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ABSTRACT

Approval-based committee (ABC) voting rules elect a fixed size
subset of the candidates, a so-called committee, based on the vot-
ers’ approval ballots over the candidates. While these rules have
recently attracted significant attention, axiomatic characterizations
are largely missing so far. We address this problem by characterizing
ABC voting rules within the broad and intuitive class of sequen-
tial valuation rules. These rules compute the winning committees
by sequentially adding candidates that increase the score of the
chosen committee the most. In more detail, we first characterize
almost the full class of sequential valuation rules based on mild
standard conditions and a new axiom called consistent committee
monotonicity. This axiom postulates that the winning committees
of size k can be derived from those of size k — 1 by only adding
candidates and that these new candidates are chosen consistently.
By requiring additional conditions, we derive from this result also
a characterization of the prominent class of sequential Thiele rules.
Finally, we refine our results to characterize three well-known
ABC voting rules, namely sequential approval voting, sequential
proportional approval voting, and sequential Chamberlin-Courant
approval voting.
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1 INTRODUCTION

Whether it is choosing dishes for a shared lunch, shortlisting candi-
dates for interviews, or electing a parliament of a country—all these
problems require us to elect a fixed size subset of the available can-
didates based on the voters’ preferences. This problem, commonly
studied under the term approval-based committee (ABC) voting, has
recently attracted significant attention within the field of social
choice theory because of its versatile applications [10, 11, 16]. In
more detail, the study objects for this problem are ABC voting
rules which choose a subset of the candidates of predefined size,
a so-called committee, based on the voters’ approval ballots, i.e.,
each voter reports the set of candidates she finds acceptable.

Due to the large amount of work on ABC voting, there is a
wide variety of ABC voting rules, e.g., Thiele methods, sequential
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Thiele methods, Phragmen’s rules, the method of equal shares,
and many more (we refer to [16] for an overview of these rules).
For deciding which rule to use in a given situation, social choice
theorists commonly reason about their properties: if a voting rule
satisfies desirable properties, it seems to be a good choice for the
election at hand. However, such reasoning does not rule out the
existence of an even more attractive voting rule satisfying the
required properties. For narrowing down the choice to a single
ABC voting rule, a characterization of this rule is required, i.e., one
needs to show that the rule is the unique method that satisfies a
set of properties. Unfortunately, such characterizations are largely
missing in the literature on ABC voting rules and it is therefore an
important open problem to derive such results (see, e.g., [16, Q1]).

The goal of this paper thus is to provide such characterizations
for ABC voting rules within the new but broad and intuitive class of
sequential valuation rules. For computing the winning committees,
these rules rely on a valuation function which assigns a score to
each pair of ballot and committee. A simple example of such a
function is v(A;, W) = |A; N W|, where A; is an arbitrary ballot
and W a committee. Based on a valuation function, a sequential
valuation rule proceeds in rounds and, in each round, it extends the
previously chosen committees with the candidates that increase the
total score by the most. Clearly, the prominent class of sequential
Thiele rules, which only rely on the size of the intersection of the
given ballot and committee to compute the score, forms a subset of
the class of sequential valuation rules. However, our class is much
more general as it contains, for instance, step-dependent sequential
scoring rules, whose valuation functions depend on the sizes of the
ballot, the committee, and the intersection of these two.

Our Contribution. As our main contribution, we characterize
the class of sequential valuation rules that satisfy mild standard
conditions based on a new axiom called consistent committee mono-
tonicity. This property combines the well-known notions of com-
mittee monotonicity [e.g., 2, 10, 13] and consistency [e.g., 12, 15, 23].
Roughly, committee monotonicity requires that the winning com-
mittees of size k can be derived from those of size k — 1 by simply
adding candidates. On the other hand, the idea of consistency is
that whenever two disjoint districts separately elect the same can-
didates, these candidates should be the winners when we consider
both districts simultaneously. Consistent committee monotonicity
combines these two axioms by requiring that the candidates that
extend the committees of size k are chosen consistently: if some
common candidates extend a committee W in two disjoint districts,
these candidates should also extend W in the combined election. Or,
to put it simpler, consistent committee monotonicity restricts com-
mittee monotonicity by requiring that the newly added candidates
are chosen in a reasonable way.

Based on this axiom, we characterize the class of sequential val-
uation rules that satisfy anonymity, neutrality, non-imposition, and
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Figure 1: Overview of our results. An arrow from class X to
class Y with label Z means an ABC voting rule in the class X
is in the class Y if and only if it satisfies property Z.

continuity. These four conditions are mild standard axioms that
are satisfied by almost all ABC rules considered in the literature
and we henceforth summarize them by the term proper. In more
detail, we first show that every proper sequential valuation rule is
a step-dependent sequential scoring rule, i.e., its valuation function
only depends on the sizes of the ballot, the committee, and the
intersection of these two. As second step, we then characterize
step-dependent sequential scoring rules as the only proper and con-
sistently committee monotone ABC voting rules. Or, put differently,
when the winning committees should be computed sequentially
and the newly added candidates are chosen in a consistent way, we
naturally arrive at the class of step-dependent sequential scoring
rules, thus giving a strong argument for using these rules.

Based on our characterization of step-dependent sequential valu-
ation rules, we also infer characterizations of more restricted classes
of voting rules by requiring additional axioms. In particular, we
present such results for step-dependent sequential Thiele rules
(whose valuation function only depends on the size of the commit-
tee and the size of the intersection of the ballot and the committee)
and sequential Thiele rules (whose valuation function only depends
on the size of the intersection of the ballot and the committee).
Hence, we derive a hierarchy of characterizations based on our
first theorem and, in particular, provide a full characterization of
the prominent class of sequential Thiele rules. Finally, we leverage
these results to characterize three commonly studied ABC voting
rules, namely sequential approval voting, sequential proportional
approval voting, and sequential Chamberlin-Courant approval vot-
ing, by investigating how they treat clones. An overview of our
results can also be found in Figure 1.

Related Work. The study of committee monotone ABC voting
rules has a long tradition as already Thiele [22] suggested the class
of sequential Thiele rules. In particular, for a number of applications

such as choosing finalists for a competition or shortlisting candi-
dates for an interview, it is frequently reasoned that committee
monotonicity is a desirable property [2, 10, 13]. More generally,
Faliszewski et al. [11] view committee monotonicity as the fun-
damental property when choosing candidates only based on their
quality because in such settings, there is no reason why a candidate
that is elected for a committee of size k should not be elected for
a committee of size k + 1. Another important advantage of such
sequential ABC rules is that they are easy to compute, whereas
rules that directly optimize the score (e.g., Thiele rules) are usually
NP-hard to compute [21]. On the other hand, it is known that com-
mittee monotonicity conflicts with other desirable properties. For
instance, Barbera and Coelho [2] show that committee monotonic-
ity is incompatible with a variant of Condorcet-consistency when
voters report strict rankings over the candidates and it has been
repeatedly observed that committee monotone ABC rules are less
proportional than other ABC voting rules [10, 16, 20].

Even more work has focused on specific committee monotone
ABC voting rules [e.g., 1, 8, 9, 14]. For instance, Delemazure et al. [9]
show that all sequential Thiele rules but sequential approval voting
fail strategyproofness, and Brill et al. [8] investigate these rules
with respect to proportionality axioms. An interesting observation
in this context is that Phragmen’s sequential rule is committee
monotone and satisfies strong proportionality conditions [6, 19];
unfortunately, this rule fails our consistency criterion.

From a more technical standpoint our results are also related
to theorems for different settings as consistency led to a number
of important characterizations. In particular, based on this axiom,
Young [23] characterizes scoring rules for single winner elections,
Fishburn [12] characterizes approval voting for single winner elec-
tions with dichotomous preferences, Young and Levenglick [24]
characterize a method called Kemeny’s rule in a model where the
outcome is a ranking over the candidates, and Brandl et al. [3]
characterize a voting rule called maximal lotteries in a randomized
setting. More recently, Lackner and Skowron [15] characterized
ABC scoring rules based on a consistency condition for committees
instead of single candidates. Indeed, this result is closely related to
ours as it implies a characterization of Thiele rules, whereas our
results lead to a characterization of sequential Thiele rules. Also, the
result of Lackner and Skowron [15] is, to the best of our knowledge,
the only complete characterization in the realm of ABC voting.

2 THE MODEL

Let N = {1,2,3,...} denote an infinite set of voters and let C =
{a1,...,am} denote a fixed set of m candidates. We define ¥ (N) as
the set of finite and non-empty subsets of N. Intuitively, an element
N € F(N) represents a concrete electorate, whereas N is the set of
all possible voters. Given an electorate N € ¥ (N), we assume that
every voter i € N has dichotomous preferences over the candidates,
i.e., she partitions the candidates into approved and disapproved
ones. Thus, voters report approval ballots A; which are non-empty
subsets of C. Let A denote the set of all possible approval ballots.
An approval profile A for an electorate N is an element of AN,
i.e., a function with domain N that maps every voter i € N to
her approval ballot A;. We define A* = UneF) AN as the set
of all possible approval profiles. Given a profile A € A*, we let



N4 indicate the set of voters who report a ballot in the profile A
and we say that two profiles A, A” are disjoint if Ny N Ny = 0.
Moreover, for two disjoint profiles A and A’, we define A + A” as
the profile with Ng.4r = Ng U Ny/, (A+A’); = A; foralli € Ny,
(A+A); = A; foralli € Ny.

Given an approval profile, the goal is to choose a committee.
Formally, a committee is a subset of the candidates with a specific
size. We denote by Wy the set of all committees of size k and
by W = UL, Wk the set of all committees. For selecting the
winning committees for an approval profile A, we use approval-
based committee (ABC) voting rules. These rules are functions which
take an arbitrary approval profile A € A* and target committee
size k € {0,..., m} as input and return a non-empty subset of “W.
Intuitively, the chosen set contains the winning committees and
we allow for sets of committees as output to indicate that multiple
committees are tied for the win. Furthermore, note that ABC voting
rules are also defined for committees of size 0: f(A, 0) = {0} for all
profiles A since the empty set is the only committee of size 0. This
definition is only used for notational convenience.

In this paper, we will restrict our attention to proper ABC voting
rules which satisfy the following four conditions. Note that almost
all commonly studied ABC voting rules are proper voting rules as
the subsequent axioms are extremely mild.!

e Anonymity: An ABC voting rule f is anonymousif f(A k) =
f(x(A), k) for all A € A*, k € {0,...,m}, and bijections
7 : N — N. Here, A’ = 7(A) denotes the profile such that
Nar = n(Ny) andA;[(i) = Aj foralli € Ny.

e Neutrality: An ABC voting rule f is neutral if f(7(A), k) =
{r(W): W € f(Ak)} forall A € A* k € {0,...,m}, and
7:C — C. A’ = 7(A) denotes here the profile such that
Ngr = Nj and A] = 7(4;) for all i € Ny.

e Continuity: An ABC voting rule f is continuous if for all dis-
joint profiles A, A’ € A* and committee sizes k € {0,...,m}
such that |f(A, k)| = 1, there is an integer j € N such that
f(jA+ A’ k) = f(A k). Here, jA denotes a profile consist-
ing of j disjoint copies of A; the identities of the voters are
irrelevant for proper rules due to anonymity.

e Non-imposition: An ABC voting rule f is non-imposing if
for every committee W € ‘W, there is a profile A € A* such
that f(A, |W|) = {W}.

Anonymity and neutrality are common fairness conditions
which require that voters and candidates, respectively, are treated
equally. Continuity, also known as overwhelming majority axiom
[18], requires that a sufficiently large group can force the voting
rule to choose their desired committee. Finally, non-imposition
states that each committee has a chance to be uniquely chosen.

Aside of these standard conditions, we will use two new axioms
in our analysis: independence of losers and committee separability.
The idea of independence of losers is that a chosen committee
W € f(A k) should still be chosen if some voters change their
preferences by disapproving candidates ¢ ¢ W because, intuitively,
this does not affect the quality of W. Formally, we say an ABC

!Indeed, we are only aware of a single studied voting rule that fails to be proper: the
minimax rule, which chooses the committees that minimize the maximal Hamming-
distance to a ballot. This rule fails continuity as it completely ignores how many voters
report a specific ballot. We view this rule as unreasonable in light of our axioms.

voting rule f is independent of losers if W € f (A, |W]) implies that
W e f(A’,|W]) for all profiles A,A” € A*, committees W € W,
voters i € N4, and candidates ¢ € A; \ W such that A’ is derived
from A by assigning voter i the ballot A; \ {c}. Note that this axiom
is well-known in single winner voting and choice theory [e.g., 4, 5].

Our second non-standard axiom is committee separability. The
rough intuition of this axiom is that if there are two disjoint profiles
A and B such that no voters i € Ny, j € Np approve a common
candidate, we can decompose every chosen committee W into two
subcommittees which are chosen for A and B individually. For for-
mally defining this axiom, let C4 = {J;en, Ai denote the candidates
that are approved by some voter in the profile A. Then, an ABC
voting rule f is committee separable if W € f(A + B, |W|) implies
that WNCy € f(A W NCyl) and W N Cp € f(B,|W N Cgl) for
all disjoint profiles A, B with Cg = C \ C4 and committees W € W.
Note that committee separability and independence of losers are
rather mild as they are satisfied by many commonly studied rules.

2.1 Consistent Committee Monotonicity

The key axiom for our results is consistent committee monotonicity,
which is a strengthening of the well-known axiom of committee
monotonicity. The idea of the latter property is that the winning
committees of size k are derived by adding candidates to those of
size k — 1. While this is straightforward to define for ABC voting
rules that always choose a single winning committee, it becomes
less clear how to define committee monotonicity when allowing
for multiple tied winning committees. We use the definition of
Elkind et al. [10] in this paper, which requires that every winning
committee of size k is derived from a winning committee of size
k — 1 and every winning committee of size k — 1 is extended to a
winning committee of size k.

Definition 1. An ABC voting rule f is committee monotone if for
every profile A € A* and k € {1,..., m}, it holds that:

(1) W e f(A, k) implies that thereis W’ € f(A k—1) with W’ C W.
(2) We f(A k - 1) implies that there W’ € f(A k) with W € W’.

Committee monotone ABC voting rules are closely connected to
generator functions g, which take a profile A and a committee W # C
as input and output a possibly empty subset g(A, W) of C \ W. In
particular, generator functions induce committee monotone ABC
voting rules in a natural way: a generator function g generates an
ABC voting rule f if W € f(Ak — 1) implies g(A, W) # 0 and
fAk) ={WuU{x}: We f(Ak—-1),x € g(AW)} forallk €
{1,...,m} and A € A*. Since f(A, 0) = {0}, this recursion is well-
defined. Note that a generator function generates at most one ABC
voting rule, but an ABC voting rule can be generated by multiple
generator functions. As we show next, committee monotonicity is
in fact equivalent to the existence of a generator function.

Proposition 1. An ABC voting rule f is committee monotone if and
only if it is generated by a generator function g.

Proor. Consider an arbitrary ABC voting rule f and first as-
sume that f is generated by a generator function g, i.e., f(A k) =
{WU{x}: W e f(Ak-1),x € g(A, W)} for all profiles A and
committee sizes k. Now, fix a profile A € A* and a committee
sizek € {1,...,m}.If W € f(A, k), then thereis W’ € f(A, k- 1)



and x € g(A, W) such that W = W’ U {x} because g generates f.
Conversely, if W € f(A k — 1), then g(A, W’) cannot be empty
and there is a candidate x € C \ W’ such that W U {x} € f(A k).
This shows that f is committee monotone.

Next, suppose that f is committee monotone. We define the
generator function of g as follows: if W ¢ f(A, [W|), theng(A, W) =
0. On the other hand, if W € f(A,|W]|) and W # C, there is a
committee W’ € f(A, |W|+1) with W C W’ due to the committee
monotonicity of f. We thus define g(A, W) = {x € C\W: WU{x} €
fA W[+ 1)} if W € f(A |[W]). Now, let f; denote the ABC voting
rule defined by f;(A,0) = {0} and fy(A,k) = (WU {x}: W €
fg(Ak —1),x € g(A, W)} for all k > 0. We prove inductively that
fg(A, k) = f(Ak) for all profiles A and k € {0,...,m}, which
implies that f; is well-defined and that g generates f. The induction
basis k = 0 is true since f;(A,0) = {0} = f(A,0) for all profiles
A. Hence, consider a fixed k € {0,...,m — 1} and A € A* and
suppose that f3(A, k) = f(A, k). First, let W € f(A,k +1). Due to
committee monotonicity, there is W € Wy and x € W \ W’ such
that W’ € f(A k) = fy(A k) and W’ U {x} = W. This implies that
x € g(A,W’) and hence W € f;(A, k + 1). For the other direction,
let W e fg(A, k+1), which means that there are W and x such that
W =W U{x}, W € f3(Ak) = f(Ak),and x € g(A,W’). The
definition of g now shows that W € f(A, k+1). Hence, f(A k+1) =
fg(A, k + 1) and we infer inductively that g generates f. O

Since a generator function completely describes the ABC voting
rule induced by it, we can expect that a well-behaved generator
function yields an attractive committee monotone ABC voting rule.
Consequently, we now introduce axioms for generator functions.
Our main condition on these functions is consistency, which is con-
cerned with the behavior of the generator function when combining
two disjoint profiles. In more detail, suppose that the choice of the
generator g intersects for two disjoint profiles A and A” and a com-
mittee W. Intuitively, the best candidates in the combined profile
A + A’ should be exactly those in the intersection as they are win-
ning for the individual electorates. Hence, consistency requires for
such situations that, if g(A+A’, W) # 0, it contains precisely the el-
ements in the intersection of g(A, W) and g(A’, W). Note that such
consistency axioms have already led to several prominent results
[e.g., 3, 12, 15, 23]. Subsequently, we formally define consistency
and introduce the notion of consistent committee monotonicity.
The latter axiom strengthens committee monotonicity by requiring
that the voting rule is generated by a consistent generator function.

Definition 2. A generator function g is consistent if g(A, W) N
g(A", W) # 0 and g(A + A", W) # 0 imply that g(A + A", W) =
g(A, W) N g(A’, W) for all disjoint profiles A, A" € A* and commit-
tees W € W\ {C}. An ABC voting rule f is consistently committee
monotone if it is generated by a consistent generator function.

Furthermore, analogous to ABC voting rules, we call a generator
function g proper if it is

e anonymous: g(A,W) = g(x(A),W) forall A € A", W €
WN\{C},7:N—>N,

o neutral: g(t(A),7(W)) = t(g(A,W)) forall A € A*, W €
WN\{C},r:C —>C,

e continuous: for all AL A" € A* and W € W \ {C} with
|g(A,W)| = 1 and g(A’, W) # 0, there is j € N such that
g(jJA+ A, W) = g(A, W), and

o non-imposing: for every W € ‘W \ {C} and x € C \ W, there
is A € A* such that g(A, W) = {x}.

Just as for ABC voting rules, all these conditions are very mild.
Finally, we say that a generator function g is complete if g(A, W) # 0
for all profiles A € A* and committees W € W.

2.2 Sequential Valuation Rules

The main goal of this paper is to characterize the class of sequential
valuation rules. These rules rely on valuation functions v, which
are a mappings of the type v : A X W — R, to compute the
outcome. Less formally, a valuation function specifies for every
ballot A; and committee W the number of points that a voter with
ballot A; assigns to the committee W. The score of a committee
W in a profile A is defined as sy(A, W) = };en, 0(A;, W). Now,
a sequential valuation function f works as follows: f(A,0) = {0}
and for k > 1, f(Ak) = {WU{x}: W € f(Ak—-1) AVy €
C\W:sp(AWU{x}) = so(AWU{y})}, ie, f extends in each
step the currently chosen committees with the candidates that
increase the score by the most.?

Note that our definition of sequential valuation functions is so
general that it includes even non-proper ABC voting rules. For in-
stance, if v is constant, the corresponding sequential valuation rule
always chooses all committees of the given size and thus fails non-
imposition. Nevertheless, we will focus only on proper sequential
valuation rules and, in particular, on the following three subclasses.

o Sequential Thiele rules rely on a Thiele counting function
to compute the outcome. A Thiele counting function is a
mapping h(x) : {0,...,m} — R which is non-negative, non-
decreasing, and satisfies h(1) > h(0). Then, the valuation
function of a sequential Thiele ruleis v(A;, W) = h(|A;NWj]).
In other words, every voter values a committee only based
on how many of its members she approves.

o Step-dependent sequential Thiele rules use a step-dependent
Thiele counting function as valuation function. A step-
dependent Thiele counting function is a mapping h(x,y) :
{0,...,m} x{1,...,m} — R which is non-negative, non-
decreasing in x, and satisfies for each y € {1,...,m — 1}
that there is x € {1,...,y} with A(x,y) > h(x — 1,y). The
valuation function of a step-dependent sequential Thiele rule
is then v(A;, W) = h(|A; N W], |W|). Intuitively, these rules
can use in every step a different Thiele counting function.

o Step-dependent sequential scoring rules compute the win-
ner based on a step-dependent counting function. A step-
dependent counting function is a mapping h(x,y, z)
{0,...,m} x {1,...,m} x {1,...,m} — R such that for
every y € {l,...,m — 1}, there is x € {1,...,y} and
ze{x,....,m—1—(y—x)} with h(x,y,2z) # h(x — Ly, 2).
Then, the valuation function of a step-dependent sequential
scoring rule is v(A;, W) = h(|A; N W|, W], |A;]).

