a non-imposing ABC voting rule
that satisfies anonymity, neutrality, and consistency. There
is a function ĝ : Q|A| → 2Wk \ {∅} that satisfies neutrality,
consistency, and ĝ(v(A)) = f(A) for all A ∈ A∗.

Proof. Let f denote a non-imposing ABC voting rule satis-
fying anonymity, neutrality, and consistency. Moreover, let
g : N|A| → Wk denote a neutral and consistent function such
that g(v(A)) = f(A) for all A ∈ A∗; f uniquely defines
such a function since it is anonymous. We will subsequently
extend the domain of g. For doing so, we will heavily rely
on the profile A∗ in which every ballot is reported once.
Moreover, let v∗ = v(A∗) and observe that v∗ℓ = 1 for all
ℓ ∈ {1, . . . , |A|}. Clearly, anonymity and neutrality require
that f(A∗) = g(v∗) = Wk as all committees are symmetric
to each other in A∗.

Step 1: Extension to Z|A|

First, we define a function ḡ : Z|A| → Wk that extends
g to negative numbers: ḡ(v − ℓv∗) = g(v) for all v ∈ N|A|

and ℓ ∈ N0. First, note that ḡ is well-defined: for every
two integers ℓ, ℓ′ ∈ N0 and vectors v, v′ ∈ N|A| such that
v − ℓv∗ = v′ − ℓ′v∗, it holds that v′ = v + (ℓ′ − ℓ)v∗ and
v = v′ + (ℓ − ℓ′)v∗. Assuming that ℓ > ℓ′, we thus infer
from consistency that g(v) = g(v′) ∩ g((ℓ− ℓ′)v∗) = g(v′)
as g(v∗) = g((ℓ− ℓ′)v∗) = Wk. Because g(v) = g(v′), we
have by definition that ḡ(v− ℓv∗) = ḡ(v′ − ℓ′v∗). Moreover,
ḡ is defined for all v ∈ Z|A| since we can always find v′ ∈
N|A| and ℓ ∈ N0 with v = v′ − ℓv∗. Finally, note that
ḡ(v(A)) = ḡ(v(A) − 0v∗) = g(v(A)) = f(v(A)) for all
profiles A ∈ A∗.

Next, it is easy to verify that ḡ inherits neutrality and
consistency from g. For showing the neutrality of ḡ, consider
a vector v ∈ Z|A| and let W ∈ ḡ(v). By the definition of ḡ,
there are v′ ∈ N|A| and ℓ ∈ N0 such that v = v′ − ℓv∗ and
ḡ(v) = g(v + ℓv∗) = g(v′). Since τ(v∗) = v∗, it is easy to
see that τ(v) + ℓv∗ = τ(v′) for all permutations τ : C → C.
Hence, τ(W ) ∈ ḡ(τ(v)) = g(τ(v) + ℓv∗) = g(τ(v′)) due
to the neutrality of g.

Finally, for proving that ḡ is consistent, consider two vec-
tors v1, v2 ∈ Z|A|. By definition of ḡ, there are v̄1, v̄2 ∈ N|A|

and ℓ1, ℓ2 ∈ N0 such that v1 = v̄1 − ℓ1v
∗, v2 = v̄2 − ℓ2v

∗,
ḡ(v1) = g(v1+ℓ1v

∗) = g(v̄1), and ḡ(v2) = g(v2+ℓ2v
∗) =

g(v̄2). Clearly, this implies that ḡ(v1 + v2) = g(v1 + v2 +
ℓ1v

∗ + ℓ2v
∗) = g(v̄1 + v̄2). Hence, if ḡ(v1) ∩ ḡ(v2) =

g(v̄1) ∩ g(v̄2) ̸= ∅, then ḡ(v1 + v2) = g(v̄1 + v̄2) =
g(v̄1) ∩ g(v̄2) = ḡ(v1) ∩ ḡ(v2) because g is consistent.

Step 2: Extension to Q|A|

As second step, we extend ḡ to the rational numbers. For
doing so, we define ĝ( vℓ ) = ḡ(v) for all v ∈ Z|A| and ℓ ∈ N.
Clearly, ĝ is defined for all v ∈ Q|A|. Next, the consistency
of ḡ shows that ĝ is well-defined: if there are v, v′ ∈ Z|A| and
ℓ, ℓ′ ∈ N such that v

ℓ = v′

ℓ′ , then ℓ′v = ℓv′. By consistency
of ḡ, we hence infer that ḡ(v) = ḡ(ℓ′v) = ḡ(ℓv′) = ḡ(v′),
which proves that ĝ is well-defined. Moreover, observe that
ĝ(v(A)) = ĝ( v(A)

1 ) = ḡ(v(A)) = f(A) for all A ∈ A∗.
Next, it is simple to show that ĝ is neutral and consistent.

For proving neutrality, let v ∈ Q|A| be an arbitrary vector
and W ∈ ĝ(W ). By definition, there are v′ ∈ Z|A| and
ℓ ∈ N such that v = v′

ℓ and ĝ(v) = ḡ(v′). It holds for

every permutation τ that τ(v) = τ(v′)
ℓ and thus, we have that

τ(W ) ∈ ĝ(τ(v)) = ḡ(τ(v′)) because ḡ is neutral.
Similarly, for showing that ĝ is consistent, consider two

vectors v1, v2 ∈ Q|A| such that ĝ(v1) ∩ ĝ(v2) ̸= ∅. By
definition of ĝ, there are v̂1, v̂2 ∈ Z|A| and ℓ1, ℓ2 ∈ N such
that v1 = v̂1

ℓ1
, v2 = v̂2

ℓ2
, ĝ(v1) = ḡ(v̂1), and ĝ(v2) = ḡ(v̂2).

Moreover, it holds by definition of ĝ that ĝ(v1 + v2) =

ĝ( ℓ2v̂
1+ℓ1v̂

2

ℓ1ℓ2
) = ḡ(ℓ2v̂

1 + ℓ1v̂
2). Since ḡ is consistent, we

thus infer that ĝ(v1 + v2) = ḡ(ℓ2v̂
1 + ℓ1v̂

2) = ḡ(ℓ2v̂
1) ∩

ḡ(ℓ1v̂
2) = ḡ(v̂1) ∩ ḡ(v̂2) = ĝ(v1) ∩ ĝ(v2). This proves that

ĝ is consistent.

Since ĝ fully describes f , we will next investigate this



function. To this end, we introduce some additional notation.
In particular, we suppose that the committees in Wk are
arranged in an arbitrary order W 1, . . . ,W |Wk| and define
Rf

i = {v ∈ Q|A| : Wi ∈ ĝ(v)} as the set of vectors for
which ĝ chooses W i. First, we note that the sets Rf

i are
symmetric: if a permutation τ : C → C maps Wi to Wj (i.e.,
Wj = τ(Wi)), then v ∈ Rf

i if and only if τ(v) ∈ Rf
j because

Wi ∈ ĝ(v) if and only if τ(Wi) ∈ ĝ(τ(v)). Moreover, since
ĝ is consistent, all Rf

i are Q-convex (i.e., if v, v′ ∈ Rf
i , then

λv + (1− λ)v′ ∈ Rf
i for all λ ∈ Q ∩ [0, 1]). Consequently,

the closure of Rf
i with respect to R|A|, R̄f

i , is a convex cone.
Furthermore, we observe that g(v) = {W i ∈ Wk : v ∈
Rf

i } ⊆ {W i ∈ Wk : v ∈ R̄f
i } for all v ∈ Q|A|. Hence, we

will subsequently analyze the sets R̄f
i and show next that

these sets can be separated by hyperplanes. In the subsequent
lemma, we use vu for the standard scalar product between
two vectors v, u ∈ R|A|.
Lemma 2. Let f denote a non-imposing ABC voting rule that
satisfies anonymity, neutrality, and consistency. Furthermore,
consider two distinct committees W i,W j ∈ Wk. There is
a non-zero vector ui,j ∈ R|A| such that vui,j ≥ 0 for all
v ∈ R̄f

i and vui,j ≤ 0 for all v ∈ R̄f
j .

Proof. Let f denote a non-imposing ABC voting rule satisfy-
ing anonymity, neutrality, and consistency. Furthermore, let ĝ
denote the extension of f to Q|A| as defined in Lemma 1. Fi-
nally, we consider two arbitrary committees W i,W j ∈ Wk.
We will first show that the interiors of the sets R̄f

i and R̄f
j

are disjoint, i.e., int R̄f
i ∩ int R̄f

j = ∅. Assume for contra-
diction that this is not the case, which means that there is
v ∈ int R̄f

i ∩ int R̄f
j ∩ Q|A|. By the definition of R̄f

i and
R̄f

j , this means that W i ∈ ĝ(v), W j ∈ ĝ(v). On the other
hand, f is non-imposing, so there is a profile A such that
f(A) = {W i}. By the definition of ĝ, ĝ(v(A)) = {W i}.
Finally, since v is in the interior of R̄f

j ∩ Q|A|, there must
be λ ∈ (0, 1) ∩Q such that (1− λv) + λv(A) ∈ Rf

j . How-
ever, by consistency, we have that ĝ((1− λ)v + λv(A)) =
ĝ(v) ∩ ĝ(v(A)) = {W i}. This is a contradiction and thus,
the interiors of R̄f

i and R̄f
j must be disjoint.

Next, we observe that the interiors of R̄f
i and R̄f

j are non-
empty. This follows from the observation that the sets Rf

i , and
thus also their closures R̄f

i , are symmetric and that R|A| =⋃
ℓ∈{1,...,|Wk|} R̄

f
ℓ . Since there is only a finite number of

committees, this entails that the sets R̄f
i have full dimension

and thus have indeed non-empty interiors. Finally, we can
now use the separating hyperplane theorem for convex sets to
derive that there is a non-zero vector ui,j ∈ R|A| that satisfies
the conditions of the lemma.

For an easy notation, we say that a non-zero vector u

separates R̄f
i from R̄f

j if vu ≥ 0 for all v ∈ R̄f
i and vu ≤ 0

for all v ∈ R̄f
j . In particular, the vectors derived in Lemma 2

are such separating vectors. Moreover, if a vector u separates

R̄f
i from R̄f

j , then −u separates R̄f
j from R̄f

i . We show next
that the sets R̄f

i are fully described by every set of separating
vectors.
Lemma 3. Let f denote a non-imposing ABC voting rule
that satisfies anonymity, neutrality, and consistency. For all
distinct i, j ∈ {1, . . . , |Wk|}, let ui,j ∈ R|A| denote a non-
zero vector such that ui,j separates R̄f

i from R̄f
j . It holds for

all i ∈ {1, . . . , |Wk|} that R̄f
i = Sf

i = {x ∈ R|A| : xui,j ≥
0 for all j ∈ {1, . . . , |Wk|} \ {i}}.

Proof. Let f denote a non-imposing ABC voting rule that
satisfies all given axioms, let the vectors ui,j be defined as in
the lemma, and fix an index i ∈ {1, . . . , |Wk|}. By definition,
it holds that vui,j ≥ 0 for all j ∈ {1, . . . , |Wk|} \ {i} if
v ∈ R̄f

i , so v ∈ Sf
i . This proves that R̄f

i ⊆ Sf
i . For the

other direction, note that the sets R̄f
i are fully dimensional

since they are symmetric and R|A| =
⋃

j∈{1,...,|Wk|} R̄
f
j .

Since R̄f
i ⊆ Sf

i , we thus also have that int Sf
i ̸= ∅. Now,

let v ∈ int Sf
i , which means that vui,j > 0 for all j ∈

{1, . . . , |Wk|}, j ̸= i. In turn, this implies that v ̸∈ R̄f
j for

all j ∈ {1, . . . , |Wk|} \ {i} because v ∈ R̄f
j entails that

vui,j ≤ 0. Since R|A| =
⋃

j∈{1,...,|Wk|} R̄
f
j and all R̄f

j are

closed and convex, we now infer that v ∈ int R̄f
i . Hence,

int Sf
i ⊆ int R̄f

i , so we deduce that Sf
i ⊆ R̄f

i .

As a consequence of Lemma 3, it suffices to understand the
separating vectors ui,j for characterizing ĝ. Hence, we now
aim to derive such vectors that are additionally symmetric.
For this, we start with the simple but helpful observation that
the symmetry of the sets R̄f

i entails some symmetry for the
hyperplanes.
Lemma 4. Let f denote a non-imposing ABC voting rule
that satisfies anonymity, neutrality, and consistency. More-
over, consider committees W i,W j ,W i′ ,W j′ ∈ Wk and a
permutation τ : C → C such that W i ̸= W j , W i′ ̸= W j′ ,
|W i ∩ W j | = |W i′ ∩ W j′ |, τ(W i ∩ W j) = W i′ ∩ W j′ ,
τ(W i \W j) = W i′ \W j′ , and τ(W j \W i) = W j′ \W i′ .
If a vector u separates R̄f

i from R̄f
j , then τ(u) separates R̄f

i′

from R̄f
j′ .

Proof. Let f denote an ABC voting rule satisfying all given
axioms, and consider committees W i,W j ,W i′ ,W j′ ∈ Wk

as defined in the lemma. Moreover, let u denote a vector that
separates R̄f

i from R̄f
j , and let τ : C → C be a permutation

that satisfies the conditions of the lemma. Now, consider a
vector v′ ∈ R̄f

i′ . By the neutrality of ĝ, there is a vector
v ∈ R̄f

i such that τ(v) = v′ because τ(W i) = W i′ . Since u

separates R̄f
i and R̄f

j , we have vu ≥ 0. Now, it is straightfor-
ward that v′τ(u) = τ(v)τ(u) = vu ≥ 0 because the scalar
product does not change if we permute both vectors. Hence,
it holds that v′τ(u) ≥ 0 for all v′ ∈ R̄f

i′ . An analogous argu-
ment also works for vectors v′ ∈ R̄f

j′ and τ(u) thus separates
R̄f

i′ from R̄f
j′ .



Based on Lemmas 2 to 4, we show next that there are
highly symmetric vectors that fully specify the sets R̄f

i .
Lemma 5. Let f denote a non-imposing ABC voting rule
that satisfies anonymity, neutrality, and consistency. There
are non-zero vectors ûi,j that satisfy the following conditions
for all W i,W j ∈ Wk:
1. R̄f

i = {v ∈ R|A| : ∀j′ ∈ {1, . . . , |Wk|} \ {i} : ûi,j′v ≥
0}.

2. ûi,j = −ûj,i.
3. ûi′,j′ = τ(ûi,j) for all permutations τ : C → C with

τ(W i) = W i′ and τ(W j) = W j′ .

Proof. Let f denote a non-imposing ABC voting rule that
satisfies all given axioms. By Lemma 2, there are non-zero
vectors ui,j that separate R̄f

i from R̄f
j for all pairs of com-

mittees W i,W j ∈ Wk and suppose that ui,j = −uj,i.
Our main goal is to make these vectors symmetric and we
will heavily rely on Lemma 4 for this. To this end, we de-
fine z = max

W i,W j∈Wk

|W i \ W j | as the maximal distance

between two committees. Moreover, we fix z + 1 com-
mittees W i0 , . . . ,W iz such that |W i0 \ W ix | = x for all
x ∈ {1, . . . , z}.

Next, we will derive the symmetric separating vectors
ûi,j . For this, consider an arbitrary index x ∈ {1, . . . , z}
and let ui0,ix be the vector that separates R̄f

i0
from R̄f

ix
.

Moreover, we define the sets Xi0\ix = W i0 \ W ix ,
Xi0∩ix = W i0 ∩ W ix , Xix\i0 = W ix \ W i0 , and
T = {τ ∈ CC : τ(Xi0∩ix) = Xi0∩ix , τ(Xi0\ix) =
Xi0\ix , τ(Xix\i0) = Xix\i0}. In particular, it holds for ev-
ery τ ∈ T that τ(W i0) = W i0 and τ(W ix) = W ix . Con-
sequently, Lemma 4 shows that τ(ui0,ix) also separates R̄f

i0

from R̄f
ix

and the same follows for ũi0,ix =
∑

τ∈T τ(ui0,ix).
This also means that the vector ũix,i0 = −ũi0,ix sepa-
rates R̄f

ix
from R̄f

i0
. Next, let τ∗ denote a permutation

such that τ∗(Xi0∩ix) = Xi0∩ix , τ∗(Xi0\ix) = Xix\i0 ,
τ∗(Xix\i0) = Xi0\ix , and τ∗(τ∗(c)) = c for all candi-
dates c ∈ C. It is easy to verify that τ∗(W i0) = W ix and
τ∗(W ix) = W i0 and Lemma 4 thus shows that τ∗(ũix,i0)

separates R̄f
i0

from R̄f
ix

. Finally, we define the vector ûi0,ix

by ûi0,ix = ũi0,ix + τ∗(ũix,i0) and note that this vector sepa-
rates R̄f

i0
from R̄f

ix
. Moreover, we generalize these vectors to

arbitrary committees W i,W j ∈ Wk as follows: we first de-
termine x = |W i \W j | and choose a permutation τ such that
τ(W i0) = W i and τ(W ix) = W j . Then, ûi,j = τ(ûi0,ix).
This vector separates R̄f

i from R̄f
j by Lemma 4.

It remains to show that these vectors satisfy our conditions.
In more detail, we first prove Claim (1) and the discuss an
auxiliary claim establishing some symmetry properties of
the vectors ûi0,ix for every x ∈ {1, . . . , z}. Based on this
auxiliary claim, we then show Claims (2) and (3).

