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1. Introduction

One of the central challenges in collective decision-making is strategic manipulation:
voters may lie about their true preferences to influence the outcome in their favor. Such
strategic manipulations are undesirable for a number of reasons. Firstly, when voters
lie about their true preferences, it becomes difficult to identify socially desirable alter-
natives, so the overall quality of the decision-making process may deteriorate. Secondly,
the desirable properties of voting rules are in doubt when voters act strategically be-
cause these properties are typically shown under the assumption that voters reveal their
preferences truthfully. Finally, manipulable voting rules incentivize voters to learn the
preferences of other voters and to identify optimal manipulations. Since this requires
resources that are not evenly distributed in the population, voting becomes unfair.

For these reasons, it is desirable to use strategyproof voting rules, which are immune
to strategic manipulations by the voters. However, in a seminal result, Gibbard (1973)
and Satterthwaite (1975) have independently shown that every reasonable deterministic
voting rule fails strategyproofness. Specifically, these authors have proven that every
strategyproof voting rule is either dictatorial (i.e., it always chooses the favorite alterna-
tive of a fixed voter) or imposing (i.e., some alternatives can never be chosen). Clearly,
this means that no strategyproof voting rule is acceptable for practical purposes.

A natural escape route from this impossibility theorem is to allow for voting rules that
may use chance to determine the winner. Such randomized voting rules, typically called
social decision schemes (SDSs), assign to every alternative a probability based on the
preferences of the voters and the final winner of the election is determined by chance
according to these probabilities. For instance, the uniform random dictatorship is a
well-known SDS which picks a voter uniformly at random and implements his favorite
alternative as the winner of the election. Moreover, SDSs are typically considered strat-
egyproof if no voter can increase his expected utility by misreporting his preferences for
every utility function that is consistent with his true preference relation. In other words,
this strategyproofness notion, which we call SD-strategyproofness, ensures that voters
cannot manipulate the outcome in their favor regardless of their exact utility function.

Unfortunately, Gibbard (1977) and Barberà (1979) have shown that SD-
strategyproofness does not allow for particularly desirable SDSs. In more detail, these
authors have characterized the set of SD-strategyproof SDSs and it follows from their
results that all such SDSs are either unfair to voters or alternatives or indecisive as they
require a significant amount of randomization. For instance, Gibbard’s work implies
that the uniform random dictatorship is the only SD-strategyproof SDS that is anony-
mous (i.e., it treats all voters equally) and unanimous (i.e., an alternative is guaranteed
to be selected if all voters report it as their favorite alternative). Put differently, this
result characterizes the uniform random dictatorship as the most decisive SDS that is
fair and SD-strategyproof. However, even this SDS requires randomization as soon as
two voters disagree on their favorite alternatives and is thus indecisive.1 Moreover, a

1We refer here also to the work of Brandl et al. (2022), who have experimentally verified that the
uniform random dictatorship tends to use a significant amount of randomization.
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result by Benoît (2002) implies that every SD-strategyproof SDS has a chance to select
an alternative that is bottom-ranked by all but one voters. This lack of decisiveness
disqualifies SD-strategyproof SDSs from many applications, where such a high degree of
randomization is unacceptable.

Contribution. In an attempt to circumvent this impossibility of fair, strategyproof,
and decisive SDSs, we will introduce and analyze a weakening of SD-strategyproofness
called U -strategyproofness. The idea of this axiom is to require strategyproofness only
for a predefined set of utility functions U instead of all possible utility functions. More
formally, an SDS is said to be U -strategyproof for a set of utility functions U if no voter
with utility function u ∈ U can increase his expected utility by lying about his true
preferences. This means that U -strategyproofness for the set of all utility functions is
equivalent to SD-strategyproofness and U -strategyproofness becomes weaker when the
set U gets smaller. Thus, this strategyproofness notion allows for a much more fine-
grained analysis than SD-strategyproofness: instead of simply dismissing an SDS as
SD-manipulable, U -strategyproofness enables us to investigate for which utility func-
tions it is strategyproof. Similarly, U -strategyproofness allows us to pinpoint the source
of impossibility theorems by analyzing the necessary utility functions for such results.
Furthermore, we believe that U -strategyproofness is also relevant in practice as it seems
plausible for many situations that not all utility functions need to be considered. For
instance, voters are unlikely to assign similar utilities to very different alternatives, so
we may omit such utility functions when reasoning about their strategic behavior.

Based on U -strategyproofness, we investigate when strategyproofness is compatible
with three decisiveness axioms that restrict the amount of randomization that SDSs can
use. In more detail, our first decisiveness condition is a new axiom called k-unanimity,
which postulates that an alternative should be chosen with probability 1 if it is top-
ranked by all but k voters. Or, in other words, this axiom forbids randomization if
there is an alternative that is top-ranked by a wast majority of the voters. Moreover,
we will also study the compatibility of U -strategyproofness with the more established
conditions of Condorcet-consistency (which requires that an alternative that beats all
other alternatives in pairwise majority comparisons should be chosen with probability 1)
and ex post efficiency (which requires that Pareto-dominated alternatives should be
chosen with probability 0). Based on these axioms, we show the following results.

(1) We first suggest two variants of the uniform random dictatorship, called RDk and
OMNI ∗, which satisfy k-unanimity and U -strategyproofness for large sets of utility
functions U . Roughly, RDk chooses an alternative with probability 1 if it is top-
ranked by at least n − k voters and agrees with the uniform random dictatorship
if no such alternative exists. On the other hand, OMNI ∗ chooses an alternative
with probability 1 if it is top-ranked by a majority of the voters and otherwise
returns the uniform lottery over the top-ranked alternatives. We show that these
SDSs are strategyproof for voters who favor their favorite alternative much more
than their second best alternative. To make this more formal, let u(x) denote the
utility a voter assigns to his x-th best alternative. Then, RDk is U -strategyproof
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for the set U containing all utility functions u with u(1) − u(2) ≥ k(u(2) − u(m))
and OMNI ∗ is U -strategyproof for the set U containing all utility functions u with
u(1)− u(2) ≥

∑m
j=3 u(2)− u(j) (Theorem 1). Moreover, for the class of rank-based

SDSs, we show that our SDSs are close to optimally solving the tradeoff between
k-unanimity and U -strategyproofness (Theorem 2).

(2) We next analyze the compatibility of Condorcet-consistency and U -strategyproof-
ness. Unfortunately, it turns out that, if there are m ≥ 4 alternatives, there is no
Condorcet-consistent SDS that is U -strategyproof for any non-empty set U satisfying
minimal symmetry constraints (Theorem 3). In particular, it suffices if U contains
one utility function for each preference relation, thus demonstrating a far-reaching
impossibility. On the other hand, when m = 3, we show that the Condorcet rule,
which picks the Condorcet winner with probability 1 whenever such an alternative
exists and otherwise randomizes uniformly over all alternatives, is U -strategyproof
for the set U containing all utility functions u with u(1)−u(2) = u(2)−u(3). More-
over, we prove that, except for profiles with majority ties, this rule is characterized
by Condorcet-consistency and U -strategyproofness for the given set U and m = 3
alternatives (Theorem 4).

(3) Finally, we show that no ex post efficient and U -strategyproof SDS can be signifi-
cantly more decisive than the uniform random dictatorship when the set U contains
utility functions that are close to indifferent between their two favorite alterna-
tives. More precisely, we show that if U contains utility functions u such that
u(1)−u(2) ≤ ϵ

2(u(2)−u(3)), then no U -strategyproof and ex post efficient SDS can
guarantee more than ℓ

n+ϵ probability to an alternative that is top-ranked by ℓ voters
(Theorem 5). We note that this result can be seen as a generalization of the work by
Benoît (2002). Moreover, in combination with Theorems 1 and 2, Theorem 5 has a
simple interpretation: the design of strategyproof and decisive SDSs is only possible
if voters themselves are decisive about their favorite alternatives.

Related Work. Inspired by the Gibbard-Satterthwaite theorem (Gibbard, 1973; Sat-
terthwaite, 1975) and the follow-up works by Gibbard (1977) and Barberà (1979) for
randomized voting rules, a large body of literature has investigated escape routes from
and variants of these impossibility results. We thus refer the reader to Taylor (2005)
and Barberà (2010) for a general overview of strategyproofness in social choice theory.

More specifically, our work belongs to a growing body of literature that investi-
gates social decision schemes with respect to strategyproofness notions other than SD-
strategyproofness (e.g., Hoang, 2017; Aziz et al., 2018; Brandl et al., 2018; Brandt et al.,
2023; Brandt and Lederer, 2025). Similar to our work, these papers typically observe that
SD-strategyproofness is incompatible with various other properties and they aim to cir-
cumvent these impossibility results by considering weaker strategyproofness notions. The
main difference between our work and these existing results is that U -strategyproofness
is much more versatile than previously considered strategyproofness notions: whereas
all existing strategyproofness notions are based on a particular method of comparing
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lotteries, U -strategyproofness allows us to flexibly choose the considered set of utility
functions and thus enables a more fine-grained analysis. Moreover, we note that weak-
enings of SD-strategyproofness have also been considered in random assignment (e.g.,
Bogomolnaia and Moulin, 2002; Balbuzanov, 2016; Cho, 2018; Chun and Yun, 2020),
and we believe that U -strategyproofness could also be of interest in this domain.

While U -strategyproofness has, to the best of our knowledge, not been studied before,
similar concepts have been suggested. For instance, Sen (2011) defined strategyproofness
based on utility functions that put an emphasis on the best three alternatives, and
Mennle and Seuken (2021) focus on utility functions where the utility exponentially
decreases with the position of an alternative in the preference relation. Moreover, in set-
valued social choice (where the outcome of an election is a non-empty set of alternatives
instead of a lottery) preferences over sets of alternatives are often derived from utility
functions. For instance, Duggan and Schwartz (2000) and Benoît (2002) employ this
approach to motivate their strategyproofness notions.

Furthermore, U -strategyproofness is also related to the study of cardinal SDSs, where
voters report cardinal utilities instead of ordinal preference relations (e.g., Hylland, 1980;
Dutta et al., 2007; Nandeibam, 2013; Ehlers et al., 2020). In more detail, when restricting
the domain of feasible utility functions to U , U -strategyproof SDSs induce strategyproof
cardinal SDSs by replacing each voter’s utility function with the induced ordinal pref-
erence relation. Thus, the study of U -strategyproofness can also be seen as the study
of strategyproof cardinal SDSs for restricted domains of utility functions. In this sense,
our paper is also related to a significant line of work that analyzes strategyproof SDSs
on restricted domains of preferences (e.g., Ehlers et al., 2002; Bogomolnaia et al., 2005;
Elkind et al., 2017; Chatterji and Zeng, 2018, 2023). However, these authors restrict the
set of feasible preference relations, whereas U -strategyproofness restricts the domain of
feasible utility functions.

Finally, the tradeoff between strategyproofness and decisiveness has been considered
before (e.g., Barberà, 1977; Benoît, 2002; Brandt et al., 2022, 2024). These papers show
that, under varying assumptions, strategyproofness and decisiveness are incompatible.
By contrast, we precisely quantify this tradeoff by analyzing the set of utility functions for
which decisive and strategyproof SDSs exist. Moreover, we note that the paper by Brandt
et al. (2024) is dual to ours as these authors investigate how well SD-strategyproof SDSs
can approximate Condorcet-consistency and ex post efficiency. That is, Brandt et al.
weaken decisiveness axioms while requiring full SD-strategyproofness, and we weaken
SD-strategyproofness while requiring full decisiveness.

2. Preliminaries

Let N = {1, . . . , n} denote a set of n voters and A = {x1, . . . , xm} a set of m alternatives.
We assume that every voter i ∈ N reports a preference relation ≻i, which is a complete,
transitive, and anti-symmetric binary relation on A. We compactly represent preference
relations as comma-separated lists and use the ∗ symbol as placeholder for omitted
alternatives. For instance, x1, ∗, x2 means that x1 is the most preferred alternative, x2
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the least preferred one, and that the order of the remaining alternatives is not specified.
The set of all preference relations is given by R. We summarize the preference relations
of all voters by a preference profile, which is formally a function that assigns each voter
to a preference relation. The set of all preference profiles is therefore RN . We typically
write preference profiles by indicating the sets of voters that report a specific preference
relation directly before the preference relation.

The study object of this paper are social decision schemes, which are voting rules that
may use chance to determine the winner of an election. To make this more formal, we
define lotteries as probability distributions over the alternatives, i.e., a lottery p is a
function from A to [0, 1] such that

∑
x∈A p(x) = 1. Moreover, we denote by ∆(A) the

set of all lotteries over A. Formally, a social decision scheme (SDS) f is a function that
maps every preference profile R ∈ RN to a lottery p ∈ ∆(A), i.e., the signature of an
SDS is f : RN → ∆(A). We denote by f(R, x) the probability assigned to x by f in the
profile R, and we interpret this term as the probability that x will be chosen as the final
winner in the profile R. Furthermore, we extend this notation to sets of alternatives
X ⊆ A by defining f(R,X) =

∑
x∈X f(R, x).

2.1. Fairness Axioms

In this paper, we will focus on designing SDSs that treat all voters and alternatives fairly.
In particular, all SDSs that we suggest will satisfy two basic fairness conditions called
anonymity and neutrality, which formalize that voting rules should not discriminate
against particular voters or alternatives. Moreover, we will also consider the class of
rank-based SDSs. We note that most of our negative results do not require any of these
fairness axioms.