20f course, it is also possible to choose the committees that maximize the score for a
given valuation function. These rules, however, fail committee consistency and it is
not clear why they should be more desirable than their sequential variants.



The class of sequential Thiele rules contains many prominent
ABC voting rules, such as sequential approval voting® (seqAV) de-
fined by h(x) = x, sequential proportional approval voting (seqPAV)
defined by h(0) = 0 and h(x) = X7, % for x > 0, and sequential
Chamberlin-Courant approval voting (seqCCAV) defined by h(0) = 0
and h(x) = 1 for x > 0. An example of a step-dependent sequential
Thiele rule can be constructed by switching between segAV and
seqCCAV in the different steps. Finally, sequential satisfaction ap-
proval voting (seqSAV), defined by h(x,y,z) = %, is an example of
a step-dependent sequential scoring rule.

It is easy to see that every sequential valuation function f is con-
sistently committee monotone as it can be verified that its generator
function g(A W) ={x e C\W:Vy e C\ W: s,(AWU{x}) >
so(A, WU {y}} is consistent (here, v denotes the valuation function
of f). Furthermore, all step-dependent sequential scoring rules are
proper ABC voting rules. In particular, the technical condition on h
is necessary to ensure that step-dependent sequential scoring rules
are non-imposing. Finally, note that every sequential Thiele rule
is a step-dependent sequential Thiele rule, which are in turn step-
dependent sequential scoring rules. Consequently, all three classes
of sequential valuation rules only contain proper ABC voting rules.
We can even make the relation between these different types of
rules precise as shown in the next proposition.

Proposition 2. The following equivalences hold:

(1) A sequential valuation rule is a step-dependent sequential scoring
rule if and only if it is proper.

(2) A step-dependent sequential scoring rule is a step-dependent se-
quential Thiele rule if and only if it is independent of losers.

(3) A step-dependent sequential Thiele rule is a sequential Thiele rule
if and only if it is committee separable.

Proor SKETCH. The "only if" part of the claims is always easy to
prove as it is, e.g., straightforward to see that every step-dependent
sequential scoring rule is a proper sequential valuation rule. Hence,
we focus on the "if" part. The key insight for (1) is that the valu-
ation function v of a proper sequential valuation rule is neutral,
ie, v(A;, W) = o(r(4;), 7(W)) for all ballots A;, committees W,
and permutations 7 : C — C. Since |A;| = |t(A})], |[W]| = [t(W)],
and |A; N W| = |t(A; N W), for all ballots A;, committees W,
and permutations 7, the corresponding sequential valuation rule
is a step-dependent sequential scoring rule. For (2), the "if" part
intuitively holds because independence of losers excludes the pos-
sibility that the step-dependent Thiele counting function h de-
pends on the size of the ballot. Indeed, we show based on this
axiom that h(|A; N W[, |W|, |A;]) — h(JA; N W| — 1, |W|,]A4;]) =
h(JAin W[, W], |Ai nW]) —h(JAinW| - 1,|W|,|A; N W]) for all A;
and W. Based on this insight, we then construct a step-dependent
Thiele counting function that induces f, which proves (2). Finally,
the "if" part of (3) follows since committee separability relates the
different steps of the rule. In more detail, we can construct two
disjoint profiles A, B such that f(A+B, |C4|) = {C4} and then, com-
mittee separability shows that all following steps must be equal to

3Sequential approval voting is often called approval voting since the sequential and
the optimizing variant coincide. For consistency in our names, we prefer to call this
rule sequential approval voting.

the choice of B. Formalizing this argument rules out that h depends
on |W| and we thus end up with a sequential Thiele rule. O

3 CHARACTERIZATIONS OF SEQUENTIAL
VALUATION RULES

We are now ready to discuss our main result, a characterization of
step-dependent sequential scoring rules: an ABC voting rule is a
step-dependent sequential scoring rule if and only if it is proper and
consistently committee monotone. Combined with Proposition 2,
we infer as corollary also characterizations of step-dependent se-
quential Thiele rules and sequential Thiele rules. Moreover, this
proposition also emphasizes the generality of our result since char-
acterizing step-dependent sequential scoring rules is equivalent to
characterizing all proper sequential valuation rules. Due to space
constraints, we defer the proofs of all auxiliary propositions to the
appendix and discuss proof sketches instead.

While it is quite easy to show that every step-dependent sequen-
tial scoring rule is proper and consistently committee monotone, the
converse claim is much more involved. Our main idea for proving
this direction is to investigate the generator function of consistently
committee monotone and proper ABC voting rules. Hence, we first
verify the conjecture that attractive committee monotone ABC
voting rules are generated by well-behaved generator functions.

Proposition 3. An ABC voting rule is proper and consistently com-
mittee monotone if and only it is generated by a proper, consistent,
and complete generator function.

Proor SKETcH. If f is generated by a proper, consistent, and
complete generator function, it is fairly straightforward that it is
consistently committee monotone and proper. We thus focus on the
inverse direction and suppose that f is a proper and consistently
committee monotone ABC voting rule. The key insight for this
direction is that non-imposition and continuity can be generalized
to sequences of committees Wy, ..., Wy with |Wy| = k and Wp._; C
Wy forall k € {1,..., ¢} (we assume subsequently that Wy = 0):

(1) If £ < m, there is a profile A such that f(A, k) = {W,} for all
ke{1,....¢ and f(A¢+1) ={W, U{x}: x € C\ Wr}.

(2) For any two profiles A, A” such that f(A k) = {W,} forallk €
{1,..., £}, there is an integer j such that f (A + A’, k) = {W,}
forallk € {1,...,¢}.

For instance, we prove (1) by an induction on the length of
the sequence: by non-imposition, there is for every committee
Wes1 € Wiy a profile Al such that f(Al, t+1) = {Wg1}. Com-
mittee monotonicity implies therefore that there is a sequence of
committees Wi, ..., Wp such that Wy € f(AL k) and Wi,q \ Wi C
g(A, W) for all k € {1,...,¢}, where g is a consistent genera-
tor function of f. By the induction hypothesis, there is a pro-
file A% such that f(A% k) = {W;} forall k € {1,...,¢} and
F(A%£+1) = {W; U {x}: x € C\ W;}. We can now use the consis-
tency of g to infer that f(Al+A2, k) = {W;} forallk € {1,...,£+1}.
Finally, using anonymity, neutrality, and consistent committee
monotonicity, we can further modify the profile to ensure that
We41 is extended by all remaining candidates.

Now, we will extend the consistent generator function g of f
to make it complete. Consider for this a sequence of committees
Wi,...,Wp with [Wy| = kand Wp_; € Wy forall k € {1,...,¢}.



Due to (1), there is a profile A™¢ with f(AWr, k) = {W,} for all
ke{1,...,¢}and f(A™r, £+1) = {WpU{x}: x € C\W;}. We define
the function §(A, Wy) = g(A + jAWe W,), where j is the smallest
integer such that f(A + jAYe k) = {W;} forall k € {1,...,¢};
such an integer exists because of (2). First, note that § generates
f since G(A, W) = g(A, W) for all profiles A and committees W
with W € f(A, |[W|). We infer this fact from consistent committee
monotonicity as gGAY, W) = C\ W, g(A, W) # 0, and g(A +
JAY, W) # 0. Finally, § needs to satisfy anonymity, neutrality, non-
imposition, and continuity as it generates f and otherwise, f would
fail these properties, too. o

As second step, we characterize the class of proper, consistent,
and complete generator functions. In particular, we show that for
every committee W # C, g(A, W) can be described by a weighted
variant of single winner approval voting. For making this formal, let
o(x,y) : {0,...,m} x {1,...,m} — R be a weight function. Then,
v-weighted approval voting is defined as the generator function
AVy(ALW) = {c € C\W:V¥d € C\W: Yicn,: ces, 0(IW N
Al 1Ail) = Xieny: dea, v(IW N A, |Ai])}

Proposition 4. Let g denote a proper, consistent, and complete gener-
ator function. For every committee W # C, there is a weight function
oW such that g(A, W) = AV jw (A, W) for all profiles A € A*.

PRrROOF SKETCH. Let g denote a proper, consistent, and complete
generator function and fix a committee W # C. We show the propo-
sition by applying a separating hyperplane argument analogous to
how Young [23] derives his characterization of scoring rules.

For doing so, we need to transform the domain of g(-, W)
from preference profiles to a numerical space and we show as
first step that g(-, W) can be computed only based on the values
n(c, AW,k,£) = |{i € N: c € A; AN|Ai N W| =k A |A;| =t} for
ceC\W,ke{o,....,[W|},and ¢ e {k+1,....m—1— |W|+k}.
For proving this claim, we start with much more restricted profiles
and show that if A; "W = Aj N W and |A;| = |Aj| forall i, j € Ny
and all candidates x € C \ W are approved by the same number of
voters, then g(A, W) = C \ W. Once this restricted claim is proven,
we can use our axioms to weaken the restrictions; e.g., consistency,
neutrality, and anonymity allow us to show that g(A, W) =C \ W
if [Ain W] =|Aj N W] and |A;| = |Aj| for all i, j € N4 and all can-
didates x € C \ W have the same approval score. Finally, this means
that if there are constants cy , such that n(x, A, W, k, £) = ¢, for
all candidates ¢ € C \ W and indices k and ¢, then g(A, W) = C\ W
as we can decompose A with respect to k and ¢ into profiles Akt
in which every voter approves k candidates of W and ¢ candidates
in total. Together with consistency, we infer from this observa-
tions that g(-, W) can indeed be computed based on on the matrix
N (A, W) that contains all the values n(c, A, W, k, ).

As next step, we use standard constructions to extend the domain
of g further from integer matrices N (A, W) to rational matrices. In
particular, to extend g to negative numbers, we rely on the matrix Q;
that corresponds to the profile in which each ballot is reported once.
For this profile, anonymity and neutrality ensure that g(Q,, W) =
C \ W and we can thus extend g to negative numbers by defining
9(Q1, W) = g(Q1 + jQ2, W), where j € N is a scalar such that
Q1 + jQ2 contains only positive integers. Similar, we can extend
g to rational matrices by defining g(Q1, W) = g(jQ1, W), where j

is the smallest integer such that jQ; only contains integers. Note
that for both constructions, consistency ensures that g remains
well-defined (see also [23] who uses equivalent constructions).
Finally, note that the extension of g(-, W) to matrices of rational
numbers preserves all desirable properties of g. Hence, we can
now partition the feasible input matrices Q into sets R = {Q: c €
g(Q, W)} for ¢ € C \ W. It is not difficult to see that these sets
are convex (with respect to Q) and symmetric since g is consistent,
anonymous, and neutral. Moreover, the interior of R, and Ry is
disjoint for distinct candidates ¢,d € C\ W and we can thus derive a
separating hyperplane between these sets. From the normal vectors

of these hyperplanes, we finally derive the weight functiono". O

Based on Proposition 4, we finally prove our main result.

Theorem 1. An ABC voting rule is a step-dependent sequential
scoring if and only if it is proper and consistently committee monotone.

Proor. We show in Proposition 2 that every step-dependent se-
quential scoring rule f is proper. For proving that f is consistently
committee monotone, let h denote its step-dependent counting func-
tion. Moreover, let WX = WU{x} for every committee W and candi-
date x € C\ W. By definition, f(A,0) = @ and f(A k) ={W°: W €
f(Ak—=1),c € C\W:Vd € C\W: s,(4 WE) > s,(A, W)}. Thus,
gAW) ={c e C\W:Vd € C\ W: s5(A W) > s,(A W)} is
obviously complete and generates f. Moreover, g is consistent since
the scores are additive, i.e., sp(A+ A", W) = s (A, W) + s, (A", WE)
for all profiles A, A’ and committees W. Hence, if s, (A4, W°) >
sp(A, WD) and s, (A, W) > s(A", W9), then s, (A + A, WE) >
sp(A+ A", W9). Moreover, if one of the inequalities is strict for A
or A, soitisfor A+ A’. Thus, g(A+ A", W) = g(A, W) N g(A’, W)
if g(A, W) ng(A’, W) # 0 for all profiles A, A’, and committees W,
which proves that g is consistent.

For the other direction, consider a proper and consistently com-
mittee monotone ABC voting rule f. By Proposition 3, f is gen-
erated by a proper, consistent, and complete generator function g.
Furthermore, by Proposition 4, there is for every committee W # C
a weight function " such that g(A, W) = AV w (A, W) for all
A € A*. Now, consider two committees W and W’ with [W| =
[W’| < m and let " and v"’ denote the corresponding weight
functions. We first show that AV w (A", W’) = AV wr (A", W)
for every profile A’. For this, let ¢’ € AV w(A’,W’), which
is the case if and only if ZieNA,:c'eA; V(W N All1AYD) =
SieNy: dea, oW (IW’ Al |A]]) foralld’ € C\ W’ Next, let 7 :
C — C denote a permutation such that 7(W) = W/, and let A € A*
and ¢ € C such that 7(A) = A” and 7(c) = ¢’. Because of g(A, W) =
AV, w (A W), g(A,W') = AV w (A’, W’), and the neutrality of g,
it holds that ¢’ € AV w' (A’,W’) if and only if ¢ € AV w (A, W).
By the definition of AV w, the last claim is true if and only if
SieNy: cea; 0V (IWNAILIAID = Zien,: dea, 0" (IWNA;l |A;])
for all d € C \ W. Finally, observe that x € A; if and only if
t(x) € A}, |Aj| = |A]], and |[W N A;| = [W' n A]| for all can-
didates x € C \ W and voters i € N4. Hence, we conclude
that Yien,: cea, 0 (IW N AiLIAID = Yien,: dea, @ (IW 0
Ail,|Ai]) if and only if Fjen,:cea oV (W N AJLIA]D >
2ieNy: (d)eA’ UW(IW’OAH, |A}]) for alld € C\W. Therefore, we

derive that ¢’ obtains the maximal score in A’ with respect to oW



if and only if the same holds with respect to ™. This proves that
AV w (A, W’) = AV w (A’, W’) for all profiles A” and committees
W, W’ with |W| = |[W’| < m.

Next, let Wy, ..., Wy,—1 denote committees such that |W;| = i
and let o' = o"i. We define the function v(x,y,2) : {0,...,m} X
{0,....,m — 1} x {1,...,m} — R by ov(x,y,z) = 0vY(x,2). By
our previous reasoning, it holds that g(A, W) = AV jw (A, W) =
{c€CA\W:Vd € C\W: Sien,. cea, ollAi N WL WL |AD) >
2ieNy: dea; 0([Ai N W], [W],[A;])}. Our next goal is to derive
a valuation function from v. For doing so, define the function
h(x,y,z) : {0,...,m} x {1,...,m} x {1,...,m} — R as fol-
lows: h(0,y,z) = 0 for all y,z € {1,...,m} and h(x,y,z) =
h(x - 1,y,z) +v(x — Ly — 1,2z) for all x,y,z € {1,...,m}. We
claim that f is the sequential valuation rule induced by the val-
uation function w(A;, W) = h(JA; N W|,|W|,|A;j|). For this, let
Jw(A, W) ={ce C\W:V¥d e C\W: Y;cn, w(A;, WU {c}) 2
YieN, W(A;, WU {d})}. We will show that g,,(A, W) = g(A, W)
for all profiles A € A* and committees W # C. Note for this that
for all profiles A, committees W, and candidates ¢ € C \ W, the
following equation holds:

Z R(IWE N Al IWE 1A — h(IW N0 Az, W€, |As])
i€Ny
= Z R(IW N A + 1, [WE|, |A;]) = R(JW N Al W, |Ail)

ieNj: ceA;

+ Z h(IW N Al [WE A = h(IW N0 Ayl W€, |Ai])
ieN4: cEA;

= > o(WnAlLIW A,
ieNj:ceA;

Now, define C(A, W) = ¥;en, h(IW N Ajl, W[+ 1, |A;]). Then,
the above equation shows that s.,(A, W¢) > s.,(A, wd) if and
only if s,,(A, W€) — C(AW) > s,(A,W9) — C(A, W) if and
only if Sien;,. cea, oW N Ail, WL IAi]) 2 Sien, . aea, o(IW 0
Ail, |W|, |Ai]). Hence, g (A, W) = g(A, W) for all profiles A and
committees W. This proves that f is indeed a sequential valuation
rule as g generates f. Finally, since f is proper, Proposition 2 shows
that it is a step-dependent sequential valuation rule. O

Due to Proposition 2, Theorem 1 entails also characterizations of
step-dependent sequential Thiele rules and sequential Thiele rules.

Corollary 1. The following statements hold:

(1) An ABC voting rule is a step-dependent sequential Thiele rule if
and only if it is consistently committee monotone, independent of
losers, and proper.

(2) An ABC voting rule is a sequential Thiele rule if and only if it is
consistently committee monotone, independent of losers, commit-
tee separable, and proper.

Remark 1. All axioms are required for Theorem 1 as there are
ABC voting rules other than step-dependent sequential scoring
rules that satisfy all but one condition. If we omit anonymity, we
can use segAV but count the vote of voter 1 twice. When omitting
neutrality, we can use segAV but count the votes for candidate a
twice. When omitting non-imposition, the rule that always returns
all committees of the given size satisfies all remaining conditions.
The rule that refines the generator of seqAV by breaking ties based

on the Chamberlin-Courant score only fails continuity. Finally,
when omitting consistent committee monotonicity, Thiele rules
satisfy all remaining conditions. We can also not weaken consistent
committee monotonicity to committee monotonicity as reverse
sequential Thiele rules then satisfy all given conditions.

Remark 2. Our hierarchy of sequential valuation rules misses the
class of sequential scoring rules, which are defined by a valuation
function of the form v(A;, W) = h(|A; N W|,|A;|). Clearly, these
rules form a subclass of step-dependent sequential scoring rules.
However, committee separability does not characterize sequential
scoring rules within the class of step-dependent sequential scoring
rules and we thus omit them.

Remark 3. A natural follow-up question to Theorem 1 is whether
sequential valuation rules can be characterized by consistent com-
mittee monotonicity, anonymity, and continuity since they satisfy
these three axioms. Unfortunately, this is not the case as we can
still treat candidates differently (see Remark 1). On the other hand,
it might be possible to characterize the rules that satisfy anonymity,
neutrality, continuity, and consistent committee monotonicity.

4 CHARACTERIZATIONS OF SPECIFIC ABC
VOTING RULES

Finally, we leverage our results to derive characterizations of spe-
cific voting rules. First, note here that our characterizations can
be combined with known results that single out rules within the
class of, e.g., Sequential Thiele rules, to derive full characterizations.
However, many results in the literature require technical auxiliary
conditions and we thus prefer to present our own characterizations
for seqCCAV, seqAV, and seqPAV. We state our results restricted to
the class of sequential Thiele rules; Corollary 1 turns them into
characterizations for general ABC voting rules by adding the nec-
essary axioms. Moreover, we focus on the case m > 3, since for
m = 2 every sequential Thiele rule coincides with segAV.

The main idea for our characterizations is to study how ABC
voting rules treat clones. To this end, we say that two candidates c, d
are clones in a profile A if ¢ € A; if and only if d € A; for all voters
i € Ny. Depending on the goal of the election, clones should be
treated differently. For instance, if our goal is to choose a committee
that is as diverse as possible, there is no point in choosing both
clones. We formalize this condition as follows: an ABC voting rule f
is clone-rejecting if f(A, |W|) = {W} implies that {c,d} ¢ W for all
profiles A with clones ¢, d and committees W # C. The requirement
that a single committee is chosen is necessary since, for instance,
in the profile where all voters approve all candidates, we need to
choose clones but we will also choose multiple committees. As our
next result shows, this axiom characterizes seqCCAV.

Theorem 2. seqCCAV is the only sequential Thiele rule that satisfies
clone-rejection if m > 3.