Claim (1): R̄f
i = {v ∈ R|A| : ∀j ∈ {1, . . . , |Wk|} \

{i} : vûi,j ≥ 0}
For proving this claim, we only need to show that all

vectors ûi,j are non-zero because it has already been proven

that these vectors separate separate R̄f
i from R̄f

j . Hence,
once it is established that the vectors ûi,j are non-zero, the
claim follows from Lemma 3. Now, consider two committees
W i,W j ∈ Wk and let x = |W i \ W j |. Since we derive
ûi,j from ûi0,ix by permuting the latter vector, ûi,j is non-
zero if ûi0,ix is non-zero. Hence, it only remains to show
that ûi0,ix is a non-zero vector. For this, we use that R̄f

i0
=

{x ∈ R|A| : ∀j ∈ {1, . . . , |Wk|} \ {i0} : xui0,ℓ ≥ 0} due
to Lemma 3, where the vectors ui0,ℓ denote the hyperplanes
given by Lemma 2. Now, let v denote a point in the interior
of R̄f

i0
; such a point exists as R̄f

i0
is fully dimensional and

thus has a non-empty interior. Since v ∈ intR̄f
i0

, it holds that
vui0,ℓ > 0 for all ℓ ∈ {1, . . . , |Wk|} \ {i}, in particular that
vui0,ix > 0. Next, we note that also the vectors τ(ui0,ix)

for τ ∈ T are non-zero and separate R̄f
i0

from R̄f
ix

. So,
we can exchange ui0,ix with τ(ui0,ix) in the presentation
of Rf

i0
and infer that vτ(ui0,ix) > 0 since v is still in the

interior of R̄f
i0

. Hence, vũi0,ix = v
∑

τ∈T τ(ui0,ix) > 0,
so ũi0,ix is a non-zero vector. This implies that τ∗(ũix,i0)

also is a non-zero vector and we can thus also represent R̄f
i0

by replacing ui0,ix with τ∗(ũix,i0). This implies again that
vτ∗(ũix,i0) > 0 and we therefore conclude that vûi0,ix =
v(ũi0,ix + τ∗(ũix,i0)) > 0, so ûi0,ix is indeed a non-zero
vector.

Auxiliary Claim: Symmetry of ûi0,ix

We will first prove that the vectors ûi0,ix are rather sym-
metric. In more detail, we will show that ûi0,ix

ℓ1
= ûi0,ix

ℓ2
for

all ballots B(ℓ1), B(ℓ2) ∈ A and all x ∈ {1, . . . , z} such
that |B(ℓ1)| = |B(ℓ2)| and |B(ℓ1) ∩ X| = |B(ℓ2) ∩ X|
for all X ∈ {Xi0∩ix , Xi0\ix , Xix\i0}. For this, we fix
such ballots B(ℓ1), B(ℓ2) and an index x ∈ {1, . . . z}.
By our assumptions, there is a bijection τ̃ : C → C
such that B(ℓ2) = τ̃(B(ℓ1)) and τ̃(X) = X for all
X ∈ {Xi0∩ix , Xi0\ix , Xix\i0}. By the latter insight, it fol-
lows that τ̃ ◦ τ ∈ T for every permutation τ ∈ T . More-
over, for distinct permutations τ1, τ2 ∈ T , it holds that
τ̃ ◦ τ1 ̸= τ̃ ◦ τ2 because there is a candidate c such that
τ1(c) ̸= τ2(c). This shows that {τ̃ ◦ τ : τ ∈ T } = T . Since
B(ℓ2) = τ̃(B(ℓ1)), we derive for every vector u ∈ R|A| that
τ̃(u)ℓ2 = uℓ1 . Consequently, ũi0,ix

ℓ1
=

∑
τ∈T τ(ui0,ix)ℓ1 =∑

τ∈T τ̃(τ(ui0,ix))ℓ2 =
∑

τ∈T τ(ui0,ix)ℓ2 = ũi0,ix
ℓ2

. This
proves that the vector ũi0,ix satisfies our symmetry con-
dition, and clearly the vector ũix,i0 = −ũi0,ix satisfies
this condition, too. Finally, recall that we choose τ∗ such
that τ∗(Xi0∩ix) = Xi0∩ix , τ∗(Xi0\ix) = Xix\i0 , and
τ∗(Xix\i0) = Xi0\ix . This means that |B(ℓ) ∩ Xi0∩ix | =
|τ∗(B(ℓ))∩Xi0∩ix |, |B(ℓ)∩Xi0\ix | = |τ∗(B(ℓ))∩Xix\i0 |,
and |B(ℓ)∩Xix\i0 | = |τ∗(B(ℓ))∩Xi0\ix |. Since |B(ℓ1)∩
X| = |B(ℓ2)∩X| for all X ∈ {Xi0∩ix , Xi0\ix , Xix\i0}, the
same holds for τ∗(B(ℓ1)) and τ∗(B(ℓ2)) and we infer that
τ∗(ũix,i0)ℓ1 = τ∗(ũix,i0)ℓ2 . Finally, this means that ûi0,ix

ℓ1
=

ũi0,ix
ℓ1

+τ∗(ũix,i0)ℓ1 = ũi0,ix
ℓ2

+τ∗(ũix,i0)ℓ2 = ûi0,ix
ℓ2

, which
proves our auxiliary claim.



Claim (2): ûi,j = −ûj,i

Consider two committees W i,W j ∈ Wk, let x =
|W i \ W j | = |W j \ W i|, and fix a ballot B(ℓ). We
will show that ûi,j

ℓ = −ûj,i
ℓ to prove this claim. For this,

let τ denote the permutation such that τ(W i0) = W i,
τ(W ix) = W j , and ûi,j = τ(ûi0,ix). Similarly, we define
τ ′ as the permutation with τ ′(W i0) = W j , τ ′(W ix) =
W i, and ûj,i = τ ′(ûi0,ix). By definition, it holds that
ûi,j
ℓ = ûi0,ix

ℓ1
and ûj,i

ℓ = ûi0,ix
ℓ2

for the indices ℓ1, ℓ2 with
B(ℓ) = τ(B(ℓ1)) and B(ℓ) = τ ′(B(ℓ2)). Hence, the claim
follows by proving that ûi0,ix

ℓ1
= −ûi0,ix

ℓ2
. For this, we

first observe that the condition on τ and τ ′ require that
τ(Xi0∩ix) = τ ′(Xi0∩ix) = Xi∩j , τ(Xi0\ix) = Xi\j ,
τ(Xix\i0) = Xj\i, τ ′(Xi0\ix) = Xj\i, and τ ′(Xix\i0) =
Xi\j . Hence, we infer that |B(ℓ1) ∩ Xi0∩ix | = |B(ℓ) ∩
Xi∩j | = |B(ℓ2) ∩ Xi0∩ix |, |B(ℓ1) ∩ Xi0\ix | = |B(ℓ) ∩
Xi\j | = |B(ℓ2)∩Xix\i0 |, and |B(ℓ1)∩Xix\i0 | = |B(ℓ)∩
Xj\i| = |B(ℓ2) ∩ Xi0\ix |. Moreover, it clearly holds that
|B(ℓ1)| = |B(ℓ)| = |B(ℓ2)|. Now, we consider again the
permutation τ∗ used in the definition of ûi0,ix and recall
that τ∗(W i0) = W ix , τ∗(W ix) = W i0 , and τ∗(τ∗(c)) = c
for all c ∈ C. Furthermore, let ℓ3 denote the index such that
B(ℓ3) = τ∗(B(ℓ1)) and note that |B(ℓ2)∩X| = |B(ℓ3)∩X|
for all X ∈ {Xi0∩ix , Xi0\ix , Xix\i0 , C}. Hence, our auxil-
iary claim entails that ûi0,ix

ℓ2
= ûi0,ix

ℓ3
. On the other hand,

we have by definition that τ∗(ũix,i0)ℓ3 = ũix,i0
ℓ1

= −ũi0,ix
ℓ1

and τ∗(ũix,i0)ℓ1 = ũix,i0
ℓ3

= −ũi0,ix
ℓ3

. It is now easy to com-
pute that ûi0,ix

ℓ1
= ũi0,ix

ℓ1
+ τ∗(ũix,i0)ℓ1 = ũi0,ix

ℓ1
− ũi0,ix

ℓ3
=

−(ũi0,ix
ℓ3

−ũi0,ix
ℓ1

) = −(ũi0,ix
ℓ3

+τ∗(ũix,i0)ℓ3) = −ûi0,ix
ℓ3

. We
therefore conclude that ûi0,ix

ℓ1
= −ûi0,ix

ℓ3
= −ûi0,ix

ℓ2
, which

proves this claim.

Claim (3): ûi′,j′ = τ̂(ûi,j) if τ(W i) = W i′ and
τ̂(W j) = W j′

For this claim, we consider four committees
W i,W j ,W i′ ,W j′ and a permutation τ̂ such that
τ̂(W i) = W i′ and τ̂(W j) = W j′ . Moreover,
consider two ballots B(ℓ1), B(ℓ2) ∈ A such that
B(ℓ1) = τ̂(B(ℓ2)). We will show that ûi′,j′

ℓ1
= ûi,j

ℓ2
,

which implies that ûi′,j′ = τ̂(ûi,j). For this, let
x = |W i \ W j | = |W i′ \ W j′ | and let τ and τ ′ denote
the permutations such that τ(W i0) = W i, τ(W ix) = W j ,
τ ′(W i0) = W i′ , τ ′(W ix) = W j′ , ûi,j = τ(ûi0,ix), and
ûi′,j′ = τ ′(ûi0,ix). Clearly, there are integers ℓ3, ℓ4 such
that B(ℓ1) = τ ′(B(ℓ3)) and B(ℓ2) = τ(B(ℓ4)). By
definition, this means that ûi′,j′

ℓ1
= τ ′(ûi0,ix)ℓ1 = ûi0,ix

ℓ3

and ûi,j
ℓ2

= τ(ûi0,ix)ℓ2 = ûi0,ix
ℓ4

. Hence, our equality
follows by showing that ûi0,ix

ℓ3
= ûi0,ix

ℓ4
. For this, we

note that τ̂(Xi∩j) = Xi′∩j′ , τ̂(Xi\j) = Xi′\j′ , and
τ̂(Xj\i) = Xj′\i′ . Moreover, analogous claims hold for
τ (between W i0 ,W ix and W i,W j) and for τ ′ (between
W i0 ,W ix and W i′ ,W j′ ). Thus, we can derive the following
equalities since permuting sets does not change the size of

their set intersection.

|B(ℓ3)∩Xi0∩ix |= |B(ℓ1)∩Xi′∩j′ |
= |B(ℓ2)∩Xi∩j |= |B(ℓ4)∩Xi0∩ix |

|B(ℓ3)∩Xi0\ix |= |B(ℓ1)∩Xi′\j′ |
= |B(ℓ2)∩Xi\j |= |B(ℓ4)∩Xi0\ix |

|B(ℓ3)∩Xix\i0 |= |B(ℓ1)∩Xj′\i′ |
= |B(ℓ2)∩Xj\i|= |B(ℓ4)∩Xix\i0 |

Finally, we clearly have that |B(ℓ3)| = |B(ℓ1)| =
|B(ℓ2)| = |B(ℓ4)|, so our auxiliary claim implies that
ûi0,ix
ℓ3

= ûi0,ix
ℓ4

. This concludes the proof of this claim.

After proving Lemma 5, we will next investigate its con-
sequences as we will heavily rely on this lemma. In more
detail, as explained in the proof sketches of Theorems 1 and 2,
we will frequently consider the hyperplanes ûi,j for commit-
tees W i,W j with |W i \ W j | = 1. We thus show in the
next lemma that there is a compact representation of these
hyperplanes.

Lemma 6. Let f denote a non-imposing ABC voting rule
that satisfies anonymity, neutrality, and consistency. For
every ballot size r ∈ {1, . . . ,m}, there is a functions
s1r(x, y) that satisfies the following claims for all ballots
B(ℓ) with |B(ℓ)| = r and committees W i,W j ∈ Wk with
|W i \W j | = 1.

1. ûi,j
ℓ = s1r(|B(ℓ) ∩W i|, |B(ℓ) ∩W j |).

2. s1r(|B(ℓ) ∩ W i|, |B(ℓ) ∩ W j |) = 0 if |B(ℓ) ∩ W i| =
|B(ℓ) ∩W j |.

3. s1r(|B(ℓ) ∩ W i|, |B(ℓ) ∩ W j |) = −s1r(|B(ℓ) ∩
W j |, |B(ℓ) ∩W i|).

Proof. Let f denote an ABC scoring rule that satisfies all
given conditions and let ûi,j denote the non-zero vectors
given by Lemma 5. Our main goal is to show that ûi,j

ℓ =

ûi′,j′

ℓ′ for all committees W i,W j ,W i′ ,W j′ ∈ Wk and bal-
lots B(ℓ), B(ℓ′) ∈ A such that |W i \W j | = |W i′ \W j′ | =
1, |B(ℓ)| = |B(ℓ′)|, |B(ℓ) ∩ W i| = |B(ℓ′) ∩ W i′ |, and
|B(ℓ) ∩W j | = |B(ℓ′) ∩W j′ |. Clearly, this implies the exis-
tence of the functions s1r as we can just define s1r(x, y) = ûi,j

ℓ

for arbitrary committees W i,W j ∈ Wk and a ballot B(ℓ)
with |W i \ W j | = 1, |B(ℓ)| = r, |B(ℓ) ∩ W i| = x,
and |B(ℓ) ∩ W j | = y. For proving our claim, we define
{a} = W i \W j , {b} = W j \W i, {a′} = W i′ \W j′ , and
{b′} = W j′ \W i′ . Moreover, we use a case distinction with
respect to whether |B(ℓ) ∩W i| = |B(ℓ) ∩W j | or not.

First, we suppose that |B(ℓ) ∩ W i| = |B(ℓ) ∩ W j | and
consequently also |B(ℓ′) ∩ W i′ | = |B(ℓ′) ∩ W j′ |. In this
case, we claim that ûi,j

ℓ = ûi′,j′

ℓ′ = 0 and prove this statement
only for ûi,j

ℓ as the argument for ûi′,j′

ℓ′ is symmetric. The key
insight here is that if |B(ℓ)∩W i| = |B(ℓ)∩W j |, then either
{a, b} ⊆ B(ℓ) or {a, b} ∩ B(ℓ) = ∅. Now, let τ denote the
permutation defined by τ(a) = b, τ(b) = a, and τ(x) = x
for all x ∈ C \ {a, b}. It is easy to see that τ(W i) = W j ,



τ(W j) = W i, and τ(B(ℓ)) = B(ℓ). Therefore, we can use
Claims (2) and (3) of Lemma 5 to infer that −ûi,j

ℓ = ûj,i
ℓ =

τ(ûi,j)ℓ = ûi,j
ℓ . Clearly, this is only possible if ûi,j

ℓ = 0, so
our claim follows.

A second case, suppose that |B(ℓ) ∩W i| ≠ |B(ℓ) ∩W j |.
Without loss of generality, we suppose that |B(ℓ) ∩W i| >
|B(ℓ) ∩ W j |. This implies that |B(ℓ) ∩ W i| = |B(ℓ′) ∩
W i′ | = |B(ℓ′)∩W j′ |+1 = |B(ℓ)∩W j |+1, so a ∈ B(ℓ),
b ̸∈ B(ℓ), a′ ∈ B(ℓ′), and b′ ̸∈ B(ℓ′). Now, let τ denote the
permutation such that τ(a) = a′, τ(b) = b′, τ(W i ∩W j) =

W i′ ∩W j′ , and τ(B(ℓ)) = B(ℓ′); by our assumptions such
a permutation exists. Clearly, τ(W i) = W i′ , τ(W j) = W j′ ,
and τ(B(ℓ)) = B(ℓ′), so Claim (3) of Lemma 5 entails that
ûi′,j′

ℓ′ = τ(ûi,j)ℓ′ = ûi,j
ℓ . This proves the desired equality.

By the insights of the last two paragraphs, it follows that
there are functions s1r(x, y) with ûi,j

ℓ = s1|B(ℓ)|(|B(ℓ) ∩
W i|, |B(ℓ) ∩W j |) for all ballots B(ℓ) and committees W i,
W j with |W i\W j | = 1. Moreover, the analysis in the second
paragraph immediately implies that s1r(|B(ℓ)∩W i|, |B(ℓ)∩
W j |) = 0 for all committees W i,W j and ballots B(ℓ) with
|W i\W j | = 1, |B(ℓ)| = r, and |B(ℓ)∩W i| = |B(ℓ)∩W j |
because ûi,j

ℓ = 0. Hence, our functions s1r satisfy Claims (1)
and (2). Moreover, Claim (2) implies Claim (3) in the case
that |B(ℓ) ∩W i| = |B(ℓ) ∩W j |.

Hence, it remains to show that s1r(|B(ℓ) ∩ W i|, |B(ℓ) ∩
W j |) = −s1r(|B(ℓ) ∩W j |, B(ℓ) ∩W i|) if |B(ℓ) ∩W i| ̸=
|B(ℓ) ∩ W j |. For this, consider again two committees
W i,W j ∈ Wk with W i\W j = {a}, W j\W i = {b}. More-
over, consider a ballot B(ℓ) such that a ∈ B(ℓ), b ̸∈ B(ℓ)
and let τ denote the permutation defined by τ(a) = b,
τ(b) = a, and τ(x) = x for all x ∈ C \ {a, b}. By Claims (2)
and (3) of Lemma 5, we have for the ballot B(ℓ′) = τ(B(ℓ))

that −ûi,j
ℓ′ = ûj,i

ℓ′ = τ(ûi,j)ℓ′ = ûi,j
ℓ . On the other hand,

it is easy to see that |B(ℓ) ∩ W i| = |B(ℓ′) ∩ W j | and
|B(ℓ)∩W j | = |B(ℓ′)∩W i|. Hence, we infer that s1r(|B(ℓ)∩
W i|, |B(ℓ) ∩ W j |) = ûi,j

ℓ = −ûi,j
ℓ′ = −s1r(|B(ℓ′) ∩

W i|, |B(ℓ′) ∩ W j |) = −s1r(|B(ℓ) ∩ W j |, |B(ℓ) ∩ W i|),
which proves this claim.

Based on the last insight, we can already fully characterize
the set of ABC voting rules that are ABC scoring rules if k =
1 or k = m− 1. This turns out rather helpful for the proofs
of Theorem 1 and Theorem 2 because it is straightforward
to adapt the proof below to show these results when k ∈
{1,m− 1}.