Anonymity. Anonymity is a mild fairness (or symmetry) condition that postulates that
all voters are treated equally. Formally, an SDS f is anonymous if f(R) = f(π(R)) for
all preference profiles R and permutations π : N → N . Here, R′ = π(R) denotes the
profile given by ≻′

π(i) = ≻i for all i ∈ N .

Neutrality. Similar to anonymity, neutrality requires that all alternatives are treated
fairly. We again formalize this concept with the help of permutations: an SDS f is neutral
if f(τ(R), τ(x)) = f(R, x) for all preference profiles R, alternatives x, and permutations
τ : A → A. This time, we denote by R′ = τ(R) the profile given by τ(x) ≻i τ(y) if and
only if x ≻i y for all x, y ∈ A and i ∈ N .

Rank-basedness. Rank-basedness is a strengthening of anonymity that requires that
the outcome of an SDS should only depend only the positions of the alternatives in the
voters’ preference but not on their exact order. To make this more formal, we define
the rank of an alternative x in a preference relation ≻i by r(≻i, x) = |{y ∈ A : y ≻i x}|.
That is, a voter’s favorite alternative has rank 1, his second favorite alternative has
rank 2, and so on. The rank vector r∗(R, x) of an alternative x contains the rank
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of x with respect to every voter in increasing order, i.e., r∗(R, x)i ≤ r∗(R, x)i+1 for all
i ∈ {1, . . . , n − 1}. Moreover, the rank matrix r∗(R) contains the rank vectors of all
alternatives as rows. Finally, we call an SDS f rank-based if it only depends on the rank
matrix, i.e., f(R) = f(R′) for all preference profiles R and R′ with r∗(R) = r∗(R′). The
class of rank-based SDSs has been first considered by Laslier (1996) and contains many
prominent rules such as positional scoring rules and anonymous tops-only SDSs.

2.2. Decisiveness Axioms

We will now introduce our decisiveness axioms, namely k-unanimity, Condorcet-consis-
tency, and ex post efficiency. The first two of these conditions formalize decisiveness
by requiring that randomization should only be used if there is no clear winner in the
preference profile. We believe such conditions to be crucial to ensure the acceptability of
randomization in voting and that the outcome chosen by the SDSs faithfully follows the
voters’ preferences. Indeed, whenever an SDS randomizes over multiple alternatives, the
choice of the final winner depends on chance instead of the voters’ preferences, which
seems particularly undesirable if there is a clear winner in a preference profile. On
the other hand, ex post efficiency formalizes decisiveness in a dual sense by forbidding
randomization over Pareto-dominated alternatives.

k-Unanimity. A common but very weak decisiveness condition is unanimity, which
requires that an alternative is guaranteed to be chosen if it is unanimously top-ranked
by all voters. More formally, an SDS f is unanimous if f(R, x) = 1 for all preference
profiles R and alternatives x such that all voters top-rank x in R. While this condition
is uncontroversial, it seems too weak for practical applications as elections are rarely
unanimous. We thus generalize this notion by requiring that an alternative is chosen if all
but k voters report it as their favorite alternative. Specifically, an SDS f is k-unanimous
if f(R, x) = 1 whenever n− k or more voters report x as their favorite alternative. We
note that unanimity is equivalent to 0-unanimity and that k-unanimity is only satisfiable
if k < n

2 . Moreover, k-unanimity generalizes existing axioms: for instance, Benoît’s
(2002) near unanimity is equivalent to 1-unanimity and the absolute winner property
of Brandt et al. (2023) corresponds to ⌊n−1

2 ⌋-unanimity. Also, Amorós (2009) studies a
concept called unequivocal majority, which is closely related to k-unanimity.

Condorcet-consistency. Condorcet-consistency is a prominent decisiveness axiom that
requires that the Condorcet winner is chosen with probability 1 whenever it exists. To
formalize this condition, let nxy(R) = |{i ∈ N : x ≻i y}| − |{i ∈ N : y ≻i x}| denote
the majority margin between two alternatives x, y ∈ A in the preference profile R. An
alternative x is the Condorcet winner in a preference profile R if nxy(R) > 0 for all other
alternatives y ∈ A \ {x}, i.e., if it beats every other alternative in a pairwise majority
comparison. Moreover, an SDS f is Condorcet-consistent if f(R, x) = 1 for all profiles
R and alternatives x ∈ A such that x is the Condorcet winner in R. We note that
Condorcet-consistency implies k-unanimity for every k < n

2 as an alternative that is
top-ranked by more than half of the voters is the Condorcet winner.
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Ex post efficiency. The idea of ex post efficiency is that an alternative should have
no chance of winning the election if there is a unanimously more preferred alternative.
In more detail, we say an alternative x Pareto-dominates another alternative y in a
preference profile R if x ≻i y for all voters i ∈ N . Conversely, an alternative x is Pareto-
optimal in a profile R if it is not Pareto-dominated by any other alternative. Finally,
an SDS f is ex post efficient if it only randomizes over Pareto-optimal alternatives,
i.e., f(R, x) = 0 for all preference profiles R and Pareto-dominated alternatives x. We
observe that ex post efficiency implies unanimity.

2.3. U-Strategyproofness

The central axiom in our analysis is strategyproofness, which postulates that voters
should not be able to benefit by lying about their true preferences. Following the stan-
dard approach in the literature (e.g., Gibbard, 1977; Sen, 2011; Brandl et al., 2018), we
will formalize this axiom by assuming that every voter i ∈ N is endowed with a (von
Neumann-Morgenstern) utility function ui : A → R and compares lotteries via their
expected utility. Put differently, a voter i with utility function ui prefers lottery p to
lottery q if ui(p) =

∑
x∈A p(x)ui(x) ≥

∑
x∈A q(x)ui(x) = ui(q). We say that a utility

function ui is consistent with a preference relation ≻i if it ordinally agrees with ≻i, i.e.,
ui(x) > ui(y) if and only if x ≻i y for all distinct x, y ∈ A. Moreover, we define by
U≻ = {u ∈ RA : u is consistent with ≻} the set of all utility functions that are consis-
tent with the preference relation ≻ and by U =

⋃
≻∈R U≻ the set of all (injective) utility

functions. Finally, given an integer k ∈ {1, . . . ,m}, we will often write ui(k) for the util-
ity of the alternative with the k-th highest utility. This allows us to conveniently define
constraints on utility functions that are independent of particular preference relations.
For instance, U = {u ∈ U : u(1) ≥ 2u(2)} is the set of utility functions that assign at
least twice as much utility to the best alternative than to the second-best one.

Even though we assume the existence of utility functions, voters only report ordinal
preference relations. As a consequence, strategyproofness is commonly defined by quan-
tifying over all utility functions that are consistent with a voters’ preference relation,
which results in the standard notion of SD-strategyproofness.2

Definition 1 (SD-strategyproofness). An SDS f is SD-strategyproof if ui(f(R)) ≥
ui(f(R

′)) for all voters i ∈ N , preference profiles R, R′, and utility functions ui ∈ U
such that ui is consistent with ≻i and ≻j = ≻′

j for all j ∈ N \ {i}.

As usual, we say an SDS is SD-manipulable if it is not SD-strategyproof. We note that
SD-strategyproofness is predominant in the literature as it guarantees that voters cannot
manipulate regardless of their exact utility functions (e.g., Gibbard, 1977; Barberà, 1979;
Ehlers et al., 2002; Brandt et al., 2024). However, as discussed in the introduction, this
strategyproofness notion leads to rather negative results and it seems for many practical
applications not necessary to prohibit manipulations with respect to all utility functions.
Moreover, SD-strategyproofness is somewhat crude as it does not allow us to pinpoint

2SD stands for stochastic dominance as SD-strategyproofness can equivalently be defined via stochastic
dominance (e.g., Sen, 2011; Brandl et al., 2018).
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the types of voters for which an SDS is strategyproof or manipulable. Motivated by these
observations, we introduce a new strategyproofness notion called U -strategyproofness,
which weakens SD-strategyproofness by only quantifying over a predefined subset of
utility functions U instead of the set of all utility functions U .

Definition 2 (U -strategyproofness). An SDS f is U -strategyproof if ui(f(R)) ≥
ui(f(R

′)) for all voters i ∈ N , preference profiles R, R′, and utility functions ui ∈ U
such that ui is consistent with ≻i and ≻j = ≻′

j for all j ∈ N \ {i}.

Analogous to SD-strategyproofness, we say an SDS is U -manipulable if it fails U -
strategyproofness, which means that there is a profile R, a voter i, and a utility function
ui ∈ U such that voter i can improve his expected utility with respect to ui by lying
about his true preferences in R. Moreover, we emphasize that U -strategyproofness
only guarantees that voters with a utility function in U cannot manipulate. Thus, U -
strategyproofness becomes weaker when we consider a smaller set of utility functions U ,
to the point where it is trivial when U = ∅. On the other extreme, U-strategyproofness,
i.e., U -strategyproofness with respect to the set of all utility functions U , is equivalent
to SD-strategyproofness. Hence, U -strategyproofness allows us to define a spectrum of
strategyproofness notions that weaken SD-strategyproofness.

We will next discuss an example to illustrate the difference between U -
strategyproofness and SD-strategyproofness.

Example 1. Consider the profiles R1 and R2 shown below and let f denote an SDS
such that f(R1, x) = 1

3 for x ∈ {a, b, c} and f(R2, b) = 1. Moreover, consider the
utility functions u1, u2, and u3 with u1(a) = 2, u1(b) = 1, u1(c) = 0, u2(a) = 3,
u2(b) = 1, u2(c) = 0, u3(a) = 3, u3(b) = 2, and u3(c) = 0. These utility functions are
consistent with voter 1’s preference relation in R1 and we check whether this voter can
benefit by deviating to R2. A quick calculation shows that u1(f(R

1)) = 1 = u1(f(R
2)),

u2(f(R
1)) = 4

3 > 1 = u2(f(R
2)), and u3(f(R

1)) = 5
3 < 2 = u3(f(R

2)). Hence, voter 1
can increase his expected utility if his utility function is u3 and f is SD-manipulable.
By contrast, voter 1 does not benefit from deviating to R2 if his utility function is u1 or
u2. Since the preferences of the other voters are not consistent with u1, u2, and u3, it
follows that f is {u1, u2}-strategyproof on these two profiles.

R1: 1: a, b, c 2: b, c, a 3: c, a, b

R2: 1: b, a, c 2: b, c, a 3: c, a, b

In our results, we will typically examine U -strategyproofness for symmetric sets U ,
i.e., we assume that u ∈ U implies that u ◦ π ∈ U for every permutation π on A. This
formalizes the natural condition that all preference relations should be treated equally
by strategyproofness. Furthermore, this symmetry condition is rather weak since every
neutral SDS is U -strategyproof for a symmetric set U (See Claim (1) in Proposition 1).
Moreover, we will often restrict our attention to the case where U is given by a single
utility function u and its renamings, i.e., U = {u ◦ π : π ∈ Π}, where Π denotes the
set of all permutations on A. In this case, we write uΠ-strategyproofness instead of U -
strategyproofness. We emphasize that uΠ-strategyproofness associates every preference
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relation with exactly one utility function, i.e., it is the weakest non-trivial form of U -
strategyproofness for a symmetric set U .

We conclude this section by discussing several helpful properties of U -
strategyproofness. We defer the proofs of the following statements to the appendix.

Proposition 1. Consider a non-empty set of utility functions U and suppose that f
and g are two U -strategyproof SDSs. The following claims are true:

(1) If f is neutral, it is U ′-strategyproof for a symmetric set U ′ with U ⊆ U ′.

(2) f is U ′-strategyproof for the set U ′ =
⋃

≻∈R conv(U ∩ U≻), where conv(X) denotes
the convex hull of a given set X.

(3) The SDS h given by h(R) = λf(R)+(1−λ)g(R) is U -strategyproof for all λ ∈ [0, 1].

(4) It holds that u(f(R)) ≥ u(f(R′)) for all preference profiles R and R′, groups of
voters S ⊆ N , and utility functions u ∈ U such that ≻i = ≻j for all i, j ∈ S, u is
consistent with ≻i for all i ∈ S, and ≻j = ≻′

j for all j ∈ N \ S.

Less formally, Claim (1) states that, for neutral SDSs, it is without loss of generality
to focus on symmetric sets of utility functions. Of course, if f is not symmetric, this is
not the case as a rule may only be manipulable for specific preference relations. Claim
(2) shows that for every SDS f and preference relation ≻, f is U -strategyproof for a
convex subset U of U≻. In particular, this implies that for every SDS there is a unique
inclusion-maximal set U for which it is U -strategyproof. Claim (3) shows that the set
of SDSs that is U -strategyproof for a given set of utility functions U is convex and
mirrors an analogous insight for SD-strategyproofness. Finally, Claim (4) can be seen as
a mild version of group-strategyproofness: if an SDS is U -strategyproofness, it cannot
be manipulated by groups of voters who have the same true preferences, even if the
voters in a group cooperate. This insight will be useful in our proofs as it allows us to
simultaneously change the preference relations of multiple voters.

3. Results

We are now ready to present our results. Specifically, we will analyze the compatibility
of U -strategyproofness with k-unanimity, Condorcet-consistency, and ex post efficiency
in Sections 3.1 to 3.3, respectively.

3.1. k-Unanimity

As our first question, we will investigate the tradeoff between U -strategyproofness and k-
unanimity. To this end, we first recall that the only SD-strategyproof SDS that satisfies
anonymity and unanimity is the uniform random dictatorship (henceforth called RD).
This SDS chooses a voter uniformly at random and implements his favorite alternative
as the winner of the election. Hence, the probability that an alternative x is the winner
in a profile R is RD(R, x) = |{i∈N : r(≻i,x)=1}|

n . However, RD fails k-unanimity for every

10
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k > 0 and, more generally, Benoît (2002) has shown that no SD-strategyproof SDS is
k-unanimous for k > 0.