PRroOF. Since seqCCAV clearly satisfies clone-rejection, we focus
on the inverse direction. Hence, consider a sequential Thiele rule f
other than seqCCAV and let h denote its Thiele counting function.
Since sequential Thiele functions are invariant under scaling and
shifting h, we can suppose that A(0) = 0 and k(1) = 1. Moreover,
because f is not seqCCAV, there is an integer x € {2,...,m — 1}



such that h(x) > 1 and h(x’) = 1 forall x’ € {1,...,x — 1}. Now,
let A = h(x) — 1 and ¢ € N such that f£A > 1. We consider the
following profile A to show that f fails clone-rejection: there are
¢ voters who approve the candidates c, ..., cx, x voters who ap-
prove cj and ¢y, and for each i € {3,...,x + 1} there are x +2 — i
voters who approve only ¢;. Now, due to the minimality of x, f
agrees in the first x — 1 rounds with seqCCAV and we thus have
that f(A,x — 1) = {{c1,¢3,...,¢cx}, {c2,¢3,...,cx}}. On the other
hand, it holds that s, (A, {c1,...,¢cx}) > sp(A {c1,¢3,...,cx}) +
tA > sp(A{c1,c3,...,cx}) + 1 and sp(A {c1,¢3,...,cx, Cx41)) =
sp(A{ca,e3, .. sexsex41)) = sp(A{c1,c3,...,¢x}) + 1. Thus,
f(Ax) = {{c1,...,cx}}. However, this committee contains the
clones ¢; and cp, which proves that f fails clone-rejection. O

The polar opposite to diverse committees are quality-based ones,
where the goal is to find the k best candidates regardless of how
well they represent the voters. In such a setting, clones should be
treated as equal as possible and we thus say that an ABC voting
rule f is clone-accepting if for all profiles A with clones c,d and
committees W C C \ {c,d}, it holds that WU {c} € f(A, |[W U {c}|)
implies that W U {c,d} € f(A, |W U {c,d}|). Or, in words, the only
reason that a winning committee does not contain both clones is if
this conflicts with the committee size. Perhaps surprisingly, clone-
acceptance does not characterize segAV. For instance, the sequential
Thiele rule defined by A(0) = 0, A(1) = 1, and h(x) = 2x + 1 for
x > 2 satisfies this axiom, too. However, this rule prefers to choose
candidates that are approved by voters who already approve a
chosen candidate. This behavior can be interpreted as trust in a
voter’s recommendation and can be reasonable for quality-based
elections. Nevertheless, to single out seqAV, we use a mild condition
prohibiting this behavior: an ABC voting rule f is distrusting if for
all profiles A, committees W # C with f(A, |W]|) = {W}, and
candidates b, c, it holds that b € W implies ¢ € W if more voters in
A report the ballot {c} than there are voters who approve b. Based
on these two axioms, we derive the following theorem.

Theorem 3. seqAV is the only sequential Thiele rule that is clone-
accepting and distrusting if m > 3.

Proor SKETCH. We focus on the direction from right to left and
thus consider a sequential Thiele rule f other than seqAV. Moreover,
let h denote the corresponding Thiele counting function and sup-
pose again that h(0) = 0 and h(1) = 1. Since f is not segAV, there
is a integer x € {2,...,m — 1} such that h(x) # x but h(x") = x’
for x’ € {1,...,x — 1}. Now, let A = |h(x) — x| and £ € N such
that ¢A > 1. If h(x) > x, f fails distrust in the following profile A,
where W is a committee of sizex —1 < m—2andc,d € C\ W:
¢ voters approve W U {c}, £ + 1 voters approve d, and two voters
approve W. Indeed, it can be checked that f(A,x) = {W U {c}}
but distrust requires that d is not chosen after c¢. On the other
hand, if h(x) < x, f fails clone-acceptance in the following pro-
file A, where W is a committee W with [W| = x -2 < m -3
and b,c,d € C\ W: ¢ voters report W U {c,d} and ¢ — 1 vot-
ers report b. Indeed, f(A,x — 1) = {W U {c}, W U {d}} but
f(Ax) = {WU{bc}, WU {b,d}}. Thus, seqAV is the only dis-
trusting and clone-accepting sequential Thiele rule. O

Finally, a large stream of research on ABC voting rules tries to
find proportional committees, i.e., the chosen committee should pro-
portionally reflect the voters’ preferences. For defining this concept,
we rely on heavily restricted profiles A in which n; voters report
the same ballot A; and ny voters approve a single candidate ¢ ¢ A;.
In such a profile, each clone d € A; that is in the elected committee
W represents on average W voters, whereas the candidate
c represents ny voters. Following the idea of proportionality, we
should choose a subset of A; for a committee size k if % > ny as
every candidate d € A; represents on average more voters than
c. Conversely, if % < ny, the chosen committee should contain c.
Thus, we say an ABC voting rule is clone-proportional if for all such
profiles A, committee sizes k < |A1|, and committees W € f(A, k),
it holds that ¢ ¢ W if % > ngandc € W if % < ny. Note that
clone-proportionality is closely related to D’Hondt proportionality
[7, 15]. Next, we show that this axiom characterizes seqPAV.

Theorem 4. seqPAV is the only sequential Thiele rule that satisfies
clone-proportionality if m > 3.

ProoF SKETCH. We only show that no other sequential Thiele
rule f but seqPAV satisfies clone-proportionality. For this, let h
denote the Thiele counting function of f and normalize h such that
h(0) = 0 and h(1) = 1. Since f is not segPAV, there is a minimal
integer x € {2,...,m—1} such that h(x) # X7, % As in the proofs
of Theorems 2 and 3, we can now construct a profile in which
f fails clone-proportionality. For instance, if h(x) > X7, %, let
A=h(x)-2%, % and ¢ € N such that £x - A > 1 and consider the
following profile A: £x voters report {cy, ..., cx} and £ + 1 voters
approve a single candidate ¢ ¢ {c1, ..., cx}. It can be checked that
f(Ax) = {{c1,...,cx}} but clone-proportionality requires that
ceWforWe f(Ax)ast+1> %‘. A similar counter example
can be constructed if h(x) < X7, % and thus, segPAV is the only
sequential Thiele rule that satisfies this axiom. O
Remark 4. Notably, clone-acceptance characterizes seqAV within
the class of sequential Thiele rules with non-increasing partial sums
h(j) — h(j — 1). In the literature, the definition of sequential Thiele
rules often includes this condition. Similarly, if we allow Thiele
counting functions to be decreasing in x, seqCCAV is not the only

sequential Thiele rule that satisfies clone-rejection.

5 CONCLUSION

In this paper, we provide axiomatic characterizations for the new
class of sequential valuation rules. These rules are based on valua-
tion functions, which assign each pair of ballot and committee a
score and compute the winning committees greedily by extending
the current winning committees with the candidates that increase
the score by the most. Clearly, sequential valuation rules general-
ize the prominent class of sequential Thiele rules whose valuation
function only depends on the size of the intersection between the
given ballot and committee. Our main result characterizes the class
of proper (=anonymous, neutral, continuous, and non-imposing)
sequential valuation rules based on a new axiom called consistent
committee monotonicity. This axiom combines the well-known
notions of committee monotonicity and consistency by requiring
that the winning committees of size k are derived from those of size



k — 1 by only adding new candidates, and that these newly added
candidates are chosen in a consistent way across the profiles. By
adding additional conditions, we also derive characterizations of
important subclasses such as sequential Thiele rules and of promi-
nent ABC voting rules such as sequential proportional approval
voting. For a full overview of our results, we refer to Figure 1.
Our theorems address one of the major open problems in the
field of ABC voting: while there is an enormous number of different
voting rules, there are almost no characterizations. Such characteri-
zations are crucial for reasoning about which rule to use because
without a characterization, there is always the possibility that a
more attractive rule exists. Moreover, many ideas of our results
seem rather universal and it might be possible to re-use them to
characterize other rules such as Phragmen’s rule or Thiele rules.
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A APPENDIX: PROOFS

In this appendix, we discuss the proofs omitted in the main body.
Note that we use some additional notation which has already been
used in some of the proofs in the main body. In particular, we define
a sequence of committees W, ..., Wy as a set of committees such
that |W| = k and Wi._; € Wy (where Wy = 0) forallk € {1,...,m}.
Moreover, given a committee W and a candidate x € C \ W, we
let W€ = W U {c}. Finally, we want to mention that we place the
proofs of more involved statements in own subsections, and that
we do not order these subsections according to the appearance of
the corresponding result in the main body.

A.1 Proof of Proposition 3

As first result, we prove Proposition 3: a proper ABC voting rule is
consistently committee monotone if and only if there is a proper,
consistent, and complete generator function that generates f. For
proving this proposition, we show a number of auxiliary claims,
which will also be helpful for proving other results. We start by
proving that the consistency of the generator function implies a
mild variant of consistency for the generated ABC voting rule itself.

Lemma 1. Let f denote a consistently committee monotone ABC
voting rule and let g denote a consistent generator function of f. For
all profiles A, A’ € A* and sequences of committees W1, ..., Wy such
that f(A,k) = {Wi} € f(A"k), and Wi \ Wi—y € g(A”, Wje_y)
forall k € {1,...,t}, it holds that f(A + A’,k) = {W;} for all
ke{1,...,t}.

Proor. Let f,g,A, A’,and Wy, ..., W, be defined as in the lemma.
The lemma follows by repeatedly using the consistency of g, which
results formally in an induction. The induction basis k = 0 is by
definition true since f(A + A’,0) = f(A,0) = f(A’,0) = {0}. For
the induction step, fix some k € {0,...,¢ — 1} and assume that
f(A+ A’ k) = {W,}. Hence, for each X € {A,A’, A+ A’}, we have
that Wy € f(X, k) which entails that g(X, Wy) # 0. Moreover, we
assume that Wy, \ Wi C g(A’, Wy) and it holds that g(A, Wy) =
W1 \ Wy since f(A, k) = {W.} and f(A, k + 1) = {Wp,; }. Hence,
consistency shows that g(A + A”, W) = Wiy1 \ Wi, which implies
that f(A+A’,k + 1) = {Wj1}. This proves the induction step and
thus also the lemma. O

Based on Lemma 1, we show next that every proper and consis-
tently committee monotone ABC voting rule f satisfies a stronger
variant of non-imposition since there is even for every sequence
of committees Wy, ..., W; a profile A such that f(A, [Wi|) = {Wi}
forall k € {1,...,¢}. Even more, we may additionally assume that
fAL+1) ={WpU{x}: x € C\ Wp}.

Lemma 2. Let f denote a proper ABC voting rule that satisfies
consistent committee monotonicity. For every £ € {1,...,m — 1} and
every sequence of committees W1, ..., Wp, there is a profile A such
that f(A k) = {Wy} forallk < ¢t and f(A,t+1) ={W, U {x}: x €
C\ W}

Proor. Let f denote a proper ABC voting rule that satisfies con-
sistent committee monotonicity and let g denote a corresponding
consistent generator function. We will inductively show that for ev-
ery £ € {1,...,m—1} and every sequence of committees Wy, ..., Wp
there is a profile A such that f(A k) = {W;} fork € {1,...,¢} and

fAWe) = {Wll U {x}: x € C\ W;}. For the induction basis
¢ = 1, observe that non-imposition shows that for every commit-
tee W = {x} € W, a profile A such that f(A,1) = {W}. Now,
let 7 : C — C denote a permutation such that 7(x) = x. By the
neutrality of f, it follows that f(z(A),1) = {W} for every such
permutation. This means that g(A,0) = g(7(A),0) = {x} and,
since g(A + 7(A), 0) cannot be empty, consistency of g entails that
g(A+1(A),0) = {x}. Now, let A* denote the profile consisting of
7(A) for every permutation 7 with 7(x) = x. Following the above
reasoning, it holds that g(A*, 0) = {x} and thus, f(A* 1) = {W}.
On the other hand, all candidates y € C \ W are completely sym-
metric and thus, f(A* 2) = {{x,y}: y € C \ W}, which proves the
induction basis.

Next, we assume that the lemma holds for a fixed £ € {1,...,m—
2} and prove it for £+ 1. For this, consider an arbitrary committee W
of size £+1. By non-imposition, there is a profile A such that f(A, £+
1) = {W}. Moreover, by consistent committee monotonicity, there

is an order over the candidates cy, ..., ce+1 in W such that Wy =
{c1,..., ¢k} € f(Ak) and cxyq € g(A W) for all k € {1,...,¢}.
Observe that the committees Wy, ..., W, form a sequence of profiles

of length ¢. Thus, the induction hypothesis proves that there is a
profile A’ such that f(A’,k) = {W;} forall k € {1,...,¢} and
A e+1) = {Wp U {x}: x € C\ Wp}. In particular, this means
that g(A”, W) = {cky1} for all k < £ and g(A",Wy) = C \ W,.
Using Lemma 1, we can therefore infer that f(A + A’, k) = {W;.}
for all k € {1,...,¢}. Furthermore, |f(A, ¢ + 1)| = 1 implies that
g(A, Wp) = {cp+1}. Thus, the consistency of g proves that g(A +
A, Wy) = g(A, W) N g(A’, Wp) = {cp+1}. We derive therefore that
f(A" +A +1) = {Wpy1} and hence, f(A+ A’ k) = {W} for all
ke{1,....0+1}.

It remains to construct a profile B such that f(B, k) = {W} for
alke{1,...,0+1}and f(B, £ +2) = {Wppq U{x}: x € C\ Wps1}.
For doing so, define B = 7(A + A’) as the profile derived from
A + A’ by permuting the candidates according to 7. If 7(x) = x
for all x € W41, neutrality shows that f(B%, k) = {W} for all
k € {1,...,£+1}. Now define B as the profile that precisely consists
of the profiles B” for all permutations 7 : C — C such that 7(x) = x
for all x € Wp41. A repeated application of Lemma 1 proves that
f(B,k) = {Wi} for all k € {1,...,¢ + 1} since all B” agree on
these committees. On the other hand, all candidates ¢ € C \ Wp41
are completely symmetric in B. Hence, neutrality and anonymity
show that if Wp41 U {x} € f(B, £+ 1) for some x € C \ Wp41, then
the same holds for all x € C \ Wp41. Finally, consistent committee
monotonicity shows that there only such committees can be chosen
since f(B,f£+ 1) = {Wpy1}. Thus, f(B,£+2) = {Wpq U {x}: x €
C \ Wp41}, which proves the induction step. ]

Note that Lemma 2 also allows us to construct for every sequence
of committees Wy, . .., Wy, (i.e., a sequence with length m) a profile
A such that f(A k) = {W;} forall k € {1,..., m}. The reason for
this is that every sequence of length m — 1 automatically extends
to such a sequence since C is the only committee of size m.

Analogous to Lemma 2, we strengthen next continuity by show-
ing that for all integers £ € {1,...,m} and profiles A, A" € A*
such that [f(A k)| = 1 forall k € {1,...,¢}, there is an integer j
such that f(JA+ A’ k) = f(JA+ A", k) forall k € {1,...,¢}. Or,



more informally, a sufficient majority can enforce the outcome for
multiple committee sizes at once.

Lemma 3. Let f denote a proper ABC voting rule that satisfies
consistent committee monotonicity. Given two profiles A, A’ and an
integer £ € {1,...,m} such that |f(A k)| =1 forallk € {1,...,¢},
there is an integer j such that f(JA+ A’ k) = f(A k) forallk €
{1,....¢}

Proor. Let f denote a proper ABC voting rule that satisfies
consistent committee monotonicity, and consider two profiles
A/A” € A" and an integer ¢ € {1,...,m} such that [f(A4,k)| = 1
for all k < ¢£. We will prove the lemma by induction on . First,
note that the induction basis £ = 1 follows immediately from the
continuity of f, which states that there is an integer j; such that
f(hA+ A1) = f(A 1). Now, assume that the lemma holds up
to a fixed £ € {1,...,m — 1}, i.e., there is an index j; such that
f(A”, k) = f(Ak) for all k < ¢, where A” = jpA+ A’. Because of
continuity, there is an integer j such that f(JA+ A", +1) =
f(A £ + 1). On the other hand, we can use Lemma 1 to show
that f(JA+ A", k) = f(A”,k) = f(A k) for all k < ¢ because
f(Ak) = f(A”,k) for all k < ¢. In summary, this means that
f(A+ A", k) = f(Ak) for all k < ¢ + 1. Finally, note that
JA+ A" = (j+ jo)A+ A’, so the integer jy1 = j + jr proves
the induction step and thus also the lemma. o

Note that Lemma 2 and Lemma 3 are important tools for the
proofs of most of our results. Next, we will use these insights to
show that every consistent and complete generator function of
a proper and consistently committee monotone ABC voting rule
must be proper itself.

Lemma 4. Every complete and consistent generator function of
a proper and consistently committee monotone ABC voting rule is

proper.

Proor. Let f denote a proper and consistently committee mono-
tone ABC voting rule and assume that g is a generator function of
f that is both complete and consistent. We will show that g satisfies
anonymity, neutrality, non-imposition, and continuity and is thus
proper.

Claim 1: g is non-imposing,.

First, we show that g is non-imposing and consider thus a
committee W with |W| < m and a candidate x ¢ W. Consider
an arbitrary order of the candidates c1,...,c, € W and define
Wi ={c1,...,ci} forall k < £ and Wpyy = Wy U {x}. In particular,
W = Wp and Wpyq = WU {x}. By Lemma 2, there is a profile A such
that f(A, k) = Wy for all k < £ + 1. This entails that g(A, W) = {x}
and thus proves that g is non-imposing.

Claim 2: g is anonymous.

Assume for contradiction that g fails anonymity, which means
that there is a profile A, a committee W # C, and a permutation
7w : N — N such that g(A, W) # g(n(A), W). As first step, we
consider an arbitrary order of the candidates cy,...,c, € W and
define Wi = {c1,...,ci} forall € {1,...,¢}. In particular, W = Wp.
By Lemma 2, there is a profile A’ such that f(A’, k) = {W;} for all
ke{tl,....t}and f(A",t+1) = {W, U{x}: x € C\ Wp}. The last
point means for g that g(A’, W) = C \ W;.

Furthermore, by Lemma 3, there is an integer j such that f(jA" +
Ak) = {W} for all k € {1,...,¢}. Thus, the completeness and
consistency of g imply that g(FA'+A, W) = g(JA”, Wp)Ng(A, Wp) =
g(A, Wpr). Now, since g generates f, we infer therefore that f(jA’ +
Al+1)={W,Ux: x €g(A W)}

Finally, consider the profile 7(jA’ + A). By the anonymity of f,
it follows that f(r(jA” + A), k) = f(x(jA"), k) = {W;} forall k €
{1,...,t}and f(x(jA), £+1) = {WpU{x}: x € C\W}. This entails
again that (7 (jA”), Wp) = C \ W;. Hence, an analogous reasoning
as for jA” + A shows that g(x(JA" + A), W) = g(x(JA"), W) N
g(n(A), Wp) = g((A), Wy). This implies that f(x (A’ +A),£+1) =
{WpUx: x € g(n(A), Wp) }. However, we have by assumption that
g(A, W) # g(m(A), Wp) and thus f(JA +A, £+1) # f(x(FA +A), £+
1). This conflicts with the anonymity of f and shows therefore that
the assumption that g fails anonymity is false.

Claim 3: g is neutral

We assume for contradiction that g is not neutral, which means
that there is a profile A, a committee W # C, and a permutation
7 : C — C such that g(7(A), 7(W)) # 7(9(A, W)). Analogous to
the last claim, let ¢y, . . ., ¢, denote the candidates in W and define
Wi ={c1,...,cx}. Thus, W = Wp. By Lemma 2, there is a profile A’
such that f(A’, k) = {Wi} forallk € {1,...,¢} and f(A', £+ 1) =
{WpU{x}: x € C\W;}. This means again that g(A", Wp) = C\Wi. A
completely analogous reasoning as in Claim 2 shows now that there
is an integer j such that f(jA’ + A k) = {W,} forallk € {1,..., ¢}
and f(JA'+At+1) = {W, Ux: x € g(A W)}

Next, consider the profile r(jA” + A). By the neutrality of
f, we have that f(r(JA" + A),k) = f(z(jA k) = {t(Wp)}
for all k € {1,...,£}. Moreover, this axiom also shows that
f(r(GA'),t+1) = {r(W; U {x}): x € C \ W;}. This implies that
g(r(GA'),t(Wp)) = C\ ©(Wp) = 7(C \ Wp). In turn, we infer
from consistency and completeness that g(z(jA" + A), 7(Wy)) =
9(r(JA"), T (Wp)) N g(z(A), 7(Wp)) = g(z(A), 7(Wp)). Since g gen-
erates f, this means that f(r(JA" + A),k) = {t(W;) U {x}: x €
g(7(A), 7(Wy)) }. However, since g(7(A), 7(Wy)) # 7(g(A, Wp)), this
means that f(t(FA" + A), k) = {t(Wp) U {x} € g(z(A), 7 (Wp))} #
{t(WpU{x}): x € g(A, W)} = =(f (A’ +A, £+1)). This contradicts
that f satisfies neutrality and thus, the assumption that g is not
neutral must be wrong.