Proposition 4. Assume k = 1 or k = m− 1. An ABC voting
rule is an ABC scoring rule if and only if it satisfies anonymity,
neutrality, consistency, continuity, and weak efficiency.

Proof. It is easy to check that ABC scoring rules satisfy all
given axioms. So, we focus on the converse and let f de-
note an ABC voting rule that satisfies all given axioms for
k = 1; the case that k = m − 1 follows from similar argu-
ments. First, if f is trivial, it is the ABC scoring rule induced
by the score function s(x, y) = 0. We hence suppose that
f is non-trivial. We will first show that f is non-imposing.
For this, we note that there is a ballot A ∈ A such that

f(A) ̸= Wk because of non-triviality and consistency. Let
c, d denote candidates such that {c} ∈ f(A), {d} ̸∈ f(A)
and consider a permutation τ : C → C with τ(c) = c. By
neutrality, {c} ∈ f(τ(A)), {τ(d)} ̸∈ f(τ(A)). Next, con-
sider the profile A∗ that consists of a ballot τ(A) for every
permutation τ with τ(c) = c. By consistency, we infer that
f(A∗) =

⋂
τ :C→C : τ(c)=c f(τ(A)) = {{c}}. Neutrality im-

plies now that f is non-imposing
Next, we use Lemma 1 to obtain the function ĝ :

Q|A| → 2Wk \ {∅} and define the sets Rf
i = {v ∈

Q|A| : W i ∈ ĝ(v)}. In turn, Lemma 5 entails the exis-
tence of symmetric non-zero vectors ûi,j such that R̄f

i =

{v ∈ R|A| : ∀j ∈ {1, . . . , |Wk|} \ {i} : ûi,jv ≥ 0}. More-
over, since k = 1, it follows for all distinct committees
W i,W j ∈ Wk that |W i \ W j | = 1. So, Lemma 6 ap-
plies and shows that there are functions sr(x, y) such that
ûi,j
ℓ = s|B(ℓ)|(|W i ∩ B(ℓ)|, |W j ∩ B(ℓ)|) for all ballots

B(ℓ) ∈ A and committees W i,W j ∈ Wk. Based on these
functions, it is simply to infer the score function s(x, z)
of f : we define s(0, z) = 0 and s(1, z) = s1z(1, 0). It is
now easy to check that s(|W i ∩ B(ℓ)|, |B(ℓ)|) − s(|W j ∩
B(ℓ)|, |B(ℓ)|) = s1|B(ℓ)|(|B(ℓ) ∩W i|, |B(ℓ) ∩W j |) due to
the properties of s1r discussed in Lemma 6. Consequently, it
holds that ûi,jv =

∑
ℓ∈{1,...,|A|} vℓs

1(|W i ∩ B(ℓ)|, |W j ∩
B(ℓ)|, |B(ℓ)|) =

∑
ℓ∈{1,...,|A|} vℓ(s(|W i∩B(ℓ)|, |B(ℓ)|)−

s(|W j ∩ B(ℓ)|, |B(ℓ)|)) for all W i, W j ∈ Wk and v ∈
R|A|. We thus define ŝ(v,W ) =

∑
ℓ∈{1,...,|A|} vℓs(|W i ∩

B(ℓ)|, |B(ℓ)|) and infer that R̄f
i = {v ∈ R|A| : ∀j ∈

{1, . . . , |Wk|} \ {i} : ûi,jv ≥ 0} = {v ∈ R|A| : ∀j ∈
{1, . . . , |Wk|} : ŝ(v,W i) ≥ ŝ(v,W j)}. Hence, f(A) =
ĝ(v(A)) ⊆ {W ∈ Wk : ∀W ′ ∈ Wk : ŝ(A,W ) ≥
ŝ(A,W ′)} := f ′(A) for all A ∈ A∗.

Next, we will show that this subset relation is an equal-
ity. Suppose for this that there is a profile A such that
f(A) ⊊ f ′(A) and let {d} ∈ f ′(A) \ f(A). We note
that f ′ is consistent and non-trivial, so an analogous argu-
ment as for f shows that it is non-imposing. Thus, there
is a profile A′ such that f ′(A′) = {{d}}. By the consis-
tency of f ′ and the above subset relation, we have that
f(λA + A′) = f ′(λA + A′) = {{d}} for all λ ∈ N. How-
ever, this contradicts the continuity of f , which requires
that there is λ ∈ N such that f(λA + A′) ⊆ f(A). So,
f is the ABC scoring rule induced by s. Finally, we show
that s is non-decreasing. Otherwise, there is a ballot size
y ∈ {1, . . . ,m − 1} such that 0 = s(0, y) > s(1, y). Now,
consider a single ballot A of size y. By definition of s and
f , f(A) = {W ∈ Wk : W ̸⊆ A}. However, this outcome
violates weak efficiency, so s needs to be non-decreasing in
its first argument.

A.2 Proof of Theorem 2
We will next turn to the proof of Theorem 2: BSAV rules are
the only ABC voting rules that satisfy anonymity, neutrality,
consistency, continuity, choice set convexity, and weak effi-
ciency. Since the proof that every BSAV rule satisfies these
axioms is in the main body, we focus here on the converse



direction. Unfortunately, this direction is rather involved and
we thus introduce several auxiliary lemmas before proving
Theorem 2. In more detail, we first construct several im-
portant auxiliary profiles in Lemma 7 to show that every
non-trivial ABC voting rule f that satisfies all of our axioms
is non-trivial. This allows us to access the vectors îi,j derived
in Lemma 5. By investigating the linear independence of
these vectors, we can then show that f is a BSAV rule.

To ease the outlay of our lemmas, we introduce some
additional notation. Firstly, we define F1 as the set of ABC
voting rules that satisfy anonymity, neutrality, consistency,
continuity, choice set convexity, and weak efficiency (i.e.,
the axioms required for Theorem 2). Secondly, we define the
convex hull of two committees W i,W j ∈ Wk as [Wi,Wj ] =
{W ∈ Wk : Wi ∩Wj ⊆ W ⊆ Wi ∪Wj}.

We start the proof of Theorem 2 by constructing profiles in
which a single candidate is either guaranteed to be chosen or
to be not chosen. In more detail, given a candidate x ∈ C and
a ballot size r, we consider the profile Ax,r which contains
each ballot A with |A| = r and x ∈ A once, and the profile
A−x,r which contains each ballot A with |A| = r and x ̸∈ A
once.
Lemma 7. Let f ∈ F1 denote a non-imposing ABC vot-
ing rule. It holds for all candidates x ∈ C and ballot sizes
r ∈ {1, . . . ,m} that f(Ax,r) = {W ∈ Wk : x ∈ W} and
f(A−x,r) = {W ∈ Wk : x ̸∈ W} if there is a ballot A ∈ A
with |A| = r and f(A) ̸= Wk.

Proof. Consider an ABC voting rule f ∈ F1, a ballot size
r ∈ {1, . . . ,m}, and a candidate x ∈ C. Moreover, suppose
that there is ballot A such that |A| = r and f(A) ̸= Wk.
First, this implies that r ̸= m because otherwise A = C
and neutrality requires that all committees are chosen. Next,
by anonymity and neutrality, there are only three possible
outcomes for f(Ax,r) and f(A−x,r): for both of these pro-
files, either {W ∈ Wk : x ∈ W}, {W ∈ Wk : x ̸∈ W}, or
Wk has to be chosen as all committees in the first two sets
are symmetric to each other. Moreover, weak efficiency ex-
cludes that f(A−x,r) = {W ∈ Wk : x ∈ W} as this axiom
allows us to replace x with any other candidate y ∈ C \ {x}.
Finally, we note that anonymity and neutrality require that
f(Ax,r + A−x,r) = Wk because the profile Ax,r + A−x,r

consists of all ballots of size r. Hence, by consistency and
our previous observations, we either have that f(A−x,r) =
f(Ax,r) = Wk, or f(A−x,r) = {W ∈ Wk : x ̸∈ W} and
f(Ax,r) = {W ∈ Wk : x ∈ W}. Indeed, for all other pos-
sible combinations, it holds that f(Ax,r) ∩ f(A−x,r) ̸= ∅
and f(Ax,r) ∩ f(A−x,r) ̸= Wk, so consistency would be
violated.

Now suppose for contradiction that f(A−x,r) =
f(Ax,r) = Wk. If r = 1 or r = m − 1, this conflicts
with the assumption that there is a ballot A of size r such that
f(A) ̸= Wk. The reason for this is that either Ax,r or A−x,r

only consist of a single ballot and neutrality between A and
Ax,r (resp. A−x,r) then requires that not all committees of
size k are chosen. Hence, we assume that 1 < r < m − 1.
For this case, let X+, X− denote two disjoint and possibly
empty sets of candidates. Moreover, we define AX+,X−

as
the profile containing each ballot A with |A| = r, X+ ⊆ A,

and X− ∩A = ∅ once. Note that AX+,X−
is not the empty

profile if |X+| ≤ r and |X−| ≤ m− r. Our goal is to prove
that f(AX+,X−

) = Wk for all disjoint sets X+, X− by an
induction over t = |X+ ∪X−| ∈ {1, . . . ,min(r,m − r)}.
When t = min(r,m− r), then AX+,X−

consists of a single
ballot and thus, this insight conflicts again with neutrality
and the assumption that there is a ballot A of size r with
f(A) ̸= Wk.

Now, the induction basis t = 1 of our claim follows
from our assumptions since f(A−x,r) = f(Ax,r) = Wk,
and neutrality allows us to rename x to any other candi-
date. We therefore assume that the induction hypothesis
holds up to some t ∈ {1, . . . ,min(r,m − r) − 1} and will
prove it for t + 1. For this, we will first show an auxiliary
claim: given two disjoint sets of candidates X+, X− with
|X+ ∪X−| = t − 1 and two candidates x, y ∈ C \ (X+ ∪
X−), it holds that f(AX+∪{x,y},X−

) = f(AX+,X−∪{x,y})

and f(AX+∪{x},X−∪{y}) = f(AX+∪{y},X−∪{x}). We
prove here only the first claim as the second one fol-
lows analogously. The central observation for the proof
is that AX+∪{x,y},X−

+ AX+,X−∪{x} + AX+,X−∪{y} =
AX+,X−

+ AX+,X−∪{x,y}. Moreover, by the induc-
tion hypothesis, we know that f(AX+,X−∪{y}) =

f(AX+,X−∪{x}) = f(AX+,X−
) = Wk. Hence, we infer

from consistency that

f(AX+∪{x,y},X−
)

= f(AX+∪{x,y},X−
)∩f(AX+,X−∪{x})∩f(AX+,X−∪{y})

= f(AX+∪{x,y},X−
+AX+,X−∪{x} +AX+,X−∪{y})

= f(AX+,X−
+AX+,X−∪{x,y})

= f(AX+,X−
) ∩ f(AX+,X−∪{x,y})

= f(AX+,X−∪{x,y}).

Finally, consider an arbitrary set of candidates X =
{x1, . . . , xt+1}. By weak efficiency, anonymity, and neutral-
ity, we have that W ∈ f(A∅,X) for all committees W that
minimize |X ∩ W |. Now, consider the profile A{y},X\{y}

for y ∈ X . First, by our auxiliary claim, we have that
f(A{y},X\{y}) = f(Az,X\{z}) for all y, z ∈ X . Now, if
there is a committee W ∈ f(A{y},X\{y}) that minimizes
|W ∩X|, then f(A∅,X)∩ f(A{y},X\{y}) ̸= ∅, which means
that f(A∅,X) ∩ f(A{y},X\{y}) = f(A∅,X\{y}) = Wk by
consistency and the induction hypothesis.

Hence, suppose next that there are only ballots W in
f(A{y},X\{y}) that do not minimize |W ∩ X|. By weak
efficiency, we know for every such committee W that we
can replace the candidates in z ∈ W ∩ (X \ {y}) with a
candidate z′ ∈ C \ (W ∪X) and the resulting committee W ′

must still be chosen for A{y},X\{y}. Now, if |W ∩X| ≥ 1 for
each W ∈ Wk, this means that f chooses a committee with
minimal intersection with X as we can exchange all but one
candidate in X with candidates from outside X . Since this
contradicts the assumption that f does not choose such a com-



mittee, we suppose next that |W ∩X| = 0 for some commit-
tee. In this case, we can in an committee W ∈ f(A{y},X\{y})
first replace all candidates but y by weak efficiency. Then,
we look at a second candidate z ∈ X and use the fact that
f(A{y},X\{y}) = f(A{z},X\{z}) to also replace y. Hence,
we derive again that a committee minimizing |W ∩ X| is
chosen for f(A{y},X\{y}). So, we have in both cases that
f(A∅,X) ∩ f(A{y},X\{y}) ̸= ∅ and consistency requires
therefore that f(A∅,X) = f(A{y},X\{y}) = Wk. By apply-
ing our auxiliary claim to these two profiles, we derive anal-
ogous claims for all profiles AX+,X−

with X+ ∩X− = ∅
and X+ ∪ X− = X . Finally, since X is chosen arbitrar-
ily, this proves the induction step and we can thus infer that
f(A) = Wk for each ballot A of size r. This contradicts our
assumptions, so the lemma follows.

As a consequence of Lemma 7, every non-trivial ABC
voting rule f ∈ F1 is non-imposing. Indeed, for every such
voting rule f , there is some ballot A such that f(A) ̸= Wk;
otherwise, consistency requires that f(A) = Wk for all pro-
files A ∈ A∗. Consequently, we can use Lemma 7 to con-
struct a profile Ax,r for some ballot size r and candidate
x such that f(Ax,r) = {W ∈ Wk : x ∈ W}. Finally, by
consistency, it is easy to infer that f(AW ) = {W}, where
AW is the profile that consists of all Ax,r with x ∈ W .
Since the trivial rule is clearly the BSAV rule induced by
αr = 0 for all r ∈ {1, . . . ,m}, we therefore focus on non-
imposing ABC voting rules for the rest of the proof. Fur-
thermore, we will restrict our attention to committee sizes
k ∈ {2, . . . ,m− 2}. The reason for this is that all ABC vot-
ing rules satisfy choice set convexity and all scoring rules are
BSAV rules if k ∈ {1,m− 1}. Hence, Proposition 4 implies
Theorem 2 in this case.

Since we will focus on non-imposing rules from now on,
we can access the normal vectors ûi,j from Lemma 5 and
the functions s1r defined in Lemma 6. In particular, we will
next investigate these functions s1r in more detail and show
that they are actually constant. Note that in the next lemma,
the set Q(k, r) = {max(0, k + r −m), . . . ,min(k, r)− 1}
contains all integers x such that there is a ballot A of size
r and two committees committee W i,W j ∈ Wk such that
|W i \W j | = 1, |A ∩W i| = x+ 1, and |A ∩W j | = x.

Lemma 8. Suppose 2 ≤ k ≤ m − 2 and let f ∈ F1

denote a non-imposing ABC voting rule. For all ballot
sizes r ∈ {1, . . . ,m}, there is constant αr ∈ R such that
s1r(x + 1, x) = αr if x ∈ Q(k, r). Moreover, if there is a
ballot of size r such that f does not choose Wk on it, then
αr > 0.

Proof. Let f ∈ F1 denote a non-imposing ABC voting rule
and let s1r denote the functions derived in Lemma 6. More-
over, we consider an arbitrary ballot size r ∈ {1, . . . ,m}.
First, if f(A) = Wk for all ballots A of size r, then
s1r(x + 1, x) = 0 for all x ∈ Q(k, r). Otherwise, there
are two committees W i,W j and a ballot B(ℓ) such that
|B(ℓ)| = r, |W i \W j | = 1, |A ∩W i| = |A ∩W j |+ 1 and
s1r(|B(ℓ)∩W i|, |B(ℓ)∩W j |) ̸= 0. By Claim (1) of Lemma 6,
this means that ûi,j

ℓ ̸= 0, where ûi,j is one of the vectors de-

rived in Lemma 5. Hence, by Claim (2) of Lemma 5, we
either have that v(A)ûi,j < 0 or v(A)ûj,i < 0 for the profile
A that only contains ballot B(ℓ). We suppose subsequently
that v(A)ûi,j < 0. This means that v(A) ̸∈ R̄f

i by Claim (1)
of Lemma 5 and thus W i ̸∈ ĝ(v(A)) = f(A) because of the
definition of R̄f

i . However, this contradicts that f(A) = Wk

for all ballots of size r and thus, s1r(x+ 1, x) = 0 must hold
for all x ∈ Q(k, r).

Hence, we suppose next that f is non-trivial on ballot
size r. In this case, we consider two committees W i,W j ∈
Wk with |W i ∩W j | = k − 2; such committees exist since
2 ≤ k ≤ m − 2. For a simple notation, we further define
W i\W j = {a1, a2} and W j\W i = {b1, b2}. The main goal
for our proof is to show that s1r(x+1, x) = s1r(x+2, x+1) for
all x, x+1 ∈ Q(k, r). By repeatedly applying this argument,
it follows that s1r(x + 1, x) = s1r(y + 1, y) for all x, y ∈
Q(k, r).

To prove this claim, fix some index x such that x, x+ 1 ∈
Q(k, r). In particular, this means that there is a ballot A of
size r such that |W i ∩ A| = x + 2. Now, since f is non-
trivial for ballot size r, Lemma 7 shows that f(Ax,r) =
{W ∈ Wk : x ∈ W} and f(A−x,r) = {W ∈ Wk : x ∈ W}
for every candidate x ∈ C. Next, consider the profile A1 that
consists of a copy of Ax,r for every x ∈ W i ∩W j and of a
copy of A−x,r for every x ∈ C \ (W i∪W j). By consistency,
it is easy to verify that f(A1) = [W i,W j ]. As third step,
consider the profile A2 which consists of the following two
ballots: the first voter in A2 approves a1, a2, x candidates of
W i∩W j , and r−x−2 candidates of C\(W i∪W j), and the
second voter has the same ballot except that he replaces a1
and a2 with b1 and b2; such a ballot exists as x+1 ∈ Q(k, r).