To circumvent this impossibility, we will next define a variant of RD that satisfies
k-unanimity for an arbitrary k ∈ {0, . . . , ⌊n−1

2 ⌋} and U -strategyproofness for a large
set of utility functions U . Consider for this the following family of SDSs, which we
call k-random dictatorships (abbreviated by RDk): if at least n − k voters report x
as their favorite alternative, RDk assigns probability 1 to x; otherwise, it returns the
outcome of RD . As we show in Theorem 1, RDk satisfies U -strategyproofness for the set
U = {u ∈ U : u(1)−u(2) ≥ k(u(2)−u(m))}, i.e., if voters have a strong preference for the
first alternative, RDk is strategyproof. Unfortunately, the definition of U depends on k,
i.e., for large values of k, there must be a very large gap between u(1) and u(2). Another
variant of RD , which we refer to as OMNI ∗, solves this problem. This SDS assigns
probability 1 to an alternative x if more than half of the voters report x as their favorite
alternative, and otherwise randomizes uniformly over all alternatives that are top-ranked
by at least one voter. This SDS is U -strategyproof for U = {u ∈ U : u(1) − u(2) ≥∑m

i=3 u(2) − u(i)}. While OMNI ∗ satisfies ⌊n−1
2 ⌋-unanimity for all numbers of voters

and alternatives, the condition on U is demanding unless there are only few alternatives.

Theorem 1. The following claims are true:

(1) For all k ∈ {1, . . . , ⌊n−1
2 ⌋}, RDk satisfies U -strategyproofness for the set U = {u ∈

U : u(1)−u(2) ≥ k(u(2)−u(m))} and violates {u}-strategyproofness for every utility
function u ̸∈ U .

(2) OMNI ∗ satisfies U -strategyproofness for the set U = {u ∈ U : u(1) − u(2) ≥∑m
i=3 u(2)−u(i)} and violates {u}-strategyproofness for every utility function u ̸∈ U

if n ≥ m.

Proof. We prove both claims of the theorem separately.

Claim (1): First, we show that RDk is U -strategyproof for the set U = {u ∈ U : u(1)−
u(2) ≥ k(u(2) − u(m))} for all k ∈ {1, . . . , ⌊n−1

2 ⌋}. To this end, we fix a voter i ∈ N ,
a utility function u ∈ U , and preference profiles R and R′ such that ≻j = ≻′

j for all
j ∈ N \{i} and u is consistent with ≻i. We will show that u(RDk(R)) ≥ u(RDk(R′)). If
neither R nor R′ contain n− k voters who agree on a most preferred alternative, RDk is
equal to RD for both profiles. Because RD is SD-strategyproof, RDk is U -strategyproof
in this case. Moreover, voter i can also not manipulate if at least n−k voters agree on a
most preferred alternative x in R. In more detail, if voter i top-ranks x in R, he obtains
his maximal utility since RDk(R, x) = 1 and thus u(RDk(R)) ≥ u(RDk(R′)). On the
other hand, if voter i does not top-rank x in R, at least n − k voters top-rank x in R′.
This means that RDk(R) = RDk(R′) and therefore also u(RDk(R)) = u(RDk(R′)).

The only remaining case is that n−k−1 voters top-rank an alternative x in R, voter i
prefers another alternative y the most, and the remaining k voters top-rank alternatives
in A \ {x}. In this case, voter i might try to manipulate by reporting x as his favorite
alternative. In particular, this means for R′ that RDk(R′, x) = 1. On the other hand,
it holds by the definition of R that RDk(R, x) = n−k−1

n and RD(R, y) ≥ 1
n . Now,

11
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let z denote voter i’s least preferred alternative in R. By our analysis so far, it holds
that u(RDk(R)) ≥ n−k−1

n u(x) + 1
nu(y) +

k
nu(z) and that u(RDk(R′)) = u(x). Next,

n−k−1
n u(x) + 1

nu(y) +
k
nu(z) ≥ u(x) is true if and only if u(y) − u(x) ≥ k(u(x) − u(z)).

Finally, since u(y) = u(1), u(x) ≤ u(2), and u(z) = u(m), it follows from the definition
of U that

u(y)− u(x) ≥ u(1)− u(2) ≥ k(u(2)− u(m)) ≥ k(u(x)− u(m)).

This shows that voter i cannot increase his expected utility in this case either, so we
conclude that RDk is U -strategyproof for U = {u ∈ U : u(1)− u(2) ≥ k(u(2)− u(m))}.

Finally, to show that RDk fails {u}-strategyproofness for every utility function u with
u(1)− u(2) < k(u(2)− u(m)), we fix such a utility function u and let x, y, z denote the
alternatives with u(y) = u(1), u(x) = u(2), and u(z) = u(m). Moreover, consider the
profile R where n − k − 1 voters top-rank x, k voters top-rank z, and a single voter i
reports a preference relation ≻i that is consistent with u. In particular, this means
that y is voter i’s best alternative, x is his second best alternative, and z is his worst
alternative. For this profile, RDk assigns probability n−k−1

n to x, 1
n to y, and k

n to z.
Hence, voter i’s expected utility is u(RDk(R)) = n−k−1

n u(2) + 1
nu(1) +

k
nu(m). By

contrast, if voter i top-ranks x, his expected utility is u(2), and it can be verified that
u(2) > n−k−1

n u(2)+ 1
nu(1)+

k
nu(m) if u(1)−u(2) < k(u(2)−u(m)). This proves that RDk

fails {u}-strategyproofness for every utility function u with u(1)−u(2) < k(u(2)−u(m)).

Claim (2): Next, we show that OMNI ∗ is U -strategyproof for the set U = {u ∈
U : u(1) − u(2) ≥

∑m
i=3(u(2) − u(i))}. To this end, we again fix a voter i, a utility

function u ∈ U , and preference profiles R and R′ such that ≻j = ≻′
j for all j ∈ N \ {i}

and u is consistent with ≻i. We will show that u(OMNI ∗(R)) ≥ u(OMNI ∗(R′)). For
this, we proceed with a case distinction on the lotteries chosen for R and R′. First,
assume that OMNI ∗(R, x) = 1 for some alternative x ∈ A, which means that more
than half of the voters report x as their best alternative. Now, if i top-ranks x, he
obtains his maximal utility and he cannot manipulate. On the other hand, if i does
not top-rank x, then a majority of the voters top-ranks x also in R′, which implies that
OMNI ∗(R′) = OMNI ∗(R) and therefore u(OMNI ∗(R′)) = u(OMNI ∗(R)).

Next, consider the case that OMNI ∗ returns for both R and R′ the uniform lottery over
the top-ranked alternatives of the respective profiles. Let S = {z ∈ A : OMNI ∗(R, z) >
0} and T = {z ∈ A : OMNI ∗(R′, z) > 0} denote the sets of alternatives with positive
winning chance in R and R′, respectively. Moreover, let x be the most preferred alter-
native of voter i in R, and let y be his most preferred alternative in R′. If voter i is the
only voter in R that top-ranks x in R, then T = (S\{x})∪{y}. If y ̸∈ S, this means that
OMNI ∗(R, z) = OMNI ∗(R′, z) for all z ∈ A \ {x, y}, OMNI ∗(R′, y) = OMNI ∗(R′, x),
and OMNI ∗(R′, x) = OMNI ∗(R, y) = 0. Since u(x) > u(y) as voter i prefers x to y, it
follows that u(OMNI ∗(R)) ≥ u(OMNI ∗(R′)). On the other hand, if y ∈ S, then it holds
tht OMNI ∗(R′, z) = 1

|S|−1 for all z ∈ S \ {x} as only |S| − 1 alternatives are top-ranked.
Put differently, this means that we redistributed the probability of x to the alternatives
in S \ {x}. Since voter i top-ranks x in R, we have that u(x) > u(z) for all z ∈ S \ {x},
so it follows again that u(OMNI ∗(R)) ≥ u(OMNI ∗(R′)).

12
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As the second subcase, suppose that another voter top-ranks voter i’s best alterna-
tive x. Then, it holds that T = S ∪ {y}. If y was already top-ranked in R, it further
follows that y ∈ S, so the outcome does not change. On the other hand, if y ̸∈ S, then
OMNI ∗(R′, z) = 1

|S|+1 for all z ∈ S ∪ {y} and OMNI ∗(R, z) = 1
|S| for all z ∈ S. In this

case, we compute that

u(OMNI ∗(R))− u(OMNI ∗(R′)) =
∑
z∈S

(
1

|S|
− 1

|S|+ 1

)
u(z)− 1

|S|+ 1
u(y)

=
1

|S|(|S|+ 1)

∑
z∈S

(u(z)− u(y)).

Moreover, since u ∈ U , it holds that u(1)− u(2) ≥
∑m

j=3 u(2)− u(j), which equivalently
means (u(1)− u(2)) +

∑m
j=3 u(j)− u(2) ≥ 0. Since voter i’s favorite alternative x is in

S and u(y) ≤ u(2), we derive that

∑
z∈S

(u(z)− u(y)) ≥
∑
z∈S

(u(z)− u(2)) ≥ u(1)− u(2) +

m∑
j=3

u(j)− u(2) ≥ 0.

Combined with our last equation, this means means u(OMNI ∗(R)) ≥ u(OMNI ∗(R′)),
thus proving that voter i cannot manipulate in this case.

As the last case, assume that the set S = {z ∈ A : OMNI ∗(R, z) > 0} contains at least
two alternatives and that OMNI ∗(R′, y) = 1 for some alternative y ∈ A. This is only
possible if voter i reports y as his favorite alternative in R′ but not in R. Similar to the
last case, we hence compute that u(OMNI ∗(R))−u(OMNI ∗(R′)) = 1

|S|
∑

z∈S u(z)−u(y).
Moreover, since u ∈ U , it follows that

∑
z∈S u(z) − u(y) ≥ 0 because voter i’s favorite

alternative x is in S and u(y) ≤ u(2). Hence, voter i cannot manipulate in this case
either, which proves that OMNI ∗ is U -strategyproof for the set U = {u ∈ U : u(1) −
u(2) ≥

∑m
i=3 u(2)− u(i)}.

Finally, we show that OMNI ∗ violates {u}-strategyproofness for every utility func-
tion u with u(1) − u(2) <

∑m
i=3 u(2) − u(i) if n ≥ m. For this, we fix such a utility

function u and note that our assumption equivalently means that u(2) >
∑m

j=1 u(j)

m . More-
over, suppose that the alternatives x1, . . . , xm are ordered such that u(x1) > · · · > u(xm).
Now, if m = 3, consider the profile R where x2 is top-ranked by ⌊n2 ⌋ voters, ⌈n2 ⌉−1 voters
top-rank x3 and a single voter i reports the preference relation x1, x2, x3. For this profile,
OMNI ∗ assigns a probability to 1

3 to each alternative, so u(OMNI ∗(R)) = 1
m

∑m
j=1 u(j).

On the other hand, if voter i top-ranks x2, it holds that this alternative is chosen
with probability 1. This means that voter i can manipulate since u(2) >

∑m
j=1 u(j)

m .
Next, if m ≥ 4, consider a profile R where voter i reports the preference relation
x1, x2, . . . , xm, every alternative xj ∈ A \ {x2} is top-ranked by a voter other than
i, and no alternative is top-ranked by more than half of the voters. For this profile,
OMNI ∗ randomizes uniformly over the alternatives A \ {x2}, so the utility of voter i is

1
m−1(u(1)+

∑m
j=3 u(j)). On the other hand, if voter i top-ranks x2, OMNI ∗ randomizes

uniformly over A, resulting in an expected utility of 1
m

∑m
j=1 u(j). Finally, it can be

13
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checked that 1
m

∑m
j=1 u(j) >

1
m−1(u(1) +

∑m
j=3 u(j)) if u(1) − u(2) <

∑m
i=3 u(2) − u(i),

thus demonstrating that voter i can indeed manipulate.

While it is positive that k-unanimity and U -strategyproofness can be simultaneously
satisfied, the sets U for which RDk and OMNI ∗ are U -strategyproof become rather
restrictive for large values of k and m. This raises the question of whether there are SDSs
that satisfy U -strategyproofness and k-unanimity for larger sets of utility functions U .
As we show next, at least for rank-based SDSs, our results are already close to optimal
as no such SDS satisfies k-unanimity and U -strategyproofness for a significantly larger
set of utility functions than RDk or OMNI ∗.

Theorem 2. No rank-based SDS satisfies uΠ-strategyproofness and k-unanimity for k ∈
{1, . . . , ⌊n−1

2 ⌋} if m ≥ 3, n ≥ 3, and u(1)− u(2) <
∑m

i=max(3,m−k+1) u(2)− u(i).

Proof. Fix some value k ∈ {1, . . . , ⌊n−1
2 ⌋} and let k∗ = min(k,m− 2), which means that∑m

i=m−k∗+1 u(2) − u(i) =
∑m

i=max(3,m−k+1) u(2) − u(i). We assume for contradiction
that there is a rank-based SDS f for m ≥ 3 alternatives and n ≥ 3 voters that satisfies
k-unanimity and uΠ-strategyproofness for some utility function u with u(1) − u(2) <∑m

i=m−k∗+1 u(2) − u(i). For deriving a contradiction, we proceed in two steps: first,
we discuss a construction that allows us to weaken an alternative x that is currently
assigned probability 1 from first place to second place without affecting the outcome if
sufficiently many voters top-rank x. Secondly, we repeatedly use this construction to
derive a profile R∗ in which x gets probability 1 even though only k∗ voters report it as
their best choice. Moreover, we can ensure that the remaining n − k∗ ≥ n − k voters
top-rank another alternative y, so k-unanimity is violated for R∗.