Claim 4: g is continuous.

Finally, we show that g is continuous and consider therefore two
profiles A and A’ and a committee W such that g(A, W) = {c} for
some candidate ¢ € C \ W. We need to show that there is an integer
Jj such that g(JA + A",W) = g(A, W). For doing so, let cy,...,cr
denote the candidates in W and define Wy = {cy,...,ci} for all
k € {1,...,¢}. Using again Lemma 2, there is a profile A” such
that f(A”, k) = (Wi} forall k € {1,...,¢} and f(A”, £+ 1) =
{W; Ux: x € C\ Wp}. By Lemma 3, we can find an integer j such
that f(FA” + A k) = f(A”,k) forall k € {1,...,£}. On the other
hand, we infer that g(jA” + A, W) = g(jA”, W) N g(A,Wp) =
g(A, W) = {c} due to the consistency and completeness of g. Since
g generates f, this means that f(JA” + A, ¢+ 1) = {W; U {c}}.

Now, using again Lemma 3, we can find another integer j* such
that B = j'(JA” + A) + A’ and f(B,k) = f(JA” + A k) forall k €
{1,...,£+ 1}. In particular, this implies that g(B, W;) = g(A, W) =
{c}. We prove that g is continuous by showing that g(B, W;) =



g(j’A+ A’,Wp). For doing so, let j”/ = j - j’. It clearly holds that
g(j""A” , Wy) = C \ Wp and therefore, g(j’A” + (jJA+A"), Wp) =
g(j" A" W) Ng(jPA+ A’ Wp) = g(j’A+ A’, Wp). Hence, g(j'A +
A’, Wy) = g(A, Wp), which proves that g is continuous. m]

Finally, we have all ingredients to prove Proposition 3.

Proposition 3. An ABC voting rule is proper and consistently com-
mittee monotone if and only it is generated by a proper, consistent,
and complete generator function.

Proor. We show both directions independently from each other.

Claim 1: If f is generated by a proper, consistent, and com-
plete generator function g, it is a proper and consistently
committee monotone ABC voting rule.

Let g denote a proper, consistent, and complete generator func-
tion g, and let f denote the ABC voting rule generated by g. Note
that the completeness of g ensures that it indeed induces an ABC
voting rule. Now, f is by definition consistently committee mono-
tone since g is consistent. Hence, it remains to show that f is
anonymous, neutral, non-imposing, and continuous.

Anonymity: First, we show that f is anonymous. For doing so,
consider an arbitrary profile A and a permutation 7 : N — N.
We will show by an induction on the committee size k that
f(A k) = f(n(A), k) for all k € {1,..., m}. Hence, note that the in-
duction basis k = 0 is trivial since f(A,0) = {0} = f(x(A),0)
by definition. Next, fix some k € {0,...,m — 1} and suppose
that f(A k) = f(n(A),k). Since g is anonymous, we have that
g(A W) = g(n(A),W) for all W € f(A k) = f(n(A), k), which
implies that f(A, k+1) = f(n(A), k +1). This proves the induction
step and thus shows that f is anonymous.

Neutrality: Our next goal is to show that f is neutral. Hence,
consider again an arbitrary profile A and a permutation 7 : C — C.
we use again an induction on the committee size k to show that
f(z(A), k) = 7(f(A k)). The induction basis k = 0 is trivial because
f(A,0) = {0} = f(z(A), 0) by definition. Hence, assume that there
is fixed k € {0,...,m — 1} such that f(z(A), k) = 7(f(A, k)). Since
g is neutral, it follows that g(r(A), 7(W)) = 7(g9(A, W)) for all
W € f(A k). This means that f(7(A),k+1) = {WU {x}: W €
f(z(A). k), x € g(z(A), W)} = {z(W) U {x}: W € f(Ak)x €
g(r(A), f(W))} = {r(W U {x}): W € f(AK)Lx € g(A W)}
7(f(A k + 1)), which proves that f is neutral.

Continuity: As third point, we show that f is continuous. For
doing so, assume that for every two profiles A and A’ and every
committee W, there is an integer j such that g(jA + A", W) C
g(A, W); we will prove that this claim is correct later on. Next,
consider two profiles A and A’ and a committee size k such that
[f(A k)| = 1. Our goal is to show that there is an integer j such
that f(JA+ A’ k) = f(A k).

For doing so, let F = U’;:_()l f(A, ¢) denote the set of all com-
mittees of size at most k — 1 that f chooses for A. By our aux-
iliary claim, there is for every W € F a integer jiy such that
g(iwA+A , W) C g(A, W).Now, let j* denote the maximum among
these integers and note that consistency and completeness imply
that g(j* A+A", W) = g(jw A+A", W)Ng((*—jw) A W) € g(A W)
for all committees W € F with jiy < j*. This means that
g(j*A+ A", W) C g(A, W) for all W € F, which clearly implies

that f(j*A+ A’,€) C f(A¢) forall £ € {1,...,k}. Since f is an
ABC voting rule, f(j*A+ A’,k) # 0. Thus, |f(A k)| = 1 entails
f(*A+ A’ k) = f(A k), which proves that f is continuous.

It remains to show our auxiliary claim that for all profiles A and
A’ and all committees W, there is an integer j such that g(jA +
A, W) C g(A, W). Assume for contradiction that this is not the
case, which means that there are profiles A, A’ and a committee
W such that g(JA+ A", W) ¢ g(A, W) for all j € N. First, note
that this requires that |g(A, W)| > 2 as otherwise, this assumption
directly contradicts the continuity of g. Next, let I, = {j e N: c €
g(jA+A’, W)} denote the set of integers j such that g chooses ¢ for
JjA+A’. It must hold that I, = 0 for all ¢ € g(A, W): if there is j € I,
consistency implies for g((j+1)A+A’, W) that g((j+1)A+A, W) =
gAW)NGg(JA+A', W) C g(A, W) since g(A, W)Ng(jJA+A', W) #
0. This, however, contradicts our assumptions.

Next, let ¢ € C\ g(A, W) denote a candidate such that I contains
infinitely many elements; such a candidate must exist since there
is only a finite number of candidates but N is infinite. Moreover,
let a denote a candidate in g(A, W). For each other candidate x €
g(A, W) \ {a}, we define 7* as the permutation that maps x to
¢, ¢ to x, and every other candidate to itself. By neutrality, we
have that ¢ € g(t*(A), 7*(W)), x ¢ g(7*(A), 7*(W)). Now, note
that ¥ (W) = W since x € g(A,W) and ¢ € g(jA + A", W) for
j € I imply that ¢,x ¢ W. Moreover, consistency shows that
c € g(7*(jA), W), x ¢ g(*(jA), W) for all integers j € N.

Finally, consider the profiles B/ which consists of j copies of A,
Jj copies of 7¥(A) for every x € g(A, W) \ {a}, and one copy of A”.
Now, since ¢ € g(jJA+A’,W) forall j € I, and ¢ € g(7*(jA), W) for
all j € Nand x € g(A, W)\ {a}, consistency shows that g(B/, W) =
9(A+ A, W) 0 Nxegiamw) (a) 9~ GA), W) = {c} for j € . Tn
particular, the last equality holds since g(jA, W)Ng(JA+A", W) =0
and 7°(A) only swaps ¢ and x.

On the other side, it holds for the profile B, which consists only of
a single copy of A and one copy of 7% (A) for every x € g(A, W)\{a},
that g(B, W) = {a} because of consistency. Hence, continuity im-
plies that there is an index j* such that g(j*B+ A", W) = {a}. How-
ever, I; is infinite and there is thus an index j € I, with j > j* such
that ¢ € g(B/, W) = ¢g(jB + A’, W). This contradicts consistency:
g(jB+A W) =g((j-Jj)B,W)Ng(j*B+A’, W) = {a}. Hence the
assumption that there is no integer j such that g(jA+ A", W) C
g(A, W) is wrong and the claim therefore proven.

Non-imposition: Finally, we show that f is non-imposing. Hence,
consider an arbitrary committee W = {cy,...,c¢}. We need to
show that there is a profile A such that f(A, |W|) = {W}. For this,
let Wi = {c1,...,c,} forall k € {1,...,¢}. We will inductively
construct a profile A such that f(A, k) = {W,} forallk € {1,...,¢}.
The base case k = 1 follows immediately from the non-imposition
of g because this axiom implies that there is a profile A such that
9(A,0) = {c1}.

Next, consider a fixed k¥’ € {1,...,£ — 1} and assume that we
have a profile A such that f(A k) = {Ax} for all integers k €
{1,...,k’}. In particular, this means that g(A, Wi._;) = {ci} for
all k € {1,...,k’} (where Wy = 0). Furthermore, let 7 denote a
permutation on the candidates such that 7(x) = x for all x € Wj/.
Neutrality implies that g(7(A), 7(Wi_1)) = g(7(A), Wi_1) = {cr}
forall k € {1,...,k’}. In turn, consistency and completeness prove



then that g(A + 7(A), Wi_1) = {c} for all such permutations 7 and
k € {1,...,k’}. Hence, consider now the profile A’ that consists of
a copy of 7(A) for every permutation 7 : C — C such that 7(x) = x
for x € Wy,. By repeating the previous arguments, we infer that
g(A  Wi_1) = {ci} forall k € {1,...,k"}. Moreover, the profile A’
is completely symmetric with respect to the candidates ¢ € C \ Wy.
Hence, neutrality and anonymity require that g(A’, W) = C \ Wy

Finally, since g is non-imposing, there is a profile A” such that
g(A”, Wi+) = {cpr41}- Moreover, by using the same auxiliary claim
as for our analysis on continuity, we can find an integer j such
that g(A" + A", Wy_1) € g(A",Wy_;) forall k € {1,...,k’}. Since
g is complete and |g(A”, Wi._;)| = 1 for all these k, this implies
g(GA + A", Wi_1) = {cx} forallk € {1,...,k’}. On the other hand,
completeness and consistency require that g(A” + A”, Wy/) =
g(jA' , W) N g(A”", Wir) = {cjr41}- This entails for f that f(jA” +
A" k) = (Wi} for all k € {1,...,k" + 1} and thus proves the
induction step. Hence, f is indeed non-imposing.

Claim 2: If f is a proper and consistently committee mono-
tone ABC voting rule, it is generated by a proper, consistent,
and complete generator function.

Let f denote a proper ABC voting rule that satisfies consistent
committee monotonicity. Thus, f can be generated by a consis-
tent generator function g. We only need to extend g to a com-
plete generator function to prove this claim since Lemma 4 then
shows that it is also proper. For doing so, we will define a sec-
ond generator function §(A, W) for f. To this end, consider a
single committee W # C and let W, ..., W denote a sequence
of committees such that Wy, = W. Moreover, let Ay denote a
profile such that f(Aw,k) = {Wi} for all k € {1,...,¢} and
f(Aw, £+ 1) = {W U {x}: x € C\ W}; such a profile exists be-
cause of Lemma 2. Then, we define §(A, W) = g(jAw + A, W) for
all profiles A and committees W, where j denotes the smallest in-
tegers such that f(jAw + A k) = {Wi} forallk € {1,...,|W|};
such an integer exists because of Lemma 3. In particular, observe
that this condition ensures that g(jAy + A, W) # 0 and thus, ¢ is
indeed complete. In the remainder of this proof, we will show that
g generates f and is consistent because Lemma 4 then shows that
it satisfies all our requirements.

First, we show that § generates f. For this, we will show that for
all profiles A and committees W with W € f(A, |W]), it holds that
g(A W) = G(A W) = g(jAw + A, W). By our definition, we have
that W € f(Aw, |[W|) and W € f(jAw + A, |[W|), and we assume
that W € f(A, [W|). Moreover, a repeated application of consistent
committee monotonicity shows that f(Aw, |W|) = f(jAw, |W|)
and we hence derive that g(X, W) # 0 for all X € {jAw, A, jAw +
A}. Finally, our definition of Ayy also implies that g(jAw, W) =
C\W and thus, consistency entails that (A, W) = g(jJAw+A, W) =
g(jAw, W) N g(A, W) = g(A, W). Hence, § and g coincide for all
profiles A and committees W with W € f(A, |[W|), which implies
that § generates f.

Finally, we show that g is consistent. Thus, consider a fixed com-
mittee W # C and let Wi, ..., Wp denote the sequence of profiles
used for defining (A, W). In particular, we have that W, = W. More-
over, let Ay denote the profile such that (A, W) = g(jAw + A, W)
for some j € N. Recall that f(Aw, k") = {W} forallk € {1,..., ¢}

and f(Aw,f+1) = {Wp U {x}: x € C \ Wp}. Finally, for prov-
ing that § is consistent, consider two profiles A, A’ such that
G(A, W) N G(A’, W) # 0, and define j, j’, and j” as the smallest
integers such that f(jAw + A k) = f(j’Aw + A’ k) = f(jAw +
(A+ A'),k) = {W} for all k € {1,...,|W|}. By definition of
G GAW) = g(jAw + A W), A W) = g(j/Aw + A W), and
JGA+A W) =g(j”Aw + (A+ A’), W). We proceed with a case
distinction with respect to the relation between j + j” and j"’.

e First, assume that j + j* = j”. Then, the consistency of
g implies that (A + A, W) = g(j”"Aw + A+ A", W) =
GiAw +A W) 0 g Ay + A, W) = (A W) 1 (A", W).
Hence, consistency holds.

e As second case, assume that j + j° > j”/ and define ¢ =
j+j - Jj”. First, we note that f(¢Aw,k) = {W;} for all
k € {1,...,|W]|} and g(fAw, W) = C \ W because of the
consistency of g. Hence, we can use Lemma 1 to deduce
that f((j + j)Aw + A+ A k) = f(LAw + j"Aw + A +
A’ k) = {Wi}forallk € {1,...,|W|}. Consistency therefore
implies that g(j"”’ Ay + A+ A", W) = g(j”Aw +A+ A", W) N
g(tLAw, W) = g((j+j)Aw+A+A’, W). Moreover, analogous
to the above case, we have that g((j + j")Aw + A, W) =
g(jAw +A) N g(j’Aw + A’, W). In summary, we thus have
that g(A+ A", W) = G(A, W) N g(A", W).

e As last case, note that j + j° < j”’ is not possible since we
choose the integer j*/ minimal. In particular, it follows from
Lemma 1 that f(jAw + A+ j/Aw + A’ k) = {W} for all
k € {1,...,|W|}. This contradicts the minimality of ;" if
j+Jj’ < j" and thus, this case cannot happen.

A.2 Proof of Proposition 4

In this section, we show Proposition 4 which states that for a fixed
committee W # C, every proper, consistent, and complete generator
function g is equivalent to v-weighted approval voting for some
weight function v. Note that this claim is trivial if |[W| = m — 1
because g(A, W) = C \ W for every complete generator function as
only a single candidate remains. Thus, it holds for every committee
W of size m — 1 that g(A, W) = AV, w (A, W), where oW (x, y) =1
for all x, y. As a consequence, we will focus in the majority of this
section on the case that |[W| < m — 2.

For proving Proposition 4, we use the fact that, for a fixed com-
mittee W, g(-, W) is closely connected to single winner voting rules,
so-called social choice functions (SCFs). In particular, g(-, W) can
be seen as an SCF on the candidates 8 = C \ W. To simplify our
analysis, we will only consider SCFs with restricted domain: we
require that all voters approve the same number of candidates in 8.
To make this formal, let By denote the size k subsets of the set of
available candidates 8. Moreover, let Bz denote the set of approval
profiles in which all voters report a preference in 8. Finally, a
social choice function (SCF) on the domain BZ maps every profile
A € B/ to anon-empty subset of B, which is interpreted as the set
of winners of the elections.

Three SCFs will turn out to be particular important for our
analysis: approval voting (AV) chooses the candidates that are
approved by the most voters, anti-approval voting (AV) chooses
the candidates that are approved by the least voters, and the



trivial rule (TRIV) always chooses all candidates. Furthermore,
analogous to ABC voting rules, we introduced axioms for SCFs:
anonymity requires that permuting the voters does not affect the
outcome (f(A) = f(r(A))), neutrality that permuting the candi-
dates in the profile permutes them correspondingly in the choice set
(f(r(A)) = 7(f(A))), and consistency that if the intersection of the
choice sets for two disjoint profiles is non-empty, then precisely this
intersection is chosen when considering both profiles combined
(f(A) N f(A?) # 0 implies that f(A+ A’) = f(A) N f(A”)). As we
show next, these three axioms characterize AV, AV, and TRIV.

Lemma 5. Let B = C \ W denote the non-empty set of feasible
candidates and letk € {1,...,|8B|}. AV, AV, and TRIV are the only
SCFs on BZ that satisfy anonymity, neutrality, and consistency.

Proor. Fixaset W C C and let B = C\ W. Moreover, we define
m = |B| for this proof and let k € {1,...,|C \ W|}. It is straight-
forward to check that AV, AV, and TRIV are anonymous, neutral,
and consistent for BZ and we thus focus on the converse direction.
Hence, let f denote an anonymous, neutral, and consistent SCF on
BZ. First, note that if m = 1, then every rule has to always return the
single available candidate. Similar, if k = m, every anonymous and
neutral SCF on (C>€W)* must always return all candidates because
all voters have to approve all candidates. Hence, f coincides with
AV (as well as AV and TRIV) for all profiles in this case and we
therefore assume that 1 < k < m.

For proving that f is one of our three SCFs, we will consider
profiles consisting of a single ballot A;. First, if f(A;) = C for some
A;j € By, then neutrality implies that f(A}) = C for all A] since
|A;] = |A:| for all ballots in our domain. Consistency then shows
that f is TRIV. Because of neutrality, there are two possible cases
left: f(A;) = Aj or f(A;) = B\ A forall A; € By.. We will show
in Step 2 that the former implies that f is AV and in Step 3 that
the latter implies that f is AV. Before proving these claims, we will
discuss an auxiliary statement showing that if two candidates a, b
have the same approval score s(A,x) = [{i € Na: x € A;}|, then
both are either chosen or unchosen in f(A).

Step 1: If s(A,a) = s(A D), then a € f(A) if and only if
be f(A).

Consider a profile A and two candidates a,b € 8 with s(4,q) =
s(A, D). First, if s(A,a) = s(A,b) = 0, no voter approves a or b.
Neutrality then shows that a € f(A) if and only if b € f(A) as
permuting a and b leads to the same profile A. Hence, we focus on
the case that s(A, a) = s(A,b) > 0 and suppose for contradiction
that a € f(A), b ¢ f(A). Now, note that for every permutation
7: B — B with 7(a) = a and 7(b) = b, neutrality implies a €
f(z(A)), b ¢ f(r(A)). Next, define A* as the profile that consists
of the profiles 7(A) for every permutation 7 : 8 — B such that
7(a) = aand 7(b) = b. Neutrality requires for every subprofile 7(A)
that a € f(7(A)), b ¢ f(z(A)) and, in turn, consistency shows that
a€ f(A"),b ¢ f(AY).

Subsequently, we consider a different decomposition of A*. Note
for this that for every two ballots A;, A} witha € A;,a € A}, b ¢ A;,
b ¢ A, there are precisely (k — 1)!(m — k — 1)! permutations 7
with 7(a) = a, 7(b) = b that map A; to A;. An analogous statement
also holds when exchanging the roles of a and b. Hence, we can
partition A* in the following profiles: in A! all voters approve both

a and b, in A? no voter approves either a or b, and for every set of
candidates X C 8\ {a, b} with |X| = k — 1, there is a profile AX in
which all voters either report {a} UX or {b} UX. In particular, since
s(A, a) = s(A,b), both a and b are approved by the same number of
voters in AX. Finally, note that a and b are completely symmetric
in all subprofiles of A* and thus also in A* itself. Hence, anonymity
and neutrality require thata € f(A*) ifand only if b € A*. However,
this contradicts our previous observation a € f(A*), b ¢ f(A¥),
and thus our initial assumption that a € f(A), b ¢ f(A) must be
wrong. Consequently, we infer that s(A, a) = s(A, b) implies that
ac f(A)ifand only if b € f(A).

Step 2: If f(A;) = A; forall A4; € BZ, then f(A) = AV(A) for
allA e 8.

The claim follows by showing that f cannot choose candi-
dates that have less than maximal approval score. Due to the non-
emptiness and Step 1, f then must choose the approval winners.
Hence, assume for contradiction that there is a profile A € B, and
two candidates a,b € B such that b € f(A) but s(A, a) > s(A,b).
Next, let A’ denote a profile consisting of s(A, a) — s(A, b) voters
who approve b but not a. Since b € f(A}) = A] and a ¢ f(A]) for
all voters i € Ny, consistency entails that b € f(A"), a ¢ f(A').
Another application of consistency then shows that b € f(A+ A”)
anda ¢ f(A+A’). However, s(A+ A’,a) = s(A+ A’,b) and Step 1
thus requires thata € f(A+A’) ifand only if b € f(A+A’). Hence,
our initial assumption is wrong and b € f(A) is only possible if
there is no candidate a with s(A, a) > s(A, b). Equivalently, this
means that f(A) = AV(A).