Now, by the continuity of f , there is λ ∈ N such that
f(λA1 + A2) ⊆ [W i,W j ]. Based on choice set convexity,
anonymity, and neutrality, we will show that this subset rela-
tion is actually an equality. For this, we note that for every
permutation τ with τ({a1, a2}) = {b1, b2}, τ({b1, b2}) =
{a1, a2}, and τ(x) = x for x ∈ C \ {a1, a2, b1, b2}, it holds
that τ(λA1 + A2) = λA1 + A2 (possibly after reorder-
ing voters). Hence, anonymity and neutrality show that if
W i ∈ f(λA1 + A2), then W j ∈ f(λA1 + A2), and if
W ∈ f(λA1 + A2) for W ∈ [W i,W j ] \ {W i,W j}, then
[W i,W j ] \ {W i,W j} ⊆ f(λA1 +A2). Now, if W i,W j ∈
f(λA1 +A2), the choice set convexity immediately shows
that f(λA1 + A2) = [W i,W j ]. On the other hand, if
[W i,W j ]\{W i,W j} ⊆ f(λA1+A2), then the committees
W = {a1, b2}∪(W i∩W j) and W ′ = {b1, a2}∪(W i∩W j)
are chosen. By choice set convexity, we thus infer again that
W i,W j ∈ f(λA1+A2) because W i,W j ∈ [W,W ′]. Thus,
we indeed have f(λA1 +A2) = [W i,W j ].

Now, let v1 = v(A1), v2 = v(A2), and v∗ = v(λA1+A2)
denote the vectors corresponding to the profiles A1, A2, and
λA1 +A2, respectively. Moreover, consider the committee
W ℓ = {a1, b2}∪ (W i∩W j) which lies strictly between W i

and W j . Finally, let ûi′,j′ denote the hyperplanes constructed
in Lemma 5 and note that ûi,ℓ can be described by the the
functions s1r . In particular, it holds that v2ûi,ℓ = s1r(x+2, x+
1) + s1r(x, x + 1) as the first voter in A2 approves x + 2
members of W i and x+ 1 members of W ℓ, and the second



voter approves x members of W i and and x + 1 members
of W ℓ. Our goal is hence to show that s1r(x + 2, x + 1) +
s1r(x, x+ 1) = 0 since Claim (3) in Lemma 6 then implies
that s1r(x+2, x+1) = s1r(x+1, x). For doing this, we note
that v∗ûi,ℓ = (λv1 + v2)ûi,ℓ, so it is enough to show that
v1ûi,ℓ = 0 and v∗ûi,ℓ = 0. For the latter, we observe that
v∗ ∈ R̄f

i and v∗ ∈ R̄f
ℓ since W i,W ℓ ∈ f(λA1 + A2) =

ĝ(v∗). Since Claim (1) of Lemma 5 shows that R̄f
i′ = {v ∈

R|A| : ∀j′ ∈ {1, . . . , |Wk|}\{i′} : vûi′,j′ ≥ 0} for all i′, we
derive that v∗ûi,ℓ = 0. Finally, to show that v1ûi,ℓ = 0, let
τ denote the permutation defined by τ(a2) = b2, τ(b2) =
a2, and τ(x) = x. It can be checked that τ(Ax,r) = Ax,r

and τ(A−x,r) = A−x,r (up to renaming voters) for every
candidate x ∈ C\{a2, b2}. Hence, it also holds that τ(A1) =
A1 (up to renaming voters). On the other hand, we have that
τ(W i) = W ℓ and τ(W ℓ) = W i. Hence, we can use Claims
(2) and (3) of Lemma 5 to compute that 2v1ûi,ℓ = v1ûi,ℓ +
τ(v1)τ(ûi,ℓ) = v1ûi,ℓ + v1ûℓ,i = v1ûi,ℓ − v1ûi,ℓ = 0.
Clearly, this implies that v1ûi,ℓ = 0, so it indeed holds that
s1r(x+ 2, x+ 1) = s1r(x+ 1, x), which shows that there are
constants αr such that s1r(x+1, x) = αr for all x ∈ Q(k, r).

Finally, we need to show that αr > 0 if there is a ballot
A of size r with f(A) ̸= Wk. For doing so, we consider
two committees W i,W j ∈ Wk with |W i \W j | = 1. More-
over, let A denote the profile that consists of Ax,r for every
x ∈ W i. By consistency and Lemma 7, it is easy to derive
that f(A) = {W i}. Moreover, by continuity and consistency,
there is λ ∈ N such that f(λA + B(ℓ)) = {W i} for every
ballot B(ℓ) ∈ A. This implies for the vector v(A) that it
is in the interior of R̄f

i . By Lemma 5, we hence infer that
v(A)ûi,j > 0. Finally, since |W i \ W j | = 1, we can rep-
resent ûi,j by s1r . Because all ballots in A have size r and
the symmetry properties of s1r identified in Lemma 6, it thus
holds that vûi,j = αrc1 − αrc2, where c1 states how many
voters in A approve more candidates in W i then in W j and
c2 counts how many candidates prefer more candidates in
W j than in W i. Finally, by the construction of A, it is easy to
see that c1 > c2, so v(A)ûi,j > 0 implies that αr > 0.

Note that Lemma 8 has strong consequences for the
vectors ûi,j constructed in Lemma 5, in particular if we
consider committees W i, W j , W i′ ,W j′ ∈ Wk such that
W i \ W j = W i′ \ W j′ = {a} and W j \ W i = W j′ \
W i′ = {b}. For these committees, the lemma shows that
ûi,j
ℓ = s|B(ℓ)|(|B(ℓ)∩W i|, |B(ℓ)∩W j |) = s|B(ℓ)|(|B(ℓ)∩

W i′ |, |B(ℓ)∩W j′ |) = ûi′,j′

ℓ for every ballot B(ℓ) ∈ A with
a ∈ B(ℓ), b ̸∈ B(ℓ). Hence, by Lemma 6, it thus follows
that ûi,j = ûi′,j′ . To reflect this insight, we change from
now on the notation from ûi,j to ûa,b, where a and b are the
candidates such that W i \W j = {a}, W j \W i = {b}.

In the next lemma, we apply this insight to derive some
auxiliary claims on the profiles Ax,r and A−x,r.
Lemma 9. Suppose 2 ≤ k ≤ m− 2 and let f ∈ F1 denote
a non-imposing ABC voting rule. The following claims hold
for all distinct candidates a, b, c ∈ C and ballot sizes r ∈
{1, . . . ,m}:
1. ûa,bv(Ac,r) = ûa,bv(A−c,r) = 0

2. ûa,bv(Ab,r) = −ûb,av(Ab,r) and ûa,bv(A−b,r) =
−ûb,av(A−b,r)

3. ûa,bv(Aa,r) > 0 and ûa,bv(A−a,r) < 0 if there is a
ballot A of size r with f(A) ̸= Wk

4. ûa,b + ûb,c = ûa,c

Proof. Let f ∈ F1 denote a non-imposing ABC voting rule
and fix three candidates a, b, c and a ballot size r. Moreover,
we let X denote a set of k − 1 ≤ m − 3 candidates with
{a, b, c}∩X = ∅ and define the committees W a = X ∪{a},
W b = X ∪ {b}, and W c = X ∪ {c}.

Claim (1): The claim follows by considering the permuta-
tion τ with τ(a) = b, τ(b) = a, and τ(x) = x for all x ∈ C.
Then, it is easy to see that τ(Ac,r) = Ac,r (up to renam-
ing voters) and τ(W a) = W b, τ(W b) = W a. Hence, we
get that 2v(Ac,r)ûa,b = v(Ac,r)ûa,b+ τ(v(Ac,r))τ(ûa,b) =
v(Ac,r)ûa,b − v(Ac,r)ûa,b = 0 by using Lemma 6. This im-
plies that v(Ac,r)ûa,b = 0 and an analogous argument works
for A−c,r.

Claim (2): The claim follows immediately from Claim (2)
in Lemma 5 because ûa,b = −ûb,a.

Claim (3): We focus on the profile Aa,r as the claim for
A−a,r can be shown analogously. Hence, note that for every
ballot B(ℓ) in the profile Aa,r, either a, b ∈ B(ℓ) or a ∈
B(ℓ), b ̸∈ B(ℓ). By Claim (2) of Lemma 6, we infer that
ûa,b
ℓ = 0 if a, b ∈ B(ℓ) and by Lemma 8, we infer that ua,b

ℓ =
αr if a ∈ B(ℓ), b ̸∈ B(ℓ) for some constant αr. Hence,
v(Aa,r)ûa,b = nrαr, where nr > 0 states the number of
ballots B(ℓ) in Aa,r with a ∈ B(ℓ), b ̸∈ B(ℓ). Finally, if
there is a ballot A of size r with f(A) ̸= Wk, Lemma 8
shows that αr > 0 and the claim follows.

Claim (4): For this claim, we consider a ballot B(ℓ) and
note that ûx,y

ℓ = s1|B(ℓ)|(|B(ℓ) ∩W x|, |B(ℓ) ∩W y|) for all
distinct x, y ∈ {a, b, c}. The statement now follows by con-
sidering the 8 cases enumerating whether a ∈ B(ℓ), b ∈
B(ℓ), and c ∈ B(ℓ). For instance, if a, c ∈ B(ℓ), b ̸∈ B(ℓ),
then ûa,c

ℓ = 0 (by Claim (2) of Lemma 6) and ûa,b
ℓ =

s1|B(ℓ)|(|B(ℓ) ∩ W a|, |B(ℓ) ∩ W b|) = −s1|B(ℓ)|(|B(ℓ) ∩
W b|, |B(ℓ) ∩ W c|) = −ûb,c

ℓ (by Claim (3) of Lemma 6).
The remaining cases work similar and we leave them to the
reader.

We now turn to the central part of the proof of Theorem 2.
For this, consider two committees W i, W j with |W i\W j | =
t > 1 and let {a1, . . . , at} = W i \W j and {b1, . . . , bt} =
W j \ W i. Our main goal is to show that the vector ûi,j

can be represented as the sum of all vectors ûax,bx for x ∈
{1, . . . , t} as this will allow us to represent the underlying
voting rule as BSAV rule.

To this end, we first show the linear independence of a
large set of vectors ûa,b.

Lemma 10. Suppose 2 ≤ k ≤ m − 2 and let f ∈ F1

denote a non-imposing ABC voting rule. Moreover, con-
sider 2t distinct candidates a1, b1, . . . , at, bt. The set U =
{ûa1,b1 , ûa2,b2 , . . . , ûat,bt} ∪ {ûa1,a2 , ûa2,a3 , . . . , ûat−1,at}
is linearly independent.



Proof. Let f ∈ F1 denote a non-imposing ABC voting rule.
Moreover, consider 2t candidates a1, b1, . . . , at, bt and let M
be defined as in the lemma. For the proof of the lemma, we
put the vectors in U as rows into a matrix M ∈ R2t−1×|A|.
In more detail, let row i of M with 0 < i ≤ t be given by
ûai,bi and let row t+ i with 0 < i < t be given by ûai,ai+1 .
We want to show that for each i ≤ 2t − 1 there is a vector
v ∈ R|A| such that Mv = w satisfies that wi ̸= 0 and
wj = 0 for all j ̸= i. Then, the dimension of the image of
M is 2t− 1, which is the column rank of the matrix. Since it
is a basic fact in linear algebra that the column rank equals
the row rank, this means that the vectors in U are linearly
independent.

For showing this claim, we first observe that there is a
ballot size r such that f(Ax,r) = {W ∈ Wk : x ∈ W} and
f(A−x,r) = {W ∈ Wk : x ∈ W} by Lemma 7 and the
non-imposition of f . Based on the claims in Lemma 9, we
define now the vectors vi that satisfy our constraints for the
rows i ∈ {1, . . . , t}. In more detail, it suffices to consider
the profile A−bi,r and its corresponding vector v−bi for this.
Indeed, we note here that for all vectors û ∈ U but ûai,bi ,
it follows that v−bi û = 0 by Claim (1) in Lemma 9. On
the other hand, Claims (2) and (3) in this lemma show that
v−bi ûai,bi ̸= 0, so v−bi satisfies our requirements.

For the other t− 1 rows, we consider a sightly more com-
plicated profile: let Ai denote the profile that consists of
Aaj ,r and Abj ,r for all j ≤ i and let vi denote the corre-
sponding vector. Using Claim (1) of Lemma 9, we infer
for all ûaj ,bj with j ≤ i that viûaj ,bj =

∑i
ℓ=1(v(A

aℓ,r) +
v(Abℓ,r))ûaj ,bj = (v(Aaj ,r) + v(Abj ,r))ûaj ,bj . Now by
the choosing τ with τ(aj) = bj , τ(bj) = aj , and
τ(x) = x for all other candidates, we get that (v(Aaj ,r) +
v(Abj ,r))ûaj ,bj = v(Aaj ,r)ûaj ,bj+τ(v(Abj ,r))τ(ûaj ,bj ) =
v(Aaj ,r)ûaj ,bj + v(Aaj ,r)ûbj ,aj = 0, where the last equal-
ity uses Claim (2) of Lemma 9. An analogous argument
also applies for the vectors ûaj ,aj+1 with j < i. Next, by
Claim (1) of Lemma 9, we infer also viûaj ,bj = 0 and
viûaj ,aj+1 for j > i. Finally, consider the vector ûai,ai+1 .
By Claim (1), we have that v1ûai,ai+1 =

∑i
j=1(v(A

aj ,r) +

(Abj ,r))ûai,ai+1 = v(Aai,r)ûai,ai+1 . By the same argument
as in the last paragraph, this is non-zero, thus proving the
lemma.

As next step, we show that the linear independence ob-
served in Lemma 10 turns into a linear dependence once
we add a vector ûi,j with W i \ W j = {a1, . . . , at} and
W j \W i = {b1, . . . , bt}
Lemma 11. Suppose 2 ≤ k ≤ m − 2 and
let f ∈ F1 denote a non-imposing ABC vot-
ing rule. Moreover, consider 2t distinct candidates
a1, b1, . . . , at, bt, and two committees W i,W j ∈ Wk

with W i \ W j = {a1, . . . , at} and W j \ W i =
{b1, . . . , bt}. The set U = {ûa1,b1 , ûa2,b2 , . . . , ûat,bt} ∪
{ûa1,a2 , ûa2,a3 , . . . , ûat−1,at}∪{ûi,j} is linearly dependent.

Proof. Let f ∈ F1 denote an non-imposing ABC voting
rule, and consider candidates a1, b1, . . . , at, bt and commit-
tees W i, W j as defined in the lemma. We assume for con-
tradiction that the vectors in U are linearly independent. Our

goal is to find a vector v∗ such that v∗ ̸∈ R̄f
i for every

i ∈ {1, . . . , |Wk|}. This contradicts one of our basic insights,
namely that

⋃
i∈{1,...,|Wk|} R

f
i = Q|A| as this requires that⋃

i∈{1,...,|Wk|} R̄
f
i = R|A|.

To his end, we first consider the the matrix M that contains
the vectors u ∈ U as rows. Since U is by assumption linear
independent, the image of M has full dimension R2t. This
means that there is a vector v ∈ R|A| such that vûax,bx = 1
for all x ∈ {1, . . . , t}, vûax,ax+1 = 0 for all x ∈ {1, . . . , t−
1}, and ûi,j = −1. First, we note that, by repeatedly applying
Claim (4) of Lemma 9, it is easy to infer that vûax,ay =

v
∑y−1

ℓ=x ûaℓ,aℓ+1 = 0 for all x, y ∈ {1, . . . , t} with x < y.
Moreover, by the symmetry of these vectors (see Lemma 5),
the same holds for ûay,ax . By applying again claim (4) of
Lemma 9, we thus infer that vûax,by = v(ûax,ay + ûay,by ) =
1 for all x, y ∈ {1, . . . , t}. This insight implies that for every
committee W i′ ∈ [W i, W j ], there is another committee
W j′ ∈ [W i, W j ] such that vûi′,j′ < 0. In more detail, if
W i′ ̸= W i, there are candidates ax ̸∈ W i′ and by ∈ W i′ .
Then, it holds for the committee W j′ = (W i′ \ {by})∪{ai}
that vûi′,j′ = vûby,ax = −vûax,by = −1. On the other side,
for W i, it holds by definition of v that vûi,j = −1.

For the second step, let r denote a ballot size such that
f(A) ̸= Wk for some ballot A with |A| = r. This means
that f(Ax,r) = {W ∈ Wk : x ∈ W} and f(A−x,r) =
{W ∈ Wk : x ̸∈ W} by Lemma 7. Now, consider the profile
A1 containing one copy Ax,r for each x ∈ W i ∩ W j and
one copy of each A−x,r for x ̸∈ W i ∪W j . By consistency,
f(A1) = [W i, W j ]. For W i′ ,W j′ ∈ [W i, W j ], Claim (1)
of Lemma 5 shows now that ûi,jv(A1) = 0. On the other
hand, we will show that for every committee W i′ /∈ [W i,
W j ], there is another committee W j′ such that v(A1)ûi′,j′ <

0. For this, let a ∈ (W i∪W j)\W i′ , b ∈ W i′ \ (W i∪W j),
and define W j′ as W j′ = (W i′\{b})∪{a}. By Claims (1) to
(3) of Lemma 9, it follows that v(A1)ûi′,j′ = v(A1)ûb,a =
(v(Aa,r)+v(A−b,r)ûb,a = v(A−b,r)ûb,a−v(Aa,r)ûa,b < 0.

Now, let vn = nv(A1) + v, where n is large enough such
that still vnûi′,j′ < 0 for all W i′ /∈ [W i, W j ] and their
corresponding W j′ . It holds that vn /∈ R̄f

i for all W i ∈
Wk. Firstly, by definition of vn, vn ̸∈ R̄f

i′ for all W i′ ̸∈
[W i,W j ]. Next, consider a committee W i′ ∈ [W i,W j ]

and a corresponding W j′ ∈ [W i,W j ] with vûi′,j′ < 0.
By construction vnûi′,j′ = (nv(A1) + v)ûi′,j′ < 0 since
v(A1)ûi′,j′ = 0. In total, vn /∈

⋃
i∈{1,...,|Wk|} R̄

f
i = R|A|.