Step 1: Let S = {x0, . . . , xk∗} denote a set of k∗ + 1 alternatives and let x̂i =
xi mod (k∗+1) to simplify notation. Moreover, let x∗ denote an alternative not in S and
note that such an alternative exists as k∗ ≤ m−2. Our goal is to find profiles R0, . . . , Rk∗

such that (i) r∗(Ri) = r∗(Rj) for all i, j ∈ {0, . . . , k∗}, and (ii) in every profile Ri, there
is a voter j∗ with preference x̂i, x

∗, ∗, x̂i+1, x̂i+2, . . . , x̂i+k∗ . Given these profiles, we show
that f(Ri, x∗) = 1 if f(R̂i, X∗) = 1 for all i ∈ {0, . . . , k∗}, where R̂i denotes the profile
derived from Ri by letting voter j∗ swap his favorite alternative x̂i with x∗. For the
sake of simplicity, we focus subsequently on the case that there are n = 2k∗ + 1 voters.
If there are more voters, we can pick a suitable subset of 2k∗ + 1 voters and apply our
construction to these voters while keeping the preferences of the other voters constant.

We now define the profiles R0, . . . , Rk∗ . In the profile Ri, the voters j ∈ {1, . . . , k∗+1}
with j ̸= i have the preference relations x∗, x̂j , ∗, x̂j+1, . . . , x̂j+k∗ . Moreover, voter i
has the preference x̂i, x

∗, ∗, x̂i+1, . . . , x̂i+k∗ , i.e., the construction of voter i’s preference
relation differs from the preference relations of the other voters j with j ≤ k∗ + 1 only
in that his best two alternatives are swapped. Note that the alternatives {x0, . . . , xk∗}
form a ”cylic” subprofile for these k∗+1 voters. Next, the voters j ∈ {k∗+2, . . . , 2k∗+1}
with j ̸= k∗ + 1 + i have the preference relation x̂j , x̂0, ∗, x̂1, . . . , x̂j−1, x̂j+1, . . . , x̂k∗ , x

∗.
Finally, the voter j = k∗ + 1 + i has the same preference relation except that he swaps
x̂j = xi with x̂0 = x0, i.e., ≿i

k∗+1+i = x̂0, x̂j , ∗, x̂1, . . . , x̂j−1, x̂j+1, . . . , x̂j+k∗ , x
∗. We note
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that in R0, alternative x0 = x̂0 is the second ranked by all voters j with j ≥ k∗ + 2
because there is no voter with j ≥ k∗+2 and j = k∗+1+0. Moreover we assume that all
voters have the same preferences on the alternatives in Y = A \ {x∗, x0, . . . , xk∗} (these
alternatives were abbreviated by the ∗ symbol in all previous preference relations).

Note that all profiles Ri have the same rank matrix because r∗(Ri, x) = r∗(R0, x) for
all x ∈ A and i ∈ {1, . . . , k∗}. For the alternatives in Y , this claim holds since every voter
ranks these alternatives at the same positions in all of our profiles. For the alternatives
in A \ Y , this follows because the profile R0 differs from every other profile Ri only in
the preference relations of voters i, k∗ + 1, and k∗ + i+ 1. Moreover, the preferences of
these voters only differ in swaps between x∗, x0 = x̂k+1, and xi = x̂i. In more detail,
≻i

i is derived from ≻0
i by reinforcing xi against x∗, ≻i

k∗+1 is derived from ≻0
k∗+1 by

reinforcing x∗ against x0, and ≻i
k∗+i+1 is derived from ≻0

k∗+i+1 by reinforcing x0 against
xi. Because all these swaps happen between first and second ranked alternatives, the
rank vectors of the alternatives in A\Y are equal in the profiles R0 and Ri. This proves
that r∗(R0) = r∗(Ri) for all profiles Ri, and rank-baseness consequently implies that
f(Ri) = f(R0) = f(Rj) for all i, j ∈ {0, . . . , k∗}.

Finally, it remains to show that f(Ri, x∗) = 1 for all i ∈ {0, . . . , k∗}. We suppose for
this that f(R̂i, x∗) = 1 for all i ∈ {0, . . . , k∗}, where R̂i denotes the profiles derived from
Ri by reinforcing x∗ against x̂i in the preference of voter i (or k∗ + 1 if i = 0). By our
assumption, this voter can ensure that his expected utility is u(2) if he deviates to R̂i.
Hence, uΠ-strategyproofness entails that the expected utility of voter i in Ri is at least
u(2), which means that the following inequality holds. Note that we assume here that u
is permuted to be consistent with voter i’s preference relation.

f(Ri, x̂i)u(1) + f(Ri, x∗)u(2) +
∑
y∈Y

f(Ri, y)u(y) +
k∗∑
j=1

f(Ri, x̂i+j)u(x̂i+j) ≥ u(2)

We reformulate this inequality to highlight the similarity to our condition on the utility
function u.

f(Ri, x̂i)(u(1)− u(2)) ≥
∑
y∈Y

f(Ri, y)(u(2)− u(y)) +
k∗∑
j=1

f(Ri, x̂i+j)(u(2)− u(x̂i+j))

Furthermore, we derive an analogous inequality for every profile Rj with j ∈
{0, . . . , k∗}. Since f(Ri) = f(Rj) for all i, j ∈ {0, . . . , k∗}, we can substitute f(Rj , x)
with f(Ri, x) in these inequalities. Moreover, for every i ∈ {0, . . . , k∗}, alternative x̂i is
top-ranked by the manipulator in Ri, and for every r ∈ {m− k∗ + 1, . . . ,m}, there is a
single profile Rj such that the manipulator ranks x̂i at position r. Hence, we derive the
following inequality by summing up all constraints on f(Ri).

k∗∑
j=0

f(Ri, xj)(u(1)− u(2)) ≥ (k∗ + 1)
∑
y∈Y

f(Ri, y)(u(2)− u(y))

+
k∗∑
j=0

f(Ri, xj)
m∑

ℓ=m−k∗+1

(u(2)− u(ℓ))
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Next, we note that u(1) − u(2) <
∑m

j=m−k∗+1(u(2) − u(j)) by assumption, so∑k∗

j=0 f(R
i, xj)(u(1)−u(2)) <

∑k∗

j=0 f(R
i, xj)

∑m
l=m−k∗+1(u(2)−u(l)). As u(2)−u(y) >

0 for all y ∈ Y , it follows that the above inequality can only be true if f(Ri, x) = 0 for
all x ∈ A \ {x∗}. In turn, this implies that f(Ri, x∗) = 1, as desired.

Step 2: We next use Step 1 to derive a profile R in which x∗ is top-ranked by only
k∗ voters but it is chosen with probability 1. For this, we start at the profile R̄0 in
which the first n − k∗ voters prefer alternative x∗ the most and the remaining voters
prefer x∗ uniquely the least. It follows from k-unanimity that f(R̄0, x∗) = 1 as k∗ ≤ k.
Moreover, uΠ-strategyproofness entails that all voters can reorder the alternatives in
A \ {x∗} arbitrarily without affecting the outcome. In more detail, if x∗ does not obtain
probability 1 after a voter who top-ranks x∗ reorders the remaining alternatives, this
voter can manipulate by undoing his deviation. On the other hand, if a voter who
prefers x∗ the least can reduce the probability of x∗ by changing his preferences, he can
increase his expected utility for every utility function.

Hence, we can pick a subset I of voters who prefer x∗ the most with |I| = k∗ + 1 and
the k∗ voters who prefer x∗ the least and assign them the preferences in the profile R̂i

for every i ∈ {0, . . . , k∗} without affecting the outcome. Consequently, we can use the
last step to derive a profile R̄1 such that f(R̄1, x∗) = 1, n− k∗ − 1 voters prefer x∗ the
most, one voter reports x0, x∗, ∗, x1, . . . , xk∗ , and the remaining voters prefer x∗ the least.
Moreover, it is easy to see that we can repeat this step as long as at least k∗ + 1 voters
top-rank x∗. By repeatedly applying this construction, we derive a profile R̄ such that
f(R̄, x∗) = 1, k∗ voters prefer x∗ the most, n − 2k∗ voters report x0, x

∗, ∗, x1, . . . , xk∗ ,
and k∗ voters report x∗ as their least preferred outcome.

Finally, we recall that the voters who prefer x∗ the least can reorder the alternatives
in A \ {x∗} arbitrarily without affecting the outcome if x∗ is chosen with probability 1.
We thus let these voters top-rank x0 and uΠ-strategyproofness requires for the resulting
profile R∗ that f(R∗, x∗) = 1. However, in R∗, n − k∗ ≥ n − k voters top-rank x0, so
k-unanimity requires that f(R∗, x0) = 1. This is the desired contradiction which shows
that no rank-based SDS is both k-unanimous and uπ-strategyproof for a utility function
u with u(1)− u(2) <

∑m
i=m−k∗+1 u(2)− u(i).

To better understand the results of this section, we illustrate our bounds in Figure 1.
For this figure, we assume that there are 5 alternatives and a large number of voters
n ≥ 11, and we fix all utilities but u(1). Hence, we can compute the values of u(1) for
all SDSs of Theorem 1 such that the considered SDS is uΠ-strategyproof. The figure
shows that for RDk, the required value of u(1) increases in k and the bound of OMNI ∗

is independent of k. Moreover, the required values of u(1) are quite large compared to
u(2) for all SDSs but RD . However, the red area shows the values of u(1) for which
Theorem 2 applies and hence, these large values are indeed required. The white area
indicates a small gap between the positive results in Theorem 1 and the impossibility
theorem in Theorem 2 for 1 < k < ⌊n−1

2 ⌋.

Remark 1. Most of the bounds of Theorem 2 are tight: if m = 2, OMNI ∗ and RDk

are even SD-strategyproof, and if n = 2, k-unanimity is not well-defined for k > 0.
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k

u(1)

1 2 3 4 5

3

6

9

12

no rank-based
SDSs

RD

RD1

RD2 OMNI ∗

u(2)

Figure 1: Illustration of Theorems 1 and 2. We assume that there are 5 alternatives and consider
a utility function u with u(2) = 3, u(3) = 2, u(4) = 1, and u(5) = 0. The figure
shows for which values of u(1) the SDSs RD (blue area), RD1 (green area), RD2

(magenta area), and OMNI ∗ (orange area) are uΠ-strategyproof on the vertical axis.
The horizontal axis illustrates the values of k for which these SDSs are k-unanimous.
The red area displays the impossibility of Theorem 2 and the gray area marks the
infeasible values of u(1) with u(1) ≤ u(2).

Furthermore, the condition on the utility functions is almost tight: RD1 shows that the
bound is tight for 1-unanimity, and OMNI ∗ shows that the bound is tight if k ≥ m− 2.
Finally, RDk shows that no constraint of the type u(1)−u(2) ≤

∑m
i=m−k+1 u(2)−u(i)+ϵ

with ϵ > 0 can result in an impossibility because we can always find a utility function
u such that

∑m
i=m−k+1 u(2) − u(i) + ϵ ≥ u(1) − u(2) ≥ k(u(2) − u(m)) by making the

difference between u(i) and u(m) for i ≥ 3 sufficiently small. Nevertheless, it remains
open to find rank-based SDSs that satisfy U -strategyproofness and k-unanimity for U =
{u ∈ U : u(1)− u(2) =

∑m
i=m−k+1 u(2)− u(i)} and 2 ≤ k ≤ m− 3.

Remark 2. It can be shown for every k ∈ {1, . . . , ⌊n2 ⌋} and set U ⊆ U that if there is a
k-unanimous and U -strategyproof SDS f for m alternatives and n voters, there is also
an SDS f ′ that satisfies these conditions for m alternatives n′ > n voters. In particular,
f ′ can be constructed by choosing a set of n voters uniformly at random and applying
f to the preferences of these voters. This insight can be used to show that Theorem 2
is tight for 2-unanimity. Specifically, it can be verified that the following SDS f1 is U -
strategyproof for the set U = {u ∈ U : u(1)−u(2) ≥ 2u(2)−u(m−1)−u(m)} if n = 5: if
at least four alternatives are top-ranked, f1 agrees with RD , and it agrees with OMNI ∗

otherwise. By our previous observation, we can generalize this SDS to an arbitrary
number of voters n > 5 while guaranteeing U -strategyproofness and 2-unanimity.

Remark 3. When omitting rank-basedness, one can define SDSs that are k-unanimous
and U -strategyproof for larger sets of utility functions U than permitted by Theorem 2.
For instance, when m = 3 and n = 4, we have shown with the help of a computer
that the following SDS f2 is U -strategyproof for the set U = {u ∈ U : 2(u(2)− u(3)) ≥
u(1) − u(2) ≥ 1

2(u(2) − u(3))}. If three or four voters top-rank an alternative x, then
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f2(R, x) = 1. If two alternatives x, y are top-ranked by two voters each, then f2(R, x) =
f2(R, y) = 1

2 . Finally, if an alternative x is top-ranked by two voters, and the other two
alternatives are top-ranked once, we need a further case distinction depending on the
voters who do not top-rank x: if both of these voters place x second, then f2(R, x) = 1.
If both place x last, then f2(R, x) = 1

2 and f2(R, y) = f2(R, z) = 1
4 . Finally, if one of

them places x second and the other one last, then f2(R, x) = 4
7 , the alternative y that

is preferred to x by two voters obtains probability f2(R, y) = 2
7 , and the last alternative

z has probability f2(R, z) = 1
7 . While our computer-aided approach can also be used

for larger values of m and n, we see little value in such technical SDSs with unclear
closed-form representation.