Step 3: If f(A;) =B\ Aj forall A; € BZ, then f(A) = AV(A)
forall A € B,.

Analogous to the last case, we will show that f cannot choose
candidates that have above minimal approval score. The non-
emptiness of f and Step 1 then show again that f chooses the
anti-approval winners. Thus, assume for contradiction that there
is a profile A € 8; and two candidates a, b such that b € f(A) and
s(A,a) < s(A,b). Similar to the last case, let A’ denote a profile
consisting of s(A, b) — s(A, a) such that a € A} and b ¢ A; for all
i € Ny . Consistency and our assumption that f(A}) = B\ A]
show that b € f(A’),a ¢ f(A’). Hence, another application of
consistency shows that b € f(A+A’),a ¢ f(A+ A"). However,
this contradicts Step 1 since s(A+ A’, a) = s(A+ A’, b). This shows
that the initial assumption must be wrong and f indeed can only
choose candidates with minimal approval scores. In other words,
this means that f(A) = AV(A) for all profiles A € BZ. O

As next step, we will start to analyze g(-, W) for a fixed com-
mittee W. In particular, we will show that every proper generator
function that is complete and consistent induces an SCF for the can-
didates C \ W that satisfies all requirements of Lemma 5 when we
assume that all voters i € Ny approve the same subset of W and the
same number of candidates. Based on this insight, we will infer the
behavior of g(A, W) for sufficiently symmetric profiles. For formal-
izing the latter, let n(c, AW, k, ) = |[{ie Na:c € A; A |[AiNW| =
k A|A;j| = £} denote the number of voters who approve c € C \ W,
k candidates of W, and ¢ candidates in total. Note that by definition
n(c,AW,k, ) =0ifk > £ or ¢ > m — (JW| — k) since there is no



ballot such in which a voter approves ¢ and the right number of
candidates of W and C.

Lemma 6. Let g denote a proper, complete, and consistent generator
function. It holds that g(A,W) = C \ W for every profile A and
committee W with |W| < m — 2 for which there are constants cy
such that n(x, A W, k, ) = ¢y, forallx e C\ W, k € {0,...,|W[},
andte{k+1,---,m—-1—|W|+k}.

Proor. Consider a proper generator function g that is complete
and consistent and fix an arbitrary committee W with |[W| < m — 2.
We will prove the lemma in multiple steps by first focusing on more
restricted profiles.

Step 1: As first step, we will show that g(A, W) = C \ W for all
profiles A for which there is a subset X of W and constants ¢ € N,
¢ e {|X|+1,...,m} such that |A;| = £and WNA; = X for all voters
i € Ny, and n(x,A, W, |X|, ) = ¢ for all candidates x € C \ W. To
this end, let 8 = C \ W denote the set of still available candidates
and let B,_,x| denote the set of size £~ |X| subsets of C". Moreover,
we define B;‘_l x| 38 the set of profiles in which each voter submits
a ballot in B,_|x|. Finally, consider the following SCF h on the
domain B, xP: given a profile A € B;‘_l x|» We construct a new
profile A’ on C by setting A} = A; U X for all voters i € Nj. Then,
h(A) = g(A", W).

It is not difficult to see that A inherits anonymity, neutrality, and
consistency from g(-, W). In particular, note for neutrality that this
axiom requires for h only that we can permute the candidates in
8B and such permutation do not affect the set W. Thus, we can use
Lemma 5 to derive that A is either AV, AV, or TRIV. Hence, we infer
that if all candidates x € C \ W are approved by the same number
of voters in A’, then g(A’, W) = h(A) = C \ W. In particular, if
n(x,A,W,|X|,£) = ¢ for all candidates x € C \ W, |A;| = £, and
AiNW =X foralli € N, theng(ALW)=C\W.

Step 2: For the second step, we fix two integers ji, j2 € N with
j1 £ |W|and j; < jo £ m—1—|W|+ j; and consider profiles A
such that |A;| = j2 and |A; N W| = j; for all voters i € N4. Or, in
other words, all voters still approve the same number of candidates
with respect to both C and W, but they are no longer required to
report the exact same subset of W. We assume once again that there
is a constant ¢ such that n(x, A, W, ji, jo) = ¢ forall x € C \ W and
will show that g(A, W) = C \ W. Note for this case that neutrality
requires that g(z(A),7(W)) = 7(g(A,W)) = g(A, W) for every
permutation 7 : C — C with 7(x) = x for x € C \ W since
g(A, W) C C \ W. Hence, consider the profile A* which consists of
a copy of A permuted by every such permutation 7. By consistency
and the previous argument, it follows that g(A*, W) = g(A, W).

For proving this step, we consider a different decomposition of
A*. In more detail, we can also decompose A* into profiles subpro-
files AX which precisely contain the voters i with ATNW = X. Now,
observe that for any two sets X1, X2 € W with |Xj| = |Xz], there is
the same number of permutations 7 with 7(x) = x forallx e C\ W
that maps X; to Xz. Hence, each profile AX consists of multiple
copies of a profile AX, which is derived from the original profile
A by setting A_f( = (A; \ W) UX forall i € N4. In particular, this
shows that there is an integer j such that n(x, AX W, j1, jo) = jé
for all candidates x € C \ W and X C W with |X| = j;. Since

Af NW =X and |Af<| = jp forall i € Nyx, we can thus use the
insights of Step 1 to derive that g(AX, W) = C \ W. This holds
for every X € W with |X| = j; and consistency thus implies that
g(A*W) = C \ W because A* is the collection of the profiles AX
for all X € W with |X| = j;. This proves that g(A, W) = C\ W
because g(A, W) = g(A*, W).

Step 3: Finally, consider an arbitrary profile A for which there are
constants ¢y , € N such that n(x, A, W, k, £) = ¢, for all candidates
x € C\W,ke€{0,...,|W|},and £ € {k+1,...,m—1—|W|+k}. We
can partition A into profiles AX in which voters approve exactly
k € {0,...,|W]|} candidates of W and [ € {k,...,m — |W| + k}
candidates in total. By the definition of A, it holds for all profiles
ARl withk < <m—1- |W]| + k that n(x,Ak’[, W,k t) = Cre for
all x € C \ W. Thus, Step 2 shows that g(AR!, W) = C \ W for all
k,twithk <t <m-1-|W|+k.

On the other hand, if k = ¢, the voters in A%/ do not approve
any candidate in C \ W. Thus, neutrality immediately requires that
g(Ak’[, W) = C\ W for these profiles. Similarly, if £ = m— (|W|—k),
then all voters in AX¢ approve all candidates in C \ W and thus
neutrality again implies that g(A%f, W) = C \ W. Hence, it holds
for all subprofiles of A that C \ W is chosen and consistency thus
shows that g(A, W) = C \ W, too. o

As next step, we will show that we can compute g(A, W) only
based on the values n(x,A,W,k,¢) forall x € C\ W, k €
{0,...,|W|},and £ € {k+1,...,m — 1 — |W| + k}. For making
this more formal, let Zy = {(k,£): 0 < k < |[W|,k < £ <
m — 1 — |W| + k} denote the set of pairs such that g can rely
on n(x,A, W, k, ) for computing the outcome. Then, we define
n(x, A, W) = (n(x,A, W, k,£)) (k) ez as the vector that contains all
entries n(x, A, W, k, £) for (k, £) € Z. Moreover, let N(A, W) denote
the matrix, which contains the vectors n(x, A, W) as rows for all
xeC\W.

Lemma 7. Let g denote a proper, consistent, and complete generator
function. It holds that g(A, W) = g(A’, W) for all profiles A, A’ and
committees W such that N(A,W) = N(A’, W) and |W| < m - 2.

PROOF. Let g denote a proper generator function satisfying con-
sistency and completeness. Moreover, consider two arbitrary pro-
files A, A’ and a committee W such that N(A, W) = N(A’, W) and
[W| < m— 2. As next step, let A”” denote a profile containing [N/ |
copies of every ballot A; and let A* = A”” + A— A’ denote the profile
derived from A" by first adding all ballots in A and then removing
the ballots of A’. Since N(A,W) = N(A’,W), it follows imme-
diately that there are constants ¢, such that n(x, A”, W, k,£) =
n(x, A", W,k,f) = ¢y forallx € C\ W,k € {0,...,|[W|} and
tef{k+1,---,m—1-|W|+k}. Lemma 6 therefore shows that
g(A”, W) = g(A*,W) = C \ W. Using consistency, we can thus
derive that g(A, W) = g(A+ A", W) = g(A* + A", W) = g(A", W),
which proves the lemma. O

As a consequence of Lemma 7, we can view every proper, consis-
tent, and complete generator function g as a mapping that computes
the winning candidates only based on N (A, W) instead of the profile
A itself. Or, in other words, for every committee W there is a func-
tion gy (Q) that maps each element Q € D§V ={NAW): A€
A*} to C \ W such that g(A, W) = g (N(A, W)).



Before deriving the next lemma, we point out a number of im-
portant observations on D‘R}‘} and gyy. In particular, note that D%{, is
closed under addition since N(A+ A", W) = N(A,W) + N(A", W)
and multiplication with integers k € N because N(kA, W) =
kN (A, W). Moreover, gy inherits a number of important properties
from g:

e gy is consistent: forall O, Q’ € Dl‘j, with gy (Q)Ngw (Q7) #
0, it holds that gy (Q + Q’) = gw (Q) N gw (Q’). The reason
for this is that there is are profiles A, A’ € A* with Q =
N(A, W) and Q' = N(A’, W), which implies that g(A, W) =
gw (Q) and g(A’, W) = gw(Q’). Hence, consistency of g
requires that g(A+A’, W) = g(A, W)Ng(A’, W) and, because
N(A+A",W)=N(AW)+N(A",W) = Q+Q’, we therefore
infer that gy (Q + Q') = gw (Q) N gw (Q).

e gy is neutral: for a permutation 7 : C\ W — C \ W, let
7(Q) denote the matrix derived by reordering the rows of
Q according to 7. Then, gy (7(Q)) = 7(gw (Q)) for all per-
mutations 7 : C\ W — C \ W and matrices Q € Dﬁ/.
This follows since there is a profile A with Q = N(A, W)
and 7(Q) = N(z(A), W), which entails that gy (7(Q)) =
9(r(A), W) = T(g(A W) = r(gw (0)).

e gy is continuous: for all Q,Q" € Dlv\lv with |gw (Q)] = 1,
there is an integer k such that gy (kQ + Q') = gw(Q).
This follows again by going back to profiles A, A’ with
Q = N(AW) and Q' = N(A",W): |gw(Q)| = 1 implies
that |g(A, W)| = 1 and thus, the continuity of g entails that
there is k € N such that g(kA + A", W) = g(A, W). Since
N(kA+A’, W) =kQ + Q’, our claim follows.

® gy is non-imposing: for all candidates ¢ € C \ W, there is
aQe D%{, such that gy (Q) = {c}. This follows as we can
find a profile A such that g(A, W) = {c}.

Next, we show that we can extend gy to a function on
QIC\WIXIZwl while maintaining the properties above and that
gw (Q) = g(A, W) for all profiles A € A* such that Q = N(A, W).

Lemma 8. Let g denote a proper generator function satisfying con-

sistency and completeness and fix a committee W with |W| < m — 2.

There is a function gy from QICWIXIZwl 15 2C\W \ (0} such that

(1) forallQ € D§V and A € A* with Q = N(A, W), it holds that
gw (Q) = g(A,W).

(2) h is consistent, neutral, continuous, and non-imposing.

PROOF. Let g denote a proper, consistent, and complete generator
function and fix a committee W with |W| < m — 2. Because of
Lemma 7, there is a function gy (Q) from Dﬁ, to C \ W such that
g(A, W) = gw (N(A, W)) for all profiles A € A*. Moreover, by
the observation prior to this lemma, gy is continuous, neutral,
consistent, and non-imposing. Also, recall that D‘Ij} is closed under
addition of its elements and under multiplication with scalars in N.

For proving the lemma, we will heavily rely on the profile A*
in which each ballot A; € A is submitted exactly once and its
corresponding matrix E = N(A*, W) because the the symmetry of
A* ensures that gy (E) = C \ W. Based on E, we will first show
that the space D%V ={Q-kE: ke Ny, Q € D§V} is closed under
addition of its elements and under multiplication with scalars in
Z. Based on this insight, we will extend gy from D§V and show
that our extension satisfies the required properties. In Step 3 and

Step 4, we proceed analogously for D% ={Q/k: keN,Q e D%V}.

Finally, we will show that D%, = QIC\WIXIZw! which then proves
the lemma.

Step 1: D%V is closed under addition and multiplication
with scalars in Z.

Our first goal is to show that D%V ={Q-kE: :keNyQe D§V}
is closed under addition and multiplication with scalars in Z. We
start by discussing the claim on addition. For this, observe that if
0,0 € DZ | then there are P, P’ € Dﬁ, and integers k,k’ € Ny
such that Q = P — kE and Q' = P’ — k’E. Since Dﬁ, is closed
under addition, we derive that P + P’ € D%L. This implies that
Q+Q' =P+P —(k+k')E e D%

Next, we show that D%V is closed under multiplication with
scalars k € Z. For this, let Q denote an arbitrary element of D%V
and note that, by definition, there are P € D§V and £ € Ny such
that Q = P — ¢E. We need to show that kQ € D‘Z/;V forallk € Z
and proceed for this with a case distinction with respect to k. First,
observe that 0Q is the matrix containing only 0’s. Since E € Dﬁ,
and 0 = E—E, this 0-matrix is in D%\/‘ Next, ifk e N, kQ € D%V since
Dﬁ, is closed under multiplication with scalars in N. In particular,
this means that kP € Dl‘fl and thus, kQ = kP — k¢E € D%V.

As last case, suppose that k is negative. By the last case, we
already know that —kQ € DZW since —k € N. This means that there
are P/ € D%f, and ¢’ € Ny such that -kQ = P’ — £’E. Next, let
¢”” > ¢’ denote an integer such that all entries in P’ — ¢"’E are
negative; such an £’/ exists since all profiles are finite. By definition
of D‘R}V, there is a profile A” such that P’ = N(A’, W) and recall that
E = N(A*, W), where A* contains every ballot exactly once. Now,
construct the profile A” as follows: first, we clone the profile A*
¢’ times and then we remove for each voter in i € N4/ a voter
with the corresponding ballot in A} from A”. It is not difficult
to see that P = N(A”,W) = ¢”N(A*,W) — N(A’,W) and of
course, P € D‘R/L. Finally, we derive from this observation that
kQ =t'E—-P' = P” — (¢ — t')E, which proves that kQ € D%V.

Hence, D%V is indeed closed under multiplication with scalars k € Z.

Step 2: Extending gy to D%V.

As second step, we extend gy to a function gy on D%V. In partic-
ular, we define gy (Q—kE) = g (Q) forevery k € Nypand Q € D‘R}‘}.
This is well-defined because of consistency: if there are two differ-
ent matrices Q, Q’ € D‘R}V and k, £ € Ng such that Q — kE = Q’ — ¢E,
then Q' = Q + (k — £)E. Assuming that k > ¢, we can derive Q’
from Q by adding k — ¢ copies of E. Thus, consistency implies that
gw(Q') = gw(Q) N g((k — O)F) = g (Q). Ik < £, we can use an
analogous argument by exchanging the roles of Q and Q’.

Next, we show that gy, satisfies all required properties. First,
note that for O € DY, we have that dw (Q) = gw (Q) = g(A, W) for
all profiles A € A* with Q = N(A, W). This immediately implies
also that gy is non-imposing as gy satisfies this property.

For proving that gy is neutral, consistent, and continuous,
slightly more involved arguments are required. For presenting
them, let Q,Q’ € D%V and note that, by definition of DZ , there is
PP € DIV\IV and k,k’ € Ny suchthat Q =P—-kEand Q' = P’ - k’E.



Using the definition of gy, it thus follows that gy (Q) = gw (P)
and gw (Q") = gw (P").

We are now ready to show that gy is neutral. For doing so, let 7
denote a permutation on C \ W and 7(Q) the matrix derived from
Q by permuting its rows according to 7. It is not difficult to see that
7(Q) = 7(P) — kz(E). Moreover, E is completely symmetric and
thus 7(E) = E. Hence, we infer that gy (7(Q)) = gw (¢(P) — kE) =
gw (¢(P)) = t(gw (P)) = (g (P-kE)) = (g (Q)), which shows
that gyy is neutral.

As next claim, we prove that gy is consistent. Thus, assume
that gy (Q) N gw(Q’) # 0. The consistency of gy implies that
gw (P +P’) = gw(P) N gw(P’') and thus, Jw (Q + Q") = gw (P +
P/~ (k+k')E) = gw (P+P') = gw (P)gw (P') = G (Q) g (Q').

A similar argument shows that gy, is continuous. For this, sup-
pose that |gy (Q)| = 1. Since |gw (P)| = |gw(Q)| = 1, the con-
tinuity of gy implies that there is an integer £ € N such that
gw (LP+P’) = gy (P). Finally, using the definition of gy, again, we
derive that gy (¢Q+Q") = §w (¢P+P’ —(tk+k")E) = gy (¢P+P’) =
gw (P) = gw (Q). This shows that gy is continuous.

Step 3: D% is closed under addition and multiplication
with scalars in Q.

Next, we show again that D% is closed under addition and mul-
tiplication with scalars in Q. For addition, consider two elements
0,0 € D%. By definition there are P,P’ € D%V and k,k’ ¢ N
such that Q = P/k and Q" = P’/k’. Clearly, k’P,kP’ € D%V
since D%V is closed under multiplication with integers. Hence,

K'P+ kP’ € D%V due to is closure under addition. Finally, this
means that O + Q' = P/k + P'/k’ = (K'P +kP")/(k - k') € D2,

which shows that Dg, is closed under addition.

As last point, we show that D%, is closed under multiplying with

scalars k € Q. Since k € Q, there are £; € Z and ¢, € N such that
k = ﬁ—;. Now, consider an arbitrary Q € D% and recall that by
definition, there is P € D‘Z/;V and #3 € N such that Q = P/#. Since
DXZ/;V is closed under multiplication with scalars in Z, we have that
HPe D%V. Because £ - £3 € N, we thus have that Q = £1P/(£> - £3) €
D% by definition.

Step 4: Extending gy to D%.

As fourth step, we extend gy to D% by defining gy (Q/k) =
gw (Q) for every Q € D%‘,, k € N. Once again, consistency
ensures that this is well-defined: if there are Q,Q’ € D%V and
k,t € N such that Q/k = Q’/¢, then the consistency of gy en-
sures that giy (Q/k) = gw (Q) = gw (¢Q) = i (KQ') = g (Q') =
gw (Q'/0).

Moreover, note that gy (Q) = gw (Q) = g(W, A) forall Q € Dﬁ,
and profiles A with Q = N (A, W) by the definitions of gy, gw, and
gw - Hence, gy indeed satisfies the first condition of this lemma.
Also, this shows that gy is non-imposing as even gy, which is
defined on Dﬁ, Cc D%, satisfies this axiom.

Analogous to Step 2, proving the neutrality, consistency, and
continuity of gy takes more effort and we consider therefore
0,0 € D%. By the definition of D%, there are P, P’ € D%‘, and

k,k’ € N such that Q = P/k and Q" = P’ /k’. The definition of gy
then shows that gy (Q) = gw (P) and gw (Q”) = gw (P’).

Now, we prove that gy inherits neutrality from gy . For show-
ing this, let 7 denote a permutation on C \ W. It is apparent that
7(Q) = (P)/k and thus, g (r(0)) = g (r(P)/K) = g (¢(P)) =
t(gw (P)) = t(gw (P/k)) = t(gw (Q)).

Next, we will show that gy is consistent. For this, assume that
gw (Q)Ngw (Q’) # 0, which implies that gy (P) Ngw (P') # 0. We
infer from the consistency of gy that gy (k’P +kP’) = gy (K'P) N
Jw (kP") = gw(P) N gw(P’). This implies that gy (Q + Q') =
gw (PIk+ P [K') = g (K'P+kP') (K - K')) = Gur (K'P+ kP') =
dw (P) N gw (P’) = gw (Q) N gw (Q"). Hence, gy is consistent.

As last point, we prove that gy is continuous and we thus sup-
pose that |Gy (Q)| = 1. For proving this claim, note that consis-
tency implies that gy (P) = gw (k’P) and Gy (P’) = gw (kP’).
Since gw (Q) = Jgw(P), there is an integer £ € N such that
Jw (¢k’P+kP”) = gy (k' P). This means for gy that gy (¢Q+Q’) =
gw ((¢k"P+kP")/(k-k")) = gw (¢k’P+kP’) = gw (k'P) = gw (P) =
gw (Q), i.e., g is continuous.