Clearly, this is a contradiction, so the vectors in U are linearly
dependent.

As as consequence of Lemma 10 and Lemma 11, there are
unique real coefficients δa1,b1 , . . . δat−1,at

such that ûi,j =

δa1,b1 û
a1,b1 + · · ·+ δat−1,at û

at−1,at . In the next lemma, we
will determine these coefficient and show that ûi,j can be
represented as a (scaled) sum of the ûax,bx .

Lemma 12. Suppose 2 ≤ k ≤ m− 2 and let f ∈ F1 denote
a non-imposing ABC voting rule. Moreover, consider two



committees W i,W j ∈ Wk such that |W i \ W j | = t ≥ 1
and let W i \W j = {a1, . . . at} and W j \W i = {b1, . . . bt}.
There is δ > 0 such that ûj0,jt = δ

∑
i≤t û

ai,bi .

Proof. Let f ∈ F1 be a non-imposing ABC voting rule,
and let W i,W j , a1, b1, . . . at, bt be defined as in the lemma.
First, we observe that the case t = 1 is trivial with
δ = 1 and hence suppose that t > 1. By Lemma 11,
the 2t vectors in U = {ûa1,b1 , ûa2,b2 , . . . , ûat,bt} ∪
{ûa1,a2 , ûa2,a3 , . . . , ûat−1,at} ∪ {ûi,j} are linearly depen-
dent, whereas Lemma 10 shows that the vectors in U \{ûi,j}
are linearly independent. Thus, there are unique real coeffi-
cients δa1,b1 , . . . δat−1,at such that ûi,j = δa1,b1 û

a1,b1+· · ·+
δat−1,at û

at−1,at .
Our goal is to determine these coefficients. For this, we let

r denote a ballot size such that f(A) ̸= Wk for some ballot
A of size r, and define vx = v(Ax,r) for every profile Ax,r.
Next, we proceed in three steps to show the lemma.

Step 1: vx1 ûx1,y1 = vx2 ûx2,y2 > 0
First, we show that vx1 ûx1,y1 = vx2 ûx2,y2 > 0 for

all x1, x2, y1, y2 ∈ C. For this, let τ denote the permuta-
tion defined by τ(x1) = x2, τ(x2) = x1, τ(y1) = y2,
τ(y2) = y1, and τ(z) = z for all z ∈ C \ {x1, x2, y1, y2}.
By Claim (3) in Lemma 5, it holds that τ(ûx1,y1) = ûx2,y2 ,
and by the symmetry of the profiles Ax,r, we infer that
τ(vx1) = vx2 . Hence, we can now compute that vx1 ûx1,y1 =
τ(vx1)(ûx1,y1) = vx2 ûx2,y2 . Finally, Claim (3) in Lemma 9
shows that vx2 ûx2,y2 > 0, thus proving the claim.

Step 2: δa1,b1 = · · · = δat,bt ≥ 0.
For this step, we consider two indices x, y ∈ {1, . . . , t}

and the vectors vbx and vby . Moreover, let τ denote the
permutation with τ(bx) = by, τ(by) = bx, τ(ax) = at,
τ(ay) = ax and τ(z) = z for all candidates z ∈ C \
{ax, ay, bx, by}. By Claim (1) in Lemma 9, vbx ûi,j =
vbx(δa1,b1 û

a1,b1+· · ·+δat−1,at
ûat−1,at) = δax,bxv

bx ûax,bx

and vby ûi,j = δay,byv
by ûay,by follows from an analo-

gous reasoning. Finally, we note that τ(ûi,j) = ûi,j since
τ(W i) = W i and τ(W j) = W j . Hence, we can com-
pute that δax,bxv

bx ûax,bx = vbx ûi,j = τ(vbx)τ(ûi,j) =
vbj ûi,j = δay,byv

by ûay,by . Since vbx ûax,bx = vby ûay,by <
0 (by Step 1 and Claim (3) of Lemma 9, this proves that
δax,bx = δay,by . Moreover, since vbx ∈ R̄f

j (as W j ∈
f(Abx,r)), we infer from Claim (1) of Lemma 5 vbx ûi,j =
−vb,xûj,i ≤ 0. Since vbx ûax,bx < 0, this means that
δax,bx ≥ 0.

Step 3: δa1,a2 = · · · = δat−1,at = 0.
For this step, suppose first that t = 2. Then, we only need

to show that ûa1,a2 = 0. To do so, we consider the vector va1 .
First, we note that va1 ûa2,b2 = 0 by Claim (1) of Lemma 9.
Hence, va1 ûi,j = δa1,b1v

a1 ûa1,b1 + δa1,a2
va1 ûa1,a2 . Now,

we define ∆ = va1 ûa1,b1 > 0 and note that by Step
1, va1 ûi,j = ∆(δa1,b1 + δa1,a2

). Analogously, va2 ûi,j =
δa2b2v

a2 ûa2,b2 + δa1,a2
va2 ûa1,a2 = ∆(δa2b2 − δa1,a2

). To
derive our claim, we consider the permutation τ with τ(a1) =
a2, τ(a2) = a1, and τ(x) = x for all candidates. Just as in
the last step, we can now infer that ∆(δa1,b1 + δa1,a2

) =

va1 ûi,j = τ(va1)τ(ûi,j) = va2 ûi,j = ∆(δa2,b2 − δa1,a2).
Since ∆ > 0 and δa1,b1 = δa2,b2 , this equality can only be
true if δa1,a2

= 0, thus proving our claim.
Finally, consider the case that t > 2 and consider an index

i ∈ {2, . . . , t − 1}. Moreover, let v̄i = (vai + vbi). Next,
we note for all û ∈ U \ {ûi,j , ûai,bi , ûai−1,ai , ûai,ai+1}
that v̄iû = 0 by Claim (1) of Lemma 9. Furthermore,
v̄iûai,bi = vai ûai,bi − vbi ûbi,ai = 0 by Step 1. On the other
hand, v̄iûai,ai+1 = vai ûai,ai+1 = −vai ûai−1,ai > 0 by the
symmetry of the ûx,y and Step 1. Hence, we conclude that
v̄iûi,j = v̄i(δa1,b1 û

a1,b1 + · · · + δat−1,at û
at−1,at) =

δai,ai+1v
ai ûai,ai+1 + δai−1,ai

vai ûai−1,ai =
δai,ai+1

vai ûai,ai+1 − δai−1,ai
vai ûai,ai+1 . On the other

hand, v̄iûi,j = −v̄iûi,j = 0 by using the symmetry of v̄i
with respect to ai and bi. By using Step 1, we thus infer now
that δai−1,ai

= δai,ai+1
for all i ∈ {2, . . . , t− 1}.

Finally, we will show that all δai−1,ai
are 0. For this

consider the vectors va1 and va2 . For the permutation τ
which mirrors a1 and a2 while fixing all remaining can-
didates, we obtain va1 ûi,j = τ(va1)τ(ûi,j) = va2 ûi,j .
On the other hand, we can derive from Lemma 9 that
va1 ûi,j = δa1,b1v

a1 ûa1,b1 + δa1,a2v
a1 ûa1,a2 and va2 ûi,j =

δa2,b2v
a2 ûa2,b2 + δa1,a2v

a2 ûa1,a2 + δa2,a3v
a2 ûa2,a3 . By our

previous analysis, δa1,b1v
a1 ûa1,b1 = δa2,b2v

a2 ûa2,b2 and
δa1,a2v

a1 ûa1,a2 = δa2,a3v
a2 ûa2,a3 , so our equations im-

ply that δa1,a2
va2 ûa1,a2 = 0. Since va2 ûa1,a2 ̸= 0, this

means that δa1,a2
= 0 and thus, all these δ’s are 0. Finally,

since ûi,j is a non-zero vector and δax,bx = δay,by ≥ 0 for
all x, y ∈ {1, . . . , t}, this inequality must be strict and the
lemma follows by choosing δ = δa1,b1 .

Finally, we are now ready to prove Theorem 2.

Theorem 2. An ABC voting rule is a BSAV rule if and only
if it satisfies anonymity, neutrality, consistency, continuity,
choice set convexity, and weak efficiency.

Proof. First, the direction from left to right has been shown
in the main body. Moreover, if k ∈ {1,m − 1}, then the
set of BSAV rules is equal to the set of ABC scoring rules
and choice set convexity becomes trivial. Hence, the theo-
rem follows from Proposition 4. Next, assume that f ∈ F1

for k ∈ {2, . . . ,m − 2}. If f is trivial, it is clearly the
BSAV rule induced by the weights αx = 0 for all x. On
the other hand, if f is non-trivial, Lemma 7 holds and con-
sistency therefore entails that f is non-imposing. Hence,
we can access all our auxiliary lemmas now. In particu-
lar, our goal is to show that f is the BSAV rule described
by the weights αr constructed in Lemma 8. For doing so,
we define the score function s(|B(ℓ) ∩ W i|, |B(ℓ)|) =
α|B(ℓ)||B(ℓ) ∩ W i| and extend it to vectors v ∈ R|A| by
ŝ(v,W i) =

∑
1,...,|A|} vℓs(|B(ℓ) ∩W i|, |B(ℓ)|). Departing

from here, our proof proceeds in three steps. First, we show
that there is for all committees W i, W j a constant δ > 0 such
that δûi,j

ℓ = s(|B(ℓ)∩W i|, |B(ℓ)|)−s(|B(ℓ)∩W j |, |B(ℓ)|)
for all ballots B(ℓ). Based on this insight, we show in the
second step that f(A) ⊆ f ′(A) := {W i ∈ Wk : ∀W j ∈
Wk : ŝ(v(A),W i) ≥ ŝ(v(A),W j)}. Finally, we turn this



subset relation in an equality in the last step and prove that f
is a BSAV rule.

Step 1: There is δ > 0 such that δûi,j
ℓ = s(|B(ℓ) ∩

W i|, |B(ℓ)|)− s(|B(ℓ) ∩W j |, |B(ℓ)|) for all B(ℓ).
For this step, consider two arbitrary committees W i,W j ∈

Wk and let B(ℓ) ∈ A denote a ballot. Moreover, let
r = |B(ℓ)| denote size of B(ℓ) and define W i \ W j =
{a1, . . . , at}, W j \ W i = {b1, . . . , bt}. By the definition
of s, we have that s(|B(ℓ) ∩ W i|, |B(ℓ)|) − s(|B(ℓ) ∩
W j |, |B(ℓ)|) = αr(|B(ℓ)∩W i|−|B(ℓ)∩W j |). On the other
hand, we know by Lemma 12 that ûi,j = δ′

∑t
x=1 û

ax,bx

for some δ′ > 0. Hence, this step follows by showing that∑t
x=1 û

ax,bx
ℓ = αr(|B(ℓ) ∩W i| − |B(ℓ) ∩W j |).

For doing so, we partition the the indices I = {1, . . . , t}
into four sets: I1 = {x ∈ I : ax, bx ∈ B(ℓ)}, I2 = {x ∈ I :
ax, bx /∈ B(ℓ)}, I3 = {x ∈ I : ax ∈ B(ℓ), bx /∈ B(ℓ)}, and
I4 = {x ∈ I : ax /∈ B(ℓ), bx ∈ B(ℓ)}. Now, by Lemma 6,
we know that ûax,bx

ℓ = 0 for all x ∈ I1 ∪ I2 as ûax,bx
ℓ =

ûi′,j′

ℓ = s1r(|B(ℓ) ∩ W i′ |, |B(ℓ) ∩ W j′ |) = 0 for two arbi-
trary committees W i′ ,W j′ ∈ Wk with W i′ \W j′ = {ax}
and W j′ \W i′ = {bx}. Moreover, a similar reasoning and
Lemma 8 show that ûax,bx

ℓ = αr for all x ∈ I3 and ûax,bx
ℓ =

−αr for all x ∈ I4. We thus have that
∑t

x=1 û
ax,bx
ℓ =

αr|I3| − αr|I4| = αr(|B(ℓ) ∩ {a1, . . . , at}| − |B(ℓ) ∩
{b1, . . . , bt}|) = αr(|B(ℓ)∩W i|− |B(ℓ)∩W j |), thus prov-
ing our claim.

Step 2: f(A) ⊆ f ′(A) for all A ∈ A∗.
For proving this claim, we recall the function ĝ and

the sets R̄f
i defined in and after Lemma 1. In particular,

by the definition of these objects, we have that f(A) =

ĝ(v(A)) = {W i ∈ Wk : v(A) ∈ Rf
i } ⊆ {W i ∈

Wk : v(A) ∈ ¯̄Rf
i }. Hence, the claim follows by showing

that f ′(A) = {W i ∈ Wk : ∀W j ∈ Wk : ŝ(v(A),W i) ≥
ŝ(v(A),W j)} = {W i ∈ Wk : v(A) ∈ R̄f

i }. For do-
ing this, we note that R̄f

i can be represented as R̄f
i =

{v ∈ Wk : ∀j ∈ {1, . . . ,W\{i} : vûi,j ≥ 0} (Claim (1)
of Lemma 5). Hence, to show our equivalence, we need
to prove that ŝ(v(A),W i) ≥ ŝ(v(A),W j) if and only if
v(A)ûi,j ≥ 0 for every profile A and committees W i,W j .

To do so, consider an arbitrary profile A ∈ A∗ and let W i,
W j denote two arbitrary committees. By the last step, we
have a δ > 0 such that δûi,j

ℓ = s(|B(ℓ) ∩ W i|, |B(ℓ)|) −
s(|B(ℓ) ∩ W j |, |B(ℓ)|) for all ballots B(ℓ). Hence, it is
easy to see that δv(A)ûi,j =

∑
ℓ∈{1,...,|A|} v(A)ℓ(s(|B(ℓ)∩

W i|, |B(ℓ)|) − s(|B(ℓ) ∩ W j |, |B(ℓ)|)) = ŝ(v(A),W i) −
ŝ(v(A),W j), which clearly implies our claim.

Step 3: f(A) is a BSAV rule.
For this step, we show that f(A) = f ′(A) and that f ′(A)

is a BSAV rule. For the latter point, we only need to observe
that all αr are non-negative. Assume for contradiction that
this is not the case. Then, there is a ballot size r such that
αr < 0 and f ′(A) = {W ∈ Wk : ∀W ′ ∈ Wk : |A ∩W | ≤
|A ∩ W ′|} for an arbitrary ballot A with |A| = r. Since f
chooses a subset of f ′(A), f violates weak efficiency as we

cannot decrease the number of unapproved candidates in any
committee. This contradicts our assumptions, so αr ≥ 0 and
f ′ is a BSAV rule by definition.

Next, to show that f(A) = f ′(A), we assume for contra-
diction that there is a profile A′ for which this is not the case.
This means that there is a committee W ∈ f ′(A) \ f(A).
Moreover, since f ′ is a BSAV rule, it satisfies all precon-
ditions of Lemma 7. So, we can infer analogously as for
f that f ′ is non-imposing and consistent. Now, let A′ de-
note a profile with f ′(A′) = {W}. By consistency of
f ′ and the subset relation of the last step, we have that
f(λA+A′) = f ′(λA+A′) = {W} for all λ ∈ N. However,
this contradicts the continuity of f and thus our assumption
that f ′(A) ̸= f(A′) is wrong. Hence, f is indeed the BSAV
rule induced by αr.

A.3 Proof of Theorem 1
In this section, we will prove our characterization of Thiele
rule (Theorem 1). We focus here on showing that every rule
that satisfies anonymity, neutrality, consistency, continuity,
and independence of losers is indeed a Thiele; the other di-
rection can be found in the main body. To prove this claim,
we essentially follow the same steps as for the proof of Theo-
rem 2 and a detailed proof sketch is given in the main body.
Moreover, for a short notation, we define F2 as the set of all
ABC voting rules that satisfy anonymity, neutrality, consis-
tency, continuity, and independence of losers (i.e., the axioms
of Theorem 1).

For the first step in our analysis, we consider again the
profiles Ax,r and A−x,r in which all ballots A of size r with
x ∈ A and x ̸∈ A, respectively, are reported once.
Lemma 13. Let f ∈ F2 denote a non-trivial ABC voting
rule. There is a ballot size r such that f(Ax,r) = {W ∈
Wk : x ∈ W} and f(A−x,r) = {W ∈ Wk : x ̸∈ W} for all
x ∈ C.

Proof. Let f ∈ F2 denote a non-imposing ABC voting rule.
To show this lemma, we will find a ballot size r such that
f(A−x,r) = {W ∈ Wk : x ̸∈ W} for all x ∈ C. This
implies that f(Ax,r) = {W ∈ Wk : x ∈ W} because of the
following reasoning. First, anonymity and neutrality entail
that f(Ax,r + A−x,r) = Wk as the profile Ax,r + A−x,r

contains all ballots of size r. Hence, consistency requires that
either f(Ax,r) = f(A−x,r) = Wk or f(Ax,r)∩f(A−x,r) =
∅. In particular, if f(A−x,r) = {W ∈ Wk : x ̸∈ W}, then
f(Ax,r) ⊆ {W ∈ Wk : x ∈ W}. Finally, by applying again
anonymity and neutrality to Ax,r, it is easy to see that this
subset relation must be an equality.

Now, for finding the index r such that f(A−x,r) = {W ∈
Wk : x ̸∈ W}, we first investigate the choice of f for single
ballots. By neutrality, it holds that f(C) = Wk for the ballot
C in which all candidates are approved. Next, consider an
arbitrary candidate x ∈ C. By independence of losers, we
know that {W ∈ Wk : x ̸∈ W} ⊆ f(C \ {x}). Invoking
again neutrality, we derive that there are only two possible
outcomes for the ballot C \ {x}: either f(C \ {x}) = {W ∈
Wk : x ̸∈ W} or f(C \ {x}) = Wk. If the former is the
case, the profile only containing the ballot C \{x} constitutes
A−x,r for r = m− 1 and we are done.