3.2. Condorcet-consistency

Motivated by the existence of SDSs that are k-unanimous and U -strategyproof for non-
empty sets of utility functions U , we next turn to the question of whether stronger
fairness notions are still compatible with U -strategyproofness. Unfortunately, we find a
negative answer to this question when considering Condorcet-consistency. In particular,
we will show that it is impossible to design Condorcet-consistent SDSs that are uΠ-
strategyproof for any utility function u ∈ U . We note that this result significantly
strengthens the known impossibility of SD-strategyproof and Condorcet-consistent SDSs
(e.g., Brandt et al., 2024) as our theorem only relies on a single canonical utility function.

Theorem 3. Every Condorcet-consistent SDS fails uΠ-strategyproofness for all utility
functions u ∈ U if m ≥ 4, n ≥ 5 and n ̸= 6, n ̸= 8.

Proof. Assume for contradiction that there is a Condorcet-consistent SDS f for m ≥ 4
alternatives and n ≥ 5 voters (n ̸= 6, n ̸= 8) that satisfies uΠ-strategyproofness for
some utility function u ∈ U . The proof works by a case distinction: first, we show
that there is no uΠ-strategyproof SDS that is Condorcet-consistent if m ≥ 4, n = 3,
and u(1) − u(2) < u(2) − u(m). Next, we show that there is no uΠ-strategyproof
SDS that satisfies Condorcet-consistency if m ≥ 4, n = 5, and u(1) − u(m − 1) >
u(m − 1) − u(m). These two cases are exhaustive with respect to the utility functions,
i.e., every utility function on at least 4 alternatives satisfies u(1) − u(2) < u(2) − u(m)
or u(1)− u(m− 1) > u(m− 1)− u(m). Specifically, since u(2) > u(m− 1), it holds that
u(1)− u(m− 1) > (m− 1)− u(m) if u(1)− u(2) ≥ u(2)− u(m). Finally, since we prove
both cases for a fixed number of voters n, we generalize the impossibility from a fixed
number of voters to larger numbers of voters in the last step.

Case 1: u(1)− u(2) < u(2)− u(m)
As the first case, we assume that f is defined for n = 3 voters and satisfies uΠ-

strategyproofness for a utility function u with u(1)− u(2) < u(2)− u(m). Moreover, we
let X = {x, y, z} denote three alternatives and consider the following preference profiles.
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R1: 1: x, y, ∗, z 2: y, z, ∗, x 3: z, x, ∗, y
R2: 1: y, x, ∗, z 2: y, z, ∗, x 3: z, x, ∗, y
R3: 1: x, y, ∗, z 2: z, y, ∗, x 3: z, x, ∗, y
R4: 1: x, y, ∗, z 2: y, z, ∗, x 3: x, z, ∗, y

First, we note that y is the Condorcet winner in R2, z in R3, and x in R4. Con-
sequently, Condorcet-consistency requires that f(R2, y) = f(R3, z) = f(R4, x) = 1.
Moreover, R1 differs from R2 only in the preference relation of the first voter, from R3

in the preference relation of the second voter, and from R4 in the preference relation of
the third voter. Hence, we can use uΠ-strategyproofness to derive constraints on f(R1).
In particular, we derive the following inequality from uΠ-strategyproofness between R1

and R2.

f(R1, x)u(1) + f(R1, y)u(2) + f(R1, z)u(m) +
∑

w∈A\X

f(R1, w)u(w) ≥ u(2)

Moreover, we derive symmetric conditions from uΠ-strategyproofness between R1 and
R3, and between R1 and R4. By reformulating these inequalities, we deduce that

f(R1, x)(u(1)− u(2)) ≥ f(R1, z)(u(2)− u(m)) +
∑

w∈A\X

f(R1, w)(u(2)− u(w)),

f(R1, y)(u(1)− u(2)) ≥ f(R1, x)(u(2)− u(m)) +
∑

w∈A\X

f(R1, w)(u(2)− u(w)),

f(R1, z)(u(1)− u(2)) ≥ f(R1, y)(u(2)− u(m)) +
∑

w∈A\X

f(R1, w)(u(2)− u(w)).

By summing up these inequalities, we derive the following equation.∑
w∈X

f(R1, w)(u(1)− u(2)) ≥
∑
w∈X

f(R1, w)(u(2)− u(m)) + 3
∑

w∈A\X

f(R1, w)(u(2)− u(w))

Because u(1) − u(2) < u(2) − u(m), it follows that
∑

w∈X f(R1, w)(u(1) − u(2)) <∑
w∈X f(R1, w)(u(2)−u(m)) if

∑
w∈X f(R1, w) > 0. Moreover, it holds that u(2) > u(w)

for every w ∈ A\X. Hence, our assumption on u and the above inequality are in conflict.
This shows that no uΠ-strategyproof SDS can satisfy Condorcet-consistency if n = 3,
m ≥ 4, and u(1)− u(2) < u(2)− u(m).

Case 2: u(1)− u(m− 1) > u(m− 1)− u(m)
Next, we assume that f is defined for n = 5 voters and satisfies uΠ-strategyproofness

for a utility function u with u(1) − u(m − 1) > u(m − 1) − u(m). In this case, we fix
again three alternatives X = {x, y, z} and consider the following four preference profiles.

R1: 1: x, ∗, y, z 2: z, ∗, x, y 3: y, ∗, z, x
4: x, y, z, ∗ 5: z, y, x, ∗
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R2: 1: x, ∗, z, y 2: z, ∗, x, y 3: y, ∗, z, x
4: x, y, z, ∗ 5: z, y, x, ∗

R3: 1: x, ∗, y, z 2: z, ∗, y, x 3: y, ∗, z, x
4: x, y, z, ∗ 5: z, y, x, ∗

R4: 1: x, ∗, y, z 2: z, ∗, x, y 3: y, ∗, x, z
4: x, y, z, ∗ 5: z, y, x, ∗

First, we note that z is the Condorcet winner in R2, y in R3, and x in R4. Hence,
Condorcet-consistency entails that f(R2, z) = f(R3, y) = f(R4, x) = 1. Furthermore,
the profile R1 differs from the profiles R2, R3, and R4, in the preference relations of
voters 1, 2, and 3, respectively. We thus use uΠ-strategyproofness to derive conditions
on f(R1). In particular, uΠ-strategyproofness between R1 and R2 entails the following
equation. The left side of this inequality is voter 1’s expected utility in R2 and the right
hand side is his expected utility he could obtain by deviating to R1.

u(m−1) ≥ f(R1, x)u(1) + f(R1, z)u(m−1) + f(R1, y)u(m) +
∑

w∈A\X

f(R1, w)u(w)

Next, we reformulate the inequality so that our assumption on u can be used. More-
over, we derive symmetric conditions from R3 and R4.

f(R1, y)(u(m−1)− u(m)) ≥ f(R1, x)(u(1)− u(m−1)) +
∑

w∈A\X

f(R1, w)(u(w)− u(m−1))

f(R1, x)(u(m−1)− u(m)) ≥ f(R1, z)(u(1)− u(m−1)) +
∑

w∈A\X

f(R1, w)(u(w)− u(m−1))

f(R1, z)(u(m−1)− u(m)) ≥ f(R1, y)(u(1)− u(m−1)) +
∑

w∈A\X

f(R1, w)(u(w)− u(m−1))

By summing up the last three inequalities, we derive the following equation.∑
w∈X

f(R1, w)(u(m−1)− u(m)) ≥
∑
w∈X

f(R1, w)(u(1)− u(m−1))

+ 3
∑

w∈A\X

f(R1, w)(u(w)− u(m−1))

Every alternative w ∈ A \X is preferred to at least two other alternatives, and thus,
u(w) − u(m − 1) > 0. As a consequence, this inequality and our assumption that
u(1) − u(m − 1) > u(m − 1) − u(m) cannot be simultaneously true. Thus, no SDS
satisfies both Condorcet-consistency and uΠ-strategyproofness if n = 5, m ≥ 4, and
u(1)− u(m− 1) > u(m− 1)− u(m).

Case 3: Generalizing the impossibility
Finally, we explain how to extend our base cases a larger number of voters n. For odd

n, this is simple: we can add pairs of voters with inverse preferences to the construction
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of the required case. These voters do not affect the Condorcet winner as they cancel
each other out with respect to the majority margins. Moreover, the remaining analysis
only depends on uΠ-strategyproofness and therefore only on the preferences of specific
voters. Hence, no Condorcet-consistent SDS satisfies uΠ-strategyproofness for any utility
function u ∈ U if m ≥ 4, n ≥ 5, and n is odd.

For even n, we can use Claim (4) of Proposition 1. In particular, if we duplicate every
voter in the preference profiles used to reason about odd n, this claim shows that our
analysis stays intact. Moreover, after duplicating, we can again add pairs of dummy
voters with inverse preferences without affecting our analysis. Hence, the impossibility
also generalizes to even n ≥ 10.

A close inspection of our proof shows that Theorem 3 also holds if m = 3 unless
the considered utility function u is equi-distant, i.e., u(1) − u(2) = u(2) − u(3). This
raises the question whether there are U -strategyproof and Condorcet-consistent SDSs
in this special case. We will next answer this question in the positive: the Condorcet
rule (COND), which assigns probability 1 to the Condorcet winner whenever it exists
and returns the uniform lottery over all alternatives otherwise, is U -strategyproofness
for the set U = {u ∈ U : u(1) − u(2) = u(2) − u(3)} when m = 3. Moreover, we will
show that COND is effectively the only SDS that satisfies these properties because every
Condorcet-consistent and U -strategyproof SDS has to agree with COND for all profiles
without majority ties.

Theorem 4. Assume there are m = 3 alternatives and let U = {u ∈ U : u(1) − u(2) =
u(2)− u(3)}. The following claims hold:

(1) COND is U -strategyproof.

(2) If f is U -strategyproof and Condorcet-consistent, then f(R) = COND(R) for all
profiles R such that nxy(R) ̸= 0 for all x, y ∈ R.

Proof. Assume there are m = 3 alternatives and let U = {u ∈ U : u(1) − u(2) =
u(2)− u(3)}. We prove both claims of this theorem separately.

Claim (1): We first show that COND satisfies U -strategyproofness if m = 3. Assume
for contradiction that this is not true, i.e., that there are preference profiles R and R′, a
voter i ∈ N , and a utility function u ∈ U such that u is consistent with ≻i, ≻j = ≻′

j for
all j ∈ N \ {i}, and u(COND(R′)) > u(COND(R)). We proceed with a case distinction
with respect to the existence of a Condorcet winner. First, assume that there is a
Condorcet winner x in R, which means that COND(R, x) = 1. If another alternative
y is the Condorcet winner in R′, voter i prefers x to y because he cannot make y into
the Condorcet winner otherwise. Consequently, voter i cannot manipulate in this case
as COND(R′, y) = 1 and u(x) > u(y). Next, assume that there is no Condorcet winner
in R′. Then, we have that COND(R′, z) = 1

3 for every alternative z ∈ A and voter i’s
expected utility is u(2) since u(1) = 2u(2) − u(3). This is only a manipulation if x is
voter i’s least preferred alternative in R, i.e., if u(x) = u(3). However, voter i cannot
change that x is the Condorcet winner if he ranks it last, so no manipulation is possible
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in this case. Finally, assume that there is no Condorcet winner in R. Voter i’s expected
utility in R is again u(2), which means that he can only manipulate by making his
best alternative into the Condorcet winner. Because this is not possible, it follows that
COND is U -strategyproof for U = {u ∈ U : u(1)− u(2) = u(2)− u(3)}.

Claim (2): Next, we show that every other U -strategyproof and Condorcet-consistent
SDS f agrees with COND in all profiles for which there are no majority ties. To this end,
we observe that Condorcet-consistency immediately implies that f(R) = COND(R) for
all profiles R with a Condorcet winner. Hence, let R denote a profile without a Condorcet
winner and without majority ties. This means there is a majority cycle in R, i.e., we
can label the alternatives such that nxy(R) > 0, nyz(R) > 0, and nzx(R) > 0. Our goal
is to show that f(R,w) = 1

3 = COND(R,w) for all alternatives w ∈ A.
First, we will analyze the structure of R in more detail. To this end, we enumerate

the six possible preference relations and let

≻1 = x, y, z ≻2 = y, z, x ≻3 = z, x, y

≻4 = z, y, x ≻5 = x, z, y ≻6 = y, x, z.

Moreover, for every k ∈ {1, . . . , 6}, we denote by nk the number of voters in R that
submit ≻k. Finally, we define δ1 = n1 − n4, δ2 = n2 − n5, and δ3 = n3 − n6 and aim to
show that δ1 > 0, δ2 > 0, and δ3 > 0. For this, we observe that

nxy(R) = n1 − n4 + n3 − n6 − (n2 − n5) = δ1 − δ2 + δ3

nyz(R) = n1 − n4 + n2 − n5 − (n3 − n6) = δ1 + δ2 − δ3

nzx(R) = n2 − n5 + n3 − n6 − (n1 − n4) = −δ1 + δ2 + δ3.

Now, by summing up the first two inequalities, we derive that nxy(R) + nyz(R) = 2δ1.
Since we assume that all three majority margins are positive, this means that δ1 > 0
and analogous arguments show also that δ2 > 0 and δ3 > 0. We moreover infer from
our equations and the assumptions that nxy(R) > 0, nyz(R) > 0, and nzx(R) > 0 that
δ1 + δ2 > δ3, δ2 + δ3 > δ1, and δ3 + δ1 > δ2.