Step 5: D% = QIC\WIxIZwl,

Finally, we will show that D% is equal to the full space
QIC\WIXIZwl For proving this, we will show that the standard
basis of Qlc\wlleW| is part of D%. Hence, consider a fixed can-
didate ¢ € C \ W and a tuple (k,¢) € Zy,. First, let A! denote the
profile in which each ballot A; € A except those with |A;| = ¢
and |A; N W| = k appears once. It is not difficult to see that
Q! = N(A', W) differs from E only in the column corresponding to
(k, £) since all these entries are 0 for Q'. Next, let Q? = Q! — E and
note that Q? € D‘Z/;V. This matrix has non-zero entries only in the
column (k, £), and all entries in this column are equal and negative,
i.e., there is x1 such that Qi,k,t’ =—xy foralld e C\ W.

Furthermore, let A3 denote the profile which contains each ballot
A; € Awith |A;j| = £, |AiNW| =k, and ¢ € A; once. Note that there
is at least one such ballot because k < |W| and k < ¢£. Moreover, no
such ballot contains all candidates x € C\W because £ < m—|W|+k.
Hence, it follows that c is approved by strictly more voters than any
other candidate d € C \ (W U {c}). On the other hand, due to the
symmetry of A3, all these candidates d are approved by the same
number of voters. Finally, note that Q3 = N (A3, W) has only non-
zero entries in the column corresponding to (k, £). Hence, there are
two positive constants x3, x3 such that x; > x3, Qi’k! ¢ = X2 and
in,k,t’ =x3foralld e C\ (WU {c}).

As last step, let O* = x;0% +x302. Since D%V is closed under mul-
tiplication with scalars in Z and addition of its elements, it follows
that 0% € D%V. Moreover, we infer from our previous observations
that Qik! P = X1 (x2 — x3) > 0, whereas all other entries are 0.

Hence, the matrix Q5 = contains 1 at QSC, k, £ and 0 for

Q
x1-(x2—2x3)
all other entries. Moreover, this matrix is in DQ by the definition
of this set. Since ¢ € C \ W and (k, £) € Zyy are arbitrarily chosen,
it follows that the standard basis is part of D%. Finally, this shows
that Dg, = Q'C\WMZW‘ since D% is closed under addition of its
elements and multiplication with scalars in Q. O



Finally, we are able to prove Proposition 4. For showing this
statement, we will use a separation theorem for convex sets and
thus, we will use standard terminology from convex optimization
(e.g., polyhedron, subspace, dimension, facets) in the subsequent
proof. We refer to McLennan [17] for the definitions of these terms.

Proposition 4. Let g denote a proper, consistent, and complete gener-
ator function. For every committee W # C, there is a weight function
oW such that g(A, W) = AV jw (A, W) for all profiles A € A*.

PRrOOF. Let g be defined as in the lemma and first note that the
case that |[W| = m — 1 is trivial as there is only a single remaining
candidate. Hence, g(A, W) = AV (A) for every weight function
v as both are by definition always non-empty. Thus, consider a
committee W of size |W| < m—2. Moreover, we define d; = |C\ W|
and dy = |Zyy|. Finally, in this proof we will denote the candidates
in C \ W merely by numbers from 1 to dj.

By Lemma 8, there is a function gy from Q%% to 2C\W \
{0} that is consistent, neutral, non-imposing, and continuous, and
that satisfies that gy (N(A, W)) = g(A, W) for all A € A*. Next,
define R; = {Q € Q%% ¢; € gy (Q)} for every i € {1,...,d;}.
Moreover, let R; denote the closure of R; with respect to RA1%dz

We will prove the proposition in multiple steps by analyzing
the sets R;. In more detail, we show in Step 1 that these sets are
full-dimensional and convex cones. This implies that they have a
non-empty interior. As next step, we prove that the interiors of
these sets are disjoint. We can therefore use the separation theorem
for convex sets to find a separating hyperplane between every pair
R;, R;. Even more, we show in the third step that these hyperplanes
are unique up to multiplication with a positive scalar. As fourth
step, we extract a scoring vector from these separating hyperplanes
and show thereafter that gy (Q) can be represented based on this
score vector. Finally, we derive from this insight that g(A, W) can
be represented by AVY (A) for some weight vector o.

Step 1: Our first goal is to show that R; is a fully dimensional
and convex cone for every i € {1,...,d;}. For this, note that the
consistency of gy implies that R; is a Q-cone. (A set is called Q-
convex if it is closed with respect to convex combinations using
rational scalars 0 < g < 1 instead of real ones. Moreover, a Q-
cone is a Q-convex set that is closed with respect to multiplica-
tion of any non-negative, rational scalar.) It is not difficult to see
that R;, i.e., the closure of R; with respect to R4%42 g convex
for every i € {1,...,d1}. This is also formally proven by Young
[23]. Moreover, Ujeqs,..,
R (i) = 7(R;) for all permutations 7 : {1,...,d1} — {1,...,d1} and
i €{1,...,d1}. In particular, the latter fact means that all R; have
the same dimension and they must thus have the same dimension as
R91%42 Hence, the interior of R; (with respect to R91%42) denoted
by int R;, is non-empty.

Step 2: Next, we will show that that the interiors of R;, R; do not
intersect. Hence, assume for contradiction that int R; Nint R; # 0
for some i,j € {1,...,d1} with i # j. Then, there is Q € D2 N
int R;Nint R}, which means that {i, j} € gw (Q). On the other hand,
there is Q’ such that gy (Q’) = {i} because gyy is non-imposing.

Now, since Q is in the interior of both R; and Rj, we canfinda A €
Qsuchthat0 < A < 1and (1-1)Q+AQ" € D2nint R;Nint R;. This

means that (1-1)Q+AQ’ € R;NR; and thus {i, j} C gw ((1-1)Q+
AQ’). However, consistency requires that gy ((1-1)Q+AQ”") = {i},
contradicting the previous claim. Thus, int R; N int Rj = 0 for all
distinct candidates i, j € {1,...,d1}.

Step 3: As third step, we show for all i,j € {1,...,d;} that
there is a unique hyperplane (up to multiplication with positive
scalars) that separates R; and R;. Note for this that, because these
sets are convex and their interiors do not intersect, the separating
hyperplane theorem [e.g., 17] shows that there is a non-zero vector
ull e RE*42 guch that u/Q > 0if Q € Ry and u/Q < 0if Q € R;.
We define here the matrix multiplication u*/Q as the standard scalar

that w/! = —uJ for all i,j € {1,...,d;} with i # j. Clearly, if u*/
satisfies that u/Q > 0if Q € R; and u/Q < 0if Q € R;, then
w/'Q > 0if Q € Rj and w/'Q < 0if Q € R;. Hence, it suffices to
derive only one of these two vectors from a hyperplane argument.

Next, we show that the u’/ are unique up to multiplication
with a positive scalar. For this, let S; = {Q € RA%d2; v ¢
{1,....d1},j # i: uQ > 0} for all candidates i € {1,...,d;}. By
definition, we have that R; C S;. Hence, 0 C intR; C intS; =
{0 € REX: . vj e {1,....d1},j # i : u/Q > 0}. Fur-
thermore, if uijQ > 0 for some Q and i,j € {1,...,d;}, then
w'Q = —u'7Q < 0, which implies that Q ¢ Rj. Therefore, int S; €
Rledz,

it holds that R%Xd2 \ Uje(1,...d;}\ (i} Rj € Ri. By combining these
insights, we derive that int R; C int S; C R;. By taking the closure,
it thus follows that R; = S;.

In particular, this means that R; # R% %4 js 3 full-dimensional
polyhedron and thus, it has a facet F of dimension d; - dy — 1.
Since all R; are closed and Jje (1, 4,3 Rj = R4zt follows that
Uje(t,...d:}\{i} Rj N F = F. Finally, since d; is finite, this means
that there is j # i such that FNR; has dimension d; - d2 — 1. This also
shows that the intersection of R; and R ' has dimension of d; - dz — 1.
Now, by symmetry this must hold for all i, j € {1,...,d1},i # j
and the dimensionality of R; N R; implies then that u'/ is unique
up to multiplication with positive scalars.

Step 4: Our next goal is to represent gy by a weight vector. For
this purpose, we show first that u”()7() = z(4%/) for all permu-
tations 7 : {1,...,d1} — {1,...,d1} and distinct i, j € {1,...,d1}.
For proving this claim, fix arbitrary i, j and 7. Moreover, let 1
denote the inverse permutation of 7, i.e., 77!(z(x)) = x for all
x € {1,...,d1}. By the neutrality of gy, we derive that Q € R; if
and only if 7(Q) € RT(,-) and Q € R; if and only if 7(Q) € Rr(j)~
Furthermore, by the definition of our matrix multiplication, it holds
that 7(Q)u/ = Qr(u¥) for all matrices Q € R91%42,

Now, let Q € RT(,»). It follows by our previous observation
that 771(Q) € R; and thus r~!1(Q)u" > 0. Hence, we have that
Qr(u¥) > 0. An analogous argument holds for R;, and thus, we
have that Qr(u) > 0if Q € R;(;) and Qr(u') < 0if Q € Ry(j).
By the uniqueness of the separating hyperplane, we thus infer that
ut D70 = 7 (y1)).

In particular, observe that this claim also holds for the per-
mutation 7%/ which only swaps i and j. Hence, we have that
" (u¥) = u/' = —u¥ . Since 7Y only swaps the i-th and j-th row



of '/, we infer that u;jk = —u:,jk fort € {i,j},k €{1,...,d2} and

ul =ull =oforee{1,....di}\{ij}landke{1,. .. do}.

Now, let s = u;] ie., s is the i-th row of u!/. The argument
in the last paragraph shows that Qu'/ > 0if Q;s > Q is (here
follows that R; = {Q e R4*%: vj e {1,...,di}\{i}: u/Q > 0} =
{QeRI*%. Vje {1,...,d1}: Qis = Qjs).

Step 5: Let hyy (Q) = {i € {1,...,d1}: Vj e {1,...,d1}: Qis >
Qjs}, where s is the vector derived in the last step. In this step,
we show that gy (Q) = hyw (Q) forall Q € lede. For this, note
that the definition that hy, shows that it is neutral and consistent.
Moreover, it is non-imposing as s is a non-zero vector. This follows
as the underlying u%/ are also non-zero vectors by the separating
hyperplane theorem. Hence, let s denote a non-zero entry in s. If
sk > 0, it follows that hyy (Q) = {i} for the matrix Q in which there
is a one in Q; ;. and 0 everywhere else, and if s < 0, the same holds
for the matrix Q with Q; = 1forall j € {1,...,d;} with j # i and
0 otherwise.

Next, observe that, by the reasoning in Step 4, we have that
i € hyy(Q) if and only if Q € R;. Since R; C R; and Q € R; only
if i € gw(Q), it follows immediately that gy (Q) € hy (Q) for all
Qe lexdz_

Finally, suppose there is Q € le Xdz guch that gw (Q) € hw (Q)
and let i € gy (Q). Now, let 7 denote an arbitrary permutation
such that 7(i) =iand 7(j) = jforall j € {1,...,d1} \ hw (Q). The
neutrality of gy implies that i € gy (7(Q)) and, since hyy is by
definition neutral, it follows that Ay (7(Q)) = (hw (Q)) = hw (Q).
Now, let O* denote the matrix derived by summing up all 7(Q)
for permutations 7 with 7(i) = i and 7(j) = j for j € {1,...,d1} \
hw (Q). Consistency for gy implies that gy (Q*) = {i} and for Ay
that hy (Q*) = hw (Q).

Finally, let i’ € hy (Q) \ gw(Q) and let W’ denote a profile
such that hy (Q") = {i’}. Such a profile exists since hy, is non-
imposing. Now, by consistency, it holds for every integer £ € N
that hy (£Q* + Q') = {i’} and therefore also gy (£Q* + Q') = {i’}
because gy (£Q*+Q’) C hy (£Q+Q’). However, this conflicts with
continuity, which states that there must be an integer ¢’ such that
gw (£’Q* + Q’,) = {i}. Hence, our initial assumption is wrong and
gw(Q) = hw (Q) for all Q € Q.

Step 6: Finally, we show that g(A, W) can be represented ap-
proval voting AV (A). For doing so, consider a profile A € A* and
let Q = N(A, W). Now, recall that every entry in Q corresponds
ton(c, AW,k,£) = |{i € Na: c € A; AN|Ai N W| =k A |Aj] = £}
for some candidate ¢ € C \ W and (k, ¢) € Zy . Since our vector
s contains also an entry for (k,£) € Zy, there is a very natural
weight vector 0" (x, y): we set o™ (x, ) = sx,y for all (x,y) € Zy
and 0 otherwise. Hence, we need to show that g(A, W) contains
precisely the candidates ¢ € C \ W that maximize the score
sow (A, €) = Tieny: cea, 07 (JAi VW], [A;]).

For proving this, observe that s,w(A,c) is equivalent to
Z(k,t’)eZw n(c, A W,k,£)v(k,f) = s - N(A, W).. Hence, it we de-
rive that g(A, W) = gw (N(AW)) ={ce C\W:¥x e C\W:s-
NA W) 2s-NAW)x} ={ce C\W:Vx e C\W:s,w(Ac) >
syw (A, x)} = AV w. This proves this proposition. O

A.3 Proof of Proposition 2

As last proposition, we show Proposition 2. For this, we first inves-
tigate the basic properties of the considered rules and show that all
sequential valuation rules are consistently committee monotone,
and that all step-dependent sequential scoring rules are proper.
Since step-dependent sequential scoring rules are valuation rules,
this also proves that these rules are also consistently committee
monotone. Analogous reasoning also entails that sequential Thiele
rules and step-dependent sequential Thiele rules are proper rules.

Lemma 9. Every step-dependent sequential scoring rule is a proper
ABC voting rule. Every sequential valuation rule is consistently com-
mittee monotone.

Proor. The lemma consists of five independent claims: every
sequential valuation rule is consistently committee monotone and
every step-dependent sequential scoring rule is anonymous, neutral,
continuous, and non-imposing. We will prove each of these claims
separately.

Claim 1: All sequential valuation rules are consistently
committee monotone.

Let f denote a sequential valuation rule and v its corresponding
valuation function. We will show by induction on the committee
size k € {0,...,m} that g(ALW) = {x e C\W:Vy e C\ W :
so(A, WX) > s,(A,WY)} consistently generates f. For this, let
feAk) = (WU {x} € We: W € fi(Ak-1),x € g(AW)}
denote the function generated by g and note that f; is indeed an
ABC voting rule since g is complete. For the induction basis, we
observe that f(4,0) = f;(A,0) = {0} for all profiles A. Next, as-
sume that f(A, k) = f3(A, k) for some profile A and a committee
size k € {0,...,m—1}. Moreover, let W € f(A, k). By the definition
of f, WU {x} € f(A k+1) if and only if sy (A, W* > s,(A, WY)
for ally € C \ W. This means by definition that x € g(A, W) and
W U {x} € f;(A k +1). Since this equivalence is true for all com-
mittees W and candidates x, f (A k + 1) = fy(A, k + 1) and g thus
generates f.

Next, we show that g is consistent. Thus, consider two profiles
A and A’ and a committee W such that g(A, W) N g(A’, W) # 0.
By definition, x € g(A, W) N g(A’, W) implies that s,(A, W¥) >
sp(A, WY) and sy (A", W¥) > sp(A",WY) forally € C \ W. Thus,
we infer that sy(A + A", W¥) = s,(A, W¥) + s,(A’, W U {x}) >
so(A, WX) + 55 (A", WX) = sy(A+ A", WY) forall y € C \ W. Hence,
g(AW)Ng(A, W) C g(A+A’,W). Conversely, if y € g(A, W) N
g(A’, W), we have y ¢ g(A,W) or y ¢ g(A’,W). Without loss
of generality, suppose that y ¢ g(A, W) and let x € g(A, W) N
g(A’, W). Our assumptions entail that s, (A, W¥) > s,(A, WY) and
so(A, W¥) > s,(A’, WY). Thus, sy(A+ A", W¥) > s,(A+ A’,WY)
which proves that y ¢ g(A + A’, W). We infer from this that g(A +
A", W) =g(A W) Ng(A’, W), which proves that g is consistent.

Claim 2: Every step-dependent sequential scoring rule is
anonymous.

For this claim and all subsequent ones, let f denote a step-
dependent sequential scoring rule and let h(x, y, z) denote its step-
dependent counting function. We first show by an induction on
the committee size k € {0,...,m} that f is anonymous. Thus,
consider a profile A and a permutation 7 : N — N, and note
that f(A,0) = f(x(A),0) = {0} by definition. Hence, assume that



f(A k) = f(n(A), k) for some fixed k € {0,...,m — 1} and con-
sider W € f(A k). By definition, W U {x} € f(Ak + 1) for all
candidates x € C \ W that maximize sy, (A, W¥) = };en, h(|Ai N
WX|, [W*|,|A;]). Since A” = 7(A) is derived from A only by permut-
ing the voters, it follows immediately that sj, (A", W) = s, (A, W¥)
for all x € C \ W and thus W U {x} € f(A k + 1) if and only if
WU {x} € f(A k+1) for all committees W € f(A, k) and candi-
dates x € C \ W. This shows that f(A, k+ 1) = f(n(A),k + 1) and
we thus infer inductively that f is anonymous.

Claim 3: Every step-dependent sequential scoring rule is
neutral.

Let f and h be defined as in Claim 2. First, note that |A| = |7(4)],
[W| = |t(W)|, and [W N A| = |t(W n A)| for every profile A,
committee W, and permutation 7 : C — C. Based on this fact,
we now show inductively that f is neutral. Consider for this an
arbitrary profile A and a permutation 7 : C — C. Once again,
the induction basis k = 0 is trivial since f(7(A),0) = 7(f(A,0)) =
{0}. Hence, assume that f(7(A),k) = 7(f(A k)) for some fixed
ke{0,...,m—1}andlet W € f(A k). It follows from our initial
observation that sj, (A, W¥) = sp,(7(A), 7(W?¥)) for every x € C\W.
Hence, if x maximizes sj (A, W¥), then 7(x) maximizes the score
sp(7(A), 7(W)U1z(x)), so it follows that WU{x} € f(A, k+1) ifand
only if 7(W U {x}) € f(r(A), k + 1). Equivalently, f(z(A),k+1) =
7(f(A k + 1)), which proves the induction step.

Claim 4: Every step-dependent sequential scoring rule is
continuous.

Let f and h be defined as in Claim 2. Moreover, consider two
profiles A, A’ € A*, a committee size k, and a committee W € W)
such that f(A k) = {W}. For proving this claim, we define
F = UK, f(A0) and A(A X, x,y) = s5(AX¥) - s5(A, XY). In
particular, observe that A(A, X, x,y) = —A(A X,y,x) and A(A +
AL X, x,y) = AMA X, x,y) +A(A, X, x, y) for all profiles A, A’, com-
mittees X, and candidates x,y € C \ X. Moreover, define

Al = min

= A(A X, c,d), and
XeF,c,deC\X: X eF X4¢F

A% = max

= AA, X, c,d).
XeF,c,deC\X: X49cF X¢F

Finally, let j € N denote the smallest integer such that jA! > AZ.

We will show by induction on ¢ that f(JA+ A’,¢) C f(A¢)
for all ¢ € {0,...,k}. This implies that f(JA + A", k) = f(Ak)
since |f(A, k)| = 1 and f(jA + A’,k) # 0. The induction basis
¢ = 0 follows immediately from the definition of ABC voting rules.
Hence, suppose that f(jJA+A’,£) C f(jJA+A’, ) for some fixed ¢ €
{0,...,k—1} and consider a committee W € f(jA+A’, £). For every
c,d € C\W suchthat WU {c} € f(A¢+1),WU{d} ¢ f(A £+1),
it follows that A(JA+A’, W, c,d) = jA(AW,c,d)+A(A’,W,c,d) >
jA' = A% > 0. By the definition of A this implies that W U {d} ¢
f(jA+A’,£+1) since W U{c} has a higher score. Now, since d is an
arbitrary candidate such that W U {d} ¢ f(A, ¢ + 1), it follows that
WuU{c} € f(JA+A’,£+1) can only be true if WU {c} € f(A, £+1).
This implies that f(JA+A’,£+1) C f(A ¢+ 1) and thus proves
the induction step.

Claim 5: Every step-dependent sequential scoring rule is
non-imposing.

Let f and h be defined as in Claim 2. For this step, it is crucial
that step-dependent counting functions h(x, y, z) satisfy that for
everyy € {1,...,m — 1}, thereisx < yandz € {x,...,m—1—
y + x} such that h(x, y,z) # h(x — 1,y, z). Furthermore, because of
neutrality, it suffices to show that for every committee size k, there
is a profile A and a committee W such that f(A, k) = {W}; every
other committee of size k can then be obtained by permuting A. As
in all previous cases, we use an induction on k and the induction
basis k = 0 follows by the definition of ABC voting rules.