Hence, suppose that f(C \ {x}) = Wk. By neutrality, the
same holds for every ballot of size m−1. In this case, we can
simply repeat deleting candidates from C\{x} until we arrive
at a ballot C\X such that f(C\X) ̸= Wk; such a ballot must
exist as consistency otherwise implies that f is trivial. More-
over, we suppose that the set of deleted candidates X is mini-
mal. By neutrality, this means that f(C \ Y ) = Wk for every
set of candidates Y with |Y | < |X|. Now, let y denote an ar-
bitrary candidate in X and define Xy = X \{y}. By our pre-
vious insight, f(C \Xy) = Wk and independence of losers
then shows that {W ∈ Wk : y ̸∈ W} ⊆ f(C \X). Since y
is chosen arbitrarily, we can apply this argument for every
y ∈ X and derive that {W ∈ Wk : X ̸⊆ W} ⊆ f(C \X).
Moreover, since f(C \X) ̸= Wk and f is neutral, we infer
that this subset relation must actually be an equality. Also,
since f(C\X) ̸= Wk, we get that |X| ≤ k because otherwise
the set {W ∈ Wk : X ̸⊆ W} contains all committees.

Now, fix a candidate x ∈ C and consider A−x,r for r =
m− |X|. This profile contains each ballot C \ Y with |Y | =
|X| and x ∈ Y once. By neutrality, we have for each of
these ballots that f(C \ Y ) = {W ∈ Wk : Y ̸⊆ W}. In
particular, since x ∈ Y for all considered ballots, it holds
that {W ∈ Wk : x ̸∈ W} ⊆ f(C \ Y ) for all ballots in
A−x,r. Hence, consistency applies for A−x,r and shows that
f(A−x,r) =

⋂
Y⊆C : |Y |=|X|∧x∈Y f(C \Y ). This means that

W ̸∈ f(A−x,r) for all committees W ∈ Wk with x ∈ W as
there is a set Y with x ∈ Y and |Y | = |X| such that Y ⊆ W .
Conversely, it immediately follows from consistency that
W ∈ f(A−x,r) for all committees W ∈ Wk with x ̸∈ W .
Hence, we have that f(A−x,r) = {W ∈ Wk : x ̸∈ W},
which concludes the proof of the lemma.

Since the ballot size r for the profiles Ax,r and A−x,r

plays no role in our subsequent analysis, we will omit it and
mean by Ax and A−x the profiles Ax,r and A−x,r for the
ballot size r given by Lemma 13.

Moreover, based on Lemma 13, it follows straightfor-
wardly that every non-trivial ABC voting rule f ∈ F2 is
non-imposing. For this, it suffices to consider the profile AW

that consists of a copy of Ax for every candidate x ∈ W as
consistency then ensures that f(AW ) = {W}. Since the triv-
ial rule is clearly the Thiele rule defined by s(x) = 0 for all
x, we therefore focus from now on non-imposing rules. This
allows us to use the vectors ûi,j constructed in Lemma 5 and
the functions s1r constructed in Lemma 6. As the next step,
we use independence of losers to remove the dependence on
the ballot size of the functions s1r .

Lemma 14. Let f ∈ F2 denote a non-imposing ABC vot-
ing rule. There is a function s1(x, y) such that s1(|W i ∩
B(ℓ)|, |W j ∩ B(ℓ)|) = ûi,j

ℓ for all committees W i,W j ∈
Wk and ballots B(ℓ) ∈ A with |W i \W j | = 1.

Proof. Let f ∈ F2 denote a non-imposing ABC voting
rule and consider two committees W i,W j ∈ Wk with
|W i \ W j | = 1. Now, by Lemma 6, there are functions
s1r such that ûi,j

ℓ = s|B(ℓ)|(|W i ∩ B(ℓ)|, |W j ∩ B(ℓ)|)
for all B(ℓ) ∈ A. For proving this lemma, it thus suf-
fices to show that s|B(ℓ)|(|W i ∩ B(ℓ)|, |W j ∩ B(ℓ)|) =

s|B(ℓ′)|(|W i ∩ B(ℓ′)|, |W j ∩ B(ℓ′)|) for any two ballots
B(ℓ), B(ℓ′) with |W i ∩ B(ℓ)| = |W i ∩ B(ℓ′)| and |W j ∩
B(ℓ)| = |W j∩B(ℓ′)|. If |B(ℓ)| = |B(ℓ′)|, this follows from
the definition of the functions s1r . Moreover, if |W i∩B(ℓ)| =
|W i∩B(ℓ′)| = |W j∩B(ℓ)| = |W j∩B(ℓ′)|, then Claim (2)
of Lemma 6 shows that s|B(ℓ)|(|W i∩B(ℓ)|, |W j∩B(ℓ)|) =
s|B(ℓ′)|(|W i ∩B(ℓ′)|, |W j ∩B(ℓ′)|) = 0.

Hence, we suppose that |B(ℓ)| ≠ |B(ℓ′)| and |W i ∩
B(ℓ)| ≠ |W j ∩B(ℓ)|. Without loss of generality, we make
this more precise by assuming that |B(ℓ)| > |B(ℓ′)| and
|W i ∩B(ℓ)| = |W j ∩B(ℓ)|+ 1. In particular, the latter ob-
servation means that a ∈ B(ℓ)∩B(ℓ′) and b ̸∈ B(ℓ)∪B(ℓ′)
for the candidates {a} = W i \ W j and {b} = W j \ W i.
By this insight, it it easy to see that there is a permutation
τ such that B(ℓ′′) = τ(B(ℓ′)) ⊆ B(ℓ), |W i ∩ B(ℓ)| =
|W i ∩ B(ℓ′′)| and |W j ∩ B(ℓ)| = |W j ∩ B(ℓ′′)|. More-
over, it holds that s|B(ℓ′)|(|W i ∩ B(ℓ′)|, |W j ∩ B(ℓ′)|) =

s|B(ℓ′′)|(|W i ∩B(ℓ′′)|, |W j ∩B(ℓ′′)|), so it suffices to show
that s|B(ℓ′′)|(|W i ∩B(ℓ′′)|, |W j ∩B(ℓ′′)|) = s|B(ℓ)|(|W i ∩
B(ℓ)|, |W j ∩B(ℓ)|).

For this, consider the profile A in which all ballots are
reported once. Clearly, f(A) = Wk by anonymity and
neutrality. Next, let A′ denote the profile derived from A
by replacing the ballot B(ℓ) with B(ℓ′′). Since B(ℓ′′) ⊆
B(ℓ), |W i ∩ B(ℓ)| = |W i ∩ B(ℓ′′)|, and |W j ∩ B(ℓ)| =
|W j ∩ B(ℓ′′)|, this means that we only disapprove candi-
dates x ∈ C \ (W i ∪ W j). So, independence of losers im-
plies that W i,W j ∈ f(A′). Now, consider the vector ûi,j

given by Lemma 5. By Claim (1) of this lemma, we have
that v(A)ûi,j = v(A′)ûi,j = 0 because v(A), v(A′) ∈ R̄f

i

and v(A), v(A′) ∈ R̄f
j . Hence, v(A)ûi,j − v(A′)ûi,j =

ûi,j
ℓ − ûi,j

ℓ′′ = 0. This implies that s|B(ℓ)|(|W i∩B(ℓ)|, |W j ∩
B(ℓ)|) = ûi,j

ℓ = ûi,j
ℓ′′ = s|B(ℓ′′)|(|W i ∩ B(ℓ′′)|, |W j ∩

B(ℓ′′)|), thus proving the lemma.

We note that the function s1 clearly inherits the symmetry
properties of the functions s1r discussed in Claims (2) and (3)
of Lemma 6.

Now, it follows essentially from Lemmas 13 and 14 as
well as the proof of Proposition 4 that all rules in F2 are
Thiele rule if k = 1 or k = m − 1. We thus focus on the
case that 2 ≤ k ≤ m − 2. To show this case, we need to
relate the vectors ûi,j and ûi′,j′ to each other for committees
W i,W j ,W i′ ,W j′ with |W i \ W j | ≠ |W i′ \ W j′ |. For
doing so, we consider a sequence of sequence of committees
W j0 , . . . ,W jt such that |W j0 \ W jt | = t and |W jx−1 \
W jx | = 1 for every x ∈ {1, . . . , t}. Our goal is then to show
that ûj0,jt is the (scaled) sum over the vectors ûjx−1,jx . To
this end, we proceed analogously as in Appendix A.2 and
first show that the vectors {ûj0,j1 , . . . , ûjt−1,jt} are linearly
independent.

Lemma 15. Suppose 2 ≤ k ≤ m − 2 and let f ∈ F2 de-
note a non-imposing ABC voting rule. Moreover, consider
a sequence of committees W j0 , . . . ,W jt for t ≥ 2 such
that |W j0 \ W jt | = t and |W jx−1 \ W jx | = 1 for all
x ∈ {1, . . . , t}. The vectors ûj0,j1 , ûj1,j2 , . . . , ûjt−1,jt are
linearly independent.



Proof. Let f ∈ F2 denote a non-imposing ABC voting rule
and consider a sequence of committees W j0 , . . . ,W jt as
specified by the lemma. The conditions that |W j0 \W jt | = t
and |W jx−1 \W x| = 1 for x ∈ {1, . . . , t} means that when
moving from W jx−1 to W jx , we need to exchange a candi-
date a ∈ W jx−1 ∩ (W j0 \W jt) with a candidate b ∈ W jx ∩
(W jt \W j0). Hence, we can write each committee in this se-
quence as W jx = {b1, . . . , bx, ax+1, . . . , at, ct+1, . . . , ck}.
In particular, W j0 \ W jt = {a1, . . . at}, W jt \ W j0 =
{b1, . . . , bt}, and W j0 ∩W jt = {ct+1, . . . , ck}.

For showing that the vectors ûjx−1,jx for x ∈ {1, . . . , t}
are linearly independent, we consider the matrix M whose x-
th row corresponds to the vector ûjx−1,jx for x ∈ {1, . . . , t}.
In more detail, we will show that the image of M has full di-
mension, i.e., {w ∈ Rt : ∃v ∈ R|A| : Mv = w} = Rt. This
suffices to prove the lemma because the image dimension of
a matrix is equivalent to its rank, which is equivalent to the
number of linearly independent rows. To this end, we con-
sider the profiles Ax constructed in Lemma 13. In more detail,
we claim that the vectors w = Mv(Aax) satisfy wx ̸= 0 and
wy = 0 for y ̸= x, which implies that the image of M has
full dimension.

To prove this claim, we consider first two indices x, y ∈
{1, . . . , t} with x ̸= y. Now, let τ denote the permutation
defined by τ(ay) = by, τ(by) = ay, and τ(z) = z for all
other candidates. It is easy to see τ(v(Aax)) = v(Aax) due
to the symmetry of this profile and τ(ûjy−1,jy ) = ûjy,jy−1 =
−ûjy−1,jy because of Lemma 5. Hence, it follows that
v(Ax)ûjy−1,jy = τ(v(Ax))τ(ûjy−1,jy ) = −v(Ax)ûjy−1,jy ,
which is only possible if v(Ax)ûjy−1,jy = 0.

Finally, for showing that v(Aax)ûjx−1,jx ̸= 0, we consider
a committee W i with ax ∈ W i, bx ̸∈ W i and define A as
the profile that contains a copy of Az for every z ∈ W i. By
an analogous argument as in the last paragraph, we infer that
v(A)ûjx−1,jx =

∑
z∈W i v(Az)ûjx−1,jx = v(Aax)ûjx−1,jx .

On the other hand, consistency and Lemma 13 show that
f(A) = {W i}. Moreover, continuity implies that there is
a λ ∈ N such that f(λA + B(ℓ)) = {W i} for all bal-
lots B(ℓ), so we can infer that v(A) ∈ intR̄f

i . This means
that v(A)ûjx,jx−1 > 0 by Claim (1) of Lemma 5 and thus,
v(A)ûjx,jx−1 = v(Aax)ûjx−1,jx < 0.

Our next goal is to show that the linear independence
observed in Lemma 15 turns into a linear dependence if we
add the vector ûj0,jt to the set. For this, we first show an
auxiliary claim.

Lemma 16. Assume 2 ≤ k ≤ m and let f ∈ F2 de-
note a non-imposing ABC voting rule. Moreover, consider
an arbitrary sequence of committees W j0 , . . . ,W jt ∈ Wk

such that |W j0 \ W jt | = t and |W jx−1 \ W jx | = 1
for all x ∈ {1, . . . , t}. Let B(ℓ) be any ballot such that
|W j0∩B(ℓ)| ≤ |W jt∩B(ℓ)|. It holds that

∑t
x=1 s

1(|B(ℓ)∩
W jx−1 |, |B(ℓ) ∩W jx |) =

∑|W jt∩B(ℓ)|
x=|W j0∩B(ℓ)|+1

s1(x− 1, x).

Proof. Let f ∈ F2 denote an non-imposing ABC vot-
ing rule and let the committees W j0 , . . . ,W jt and the
ballot B(ℓ) be defined as in the lemma. Furthermore, let
ix = |B(ℓ) ∩ W jx | be the x-th intersection size and

consider the sum
∑t

x=1 s
1(ix−1, ix). If ix−1 = ix, then

s1(ix−1, ix) = 0. Hence, we can shorten the sum by re-
moving all such terms without affecting the sum. More rig-
orously, we define yx = 0 and îx = ix for x = 0, and
îx+1 = iyx+1 where yx+1 is the smallest integer y > yx
such that iy ̸= iyx . Moreover, let t̂ denote the length of
this new sequence and observe that îx = îx+1 − 1 or
îx = îx+1 + 1 for all x ∈ {0, . . . , t̂ − 1}. Furthermore,
by definition,

∑t
x=1 s

1(ix−1, ix) =
∑t̂

x=1 s
1(̂ix−1, îx).

Next, we suppose that t̂ > |W jt ∩B(ℓ)| − |W j0 ∩B(ℓ)|.
In this case, it is straightforward to see that there must be an
index îx such that îx = îx+2. By Lemma 6, we thus have
that s1(ix, ix+1) = −s1(i

x+1, ix) = −s1(i
x+1, ix+2) and

we can hence remove these two terms from our sum. Clearly,
we can then compress our indices again and repeat the argu-
ment until we have only t̄ ≤ |W jt ∩B(ℓ)| − |W j0 ∩B(ℓ)|
intersection sizes left. Let ī0, . . . , īt̄ denote this reduced
set and note that |̄ix − īx+1| = 1 for all x. Moreover,
it is not difficult to see that ī0 = i0 and īt = it, so
we have that īx−1 = īx − 1 for all x ∈ {1, . . . , t̄} and
t̄ = |W jt ∩ B(ℓ)| − |W j0 ∩ B(ℓ)|. Finally, since we
only remove terms that sum up to 0, it clearly holds that∑t

x=1 s
1(ix−1, ix) =

∑t̄
x=1 s

1(̄ix−1, ix)s1(̄ix−1, ix) =∑|W jt∩B(ℓ)|
x=|W j0∩B(ℓ)|+1

s1(x−1, x), thus proving the lemma.

Based on Lemmas 15 and 16, we will now show that the
vector ûj0,jt can be represented as (scaled) sum of the vectors
ûj0,j1 , ûj1,j2 , . . . , ûjt−1,jt , ûj0,jt are linearly dependent.

Lemma 17. Suppose 2 ≤ k ≤ m − 2 and let f ∈ F2

denote a non-imposing ABC voting rule. Moreover, consider
an arbitrary sequence of committees W j0 , . . . ,W jt ∈ Wk

such that |W j0 \ W jt | = t and |W jx−1 \ W jx | = 1 for
all x ∈ {1, . . . , t}. There is a δ > 0 such that ûj0,jt =

δ
∑t

x=1 û
jx−1,jx .

Proof. Let f ∈ F2 denote an non-imposing ABC voting rule
and consider a sequence of committees W j0 , . . . ,W jt ∈ Wk

as stated by the lemma. Moreover, we define W j0 \W jt =
{a1, . . . , at}, W jt \ W j0 = {b1, . . . , bt}, and W jx =
(W j0 ∩ W jt) ∪ {b1, . . . , bx, ax+1, . . . , bt}. Next, we con-
sider the function s1(x+1, x) derived in Lemma 14. First, if
this function is constant, then we can use the same arguments
as in Appendix A.2. In particular, note here that we show in
Lemma 8 an analogous claim and that the subsequent lemmas
(Lemmas 9 to 12) do not rely on choice set convexity or weak
efficiency.

We hence suppose that there is a index p ≥ 1 such
s(p + 1, p) ̸= s(p, p − 1). Moreover, we define p as min-
imal such value and let α = s1(1, 0). In particular, we
have that s1(x + 1, x) = α for all x < p. In this case,
we will prove the lemma by an induction on the length of
the considered sequence. First, if t = 1, the statement is
trivial and the induction basis thus holds. Hence, we aim to
show the lemma for t > 1 and suppose that there is a δ′

with ûi0,it′ = δ′
∑t′

x=1 û
ix−1,ix for all sequences of com-

mittees W i0 , . . . ,W it
′

with |W i0 \ W it′ | = t′ < t and



|W ix−1 \W ix | = 1 for all x ∈ {1, . . . , t′}. To prove the in-
duction step for our sequence W j0 , . . . ,W jt , we proceed in
multiple steps. In our first four steps (Steps 1.1 to 1.4), we will
show that the vectors {ûj0,j1 , ûj1,j2 , . . . , ûjt−1,jt , ûj0,jt} are
linearly dependent. Based on Lemma 15, it thus follows that
there are coefficients δx, not all of which are 0, such that
ûj0,jt =

∑t
x=1 δxû

jx−1,j−x. In the last step (Step 2), we
then show that all δx are the same and greater 0, thus proving
the lemma.

Step 1: The vectors {ûj0,j1 , ûj1,j2 , . . . , ûjt−1,jt , ûj0,jt}
are linearly independent.