We now that f(R, x) = f(R, y) = f(R, z) = 1
3 for all profiles R with nxy(R) > 0,

nyz(R) > 0, and nzx(R) > 0. Assume for contradiction that there is such a profile
R with f(R) ̸= COND(R), which means that f(R, x) > f(R, y), f(R, y) > f(R, z),
or f(R, z) > f(R, x). We suppose that f(R, x) > f(R, y) as the remaining cases are
symmetric. To derive a contradiction, let S denote a set of voters that report ≻2 = y, z, x
in R such that |S| = δ2. Such a set exists as n2 ≥ δ2. Moreover, let u ∈ U denote a utility
function that is consistent with ≻2. Since u(y)−u(z) = u(z)−u(x) and f(R, x) > f(R, y),
it holds that u(f(R)) < u(2). Next, let R′ denote the preference profile where all voters
in S report z, y, x and note that nzx(R

′) = nzx(R) > 0 as no voter changed his preference
over x and z. Moreover, it holds that nyz(R

′) = nyz(R)−2δ2 = δ1−δ2−δ3 < 0 because the
voters in S prefer y to z in R but revert this preference in R′. Hence, z is the Condorcet
winner in R′ and f(R′, z) = 1 due to Condorcet-consistency. However, this means that
the voters in S can manipulate by deviating from R to R′, thus contradicting Claim (4)
of Proposition 1. This is the desired contradiction, thus showing that f(R) = COND(R)
for all profiles without a Condorcet winner and majority ties.
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Remark 4. If n is odd and m = 3, Theorem 4 characterizes the Condorcet rule as the
only Condorcet-consistent SDS that is U -strategyproof for the set U = {u ∈ U : u(1) −
u(2) = u(2) − u(3)}. Moreover, no Condorcet-consistent SDS is uπ-strategyproof for a
utility function u outside of this set, so COND is the only Condorcet-consistent SDS
that is U -strategyproof for a non-empty and symmetric set U if n is odd and m = 3. By
contrast, if n is even, one can define multiple variants of COND that also satisfy these
properties. For instance, the following SDS f3 is U -strategyproof for the given set U and
Condorcet-consistent: if two alternatives are top-ranked by exactly half of the voters, f3

assign probability 1
2 to these alternatives. In all other cases, f3 agrees with COND .

Remark 5. The Condorcet rule as well as the tradeoff between Condorcet-consistency
and strategyproofness has attracted significant attention. For instance, already Potthoff
(1970) suggested the Condorcet rule as a simple and strategyproof rule for 3 alternatives
and Gärdenfors (1976) has shown a first impossibility theorem for Condorcet-consistency
and strategyproofness in the context of set-valued voting rules. More recently, after the
publication of the conference version of this paper, several papers have investigated the
compatibility of strategyproofness and Condorcet-consistency for various other strate-
gyproofness notions and proved far-reaching impossibility theorems (e.g., Brandt et al.,
2023, 2024; Brandt and Lederer, 2025). An interesting follow-up question is whether it
is possible to unify all of these results with a general theory on when strategyproofness
and Condorcet-consistency are (in)compatible.

Remark 6. A well-known class of SDSs are tournament solutions which only depend
on the majority relation ≻M = {(x, y) ∈ A2 : nxy(R) ≥ nyx(R)} of the input profile R
to compute the outcome. For these SDSs, unanimity and uΠ-strategyproofness entail
Condorcet-consistency. Thus, there are no unanimous and uΠ-strategyproof tournament
solutions, regardless of the utility function u, if m ≥ 4. This is in harsh contrast to
results for set-valued social choice, where attractive tournament solutions satisfy various
strategyproofness notions (Brandt et al., 2016).

3.3. Ex post Efficiency

As our last contribution, we will analyze the design of U -strategyproof and ex post
efficient SDSs. In particular, we will show that, when U contains utility functions
that are close to indifferent between the first and second best alternatives, then no
U -strategyproof and ex post efficient SDS can be significantly more decisive than the
uniform random dictatorship. To formally state this theorem, we will further generalize
k-unanimity: we say an SDS f is (k, α)-unanimous for some k ∈ {0, . . . , n} and α ∈ [0, 1]
if f(R, x) ≥ α for every profile R and alternative x such that at least n−k voters top-rank
x in R. Less formally, (k, α)-unanimity generalizes k-unanimity by only guaranteeing a
probability of at least α instead of 1 to alternatives that are top-ranked by at least n−k
voters. Thus, k-unanimity is equivalent to (k, 1)-unanimity. We further observe that the
uniform random dictatorship is (k, n−k

n )-unanimous for every k ∈ {0, . . . , n}.
As we show next, if the gap in the utility between u(1) and u(2) is sufficiently small,

no uΠ-strategyproof and ex post efficient SDS can be significantly more decisive than
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RD in the sense of (k, α)-unanimity for any k ∈ {1, . . . , n − 1}. We defer the proof of
the following theorem to the appendix as it is lengthy.

Theorem 5. For any k ∈ {1, . . . , n − 1}, ϵ > 0, and utility function u ∈ U with
u(1)− (2) ≤ ϵ

2(u(2)− u(3)), there is no ex post efficient and uΠ-strategyproof SDS that
satisfies (k, n−k

n + ϵ)-unanimity if m ≥ 3 and n ≥ 3.

When u(1)−u(2)
u(2)−u(3) converges to 0, Theorem 5 shows that no uΠ-strategyproof and ex post

efficient SDS can satisfy (k, n−k
n + ϵ)-unanimity for any k ∈ {1, . . . , n − 1} and ϵ > 0.

Put differently, this means that, in the limit of u(1)−u(2)
u(2)−u(3) , RD is a maximally decisive

uΠ-strategyproof SDS that satisfies ex post efficiency. Also, we observe that Theorem 5
extends Theorem 2 to the class of ex post efficient SDS at the cost of a more demanding
bound on the utility function u.

Remark 7. For 1-unanimity, we can strengthen Theorem 5 by closely analyzing its
proof: no ex post efficient SDS satisfies uΠ-strategyproofness and 1-unanimity if u(1)−
u(2) ≤ 1

n−2(u(2) − u(3)). This result strengthens the main result by Benoît (2002) for
ex post efficient SDS as we show that a single canonical utility function is sufficient for
the impossibility. We moreover note that in Benoît’s setting, strategyproofness and 1-
unanimity imply a sufficient amount of efficiency for our proof. That is, we believe that
our assumption of ex post efficiency is only a minor restriction for Theorem 5.

Remark 8. A well-known result in randomized social choice, Gibbard’s random dic-
tatorship theorem (Gibbard, 1977), states that the only SD-strategyproof and ex post
efficient SDSs are (non-uniform) random dictatorships. Intuitively, these SDSs pick each
voter with a fixed probability and implement the chosen voter’s favorite alternative as
the winner of the election. In a follow-up work, Sen (2011) has shown that this result
still holds when requiring U -strategyproofness for a set of utility functions U such that
U contains only three types of utility functions: voters either have an arbitrarily large
gap between the utilities of their first and second best alternatives, their second and
third best alternatives, or their third and fourth best alternatives. Based on the ideas
in the proof of Theorem 5, one can show that the random dictatorship theorem even
holds when only the first two types of utility functions are permitted. Put differently,
this means that the random dictatorship theorems holds for all m ≥ 3 and n ≥ 3 even
if voters only care about their first alternative or they are effectively indifferent between
two favorite alternatives but prefer them severely to all other alternatives.

Remark 9. We leave it open whether Theorem 5 is tight. In particular, the negative
results in Sections 3.1 and 3.2 make it challenging to, e.g., design ex post efficient SDSs
that are 1-unanimous and uΠ-strategyproof for a utility function u with u(1) − u(2) >
1
n(u(2) − u(3))} as these results show that no such rule exist within the most common
classes of SDSs. However, we note that the rule f2 suggested in Remark 3 tightly matches
the improved bound for 1-unanimity given in Remark 8 when m = 3 and n = 4, thus
demonstrating that our analysis is tight at least for this special case.
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4. Conclusion

We study social decision schemes (SDSs) with respect to a new strategyproofness no-
tion called U -strategyproofness. Whereas the common notion of SD-strategyproofness is
derived by quantifying over all utility functions, U -strategyproofness is derived by quan-
tifying only over the utility functions in a specified set U . This new strategyproofness
notion arises from practical observations as often not all utility functions are plausible
and has theoretical advantages because it allows for a more fine-grained analysis than
SD-strategyproofness. Based on U -strategyproofness, we analyze the compatibility of
strategyproofness, decisiveness (in the sense of avoiding randomization), and basic fair-
ness (or symmetry) concerns. Specifically, we first present two variants of the uniform
random dictatorship called RDk and OMNI ∗, which guarantee to select an alternative
with probability 1 if it is top-ranked by all but k voters and satisfy U -strategyproofness if
the set U only contains utility functions u for which u(1)−u(2) is sufficiently large. More-
over, we show for rank-based SDSs that the large gap between u(1) and u(2) is required to
be strategyproof and has to increase in k. Secondly, we prove that U -strategyproofness is
incompatible with Condorcet-consistency if the set U is symmetric and there are m ≥ 4
alternatives. Finally, we show that no ex post efficient and U -strategyproof SDS can be
significantly more decisive than the uniform random dictatorship if the set U contains
utility functions that are close to indifferent between the two favorite alternatives.

Our results have an intuitive interpretation: strategyproofness is only compatible with
decisiveness if each voter has a clear best alternative. Even more, the more decisiveness
is required, the stronger voters have to favor their most-preferred alternative. This
conclusion is highlighted by Theorems 1 and 2 as well as Theorem 5. Moreover, it
coincides with the informal argument that it is easier to manipulate for a voter who
deems many alternatives acceptable as he can more easily change the outcome to another
acceptable outcome. Hence, our results show that the main source of manipulability are
voters who are close to indifferent between some alternatives.
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A. Omitted Proofs

A.1. Proof of Proposition 1

Proposition 1. Consider a non-empty set of utility functions U and suppose that f
and g are two U -strategyproof SDSs. The following claims are true:

(1) If f is neutral, it is U ′-strategyproof for a symmetric set U ′ with U ⊆ U ′.

(2) f is U ′-strategyproof for the set U ′ =
⋃

≻∈R conv(U ∩ U≻), where conv(X) denotes
the convex hull of a given set X.

(3) The SDS h given by h(R) = λf(R)+(1−λ)g(R) is U -strategyproof for all λ ∈ [0, 1].

(4) It holds that u(f(R)) ≥ u(f(R′)) for all preference profiles R and R′, groups of
voters S ⊆ N , and utility functions u ∈ U such that ≻i = ≻j for all i, j ∈ S, u is
consistent with ≻i for all i ∈ S, and ≻j = ≻′

j for all j ∈ N \ S.

Proof. Fix a non-empty set of utility function U and suppose that f and g are two
U -strategyproof SDSs. We will prove each of our four claims independently.

Proof of Claim (1): Let Π denote the set of all permutations on A and let U ′ =
{u◦π : u ∈ U, π ∈ Π} be the smallest symmetric set that contains U . We assume for this
claim that f is neutral and show that it is U ′-strategyproof. Assume for contradiction
that f fails this condition, which means that there are two preference profiles R and R′,
a voter i, a utility function u′ ∈ U ′ such that ≻j = ≻′

j for all j ∈ N \{i}, u′ is consistent
with ≻i, and u′(f(R′)) > u′(f(R)). By the definition of U ′, there is a permutation π and
utility function u ∈ U such that u′(x) = u(π(x)) for all x ∈ A. Moreover, let R̂ = π(R)
and R̂′ = π(R′) denote the preference profiles derived from R and R′ by permuting the
alternatives with respect to π, i.e., it holds for all voters j ∈ N and alternatives x, y ∈ A
that π(x) ≻̂j π(y) (resp. π(x) ≻̂′

j π(y)) if and only if x ≻j y (resp. x ≻′
j y).

We first note that u is consistent with voter i’s preference relation ≻̂i in R̂ because u′ is
consistent with ≻i. In more detail, the consistency of u′ and ≻i shows thus x ≻i y if and
only if u′(x) > u′(y). Moreover, the definitions of u′ and ≻̂i require for all x, y ∈ A that
u(π(x)) > u(π(y)) if and only if u′(x) > u′(y), and π(x) ≻̂i π(y) if and only if x ≻i y.
Hence, u(π(x)) > u(π(y)) if and only if π(x) ≻̂i π(y) or equivalently, u(x) > u(y) if
and only if x ≻̂i y. Next, let π−1 be the inverse permutation of π, i.e., π−1(π(x)) = x
for all x ∈ A. Since π−1(R̂) = R and π−1(R̂′) = R′, it follows from the neutrality of f
that f(R̂, x) = f(π−1(R̂), π−1(x)) = f(R, π−1(x)) and f(R̂′, x) = f(π−1(R̂′), π−1(x)) =
f(R′, π−1(x)). Based on this insight and the fact that u′(x) = u(π(x)), we compute that

u(f(R̂)) =
∑
x∈A

f(R̂, x)u(x) =
∑
x∈A

f(R, π−1(x))u(x) =
∑
x∈A

f(R, x)u(π(x))

<
∑
x∈A

f(R′, x)u(π(x)) =
∑
x∈A

f(R′, π−1(x))u(x) =
∑
x∈A

f(R̂′, x)u(x) = u(f(R̂′)).