Thus, assume that there isa k € {1,..., m — 1} such that every
committee W with |[W| < k is uniquely chosen for some profile
A, ie., f(A|W]) = {W}. Note that if k = m — 1, we are already
done as f(A, m) = {C} since C is the only committee of size m. We
thus focus on the case that k < m — 2. Now, using the induction
hypothesis and the construction in the proof of Lemma 2, we can
construct for every sequence of committees Wi, ..., Wy a profile
A such that f(A,¢) = {W;} forall £ € {1,...,k} and f(A k+1) =
{Wr U{x}: x € C\ W}

Our next goal is to construct a profile A’ for which there is
a candidate ¢ € C \ Wy such that s (A, ch) > sh(A’,Wlf') for
alld € C\ W. For constructing this profile, let x < k+1 and
z € {x,...,m—1—y+x} denote the integers such that h(x, k+1,z) #
h(x — 1,k + 1,z). We subsequently suppose that h(x,k + 1,z) >
h(x — 1,k + 1, z) and explain at the end of this paragraph how to
adapt our construction to the case that h(x, k+1,z) < h(x—1,k+1,z).
Now, let A; denote a ballot such that [A; "Wy | =x —1and |A;| =z
and let ¢,d € C \ Wy denote candidates such that ¢ € A;, d ¢ A;.
Note that such a ballot exists due to our conditions on x and z:
x < k + 1 ensures that |A; N Wi | = x — 1 is possible, z > x ensures
that we can approve at least x candidates, and z < m—1—-(k+1-x)
ensures that we can disapprove at least k + 2 — x candidates (namely
d and the remaining k — (x — 1) candidates in Wy \ A;). Next,
let 7 denote an arbitrary permutation on C with 7(e) = e for all
candidates e € Wi U{c}. In particular, this means that ¢ € 7(A;) and
7(A;) N W = A; N W, Finally, we define the profile A’ by adding
a voter with the ballot 7(A;) for every such permutation. Since
cer(Aj) forallt: C — Cwithr(e) =efore ch, it follows that
sp(A, ch) = (m—|Wg|-1!-h(x, k+1, z). On the other hand, every
other candidate e € C \ ch is not approved in the ballots 7(4;) in
which 7 maps e to d. Hence, these voters approve x — 1 candidates
of W]f and since h(x,k + 1,z) > h(x — 1,k + 1, z), it thus follows
that s (A’, W¢) < (m—[Wi| = Dlh(x,k+1,2) = sp(A, W) for all
eeC\ ch. For the case that h(x,k+ 1,z) < h(x — Lk +1,2), we
can apply the same construction with the role of ¢ and d swapped
in A;.

Finally, we will construct a profile A* in which f(A* k +1) =
{Wi U {c}}. By Lemma 3, there is an integer j such that f(jA +
A’ t) = {Wp} for all ¢ < k. In particular, this means that f(jA +
A’ k) = {W,}. On the other hand, f(A,k+1) = {WU{x}: x € C\
Wy }, which implies that sp, (A, W]f ) = sp(A, W/f ) for all candidates
d,e € C \ Wy. Clearly, the same also holds for jA since we derive
this profile by only copying A multiple times. Finally, we have
by construction that sj, (A’, w¢) > sp(A, W]f) foralld € C\ W.
Because s, (A + A, W¢) = sp(GAWY) + sp(A, W) forall e €
C \ W, we infer that s, (JA + A", Wf) > s,(jA + A, W) for all
deC\ ch. Thus, f(jJA+A’, k+1) = {W; U{c}}. This proves that



f is non-imposing for committees of size k + 1 as neutrality allows
us to construct every outcome now. Hence, we inductively infer
that f is non-imposing for every committee size. m}

Next, we show the first claim of Proposition 2: a sequential
valuation rule is a step-dependent sequential scoring rule if and
only if it is proper.

Lemma 10. A sequential valuation rule is a step-dependent sequen-
tial scoring rule if and only if it is proper.

Proor. We have shown in Lemma 9 that every step-dependent
sequential scoring rule is proper. Moreover, their definition imme-
diately shows that every step-dependent sequential scoring rule is
a sequential valuation rule. Hence, only the converse remains to
be proven. For this, let f denote a sequential valuation rule that is
proper, and let v denote its corresponding valuation function. We
have shown in Claim 1 of Lemma 9 that the generator function
JgAW)={x e C\W:Vy € C\W : s5(AW¥) > s,(AWY)}
is consistent, complete, and generates f. Hence, it follows from
Lemma 4 that g is a proper generator function.

We prove this that f is a step-dependent sequential scoring rule
in two steps. First, we show that f is induced by a neutral valuation
function v* (i.e., v*(A;, W) = 0™ (r(A;), 7(W)) for all permutations
7, ballots A;, and committees W). Based on v*, we will build as
second step a step-dependent counting function h that induces f.

Step 1: There is a valuation function 0* that is neutral and
induces f

For proving this claim, we define the valuation function
v (Ai;, W) = 0(7(4;), 7(W)) and the generator function g, (A, W) =
{x e C\W:Vy e C\ W :sy, (A W¥) > s, (A WY} for every per-
mutation 7 : C — C.In particular, observe that g, (A, W) = g(A, W)
for all profiles A and committees W since

gr(AW)={x e C\W:VyeC\W:
D oA W) = Y or(AL W)}

ieNy ieNy

={xeC\W:VyeC\W:
D 0w A,z (W) = 3 o(r(A), T(WH))}
i€Na i€Na

={r'(x):x eC\t(W): Vy € C\ (W) :
D oA s W) = ) o(r(An, T(W)Y)))

ieNa €Ny
{71 (x): x" € g(z(A), (W)}

1 (g(z(A), 7(W))
g(A,W).

Finally, consider the valuation function o*(A; W) =
YrerT 0 (A;, W), where T is the set of all permutations on
C. Clearly, v* is neutral, i.e., v*(A;, W) = 0v*(z(4;), 7(W)) for all
permutations 7, ballots A;, and committees W. We prove next that
0™ also induces our sequential valuation function f. For doing so,
consider an arbitrary profile A and let f*(A, k) ={W U {c}: W €
F*Ak—-1),ce C\W:Vd € C\ W: sy (A WE) > s, (A W)}
for all committee sizes k. We will show by induction on k that

f(A k) = f*(Ak) for k € {0,...,m}. The induction basis k = 0
follows trivially since f(A,0) = {0} = f*(A, 0) by definition.
Now, assume that f(A k) = f*(Ak) for some fixed k €
{0,...,m — 1} and let W € f(Ak). For eachc € C \ W, we
have that W U {c} € f(Ak + 1) if and only if ¢ € g(A W).
This is, in turn, equivalent to ¢ € g (A, W) for every permutation
7:C — C.Hence, we have that WU {c} € f(A, k+1) if and only if
o, (A, WE) > sy (A, w4) for all permutations 7 € Tandd € C\ Wy.
Since sy (A, W€) = X e S0, (A, W) for all ¢ € C \ Wy, we infer
that W U {c} € f(A k+1) ifand only if W U {c} € f*(A k +1).
Finally, since W € f(A k) is chosen arbitrarily, this shows that
f(Ak+1) = f*(A k + 1) and thus proves that v* induces f.

Step 2: There is a step-dependent counting function
h(x,y, z) that induces f.

As second step, we show that f is a step-dependent sequential
scoring rule by proving that it is induced by a step-dependent count-
ing function. For this, note first that there is a function h(x, y, z)
such that v*(A;, W) = h(|A; N W], |W]|, |A;|) for all ballots A; and
committees W. For proving this claim, consider two arbitrary ballots
Aj and A} and committees W and W’ such that |[A;n"W| = [A]nW/|,
|Ail = |A]], and [W| = |W’|. Clearly, there is a permutation 7
such that 7(A;) = A}, 7(A; N W) = AN W', and 7(W) = W'
Hence, the neutrality of v™ shows that v*(A;, W) = v™(A}, W').
Consequently, v* only depends on [A; N W/, |[W|, and |A;| to
compute the score, i.e., there is a function h(x,y,z) such that
v (A, W) = h(|Ai " WL, [W], |A;]).

Finally, we show that A(x, y, z) must be a step-dependent count-
ing function, which requires that there is forevery y € {1,...,m—1},
anx < yandz € {x,...,m — 1 —y + x} such that h(x,y,z) #
h(x — 1,y, z). Assume for contradiction that A fails this condition,
ie,thereisy € {1,...,m— 1} such that for each x € {1,...,y} and
ze{x,....m—1—-y+x}, h(x,y,2) = h(x — 1,y,2). Our goal is to
show that f has to fail non-imposition, which contradicts that it is
a proper ABC voting rule. For this, consider an arbitrary ballot A;, a
committee W € (Wy_l, and two candidates ¢,d € C \ W. Our goal
is to show that h(JA; N WE, [WC|, |A;]) = h(JA; 0 WO, W9, |A;)).
If |A; N\ W€| = |A; N W], this is clear since all arguments of the left
and right side of h are identical. Hence, we assume with out loss
of generality that |A; N W€| > |A; N Wd|. In particular, this means
that c € A;, d ¢ A; and |A; N W€| = |A; " W9| + 1. Now, note that
x=[AiNW¢| < |W¢ =yandx = |A; N W€| < |A;| = z. Moreover,
we know thatd ¢ A; and y—x candidates of W€ are not in A;. Hence,
z = |Aj| £ m—1-(y—x). Therefore, our contradiction assumption
indeed shows that (J4; "W€|, W€, |A;]) = h(JA;nWY|, W9, |A;]).

Since W, ¢, d, and A; are chosen arbitrarily, it follows that each
committee of size y < m — 1 gets the same amount of points from
every ballot. Hence, |f(A, y)| # 1 for all profiles A since (A, y) =
{Wu{y}: W e f(Aby—1),x € C\ W} and |C\ W| > 2. This
contradicts the non-imposition of f. Our assumption that & is not
a step-dependent counting function must therefore be wrong, and
f is thus a step-dependent sequential scoring rule. O

Next, we show that independence of losers characterizes
step-dependent sequential Thiele rules within the class of step-
dependent sequential scoring rules.



Lemma 11. A step-dependent sequential scoring rule is a step-
dependent sequential Thiele rule if and only if it is independent of
losers.

Proor. We proof both directions of the lemma separately.

Claim 1: A step-dependent sequential Thiele rule is a step-
dependent sequential scoring rule that satisfies indepen-
dence of losers.

First, note that every step-dependent sequential Thiele rule f is
clearly a step-dependent sequential scoring rule since f is induced
by a step-dependent Thiele counting function A(|A; N W|, |[W]).
Clearly, we can extend h to a step-dependent counting function
K by W (x,y,z) = h(x,y) for all x,y. Moreover, since for every
y € {1,...,m — 1}, there is x < y such that h(x,y) > h(x — 1,y),
it follows that h’(x,y,z) # h(x — 1,y,2) for this x and all z €
{1,...,m}. Hence, f is a step-dependent sequential scoring rule.

Moreover, it is easy to show that f is independent of losers. For
doing so, consider two profiles A and A" on the electorate Ny, a
committee W € f(A, [W|), avoter i € N4, and a candidate ¢ € A; \
W such that A’ A; =Aj\{c}and A; = A;. forall j € N\{i}. The last
assumption entails that h(JA; NW’|, |[W’]) = h(|A} NW’|, |W’]|) for
all voters j € Ng \{i} and committees W’ € W. On the other hand,
we have for every committee W’ that h(|A; N W[, |[W’|) = h(]A] N
W', |W’]) if c ¢ W and h(]A; N W'|, |W’[) > h(|A; n W'|, [W']) if
¢ € W since h is non-decreasing in the first argument. Finally, since
W e f(A, |W]), there is a sequence of candidates {x1, dots, x } such
that for all £ € {1,...,k}, it holds that Wy = {x1,...,x¢} € f(A,?)
and sp, (A, I/V[x_"l) > sp(A, W{,y_l) forally € C\Wy_;.Becausec ¢ W,
our previous insights show that the scores of the committees W,
are always maximal, and thus W € f(A’,k). Hence f satisfies
independence of losers.

Claim 2: Every step-dependent sequential scoring rule that
satisfies independence of losers is a step-dependent sequen-
tial Thiele rule.

Next, we show the converse and consider thus a step-dependent
sequential scoring rule f that is independent of losers. Moreover,
let h(x,y, z) denote its step-dependent sequential scoring function.
We will show that the function 4 defined by /(0,y) = 0, h(x,y) =
h(x—1,y)+h(x,y,x)—h(x—1,y,x) forx € {1,...,y},and h(x,y) =
h(y,y) for x > y is a step-dependent Thiele counting function that
also induces f. For this, we proceed in multiple steps. First, we
prove an auxiliary claim stating that we can build profiles with
specific outcomes, which will be used for the next steps. Then,
we show that for all profiles A, committees W, and candidates
¢,d € C\ W, it holds that s, (A, W¢) > s,(A, W9) if and only if
s (A, W) = sp (A, w¢). This clearly implies that k also induces f.
As last step, we show that / is non-decreasing in x (and thus also
non-negative since (0, y) = 0 for all y) and satisfies that there is
x < y such that A(x,y) > A(x — 1, 1).

Step 1: For all committees W and distinctc,d € C \ W, there is a
profile A such that f (A, |W]) = {W} and f(A, |W]+1) = {W€, wdy,
For proving this claim, let Wi, . .., Wy denote a sequence of com-
mittees such that Wy = W€ and Wj._; = W. By Lemma 2, there is
a profile A such that f(A,t) = {W;} for all £ < k. Next, consider
a permutation 7 : C — C such that 7(x) = x for all x € W¢. By

neutrality, we have that f(7(A),f) = {W;} forall ¢ € {1,...,k}
and Lemma 1 implies thus that f(A + 7(A), £) = {W;}, too. Now,
let A® denote the profile consisting of 7(A) for every permutation
7: C — C with 7(x) = x for all x € W°. By the same argument
as before, f(AC, £) = {Wp} forall £ € {1,..., k}. In particular, this
means that s (AS, W) > s, (A, W*) for all x € C \ W€. Moreover,
we claim that s, (A°, W¥) = s;,(A°, WY) for all x, y € C\ W€, For
this, note that s, (A, W*) = s, (r(A), W™} for all permutations
7 that only reorder the candidates in C \ W¢. Since A® consists of
these profiles for all permutations, all of the candidates except ¢
must have the same score.

Next, consider the profile A% derived from A€ by exchanging ¢
and d; formally A? = r,4(A°) where 7,4 is the permutation that
only swaps ¢ and d. By neutrality, we have that (A%, ¢) = {W;}
fort e {1,...,k — 1} and f(Ad, k) = {Wd}. Moreover, we have
that sh(Ad, wd) = sp(AS, W) and sy, (A4, wx) = sp(AS, WY) for all
x € C\W?,y € C\W?.Finally, we define A = A?+A°¢. By Lemma 1,
we immediately get that f(A, t) = {Wy}forallt e {1,...,k—1}.
Furthermore, it holds that sp (A WX) = Sh (A, W¥) + Sh (A, w¥)
for all x € C \ W. This implies that sh(A, we) = sh(A, wd) >
sp(A,WX) forall x € C \ (W U {c,d}). Hence, A indeed satisfies
our requirements.

Step 2: It holds for all profiles A, committees W, and candidates
c,d € C\W that sp(A, WE) > s,(A, W?) if and only ifsp(A, W) 2
sp(A W),

For proving this step, we consider a committee W and two candi-
dates c,d € C\W. Since s, and s;; only sum up the scores of the indi-
vidual ballots, it suffices to focus on the ballots A;. Our goal is thus
to show that h(|A; N WE|, [WCL,|A;]) — h(JA; 0 WO, W9, |A;]) =
R(|AiNWE|, |WE|)=h(|A;nWY|, W) First, if c,d € Ajorc,d ¢ A;,
this follows immediately since [A; N W€| = |A; N W4| and thus,

h(1A; O WELIWEL |Ai) = h(1A; 0 WL W), |A3))
= h(JA: N WELIWE)) = R4 0 W W) =o.

Hence, suppose that ¢ € A;, d ¢ A;; the case thatd € A;, c ¢ A;
is symmetric. This implies that |A; N W4 = |A; N W¢| -1 and we
hence have to show that
h(JAiNWELWE, |Ai]) = R(JAi N WE] =1, W€, |A;])

=h(|Ain WL W) —h(JAi nWE| =1, [W*))
=h(JAiNWEL W JAinWE]) = h(JA; NWE] =1, [WE[, |A;nWE]).

If |A;| = [A; N W€, this claim holds trivially. Since |A;| > |A; N
W¢€|, we thus suppose that |A;| > |A' N W€|, which implies that
X = A; \ W€ # 0. Also, recall that d ¢ A; and thus d ¢ X. Next, let
A denote a profile such that f(A, |W|) = {W} and f(A, |[W|+1) =
{w¢, Wd} ; such a profile exists due to Step 1. Moreover, let A’ be a
profile consisting of two voters, one of which reports A; and the
other one reports (A; \ {c}) U {d}. Finally, let A” denote the profile
derived from A’ by assigning the ballot A; \ X = A; N W€ to the
voter who originally submits A;. For these profiles, it holds that

sp(A WE) =s,(A, W) > 5,(A, W¥) for all x e C\ (W U{c, d}),

su(A", W) =h(JA; nWEL, [WE, |Ai]) +h(JA; "W =1, [WE), |A;])
=sp(A, W),



sn(A”, W) =h(|A4; "\WE, W], |A; n W)
+h(|JA;NWE| =1,|WE|, |A;]), and

sn(A” W9 =h(JA; N W =1, [WE|, |A; N WE))
+h(|A; NWEL IWE], A]).

Finally, it is not difficult to see that there is an integer j such that
FUA+AL W) = GA+A”, W) ={W}, fUA+A[W[+1) C
{(we, w9}, and (jA+A”,|[W|+1) € {W¢, W}. From the above
equations, it now follows that f(FA+A’, |W|+ 1) = {W¢, w4}.0On
the other hand, since A" is derived from A’ by only disapproving
candidates x € C \ (W U {c,d}), a repeated application of indepen-
dence of losers shows that f(JA+A”, |[W|+1) = {W¢, w4}, too.
This implies that s, (A", W¢) = s, (A”, W%), which is equivalent to

=h(|Ai W] W, JAi]) - h(JAi nWE] = 1, [WEL, |A;])
=h(|AinWe|, W, JAinWE]) —h(JAi N WE| =1, W], |[A;nWE]).

This shows that sj,(A W) > sp(A,W?) if and only if
s (A W) = 55 (A, w4) for all profiles A, committees W, and
candidates c,d € C \ W. Hence, h indeed induces f.

Step 3: h is a step-dependent Thiele counting rule.

For proving this claim, we need to show that h(x,y) is non-
negative, non-decreasing in x, and satisfies that for every y €
{1,...,m—1} thereisx € {1,...,y} such that h(x,y) > h(x — 1,1).
We start by showing that h is non-decreasing in x. Note that
this immediately implies that it is non-negative since we defined
that (0,y) = 0 for all y € {1,..., m}. Hence, assume for contradic-
tion that there is x € {0,...,m — 1} and y € {1,...,m} such that
h(x,y) > h(x + 1,y). Since h(x’,y’) = h(y’,y’) for all x’,y’ with
x > 1/, our assumption requires that x < y. Moreover, we suppose
that y < m because we can redefine h(x, m) = 0 for all x. The reason
for this is that h(x, m) is only queried when f needs to decide on a
winning committee of size m, but there is only one such committee
and thus the values of & do not matter.

Now, let Wy, ..., Wy_1 denote an arbitrary sequence of com-
mittees with length y — 1. By Lemma 2, there is a profile A such
that f(A,¢) =W forall £ € {1,...,y— 1} and f(4,y) = {Wy—1 U
{x}: x € C\ Wy_1}. Furthermore, let A" denote a profile in which
a single voter approves x candidates of Wy_1 and all candidates
in C \ Wy-1. Finally, define A" as the profile derived from A’ by
letting the single voter disapprove one candidate ¢ € C \ Wy—1.