Assume for contradiction that the given vectors are
linearly independent. To derive a contradiction to this
assumption, we will construct a vector v4 that is not
contained in R̄f

i for any W i ∈ Wk. Consequently,⋃
x∈{1,...,|Wk|} R̄

f
i ̸= R|A|. Just as for Lemma 11, this con-

tradicts the insight that
⋃

x∈{1,...,|Wk|} R
f
i = Q|A| and there-

fore
⋃

x∈{1,...,|Wk|} R̄
f
i = R|A|. So, the assumption that the

set {ûj0,j1 , ûj1,j2 , . . . , ûjt−1,jt , ûj0,jt} is linearly indepen-
dent must have been wrong. For constructing v4, we will step
by step narrow down the choice set.

Step 1.1: For our first step, let W1 = {W ∈ Wk : W i ∩
W j ⊆ W ⊆ W i ∪ W j}, i.e., W1 is the convex hull of
W i and W j . We will construct a vector v1 such that for
every committee W i ̸∈ W1, there is another committee W j

such that v1ûi,j < 0. This shows that v1 ̸∈ R̄f
i for these

committees by Claim (1) of Lemma 5.
For constructing this vector, we recall the profiles Ax

and A−x constructed in Lemma 13. First, we note that
v(Ax)ûi,j = v(A−x)û

′,j = 0 for all committees W i,W j

with |W i \ W j | = 1, {x} ̸= {a} = W i \ W j , and
{x} ≠ {b} = W j \W i. For showing this claim, considering
the permutation τ with τ(a) = b, τ(b) = a, and τ(z) = z
for all remaining candidates. It is now easy to verify that
v(Ax)ûi,j = τ(v(Ax))τ(ûi,j) = v(Ax)ûj,i = −v(Ax)ûi,j

due to the symmetry of Ax and Lemma 5. This is only possi-
ble if v(Ax)ûi,j = 0 and an analogous argument also shows
our claim for A−x. Furthermore, it holds that v(Ax)ûi,j > 0
and v(A−x)ûi,j < 0 for all committees W i,W j with
W i \ W j = {x}. For showing this, consider the profile
A that consists of a copy of Axfor every x ∈ W i (the claim
for A−x works analogously by considering the profile con-
sisting of A−x for x ̸∈ W i). By consistency, f(A) = {W i},
and by continuity, we infer that v(A) ∈ int R̄f

i . Hence, by
Claim (1) of Lemma 5, v(A)ûi,j > 0. On the other hand,
we have that v(A)ûi,j =

∑
z∈W i v(Az)ûi,j = v(Ax)ûi,j

as v(Az)ûi,j = 0 for all z ∈ W i ∩ W j . Combining these
insights shows that v(Ax)ûi,j > 0.

Now, for completing this step, we define A1 as the profile
that contains a copy of Ax for x ∈ W j0 ∩W jt and a copy
of A−x for x ∈ C \ (W j0 ∪W jt). By consistency, it is easy
to infer that f(A1) = W1. Hence, Claim (1) of Lemma 5
shows for v1 = v(A1) and W i,W j ∈ W1 that v1ûi,j = 0.
Next, consider a committee W i ̸∈ W1. This means that
there is a pair of candidates a ∈ W i, b ̸∈ W i such that
a ∈ C \ (W j0 ∩ W jt) and b ∈ W j0 ∩ W jt , or a ∈ C \

(W j0 ∪W jt) and b ∈ W j0 ∪W jt . In both cases, it follows
from our previous analysis that v1ûi,j < 0 for the committee
W j defined by W j = (W i \ {a}) ∪ {b}. For instance, if
a ∈ C \ (W j0 ∪W jt) ⊆ C \ (W j0 ∩W jt), b ∈ W j0 ∩W jt ,
then v1ûi,j = v(A−a)ûi,j + v(Ab)ûi,j = v(A−a)ûi,j −
v(Ab)ûj,i < 0. This completes this step.

Step 1.2: For our second step, let W2 = {W ∈ W1 : ∀x ∈
{1, . . . , t} : {ax, bx}}. As second step, we will construct a
vector v2 such that for each W i ̸∈ W2, there is a committee
W j such that v2ûi,j < 0.

For constructing this vector, recall that s1(x+ 1, x) = α
for all x < p and s1(p + 1, p) ̸= α. Moreover, consider
two arbitrary committees W i,W j ∈ W1 with {W i,W j} ≠
{W j0 ,W jt}. By this assumption, it holds that |W i \W j | =
t′ < t, so we can use our induction hypothesis to con-
struct ûi,j . For doing so, let W i0 , . . .W it′ denote a sequence
of committees from W i to W j . By the induction hypoth-
esis, ûi,j = δ

∑t′

x=1 û
ix+1,ix = for some δ > 0. In turn,

Lemma 16 shows that ûi,j
ℓ = δ

∑|B(ℓ)∩W j |
x=|B(ℓ)∩W i|+1 s

1(x−1, x)

for all ballots B(ℓ) with |B(ℓ)∩W i| ≤ |B(ℓ)∩W j |. Hence,
if additionally |B(ℓ) ∩W i| ≤ p and |B(ℓ) ∩W j | ≤ p, then
ûi,j
ℓ = −δα(|B(ℓ) ∩ W j | − |B(ℓ) ∩ W i|) = δα(|B(ℓ) ∩

W i| − |B(ℓ)∩W j |). On the other hand, if |B(ℓ)∩W i| ≤ p

and |B(ℓ) ∩ W i| = p + 1, then ûi,j
ℓ = δα(|B(ℓ) ∩ W i| −

p)− δs(p+1, p) = δα(|B(ℓ)∩W i|− |B(ℓ)∩W j |)+ δα−
δs(p+ 1, p).

Now for constructing the vector v2, we consider first the
profiles Āx that contain ballot A with |A| = p + 1 and
ax, bx ∈ A once. Moreover, we define Ā as the profile that
consists of a copy of Āx for all x ∈ {1, . . . , t} and let v̄ =
v(Ā).

First, we observe that all candidates in (W j0 ∪ W jt) \
(W j0 ∩ W jt) are approved by the same number of vot-
ers in Ā. Hence all committees in W1 have the same total
number of approvals in Ā, i.e.,

∑
ℓ≤|A| v̄ℓ|B(ℓ) ∩ W i| =∑

ℓ≤|A| v̄ℓ|B(ℓ) ∩ W j | for all committees W i,W j ∈ W1.
Moreover, note that for every ballot A in Ā and every com-
mittee W ∈ W2, it holds that |W ∩ A| ≤ p because
|A| = p + 1 and {bx, ax} ⊆ A for some x ∈ {1, . . . , t}
but {bx, ax} ̸⊆ W . Hence, for all W i,W j ∈ W2 with
{W i,W j} ̸= {W j0 ,W jt}, the following equation holds
due to our previous analysis. In this equation, we define
I1 = {ℓ ∈ {1, . . . , |A|} : |B(ℓ) ∩W i| ≤ |B(ℓ) ∩W j |} and



I1 = {ℓ ∈ {1, . . . , |A|} : |B(ℓ) ∩W i| > |B(ℓ) ∩W j |}.

v̄ûi,j =
∑

ℓ∈{1,...,|A|}

v̄ℓû
i,j
ℓ

=
∑
ℓ∈I1|

v̄ℓû
i,j
ℓ −

∑
ℓ∈I2

v̄ℓû
j,i
ℓ

=
∑
ℓ∈I1

v̄ℓδα(|B(ℓ) ∩W i| − |B(ℓ) ∩W j |)

−
∑
ℓ∈I2

v̄ℓδα(|B(ℓ) ∩W j | − |B(ℓ) ∩W i|)

= δα
∑

ℓ∈{1,...,|A|}

v̄ℓ|B(ℓ) ∩W i|

− δα
∑

ℓ∈{1,...,|A|}

v̄ℓ|B(ℓ) ∩W j |

= 0.

Moreover, it also holds that v̄ûj0,jt = 0. For explain-
ing this, we consider the permutation τ with τ(ax) = bx,
τ(bx) = ax for all x ∈ {1, . . . , t} and τ(z) = z for all re-
maining candidates. It is easy to see that τ(v(Āx)) = v(Āx)
for all x ∈ {1, . . . , t} and hence τ(v̄) = v̄. By our usual
permutation arguments, it thus follows that v̄ûj0,jt = 0.

Next, consider a committee W i ∈ W1 \ W2. Then
ax, bx ∈ W i for some x ∈ {1, . . . , t}. Moreover, let γ denote
the number of ballots A in Ā such that |A ∩ W i| = p + 1.
Since p + 1 ≤ k and ax, bx ∈ W y, there is at least one
ballot A in Āx such that A ⊆ W and thus γ ≥ 1. We
claim that v̄ûj0,i > 0 if α > s1(p, p − 1) and v̄ûj0,i < 0 if
α < s1(p + 1, p). Note for this first that |W i0 ∩ W y| < t
since W i ∈ W1 and ax ∈ W i. Moreover, it holds for ev-
ery ballot B(ℓ) with v̄ℓ ̸= 0 that |W j0 ∩ B(ℓ)| ≤ p since
|B(ℓ)| = p+1 and bx ∈ B(ℓ)\W j0 for some x ∈ {1, . . . , t}.
On the other hand, |W i ∩ B(ℓ)| ≤ p + 1. Using our ini-
tial insights, we thus derive the following equations, where
I1 = {ℓ ∈ {0, . . . , |A|} : |B(ℓ) ∩ W i| = p + 1} and
I2 = {ℓ ∈ {0, . . . , |A|} : |B(ℓ) ∩W i| ≤ p}.

v̄ûj0,i =
∑
ℓ∈I1

v̄ℓû
j0,i
ℓ +

∑
ℓ∈I2

v̄ℓû
j0,i
ℓ

=
∑
ℓ∈I1

v̄ℓδα(|B(ℓ) ∩W j0 | − |B(ℓ) ∩W i|)

+
∑
ℓ∈I1

v̄ℓ(δα− δs1(p+ 1, p))

+
∑
ℓ∈I2

v̄ℓδα(|B(ℓ) ∩W j0 | − |B(ℓ) ∩W i|)

= δγ(α− s1(p+ 1, p))

+ δα
∑

ℓ∈{1,...,|A|}

v̄ℓ|B(ℓ) ∩W j0 |

− δα
∑

ℓ∈{1,...,|A|}

v̄ℓ|B(ℓ) ∩W i|

= δγ(α− s1(p+ 1, p)).

In particular, we use in the last steps that all committees in
W1 have the same total number of approvals. Since δ > 0
and γ > 0, this shows that v̄ûj0,i < 0 if α < s(p+ 1, p) and
v̄ûj0,i > 0 if α > s(p+ 1, p). Hence, with the right sign in
front of v̄, all W y ∈ W1 \W2 are dominated.

Finally, let v2 = λv1 + v̄ if α > s(p + 1, p) and v2 =
λv1 − v̄ if α < s(p + 1, p). In this definition, λ > 0 is so
large that for all committees W i ∈ Wk \W1, there is another
committee W j ∈ Wk such that v2ûi,j < 0. Now, note that
for all W i ∈ W1\W2, we have that v2ûi,j0 = −v2ûj0,x < 0
since v1ûj0,i = 0 and we choose the sign of v̄ such that
±v̄ûj0,i > 0. Following a similar reasoning, it is easy to see
that v2ûi,j = 0 for W i,W j ∈ W2.

Step 1.3: For constructing our next vector, we define
W3 = {W ∈ W2 : ∀x ∈ {1, . . . , t − 1} : {ax, bx+1} ̸∈
W}. Put differently, W3 consists all committees W x such
that W x = W j0 ∩ W jt ∪ {b1, . . . , bx, ax+1, . . . , bt}, i.e.,
W3 = {W j0 , . . . ,W jt}. We aim to construct a vector v3
such that all committees outside of W3 are dominated by
some other committee.

To this end, consider the profile Âx for x ∈ {1, . . . , t− 1}
that contains each ballot A with |A| = p+ 1 and {ax, bx+1}
once. Furthermore, define the profile Â as follows: Â contains
a copy of Âx for each x ∈ {1, . . . , t − 1} and so many
copies of the ballots {at} and {b1} that every candidate in
(W j0 ∪W jt)\(W j0 ∩W jt) is approved by the same number
of voters. Moreover, we define v̂ = v(Â). By the definition
of Â, it immediately follows that

∑
ℓ∈{1,...,|A|} v̂ℓ|B(ℓ) ∩

W | =
∑

ℓ∈{1,...,|A|} v̂ℓ|B(ℓ) ∩ W ′| for all W,W ′ ∈ W2.
Furthermore, it holds for all committees W ∈ W3 and ballots
A in Â that |W ∩ A| ≤ p. Hence, it follows from exactly
the same reasoning as in the last step that v̂ûi,j = 0 for all
W i,W j ∈ W3 with {W i,W j} ≠ {W j0 ,W jt}. Moreover,
the permutation τ with τ(ax) = bt−x+1, τ(bx) = at−x+1

for x ∈ {1, . . . , t} and τ(z) = z for all other candidates
maps Âx to Ât−x+1. This means that τ(Â) = Â and our
permutation argument thus also shows that v̂ûj0,jt = 0.

Next, consider a committee W i ∈ W2 \W3. In particular,
this means that {ax, bx+1} ⊆ W i for some x ∈ {1, . . . , t−
1}. Now, let γ denote the number of ballots A in Â such that
|A ∩W y| = p + 1. Since p + 1 ≤ k and {ax, bx+1} ⊆ W ,
there is clearly a ballot B(ℓ) such that |B(ℓ)| = p+1, v̂ℓ ̸= 0,
and B(ℓ) ⊆ W , so γ ≥ 1. Since ax ∈ W i, this means that
|W j0 \W i| < t. Again, for all ballots B(ℓ) with v̂ℓ ̸= 0, we
have |B(ℓ) ∩W j0 | ≤ p and |B(ℓ) ∩W i| ≤ p + 1. So, we
can apply the same reasoning as for v̄ to infer that ûj0,iv̂ > 0
if α > s1(p+ 1, p) and ûj0,iv̂ < 0 if α < s1(p+ 1, p).

Finally, let v3 = λv2+v̂ if α > s(p+1, p) and v3 = λv2−
v̂ if α < s(p+ 1, p). Here, we choose λ > 0 again so large
that for every committee W i ∈ Wk \ W2, there is another
committee W j ∈ Wk such that v3ûi,j < 0. Moreover, note
that for every committee W i ∈ W2 \ W3, we have that
v3ûi,j0 < 0 because ûi,j0v2 = 0 and we choose the sign of
v̂ so that ±v̂ûj0,i > 0. Finally, v3ûx,y = 0 for all x, y ∈
W3 because v2ûx,y = 0 and v̂ûx,y = 0. Hence, for every
committee W i ∈ Wk \W3, there is another committee W j

such that v3ûi,j < 0, and for all W i,W j ∈ W3, it holds that



v3ûi,j = 0.

Step 1.4: As last step, we consider the matrix M that con-
tains the vectors ûj0,j1 , . . . , ûjx−1,j−x, ûj0,jt as rows. More
specifically, we assume that the x-th row of M is ûjx−1,jx

for x ∈ {1, . . . , t} and the t+ 1-th row of M is ûj0,jt . Now,
by assumption, the rows of M are linearly independent, i.e.,
the matrix has row rank of t + 1. This means equivalently
that it has a column rank of t+ 1, which in turn implies that
the image of M has full dimension. Thus, there is a vector
v∗ such that w = Mv∗ satisfies wx = 1 for x ∈ {1, . . . , t}
and wt+1 = −1.

Next, just as in the previous steps, we define v4 = λv3+v∗,
where λ > 0 is so large that for every committee W i ∈
Wk \ W3, there is another committee W j ∈ Wk with
v4ûy,z < 0. Now, by definition of v4 and Claim (1) of
Lemma 5, v4 ̸∈ R̄f

i for every W i ∈ Wk \ W3. On the
other hand, we have shown in Step 3 that v3ûi,j = 0 for
all W i,W j ∈ W3. So v4ûi,j = v∗ûi,j for these commit-
tees. This means that v4ûj0,jt = −1 < −0 and v4ûjx−1jx =
−v4ûjx,jx−1 = −1 < 0 for all x ∈ {1, . . . , t}. So, v4 ̸∈ R̄f

i

for any committee W i ∈ Wk, which gives us the desired
contradiction. Hence, the initial assumption is wrong and the
vectors ûj0,j1 , . . . , ûjt−1,jt , ûj0,jt are linearly independent.

Step 2: There is δ > 0 such that ûj0,jt =
δ
∑t

x=1 û
jx−1,j−x

By Step 1, we know that the set
{ûj0,j1 , . . . , ûjt−1,jt , ûj0,jt} is linearly dependent, whereas
the set {ûj0,j1 , . . . , ûjt−1,jt} is linearly independent
(Lemma 15). Consequently, there are unique values δx
for x ∈ {1, . . . , t}, not all of which are 0, such that
ûj0,jt =

∑t
x=1 δxû

jx−1,jx . Now, consider the profiles Ax

constructed in Lemma 13. As discussed before, it holds
that ûi,jv(Ac) = 0 for all committees W i,W j ∈ Wk

such that |W i \ W j | = 1 and c ∈ W i ∩ W j or
c ̸∈ W i∪W j . Conversely, ûi,jv(Ac) > 0 for all committees
W i,W j ∈ Wk with W i \ W j = {c}. Moreover, observe
that ûy1,z1v(Ac1) = ûy2,z2v(Ac2) ̸= 0 for all committees
W y1 ,W z1 ,W y2 ,W z2 ∈ Wk with W y1 \W z1 = {c1} and
W y2 \W z2 = {c2}. This can again be proven by choosing a
suitable permutation τ .