This means that voter i can manipulate by deviating from R̂ to R̂′ with respect to the
utility function u ∈ U , which contradicts our assumption that f is U -strategyproof.
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Proof of Claim (2): For proving this claim, we first observe that if f is U1-
strategyproof and U2-strategyproof for two sets of utility functions U1 and U2, then it is
U1 ∪ U2-strategyproof. This means that it suffices to show for each preference relation
≻ ∈ R that f is conv(U ∩U≻)-strategyproof. To this end, we fix an arbitrary preference
relation ≻ and consider two utility functions u1, u2 ∈ U∩U≻. By U -strategyproofness, it
follows that u1(f(R)) ≥ u1(f(R

′)) and u2(f(R)) ≥ u2(f(R
′)) for all preferences profiles

R and R′ and voters i such that ≻i = ≻ and ≻j = ≻′
j for all voters j ∈ N \ {i}. Now,

let λ ∈ [0, 1] and define uλ by uλ(x) = λu1(x)+(1−λ)u2(x) for all x ∈ A. We infer that
uλ(f(R)) = λu1(f(R)) + (1− λ)u2(f(R)) ≥ λu1(f(R

′)) + (1− λ)u2(f(R
′)) = uλ(f(R

′))
for all profiles R and R′ that satisfy the previous requirements. This proves that f is
{u}-strategyproof for every utility function u ∈ conv(U ∩U≻), which equivalently means
that it is conv(U ∩ U≻)-strategyproof.

Proof of Claim (3): As our third claim, we will show that the set of U -strategyproof
SDSs is convex. To this end, recall that f and g denote two U -strategyproof SDSs and
define h by h(R) = λf(R) + (1 − λ)g(R) for all profiles R and some λ ∈ [0, 1]. Now, it
holds for every preference profile R, voter i, and utility function ui ∈ U that is consistent
with ≻i that ui(h(R)) = λui(f(R))+(1−λ)ui(g(R)). This immediately implies that h is
U -strategyproof because ui(f(R)) ≥ ui(f(R

′)) and ui(g(R)) ≥ ui(g(R
′)) for all profiles

R and R′, voters i, and utility functions ui ∈ U such that ui is consistent with ≻i and
≻j = ≻′

j for all j ∈ N \ {i}.

Proof of Claim (4): We lastly will show that U -strategyproofness implies a weak
form of group-strategyproofness as groups of voters with the same preference relation
cannot benefit by jointly deviating if they have utility functions in U . To prove this claim,
consider two preference profiles R, R′, a set of voters S ⊆ N , and a utility function u ∈ U
such that ≻j = ≻′

j for all j ∈ N \ S, ≻i = ≻j for all i, j ∈ S, and u is consistent with
≻i for all i ∈ S. Now, consider a sequence of preference profiles R0, . . . , R|S| such that
R0 = R, R|S| = R′, and Rk+1 differs from Rk for all k ∈ {0, . . . , |S| − 1} by replacing
the preference relation ≻i of a voter i ∈ S with his preference relation in R′. Since
u ∈ U is consistent with the preference relation of every voter i ∈ S, we infer from U -
strategyproofness that u(f(Rk)) ≥ u(f(Rk+1)) for all k ∈ {0, . . . , |S| − 1}. By chaining
these inequalities, it follows that u(f(R)) ≥ u(f(R′)), thus proving our claim.

A.2. Proof of Theorem 5

Theorem 5. For any k ∈ {1, . . . , n − 1}, ϵ > 0, and utility function u ∈ U with
u(1)− (2) ≤ ϵ

2(u(2)− u(3)), there is no ex post efficient and uΠ-strategyproof SDS that
satisfies (k, n−k

n + ϵ)-unanimity if m ≥ 3 and n ≥ 3.

Proof. Let f denote an ex post efficient and uΠ-strategyproof SDS for some utility func-
tion u. We will first discuss some general insights on the behavior of f before proving
the theorem. To this end, we define by DS:x,N\S:y the set of preference profiles where
all voters in S top-rank x, all voters in N \ S top-rank y, and x and y are the only
Pareto-optimal alternatives in R. We will analyze the behavior of f on these profiles in
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several steps. In particular, we first show that, for all alternatives x, y ∈ A and groups
of voters S, it holds that f(R) = f(R′) for all R,R′ ∈ DS:x,N\S:y. In the second step, we
prove a contraction statement: given two sets of voters S and T with S ̸= T , S ∩ T ̸= ∅,
and S ∪ T = N , three alternatives x, y, z, and two parameters α, β ∈ [0, 1], it holds
that f(R, x) ≥ α + β − 1 − u(1)−u(2)

u(2)−u(3) for all R ∈ DS∩T :x,N\(S∩T ):z if f(R1, x) ≥ α and
f(R2, y) ≥ β for all profiles R1 ∈ DS:x,N\S:y and R2 ∈ DT :y,N\T :z. Thirdly, we show
a dual expansion lemma: for all sets of voters S and T with S ∩ T = ∅, alternatives
x, y, z ∈ A, and parameters α, β ∈ [0, 1], it holds that f(R, z) ≥ α + β − 2u(1)−u(2)

u(2)−u(3) for
all R ∈ DS∪T :zN\(S∪T ):y if f(R, x1) ≥ α and f(R2, z) ≥ β for all R1 ∈ DS:x,N\S:y and
R2 ∈ DT :z,N\T :y. By combining these three insights, we will lastly prove the theorem.

Step 1: Fix a s set of voters S and two alternatives x, y ∈ A. We will show that
f(R) = f(R′) for all profiles R,R′ ∈ DS:x,N\S:y. To this end, we define R∗ as the
preference profile given by ≻i

∗ = x, y, ∗ for all i ∈ S and ≻i
∗ = y, x, ∗ for all i ∈ N \ S.

We will show that f(R) = f(R∗) for all R ∈ DS:x,N\S:y. This proves the lemma as R
is chosen arbitrarily, i.e., it follows from our claim that f(R′) = f(R∗) = f(R) for all
profiles R and R′ in DS:x,N\S:y.

To prove that f(R) = f(R∗), we consider a sequence of preferences profiles R0, . . . , Rn

such that R0 = R, Rn = R∗, and Rk is derived from Rk−1 by replacing the preference
relation of voter k with ≻∗

k for all k ∈ {1, . . . , n}. We note that throughout this sequence,
we never change the top-ranked alternative of a voter because every voter top-ranks the
same alternative in R and R∗. This means that x ≻k

i y if and only if x ≻i y for all
i ∈ N and profiles Rk. Moreover, it holds for every profile Rk in our sequence that only
x and y are Pareto-optimal. Hence, ex post efficiency shows that f(Rk, x)+f(Rk, y) = 1
for all profiles Rk. We will next show that f(Rk−1) = f(Rk) for all k ∈ {1, . . . , n}.
For this, assume that voter k top-ranks x in R (and thus also in Rk); the argument is
symmetric if he top-ranks y. Since f(Rk−1, x) + f(Rk−1, y) = f(Rk, x) + f(Rk, y) = 1,
uπ-strategyproofness from Rk−1 to Rk implies that

u(1)f(Rk−1, x) + u(r(≻k, y))f(R
k−1, y) ≥ u(1)f(Rk, x) + u(r(≻k, y))f(R

k, y).

Since 1 < r(≻k, y) and f(Rk−1, x) + f(Rk−1, y) = f(Rk, x) + f(Rk, y) = 1, this in-
equality is only true if f(Rk−1, x) ≥ f(Rk, x). On the other hand, we derive from
uπ-strategyproofness from Rk to Rk−1 that

u(1)f(Rk, x) + u(2)f(Rk, y) ≥ u(1)f(Rk−1, x) + u(2)f(Rk−1, y).

This inequality is only true if f(Rk, x) ≥ f(Rk−1, x). This implies that f(Rk−1, x) =
f(Rk, x) and ex post efficiency requires in turn that f(Rk−1, y) = f(Rk, y) as the prob-
abilities need to sum up to 1. Hence, f(Rk−1) = f(Rk) and chaining these equalities
proves that f(R) = f(R∗).

Step 2: For this step, we fix two sets of voters S and T such that S ̸= T , S ∩ T ̸= ∅,
and S ∪ T = N , three distinct alternatives x, y, z ∈ A, and two parameters α, β ∈ [0, 1].
Moreover, we suppose that f(R, x) ≥ α for all profiles R ∈ DS:x,N\S:y and f(R, y) ≥ β
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for all profiles R ∈ DT :y,N\T :z, and we will show that f(R, x) ≥ α + β − 1 − u(1)−u(2)
u(2)−u(3)

for all profiles R ∈ DS∩T :x,N\(S∩T ):z. To prove this claim, we first note that, due to
Step 1, it suffices to prove that f(R, x) ≥ α + β − 1 − u(1)−u(2)

u(2)−u(3) for a single profile
R ∈ DS∩T :x,N\(S∩T ):z. We hence focus on the following four profiles.

R1: S\T : x, y, z, ∗ S∩T : x, y, z, ∗ T\S: y, z, x, ∗
R2: S\T : z, x, y, ∗ S∩T : y, z, x, ∗ T\S: y, z, x, ∗
R3: S\T : z, x, y, ∗ S∩T : x, y, z, ∗ T\S: y, z, x, ∗
R4: S\T : z, x, y, ∗ S∩T : x, y, z, ∗ T\S: z, x, y, ∗

First, we note that R1 ∈ DS:x,N\S:y and R2 ∈ DT :y,N\T :z, so we have that f(R1, x) ≥ α
and f(R2, y) ≥ β by assumption. Next, we use uπ-strategyproofness to reason about
the outcome for R3. To this end, we observe that, in all four profiles, only x, y, and z
are Pareto-optimal, so ex post efficiency requires that f(Ri, w) = 0 for all alternatives
w ∈ A \ {x, y, z} and i ∈ {1, 2, 3, 4}. We will thus ignore all these alternatives in the
subsequent computations. Furthermore, let p = f(R3) to simplify the notation. Since
R3 only differs from R1 in the preference relations of the voters in S \ T , we infer from
uΠ-strategyproofness (and Claim (4) of Proposition 1) that

p(z)u(1) + p(x)u(2) + p(y)u(3) ≥ f(R1, z)u(1) + f(R1, x)u(2) + f(R1, y)u(3).

Furthermore, it holds that f(R1, z)u(1) + f(R1, x)u(2) + f(R1, y)u(3) ≥ αu(2) + (1 −
α)u(3) since f(R1, x) ≥ α. By chaining our inequalities, we thus get that

p(z)u(1) + p(x)u(2) + p(y)u(3) ≥ αu(2) + (1− α)u(3).

Finally, since α = (p(x) + p(y) + p(z))− (1− α), we can rearrange the inequality to

p(z)(u(1)− u(2)) ≥ p(y)(u(2)− u(3))− (1− α)(u(2)− u(3)).

We next turn to uΠ-strategyproofness between R2 and R3. Since these profiles only
differ in the preferences of the voters in S ∩ T , uΠ-strategyproofness requires that

p(x)u(1) + p(y)u(2) + p(z)u(3) ≥ f(R2, x)u(1) + f(R2, y)u(2) + f(R2, z)u(3).

Because f(R2, y) ≥ β, we can lower-bound the left side with βu(2) + (1− β)u(3). By
applying analogous transformations as for R1, we hence derive that

p(x)(u(1)− u(2)) ≥ p(z)(u(2)− u(3))− (1− β)(u(2)− u(3)).

We will next show that these inequalities require that the voters in T \ S have a low
expected utility in R3. Specifically, we will derive an upper bound on the expected utility
u(p) = p(y)u(1) + p(z)u(2) + p(a)u(x) of these voters. For this, we treat p(x), p(y), and
p(z) as variables and aim to maximize u(p) subject to our our previous constraints.
Moreover, we include the lottery constraint in our linear program, capturing that the
total probability needs to sum up to 1. Note that we could also add the constraints
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that p(w) ≥ 0 for w ∈ {x, y, z} to our linear program, but these constraints will not be
necessary for our analysis.

max p(y)u(1) + p(z)u(2) + p(x)u(3)

subject to p(x) + p(y) + p(z) = 1 (Lottery)
p(z)(u(1)− u(2)) ≥ p(y)(u(2)− u(3))− (1− α)(u(2)− u(3)) (SP1)
p(x)(u(1)− u(2)) ≥ p(z)(u(2)− u(3))− (1− β)(u(2)− u(3)) (SP2)

We first note that the constraints SP1 and SP2 are tight in an optimal solution of the
linear program. If this was not the case, we could move probability from z to y or from
x to z, which increases our objective value. Hence, we can treat our linear program as
an equation system. Specifically, when letting v = (1−α)(u(2)−u(3))

u(1)−u(2) , w = (1−β)(u(2)−u(3))
u(1)−u(2) ,

and t = u(2)−u(3)
u(1)−u(2) , we need to solve the system given by

p(x) + p(y) + p(z) = 1, p(z) = tp(y)− v, p(x) = tp(c)− w.

It can be verified that these equations are satisfied if and only if

p(x) =
−vt− w − wt+ t2

1 + t+ t2
, p(y) =

1 + v + w + vt

1 + t+ t2
, p(z) =

wt− v + t

1 + t+ t2
.

We hence derive that the expected utility of the voters in T \ S is at most

u(p) ≤ u(1)
1 + v + w + vt

1 + t+ t2
+ u(2)

wt− v + t

1 + t+ t2
+ u(3)

−vt− w − wt+ t2

1 + t+ t2

= (u(1)− u(2))
1 + v + w + vt

1 + t+ t2
+ (u(2)− u(3))

1 + w + vt+ wt+ t

1 + t+ t2
+ u(3)

= (u(1)− u(2))
1 + v + w

1 + t+ t2
+ (u(1)− u(2))

vt

1 + t+ t2

+ (u(2)− u(3))
1 + w

1 + t+ t2
+ t(u(2)− u(3))

1 + v + w

1 + t+ t2
+ u(3)

= (u(1)− u(2))
1 + v + w

1 + t+ t2
+ t(u(1)− u(2))

1 + v + w

1 + t+ t2

+ t2(u(1)− u(2))
1 + v + w

1 + t+ t2
+ u(3)

= (u(1)− u(2))(1 + v + w) + u(3).