It is again not difficult to see that there is an integer
j such that f(jJA+A’,€)=f(jJA+A",£)={W;} for all ¢ €
{1,...,y = 1}. On the other hand, we have that s (A4, W;_l) =

sp (A, Wj—l) for all c¢,d € C\Wy-1 since f(Ay)={Wy_1U
{x}: x € C\ Wy_1}. Also, it holds that s;(A’, W;_l) =h(x+
1Ly) = s,;(A', W;_l) for all c,d € C \ Wy-_1. Finally, we have that
sp(A”, W;_l) = h(x,y) and sp (A", W;_l) = h(x +1,y) and thus,
sh(A”,WyC_l) > sh(A”,W;_l) foralld e C\ Wyc_l. Thus, we in-
fer that f(JA+A",y) = {Wy—1 U {x}: x € C\ Wy_1} and f(JA+
A”,y) = {Wy_1 U {c}}. However, since y < m and thus [W,_1| <
m — 2, thereisd € C \ W;_l such that W1 U {d} € f(JA+A",y).
Because ¢ ¢ Wy—1 U {d}, independence of losers thus requires that
Wy-1 U {d} € f(jA+A”,y). This contradicts our previous insight,

and thus, the assumption that 4(x,y) > h(x + 1,y) must have been
wrong. Hence, k is non-decreasing in x.

Finally, we show that for every y € {1,...,m — 1}, there is x €
{1,...,y} such that h(x,y) > h(x — 1,y). Assume there is y such
that this is not the case, which means that h(x,y) = h(x’, y) for all
x,x” < y.Since for |A; N W| < |W]| for all committees W and ballots
Aj, this means that all committees of size y always receive the same
score and, as there are at least two committees of size y < m, f can
therefore be not non-imposing. This contradicts our assumptions
and we thus conclude that f is a step-dependent sequential Thiele
rule because it is induced by a step-dependent Thiele counting
function h. O

Finally, we prove that committee separability characterizes the
sequential Thiele rules within the class of step-dependent sequential
Thiele rules.

Lemma 12. A step-dependent sequential Thiele rule is a sequential
Thiele rule if and only if it is committee separable.

Proor. For proving this lemma, we need to show two claims:
every sequential Thiele rule is a step-dependent sequential Thiele
rule that satisfies committee separability, and every step-dependent
sequential Thiele rule that satisfies committee separability is a
sequential Thiele rule.

Claim 1: Every sequential Thiele rule is a step-dependent
sequential Thiele rule that satisfies committee separability.

Let f denote a sequential Thiele rule and let h(x) denote its
Thiele counting rule. Clearly, f is a step-dependent sequential
Thiele rule as we can define the step-dependent Thiele counting
function k' (x,y) = h(x) forally € {1,...,m}.

Hence, it remains to show that f is committee separable. For
doing so, recall that C4 = U;en, Ai and Cg = Ujeny, Bi and let
A and B denote two disjoint profiles with C4 = C \ Cg. We will
show by an induction on the committee size k € {0, ..., m} that for
every W € f(A+ B, k), it holds that W N Cy4 € f(A,[W N Cyxl) and
W NCg € f(B,|W NCgl). The induction basis k = 0 is trivial since
F(A+B,0) = (4,0) = £(B,0) = {0}.

Hence, suppose that our claim is true for a fixed k € {0,...,m —
1} and let W € f(A + B,k + 1). By the definition of sequential
Thiele rules, there is a committee W’ € f(A+ B, k) and a candidate
¢ € C\W suchthat W = W U {c} and sj,(A+ B,W’ U {c}) >
sp(A+B, W’ U{x}) for every x € C\ W’. Subsequently, we suppose
that ¢ € C4; the case that ¢ € Cg is symmetric. Now, our induction
hypothesis shows that W/ N Cy € f(A,|W NCx|) and W NCp €
f(B, [WNCg|). Our goal is to prove that WNCy = (W U{c})NC4 €
f(A W N Cyl). Since WN Cg = W NCp € f(B,|W N Cgl), this
proves our claim. Hence, assume for contradiction that W N Cy4 ¢
f(A, [WNCy4|), which means that there is d € C\(WNCy,) such that
sp(A, (W N Cy) U{d}) > sp(A, W N Cy). In particular, this means
that d € C4 because h is non-decreasing and thus s, (A, WNCy) >
sh(A W/ NCy) =sp(A (W NCx) U {x}) if x ¢ Cq. In turn, this
implies that s, (B, W U {c}) = sp(B,W’ N Cg) = s (B,W’ U {d})
because no voter in B approves c or d. However, we thus infer that
sp(A+B,W U {d}) > sp(A+ B, W U {c}) since

sp(A+B, W U {d}) = s, (AW U{d}) +s,(B,W U{d})
=s,(A, W NCyaU{d}) +s,(B,W NCg)



> sp(A, W N Cafc}) +sp(B,W' N Cg)
sp(A, W U {c}) +s,(B,W U{c})
sh(A+B,W U {c}).

This contradicts our assumptions on W’ and c. Hence, Wy =
W, U{c} € f(A [Wal), W = Wf € f(B,|Wg|), W = Wa UWp, and
Wa N Wp = 0, which proves the induction step for this case.

Claim 2: Every step-dependent sequential Thiele rule that
satisfies committee separability is a sequential Thiele rule.

Let f denote a step-dependent sequential Thiele rule that satisfies
committee separability and let h(x,y) denote its step-dependent
Thiele counting function. For proving that f is a sequential Thiele
rule, we proceed in several steps: firstly, we will derive another
step-dependent Thiele counting function b’ such that h’(0,y) = 0
and b’ (1,y) = 1 forally € {1,...,m— 1} that also induces f. Based
on h’, we will then show that the function & with 4(0) = 0 and
h(x) = h(x = 1) + ' (x,x) — W/ (x — 1,x) for x > 0 also induces f.
Finally, we prove that h is a Thiele counting function, which proves
that f is a sequential Thiele rule.

Step 1: First, we derive a step-dependent Thiele counting function
k" such that ' (0,y) = 0 and h’(1,y) = 1 for all y that induces f.
For this, we first prove that h(1,y) > h(0,y) forally € {1,...,m -
1}. Thus, note that A(1,1) > h(0, 1) due to the assumption that
for every y € {1,...,m — 1}, there is x € {1,....y} such that
h(x,y) > h(x —1,y). Next, consider an arbitrary k € {1,...,m—2},
let Wy, ..., Wi denote a sequence of committees and let A denote
a profile such that f(A,¢) = {W;} for all ¢ € {1,...,k}; such a
profile exists due to Lemma 2. Now, consider the profile A’ derived
from A by assigning all voters the ballot A; N Wy. It still holds
that f(A’,£) = {W;} forall £ € {1,...,k} because h(x,y) is non-
decreasing in x and independent of the size of the ballot. In more
detail, it holds for every ballot A; and committees W, W’ with |W| =
[W’|and W C W, that h(JA;nWeNW|, [W]) = h(JA;NW]|, [W]) and
h(|[AinWenW’ | |W']) < h(JA;nW’|, [W’]). Hence, if a subset of W,
has maximal score in A, it also has maximal score in A’. Moreover,
note that all candidates in C \ Wy, are disapproved by all voters in A’
and thus, neutrality requires that f(A’,k+1) = {W]f :x € C\ Wi}

Next, let B denote the profile in which a candidate ¢ € C \ Wy
is uniquely approved by two voters and every other candidate d €
C\ Wy, d # c, is approved by by a single voter. It is straightforward
that f(B, 1) = {{c}}. Finally, Lemma 3 shows that there is an integer
Jj such that f(jA” + B, k) = {Wi}. Thus, committee monotonicity
requires that f(A” + B,k +1) C {W, U {x}: x € C \ Wi }. In turn,
committee separability requires for every W € f(jA’ + B,k + 1)
that W\ Wy € f(B, [W \ Wi|) = f(B, 1). Since f(B, 1) = {{c}}, this
means that f(jA” + B,k + 1) = {W; U {c}}. We infer from this now
that h(1,k + 1) > h(0,k + 1) as otherwise h(1,k +1) = h(0,k + 1)
and f(JA'+Bk+1) = {W U {x}: x € C\ Wi.}.

It is now easy to see that the function h’ defined by A’ (x,y) =
h(x,y) =h(0.y)

h(1,y)—-h(0,y)
K (0,y) = 0 and k' (1,y) = 1. In particular, it immediately follows

that s, (A, W¢) > s, (A W9) if and only if sy (A, W) > sp (A4, wd)
for all profiles A, committees W, and candidates c¢,d € C \ W. Thus,
h’ also induces f.

is a step-dependent Thiele counting function with

Step 2: Our next goal is to show that the function A(x) defined
by h(0) = 0 and h(x) = h(x — 1) + 1’ (x, x) + I’ (x — 1,x) induces
f. For doing so, we show that sj, (A, W) > s, (A, W?) if and only
if sp (A, W) 2 s (4, w4) for all profiles A, a committees W and
candidates ¢,d € C \ W. This is equivalent to proving that b’ (|4; N
WeL [We)) = B (JA; 0 WEI W) = A(lAi 0 W) = (1A n W)
for all committees W, ballots A;, and candidates ¢,d € C \ W. Now,
first observe that if [W° N 4;| = [W¥ N 4;|, then

W (JA; N WELIWE]) = B (JA; n W [wd))
= h(|A; " WE|) — h(JA; n W) = 0.

Hence, our equality holds in this case, and we subsequently
suppose that ¢ € A;, d ¢ A;; the case thatd € A;, ¢ ¢ A; is
symmetric. This assumption means that [W9n A =|WenA; -1
and we thus need to show that

B (|4 N WELIWE]) = b (JA; n W€ =1, [W¢))
=h(JAi N WE]) — h(JAi N W€ - 1)
=1 (JA N WEL A N WE)) = b (JAi n W€ = 1, |A; n W).

Now, assume for contradiction that this equality is not true, i.e.,
R (JAin W IWE)) =R (JAinWE| =1, [W€]) # B (JA; N WE, JA;i N
WE|) = h(|A; N W€| = 1,]|A; " W€)) for some ballot A;, committee
W with |[W| < m —2,and ¢ € C \ W. For a simpler notation, we
define Ay = K (JA; N WE,|WE|) = W (JA; N W€| — 1,|]W€|) and
Az = W' (JA; N WE|, |A; N WE)) = h(|A] N WE| = 1,]A; N WE]). Now,
since A1 # Aj, either Ay > Ay or Ay < Ay. We first suppose
the former, which implies that there are integers ji, j2 such that
Jj1A1 > jo > j1Ay and j» > 1. Note here also that Ay > 0, A, > 0
since h’ is non-decreasing in the first argument.

For deriving a contradiction, we construct a profile A* in multiple
steps. First, let W = A; N W and let Wy, ..., W; denote a sequence
of committees such that W, = W. By Lemma 2, there is a profile A!
such that f(Al, k) = {W,} forallk € {1,...,¢} and f(AL,¢+1) =
{Wp U {x}: x € C\ W;}. Also, we suppose that no voter in Al
approves a candidate in C \ W; we can enforce this as h is non-
decreasing in the first argument and independent of the size of the
ballots.

Furthermore, let A% denote the profile such that j; voters report
W U {c}, ja voters report {d} for some candidate d € C \ W¢, and
for each candidate x € C \ (W U {c,d}), there is a single voter
who uniquely approves x. Now, by continuity, there is an integer j
such that (jA! + A%, £) = {W;}. On the other hand, s, (A%, fo) =
S (Al,Wé,y) for all x,y € C\ Wp since f(A,k+1) = {W}: x €
C \ Wp}. It thus follows that f(jA! + A%, ¢+ 1) = {W U {d}} since
s (AL WD) = jih' (JA; 0 WE| = 1|4 0 WE|) + j2 > jih/(JA; N
WE| = 1,]A; N W) + j1Ag = sp (A, WE).

Next, let W = W \ A;j and let Wi, ... Wy denote a sequence of
committees such that W = Wp. By Lemma 2, we can again con-
struct a profile A% such that f(A3,k) = (Wi} forallk e {1,...,¢'}
and f(A3 ¢’ +1) = {Wp U {x}: x € C\ Wr}. Moreover, we
suppose that the voters in A% only approve candidates in W as
we can push down all other candidates without affecting the out-
comes. Now, by continuity, we can find an integer j’ such that
F(j’A% + jA' + A% ¢') = {W}. Our goal is to show that f fails
committee separability for the profile A* = j’A3 + jA! + A2 For



this, note that committee monotonicity and committee separabil-
ity imply that f(A*, ¢’ + k) = {W U W} forall k € {1,...,¢}
since f(jA! + A% k) = {W;}. These axioms also imply that
F(A*,|[WE]) = {W U W U {d}} = {W9}. However, it holds that
s (A", WE) > s (A%, W9) because sy (A3, W9) = s (A3, WO),
s (AL wd) = sp (AL WO), and sp (A2, WE) > sp, (A2, w9). In
particular, the last claim holds since s (A%, W¢) = jih’(JA; N
WL IWE) +j1A1 > jih’ (|Ai W, [WE]) + jo = spr (A2, W9). Hence,
(A% |W€]) # {w4}, which shows that f fails committee separa-
bility.

As last point, note that this construction also works if A1 <
Ay; then, we choose j; and j; such that j1A; < j» < jiAz. Asa
consequence, (Al + A2 £ +1) = {W€} and f(A*, |W¢|) = (W},
which also violates committee separability. Finally, this implies that
our initial assumption that A’ (|A; N W€|, [W€|) — A’ (JA; N W€| —
L W) # h(|JA; N W) = h(|A; N W€| = 1) is wrong. We derive
from this that & indeed induces f.

Step 3: Finally, we need to show that & is a Thiele counting
function. For doing so, note first that /1(x) is non-decreasing since
K (x,y) is non-decreasing in the first argument. In more detail, we
have that h(x) — h(x — 1) = ¥/ (x,x) — h’(x — 1,x) > 0 for every
x € {1,...,m}.Since h(x) = 0by definition, this also means that & is
non-negative. Finally, observe that 2(1)~h(0) = h’(1,1)—h/(0,1) >
0, so & indeed satisfies all conditions. O

A.4 Proofs of Theorems 3 and 4

Finally, we discuss the proofs of Theorem 3 and Theorem 4 in more
detail.

Theorem 3. seqAV is the only sequential Thiele rule that is clone-
accepting and distrusting if m > 3.

ProOF. It is not hard to show that segAV is clone-accepting and
distrusting. For doing so, define the approval score say (A, x) =
|[{i € Nga: x € A;}| of a candidate x in a profile A as the number of
voters who approve x in A. The key observation for showing that
seqAV satisfies the given axioms is that this rule simply chooses the
candidates in order of their approval scores. For proving this, let
h(x) = x denote the Thiele counting function of segAV and note
that for every profile A, committee W, and candidate ¢c € C \ W,
it holds that s (A, W) = ¥;en, h(JAi N WE]) = Yien, |Ai N
WE| = sp(A, W) +sav (A ¢). Hence, if sqy (A, ¢) > sav (A, d), then
sp(A, WE) > s, (A W),

Clearly, this insight implies that segAV is distrusting: if more
voters uniquely approve c¢ than there are voters that approve b
among other candidates, it hold that sy (A, ¢) > sav (A, b). Hence,
the previous argument shows that s, (A, WU {c}) > s, (A, WU{d})
and thus b cannot be chosen before c. For showing that seqAV
satisfies clone-acceptance, consider a profile A with clones c, d
anda committee W C C \ {¢, d} such that W¢ is chosen by segAV
for the committee size |[W€|. Since ¢ € W€ and segAV chooses
the candidates in order of their approval scores, it follows that
sav(A,c) = sav (A, x) for all x € C \ W€. On the other hand, we
have that sqy (A, ¢) = sav (A, d) and thus, d has the maximal ap-
proval scores among all unchosen candidates. Therefore, it follows
from our previous insights that s, (A, WU{c,d}) > sp (A WU{c, x})

for every x € C \ W€. Consequently, W U {c, d} is chosen for the
committee size |W U {c,d}| and segAV is clone-accepting.

For the other direction, let f denote a sequential Thiele rule that
is not segAV and let h denote its Thiele counting function. Since the
sequential Thiele function is invariant under scaling and shifting
h, we suppose that h(0) = 0 and h(1) = 1. Because f is not segAV,
thereis aninteger k € {2,...,m—1} such that h(k) # kbut h(j) = j
forall j < k.

First, we suppose that h(k) > k and derive that f is not distrust-
ing. For doing so, let A = h(k) — k and let ¢ be an integer such that
A > 1. Now, let W denote a committee of k — 1 < m — 2 candidates,
let ¢,d € C \ W denote two candidates, and consider the following
profile A: ¢ voters report W U {c}, £ + 1 voters report {d}, and two
voters report W. Since f agrees up to committees of size k — 1 with
sequential approval voting, we have that f(A, k — 1) = {W}. More-
over, W4 obtains a score of (k—1)- (£+2)+£+1, whereas W€ obtains
ascoreof (k—1)-(£+2)+(h(k)—(k—=1))t > (k—1)-(£+2)+£+1.
Hence, we have that (A, k) = {W°}, which violates distrust since
more voters report {d} than there are voters who approve c.

As second case, we suppose that h(k) < k and show that f is
not clone-accepting. We define A = k — h(k) and choose £ € N
again such that A > 1. Moreover, let W denote a committee of size
k—2<m-3,letb,c,d e C\ W denote candidates outside of W,
and consider the following profile A: ¢ voters report W U {c, d} and
¢ — 1 voters report {b}. Since f agrees with seqAV in the first k — 1
steps, we have that f(A k—1) = {W U {c}, WU {d}}. Furthermore,
sh(AW U {b,c}) = sp(AWU{bd}) = (k—1)-¢+£—1and
sh(AWU{c,d}) = (k=1)-£+(h(k)—(k=1))-t < (k=1)-t+£—1.
This implies that W U {c,d} ¢ f(A k), which shows that f is
not clone-accepting. Hence, we must have that h(k) = k for all
k €{0,...,m— 1} and f is therefore segAV. O

Theorem 4. seqPAV is the only sequential Thiele rule that satisfies
clone-proportionality if m > 3.

Proor. First, it is not difficult to see that seqPAV is clone-
proportional. For this, consider a profile A in which n; voters report
a common ballot A; = {cy,...,ce} and ny voters approve a single
candidate ¢ ¢ A;. Finally, let k < ¢ denote the target committee
size and h the Thiele counting function of seqPAV. Now, if % > na,
then it holds for every j € {1,...,k} that
n

n
sn(A{er e} = sp(A{er,...cjm1)) = J? > -

> nz =sp(A{ct,...,cj-1,¢}) —=sp(A{ct,....cj-1}).

This equation shows that candidate ¢ is not chosen and thus,
clone-proportionality is in this case satisfied. Moreover, the case
that % < ny follows by an analogous argument as there must
be a round j < k such that % < ny. Hence, seqPAV is indeed
clone-proportional.

For the other direction, let f denote a sequential Thiele rule other
than seqPAV and let & denote its corresponding Thiele counting
function. Again, we assume without loss of generality that h(0) = 0
and h(1) = 1. Because f is not seqPAV, there is an integer k €
{2,...,m—1} such that h(k) # Z{;I % Moreover, we suppose that
k is the minimal such integer, i.e., h(j) = Z{:I % forall j < k.



We proceed with a case distinction and first assume that h(k) >
Zlle % For this case, let A = h(k) — Zile % and ¢ € N such that

tk - A > 1and ¢ > k — 1. Now, consider the profile A in which k¢
voters report {ci, ..., cx } and £+1 voters report c. For every j < k, it
holds that % = {’+@ > {£+1 = ny. Since seqPAV and f agree on
the first k—1 steps, this means that f (A, k—1) contains all subsets of
size k — 1 of {c1, ..., cx}. For choosing the k-th candidate, note that
sp(Ad{et, .. e }) =sp(A{er, .. .oep_1}) + tk(h(k) — h(k - 1)) =
sp(Ad{er, . o1 }) +Ek(A+ %) > sp(Ad{c1, ... cp_1})+£+1.0n
the other hand, s, (A, {c1,...,cp—1.¢}) = sp(A{c1,.- - c_1}) +
¢+ 1. Thus, f(A k) = {{c1,...,cx}}. However, this violates clone-
proportionality since % < ¢+ 1 and thus, ¢ needs to be elected.

For the second case, assume that h(k) < Z{F:l % and define
A= Z{;l % — h(k). Moreover, let £ € N such that ¢k - A > 1 and
¢ > k — 1. In this case, we consider the profile A in which k¢ + 1

voters report {ci, ..., ci} and £ voters report c. By an analogous
argument as in the last case, we infer that f(A, k — 1) consists of
all subsets of size k — 1 of {cy, ..., ¢t }. By computing the scores of

{c1,...,cx} and {cq, ..., cr_1, c}, we infer that

sh(A,{Cl, ey Ck})
=sp(A{cr,... cp-1}) + (tk + 1) (h(k) — h(k - 1))

sh(A fensrvcp 1)) + (Ck+ 1)(% —n)
<sp(A{ct,....cp_1}) +¢
sp(A{e1, . e, c}).

As desired, this means that every committee in f(A, k) contains

. . . . . fk+1
¢, which violates clone-proportionality since == > £.

O
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