Now, let x ∈ {1, . . . , t} be an arbitrary index. By our pre-
vious argument, we have that v(Aax)ûjx−1,jx > 0 because
ax ∈ W jx−1 \W jx . On the other side, ax ∈ W jy−1 ∩ W̄ jy

for all 1 ≤ y < x, and ax ̸∈ W̄ jy−1 ∪ W̄ jy for all
y > x. So, we infer that ûjy−1,jyv(Aax) = 0 for all y ∈
{1, . . . , t} with y ̸= x. Hence, it follows that v(Aax)ûj0,jt =∑t

y=1 δyv(A
ax)ûjy−1,jy = δxv(A

ax)ûjx−1,jx .
As next step, we consider two distinct indices x1, x2 ∈

{1, . . . , t} and the profiles Aax1 and Aax2 . Moreover, let τ :
C → C be a permutation such that τ(ax1) = ax2 , τ(ax2) =
ax1 , and τ(c) = c for all other candidates. First, ax1 , ax2 ∈
W j0 \W jt , so τ(W j0) = W j0 and τ(W jt) = W jt . Hence,
v(Aax1 )ûj0,jt = τ(v(Aax1 ))τ(ûj0,jt) = v(Aax2 )ûj0,jt by
Claim (3) of Lemma 5. Combining our last two insights thus
shows that δx1

ûjx1−1,j−x1v(Aax1 ) = δx2
ûjx2−1,jx2 v(Aax2 ).

Since v(Aax1 )ûjx1−1,jx1 = v(Aax2 )ûjx2−1,jx2 ̸= 0,
this means that δx1

= δx2
. This proves that ûj0,jt =

δ
∑t

x=1 û
jx−1,jx for some δ ∈ R. Moreover, since there

is at least one non-zero δx, it follows that δ ̸= 0
Finally, we need to show that δ > 0. For this, we note

that W j0 ∈ f(Aa1) as a1 ∈ W j0 and therefore v(Aa1) ∈
R̄f

j0
. Now, by Claim (1) of Lemma 5, this means that

v(Aa1)ûj0,jt ≥ 0. On the other side, we have already shown
that v(Aa1)ûi,j = δv(Aa1)ûj0,j1 and that v(Aa1)ûj0,j1 and
δ ̸= 0. Combining these claims then shows that δ > 0 and
thus proves the lemma.

Finally, we are now ready to prove Theorem 1.

Theorem 1. An ABC voting rule is a Thiele rule if and only
if it satisfies anonymity, neutrality, consistency, continuity,
and independence of losers.

Proof. We note that the direction from left to right has been
shown in the main body. Hence, we focus on the converse
direction and assume that f ∈ F2. Now, if f is the trivial
rule, it is clearly the Thiele rule defined by s(0) = 0. On
the other hand, we can assume that f is non-imposing if it
is non-trivial by Lemma 13. This allows us to access the
vectors ûi,j constructed in Lemma 5 and the function s1

constructed in Lemma 14. Now, we define the function s(x)
as follows: s(0) = 0 and s(x) =

∑x
y=1 s(y, y−1) for all x ∈

{1, . . . , k}. Moreover, we extend s to vectors by ŝ(v,W ) =∑
ℓ∈{1,...,|A|} vℓs(|B(ℓ) ∩ W |). We will show this lemma

by proving that f(A) = f ′(A) := {W ∈ Wk : ∀W ′ ∈
Wk : ŝ(v(A),W ) ≥ ŝ(v(A),W ′)} and that f ′ is a Thiele
rule. For doing so, we proceed in multiple steps.

Step 1: There is δ > 0 such that δûi,j
ℓ = s(|B(ℓ) ∩

W i|)− s(|B(ℓ) ∩W i|) for all ballots B(ℓ).
As first step, we show that the vectors ûi,j can be repre-

sented by the function s. For this, consider two arbitrary
committees W i,W j ∈ Wk and a ballot B(ℓ). First, if
|W i \ W j | = 1, then this claim follows from Lemma 14.
Hence, suppose that |W i \ W j | = t ≥ 2, which requires
that 2 ≤ k ≤ m − 2, which means that Lemma 17 ap-
plies. To use this lemma, let W j0 , . . . ,W jt denote a se-
quence of committees from W i to W j . Then, we infer
that ûi,j = δ

∑t
x=1 û

jx−1,jx for some δ > 0. Now, sup-
pose that |B(ℓ) ∩ W i| ≤ |B(ℓ) ∩ W j |. Then, Lemma 16
shows that

∑t
x=1 û

jx−1,jx =
∑|B(ℓ)∩W j |

x=|B(ℓ)∩W i|+1 s
1(x− 1, x).

By the definition of s and the fact that s1(x − 1, x) =

−s1(x, x− 1), we get that
∑|B(ℓ)∩W j |

x=|B(ℓ)∩W i|+1 s
1(x− 1, x) =

−
∑|B(ℓ)∩W j |

x=|B(ℓ)∩W i|+1 s
1(x, x − 1) = −(s(|B(ℓ) ∩ W j) −

s(|B(ℓ)∩W i)) = s(|B(ℓ)∩W i)− s(|B(ℓ)∩W j). Hence,
the claim is proven in this case.

Next, assume that |B(ℓ)∩W i| > |B(ℓ)∩W j |. In this case,
we can consider the vectors ûj,i and our previous argument
shows that ûj,i

ℓ = δ(s(|B(ℓ)∩W j)−s(|B(ℓ)∩W i)). Finally,
the step follows again since ûi,j

ℓ = −ûj,i
ℓ .

Step 2: f(A) ⊆ f ′(A) for all profiles A ∈ A∗

For showing this step, consider an arbitrary profile A. By
our lemmas, we have that f(A) = ĝ(v(A)) = {W i ∈



Wk : v(A) ∈ Rf
i } ⊆ {W i ∈ Wk : v(A) ∈ R̄f

i }. Hence,
our goal is to show that v(A) ∈ R̄f

i if and only if
ŝ(v(A),W i) ≥ s(v(A),W j) for all committees W j ∈ Wk.
For doing so, we recall that R̄f

i = {v ∈ R|A| : ∀j ∈
{1, . . . , |Wk|} \ {i} : vûi,j ≥ 0}. Hence, it clearly suffices
to show that v(A)ûi,j ≥ 0 if and only if ŝ(v(A),W i) ≥
ŝ(v(A),W j). For this, we observe that by Step 1, v(A)ûi,j =∑

ℓ∈{1,...,|A|} v(A)ℓδ(s(|B(ℓ)∩W i|)− s(|B(ℓ)∩W i|)) =
δ(ŝ(v(A),W i)− ŝ(v(A),W j)) for some δ > 0. This shows
that our claim holds and thus this step follows.

Step 3: f(A) ⊆ f ′(A) for all profiles A ∈ A∗ and f ′ is
a Thiele rule

First, we show that f ′(A) is a Thiele rule. For this, we
note first that s(0) = 0 by definition and it thus only re-
mains to prove that s is non-decreasing. Now, assume for
contradicting that there is an index p ∈ {1, . . . , k} such
that s(p) < s(p − 1). First, suppose that p > 1. In this
case, consider the profile A in which every ballot of size p
is reported once. By anonymity and neutrality, it follows
that f(A) = f ′(A) = Wk. Next, we consider two ar-
bitrary committees W,W ′ ∈ Wk and let c ∈ W \ W ′.
Moreover, let B(ℓ) denote a ballot such that B(ℓ) ⊆ W
and c ∈ B(ℓ). Finally, let A′ denote the profile in which
we replace B(ℓ) with B(ℓ) \ {c}. It is easy to see that
s(A′,W ) = s(A,W ) − s(p) + s(p − 1) > s(A,W ) =
s(A,W ′) = s(A′,W ′). Hence, W ′ ̸∈ f ′(A′) and therefore
also W ′ ̸∈ f(A′). However, this contradicts independence
of losers as W ′ ∈ f(A) and c ̸∈ W ′. Hence, we infer that
s(p) ≥ s(p − 1) for all p ∈ {2, . . . , k}. As second case
suppose that p = 1, which means that s(1) < s(0) = 0. In
this case, let A denote the profile consisting of all ballots
of size 2. Now, consider a ballot {x, y} and let W and W ′

denote committees such that x ∈ W , y ̸∈ W and x ̸∈ W ′,
y ∈ W ′. Finally, let A′ denote the profile derived from A by
replacing the ballot {x, y} with the ballot {y}. It is easy to
see that s(A′,W ) = s(A,W )− s(1) + s(0) > s(A,W ) =
s(A,W ′) = s(A′,W ′). Hence, W ′ ∈ f(A) and W ′ ̸∈ f(A)
as W ′ ̸∈ f ′(A′). This contradicts independence of losers as
x ̸∈ W ′. Both cases combined show that s is non-decreasing,
so f ′ is indeed a Thiele rule.

Finally, we show that f(A) = f ′(A) for all profiles A ∈
A∗. Assume that this is not the case, which means that there is
a profile A and a committee W such that W ∈ f ′(A) \ f(A)
because of Step 2. Moreover, note that f ′ is a Thiele rule
and hence satisfies consistency and all the other axioms of
Theorem 1. Next, since s is non-zero (as the vectors ûi,j

are non-zero), f ′ is not the trivial rule. Hence, we can use
Lemma 13 to show that f ′ is non-imposing. In particular,
there is a profile A′ such that f(A′) = f ′(A′) = {W}. By
consistency of f ′, this means that f(λA + A′) = f ′(λA +
A′) = {W} for every λ ∈ N. However, this contradicts the
continuity of f and therefore, our initial assumption must
have been wrong. This shows that f is the Thiele rule defined
by s.

B Proof of Propositions 2 and 3
Finally, we discuss the proofs of Propositions 2 and 3.

Proposition 2. PAV is the only Thiele rule that satisfies
party-proportionality.

Proof. First, we show that PAV satisfies party-proportiona-
lity. To this end, let A denote a party-list profile with parties
PA and consider two parties Pi, Pj such that ni

|Pi| <
nj

|Pj | .
Moreover, we assume for contradiction that there is a com-
mittee W ∈ PAV(A) such that Pi ⊆ W and Pj ̸⊆ W .
Now, let x ∈ Pi ∩ W and y ∈ Pj \ W and consider the
committee W ′ = (W ∪ {y}) \ {x}. It is easy to com-
pute that ŝPAV(A,W ′) = ŝPAV(A,W )− ni

|Pi| +
nj

|W∩Pj |+1 ≥
ŝPAV(A,W ) − ni

|Pi| +
nj

|Pj | > ŝPAV(A,W ). However, this
contradicts that W ∈ PAV(A) and thus shows that our as-
sumption that Pj ̸⊆ W was wrong. So, PAV satisfies party-
proportionality.

For the other direction, let f denote a Thiele rule satisfying
party-proportionality and let s denote its Thiele scoring func-
tion. First, we show that s(1) > 0 and consider to this end
the profile A in which two voters approves party P1 = {c1}
and one voter approves party P2 = {c2, . . . , ck+1}. Now,
if s(0) = 0, it holds for the committee W = P2 that
W ∈ f(A) because s is non-decreasing. However, we have
that n1

|P1| > n2

|P2| and P1 ̸⊆ W . Hence, this violates party-
proportionality and therefore s(1) > 0 must be true. Since
Thiele rules are invariant under scaling s, we subsequently
assume that s(1) = 1.

As the next step, we suppose for contradiction that there
is an index ℓ ∈ {2, . . . , k} such that s(ℓ) ̸=

∑ℓ
x=1

1
x . More-

over, we assume that ℓ is minimal, i.e., s(y) =
∑y

x=1
1
x for

all x < ℓ. Now, we proceed with a case distinction with re-
spect to s(ℓ) and first consider the case that s(ℓ) >

∑ℓ
x=1

1
x .

In this case, we define ∆ = s(ℓ) −
∑ℓ

x=1
1
x and let t ∈ N

such that ∆t > 1 and ℓ
ℓ−1 t > t + 1. Furthermore, let A

denote the party-list profile where n1 = ℓt voters approve
the party P1 = {c1, . . . , cℓ} and every other candidate is in
a singleton party that is approved by t + 1 voters. Now, it
can be checked that for all committees W,W ′ ∈ Wk with
P1 ⊆ W and ℓ′ = |P1 ∩W ′| < ℓ, the following inequality
holds:

ŝ(A,W ) = tℓs(ℓ) + (k − ℓ)(t+ 1)

= tℓ

ℓ∑
x=1

1

x
+ tℓ∆+ (k − ℓ)(t+ 1)

> tℓ

ℓ′∑
x=1

1

x
+ tℓ(ℓ− ℓ′)

1

ℓ
+ ℓ+ (k − ℓ)(t+ 1)

≥ tℓ

ℓ′∑
x=1

1

x
+ (ℓ− ℓ′)(t+ 1) + (k − ℓ)(t+ 1)

= tℓ

ℓ′∑
x=1

1

x
+ (k − ℓ′)(t+ 1)

= ŝ(A,W ′).

This proves that P1 ⊆ W for all W ∈ f(A). However, this
means that there is a party Pj = {c} ̸= P1 with c ̸∈ W for



some W ∈ f(A). This contradicts party-proportionality as
nj

|Pj | = t + 1 > t = n1

|P1| and P1 ⊆ W , so the assumption

that s(ℓ) >
∑ℓ

x=1
1
x must have been wrong.

For the second case, we suppose that s(ℓ) <
∑ℓ

x=1
1
x ,

define ∆ =
∑ℓ

x=1
1
x − s(ℓ), and let t ≥ 2 such that tℓ∆ >

1. Moreover, we consider the profile A in which tℓ voters
approve the party P1 = {c1, . . . , cℓ} and all other candidates
are in singleton parties that are approved by t − 1 voters.
Now, we can compute for all committees W,W ′ ∈ Wk with
P1 ⊆ W and |W ′ ∩ P1| = ℓ− 1 that

ŝ(A,W ) = tℓs(ℓ) + (k − ℓ)(t− 1)

= tℓ

ℓ∑
x=1

1

x
− tℓ∆+ (k − ℓ)(t− 1)

> tℓ

ℓ−1∑
x=1

1

x
+ t− 1 + (k − ℓ)(t− 1)

= tℓ
ℓ−1∑
x=1

1

x
+ (k − ℓ+ 1)(t− 1)

= ŝ(A,W ′).

Hence, it holds for all committees W ∈ f(A) that P1 ̸⊆ W .
In turn, this means that there is a candidates c ∈ W \ P1.
However, this contradicts party-proportionality since n1

|P1| =

t > t − 1 =
nj

|Pj | for Pj = {c} and thus, the assumption

that s(ℓ) <
∑ℓ

x=1
1
x is wrong. Hence, we now conclude that

s(ℓ) =
∑ℓ

x=1
1
x for all ℓ ∈ {1, . . . , k}, so f is PAV.

Proposition 3. SAV is the only BSAV rule that satisfies party-
proportionality and aversion to single-party committees.

Proof. First, it follows immediately from the definition of
SAV that this rule satisfies both party-proportionality and
aversion to single-party committees. We thus focus on the
converse direction and therefore consider a BSAV rule f
that is party-proportional and has aversion to single-party
committees. Moreover, let α ∈ Rm

≥0 denote the weight vector
of f . First, we show that α1 > 0 and consider to this end
the profile A where 2 voters approve party P1 = {c1} and 1
voter approves party P2 = {c2, . . . , ck+1}. Now, if α1 = 0,
it is easy to see that P2 ∈ f(A). However, this contradicts
party-proportionality as n1

|P1| > n2

|P2| and no member of P1

is chosen in the committee W = P2. Hence, it must hold
that α1 > 0 and we can rescale our weight vector such that
α1 = 1. Moreover, we note that the entry αm has no effect
on f as voters who approve all candidates increase the score
of each committee by the same. We thus also suppose that
αm = 1

m .
Next, we assume for contradiction that there is an index ℓ ∈

{2, . . . ,m− 1} such that αℓ ̸= 1
ℓ . Just as for Proposition 1,

we use a case distinction with respect to αℓ and first assume
that αℓ > 1

ℓ . In this case, we define ∆ = αℓ − 1
ℓ and let

t ∈ N such that tℓ∆ > 1. Moreover, we consider the profile
A in which ℓt voters approve the party P1 = {c1, . . . , cℓ}
and each candidate c ∈ C \ Pi is uniquely approved by t+ 1

voters. We can now compute for every committee W with
|W ∩ P1| = ℓ′ that ŝ(A,W ) = tℓℓ′αℓ + (k − ℓ′)(t + 1) =
tℓℓ′( 1ℓ +∆)+(k− ℓ′)(t+1) = tk+k+ ℓ′(tℓ∆−1). Since
tℓ∆ > 1, this means that the committees W that maximize
|W ∩ P1| have maximal score. Now, if ℓ = |P1| > k, this
means that W ⊆ P1 for all W ∈ f(A). However, f then
fails aversion to single-party committees since nj = t+ 1 >
t = n1

|P1| for all other parties Pj . On the other hand, if ℓ ≤ k,
then f fails party-proportionality since P1 ⊆ W for every
W ∈ f(A). This implies that there is another party Pj = {c}
with Pj ∩ W = ∅. Since nj

|Pj | = t + 1 > t = n1

|P1| , party-
proportionality is violated. In summary, this means that the
assumption that αℓ >

1
ℓ has been wrong.

For the second case, suppose that αℓ < 1
ℓ . Moreover,

we define ∆ = 1
ℓ − αℓ and let t ≥ 2 such that tℓ∆ > 1.

Finally, consider the profile A in which tℓ voters approve
P1 = {c1, . . . , cℓ} and every other candidate is in a singleton
party approved by t−1 voters. In this profile, every committee
W with |W ∩ P1| = ℓ′ gets a score of ŝ(A,W ) = tℓℓ′αℓ +
(k− ℓ′)(t− 1) = tℓℓ′( 1ℓ −∆)+ (k− ℓ′)(t− 1) = tk− k−
ℓ′(tℓ∆− 1). Since tℓ∆ > 1, this means that the committees
W ∈ f(A) minimize |W ∩ P1|, so P1 ̸⊆ W . On the other
hand, this implies that for every W ∈ f(A) that there is
another party Pj = {c} such that c ∈ W . This, however,
violates party-proportionality: Pj ⊆ W and P1 ̸⊆ W even
though nj

|Pj | = t− 1 < t = n1

|P1| . Hence, we also have in this
case a contradiction and can now infer that αℓ =

1
ℓ , which

means that f is SAV.