Here, the first two equations are basic transformations. For the third line, we use that
u(2) − u(3) = t(u(1) − u(2)) by the definition of t and we cancel the term 1 + t + t2 in
the last line.

Finally, the voters in T \ S can deviate from R3 to R4. By uΠ-strategyproofness, we
thus infer that

p(y)u(1) + p(z)u(2) + p(x)u(3) ≥ f(R4, y)u(1) + f(R4, z)u(2) + f(R4, x)u(3).

Based on our upper bound on u(p), it follows that (u(1)− u(2))(1 + v + w) + u(3) ≥
f(R4, y)u(1) + f(R4, z)u(2) + f(R4, x)u(3). Moreover, it holds that f(R4, y) = 0 by ex
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post efficiency. By combining these insights and subtracting u(3) from both sides, we
derive that

(u(1)− u(2))(1 + u+ v) ≥ f(R4, z)(u(2)− u(3)).

Since f(R4, x) + f(R4, z) = 1, this means that f(R4, x) ≥ 1 − u(1)−u(2)
u(2)−u(3)(1 + u + v).

Finally, by substituting the definitions of u and v, it follows that

f(R4, x) ≥ 1− u(1)− u(2)

u(2)− u(3)
(1 + (1− α)

u(2)− u(3)

u(1)− u(2)
+ (1− β)

u(2)− u(3)

u(1)− u(2)
)

= α+ β − 1− u(1)− u(2)

u(2)− u(3)
.

This completes the proof of this step.

Step 3: Dual to the last step, we will next prove an expansion lemma for two disjoint
sets of voters S and T . To this end, let S and T denote two groups of voters with
S ∩ T = ∅, fix three distinct alternatives x, y, z ∈ A, and let α, β ∈ [0, 1]. We assume
that f(R, x) ≥ α for all R ∈ DS:x,N\S:y and f(R, z) ≥ β for all R ∈ DT :z,N\T :y and prove
that f(R, z) ≥ α + β − 2u(1)−u(2)

u(2)−u(3) for all profiles R ∈ DS∪T :z,N\(S∪T ):y. Just as for the
last step, it suffices to prove this claim for a single profile R ∈ DS∪T :z,N\(S∪T ):y due to
Step 1. Hence, we consider the following four profiles.

R1: S: x, y, z, ∗ N\(S∪T ): y, z, x, ∗ T : y, z, x, ∗
R2: S: y, x, z, ∗ N\(S∪T ): y, z, x, ∗ T : z, y, x, ∗
R3: S: x, y, z, ∗ N\(S∪T ): y, z, x, ∗ T : z, y, x, ∗
R4: S: z, x, y, ∗ N\(S∪T ): y, z, x, ∗ T : z, y, x, ∗

First, we observe that R1 ∈ DS:x,N\S:y and R2 ∈ DT :z,N\T :y, so f(R1, x) ≥ α and
f(R2, z) ≥ β by our assumptions. Next, we will analyze the outcome for R3, denoted by
p = f(R3), based on uΠ-strategyproofness and ex post efficiency. To this end, we first
note that all alternatives w ∈ A \ {x, y, z} are Pareto-dominated and thus f(R3, w) = 0
by ex post efficiency. We will thus ignore these alternatives from now on. Next, we note
that the voters in T can deviate from R1 to R3 by reporting z, y, x, ∗ instead of y, z, x, ∗.
Hence, uΠ-strategyproofness requires that

f(R1, y)u(1) + f(R1, z)u(2) + f(R1, x)u(3) ≥ p(y)u(1) + p(z)u(2) + p(x)u(3).

Since f(R1, x) ≥ α, it holds that f(R1, y)u(1) + f(R1, z)u(2) + f(R1, x)u(3) ≤ (1 −
α)u(1) + αu(3). Together with our previous inequality, this implies that

(1− α)u(1) + αu(3) ≥ p(y)u(1) + p(z)u(2) + p(x)u(3).

As the next step, we again use that α = (p(x) + p(y) + p(z))− (1− α). In particular,
by substituting α in our last inequality and rearranging the terms, we derive that

(1− α)(u(1)− u(3)) ≥ (u(1)− u(3))p(y) + (u(2)− u(3))p(z).
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Lastly, we substitute p(y) = 1− p(x)− p(z) and solve for α to derive that

p(x) +
u(1)− u(2)

u(1)− u(3)
p(z) = p(x) +

u(1)− u(3)− (u(2)− u(3))

u(1)− u(3)
p(z) ≥ α.

Next, we turn to the relation between R2 and R3. Since the voters in S can
deviate from R2 to R3 by reporting x, y, z, ∗ instead of y, x, z, ∗, we infer from uΠ-
strategyproofness that

f(R2, y)u(1) + f(R2, x)u(2) + f(R2, z)u(3) ≥ p(y)u(1) + p(x)u(2) + p(z)u(3).

Moreover, because f(R2, z) ≥ β, we can upper bound our right hand side by
f(R2, y)u(1)+f(R2, x)u(2)+f(R2, z)u(3) ≤ (1−β)u(1)+βu(3). By applying analogous
transformation as for R1, we thus derive that

(1− β)(u(1)− u(3)) ≥ (u(1)− u(3))p(y) + (u(2)− u(3))p(x).

Lastly, we substitute again p(y) with 1− p(x)− p(z) and solve for β to infer that

p(z) +
u(1)− u(2)

u(1)− u(3)
p(x) = p(z) +

u(1)− u(3)− (u(2)− u(3)

u(1)− u(3)
p(x) ≥ β.

By summing up our final two inequalities for R1 and R3, it follows that

u(1)− u(3) + u(1)− u(2)

u(1)− u(3)

(
p(x) + p(z)

)
≥ α+ β

Since u(1)−u(3)
u(1)−u(3)+u(1)−u(2) = 1− u(1)−u(2)

u(1)−u(3)+u(1)−u(2) ≥ 1− u(1)−u(2)
u(2)−u(3) , we derive that

p(x) + p(z) ≥ α+ β − (α+ β)
u(1)− u(2)

u(2)− u(3)
.

Now, if α+ β ≤ 1, this means that p(x) + p(z) ≥ α+ β − u(1)−u(2)
u(2)−u(3) .

On the other hand, if α+ β > 1, we note that our previous inequalities imply that

1− α ≥ p(y) +
u(2)− u(3)

u(1)− u(3)
p(z) ≥ u(2)− u(3)

u(1)− u(3)
(p(y) + p(z)) =

u(2)− u(3)

u(1)− u(3)
(1− p(x))

1− β ≥ p(y) +
u(2)− u(3)

u(1)− u(3)
p(x) ≥ u(2)− u(3)

u(1)− u(3)
(p(y) + p(x)) =

u(2)− u(3)

u(1)− u(3)
(1− p(z)).

Using that u(1)−u(3)
u(2)−u(3) = 1 + u(1)−u(2)

u(2)−u(3) , we can rearrange these two inequalities to

p(x) ≥ α− (1− α)
u(1)− u(2)

u(2)− u(3)
and p(z) ≥ β − (1− β)

u(1)− u(2)

u(2)− u(3)
.

By summing up these two inequalities and using that (1 − α) + (1 − β) ≤ 1 since
α+ β > 1, it follows again that p(x) + p(z) ≥ α+ β − u(1)−u(2)

u(2)−u(3) .
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Finally, we will turn to the profile R4. We note for this that f(R4, w) = 0 for all
w ∈ A \ {y, z} due to ex post efficiency. Furthermore uΠ-strategyproofness from R4 to
R3 implies that

f(R4, z)u(1) + f(R4, y)u(3) ≥ p(z)u(1) + p(x)u(2) + p(y)u(3).

By subtracting u(3) from both sides and dividing by u(1)− u(3), this means that

f(R4, z) ≥ p(z) + p(x)
u(2)− u(3)

u(1)− u(3)
= p(z) + p(x)− p(x)

u(1)− (2)

u(1)− u(3)
.

Our lower bound on p(z) + p(x) and the observation that p(x)u(1)−u(2)
u(1)−u(3) ≤ u(1)−u(2)

u(2)−u(3)

now imply that f(R4, z) ≥ α+ β − 2u(1)−u(2)
u(2)−u(3) , thus proving this step.

Step 4: Finally, we will prove the theorem. To this end, we assume for contradiction
that f satisfies ex post efficiency, (k, n−k

n + ϵ)-unanimity for some k ∈ {1, . . . , n − 1}
and ϵ > 0, and uΠ-strategyproofness for some utility function u with u(1) − u(2) ≤
ϵ
2(u(2)− u(3)). We proceed with a case distinction regarding the divisibility of n.

First, assume that k divides n, which necessitates that k ≤ n
2 . In this case, we

first consider two arbitrary sets of voters S and T such that |S| = |T | = n − k and
|S ∩ T | = n− 2k and three arbitrary alternatives x, y, z ∈ A. By (k, n−k

n + ϵ)-unanimity,
it holds that f(R, x) ≥ n−k

n + ϵ for all R ∈ DS:x,N\S:y and f(R, y) ≥ n−k
n + ϵ for all

R ∈ DT :y,N\T :z. In turn, Step 2 implies that

f(R, x) ≥ 2n− 2k

n
+ 2ϵ− 1− u(1)− u(2)

u(2)− u(3)
≥ n− 2k

n
+ ϵ

for all R ∈ DS∩T :x,N\(S∩T ):z. For the second inequality, we use here that ϵ ≥ ϵ
2 ≥ u(1)−u(2)

u(2)−u(3)
by assumption. Next, we note that this inequality holds for all groups S and T and
alternatives x, y, z, so we have that f(R, x) ≥ 2n−2k

n + 2ϵ− 1− u(1)−u(2)
u(2)−u(3) ≥

n−2k
n + ϵ for

all profiles R ∈ DS:x,N\S:y with |S| = n−2k and all alternatives x, y ∈ A. Hence, we can
now repeat our argument by applying Step 2 to two groups S and T with |S| = n− 2k,
|T | = n− k, and |S ∩ T | = n− 3k and three arbitrary alternatives x, y, z to infer that

f(R, x) ≥ 2n− 3k

n
+ 2ϵ− 1− u(1)− u(2)

u(2)− u(3)
≥ n− 3k

n
+ ϵ

for all profiles R ∈ DS∩T :x,N\(S∩T ):z. More generally, by repeating this argument, it
follows that f(R, x) ≥ n−jk

n + ϵ for all profiles R ∈ DS:x,N\S:y with |S| = n − jk
and arbitrary alternatives x, y ∈ A. Finally, since we assumed that k divides n, we
derive a contradiction for the profiles R ∈ DS:x,N\S:y when |S| = k. In more detail,
(k, n−k

n + ϵ)-unanimity implies for these profiles that f(R, y) ≥ n−k
n + ϵ and our previous

argument shows that f(R, x) ≥ k
n + ϵ = n−(n/k−1)k

n + ϵ. However, this means that
f(R, x) + f(R, y) = 1 + 2ϵ > 1, contradicting the definition of an SDS.

As the second case, we suppose that n − k divides n, which means that n − k ≤ n
2 .

Now, fix two sets of voters S and T such that |S| = |T | = n − k and S ∩ T = ∅,
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and three distinct alternatives x, y, z ∈ A. By (k, n−k
n + ϵ)-unanimity, it follows that

f(R, x) ≥ n−k
n + ϵ for all R ∈ DS:x,N\S:y and f(R, z) ≥ n−k

n + ϵ for all R ∈ DS:z,N\S:y.
By Step 3, it hence follows that

f(R, z) ≥ 2(n− k)

n
+ 2ϵ− 2

u(1)− u(2)

u(2)− u(3)
≥ 2(n− k)

n
+ ϵ

for all profiles R ∈ DS∪T :z,N\(S∪T ):y. The second inequality here follows again as ϵ
2 ≥

u(1)−u(2)
u(2)−u(3) . Moreover, just in the last case, this means that f(R, x) ≥ 2n−2k

n + ϵ for all
groups of voters S with |S| = 2(n−k), alternatives x, y ∈ A, and profiles R ∈ DS:x,N\S:y.
Hence, we can repeatedly apply Step 3 to infer that f(R, x) ≥ j(n−k)

n + ϵ for all j ∈
{1, . . . , n

n−k −1}, groups of voters S with S = j(n−k), alternatives x, y ∈ A, and profiles
R ∈ DS:x,N\S:y. However, this gives a contradiction when |S| = ( n

n−k − 1)(n − k) = k.
Specifically, (k, n−k

n +ϵ)-unanimity implies for each profile R ∈ DS:x,N\S:y that f(R, y) ≥
n−k
n + ϵ and our previous reasoning shows that f(R, x) ≥ ( n

n−k − 1)n−k
n + ϵ = k

n + ϵ.
However, both inequalities cannot be simultaneously be true as otherwise f(R, x) +
f(R, y) > 1. This is the desired contradiction for this case.

Finally, suppose that neither n− k nor k divides n. We will additionally assume that
n−k < n

2 ; the case that n−k > n
2 follows analogously by starting the argument by using

Step 2 instead of Step 3. Now, we will prove this case by repeatedly applying Steps 2 and
3 to derive a contradiction. In more detail, first note that (k, n−k

n + ϵ)-unanimity implies
that f(R, x) ≥ n−k

n + ϵ for all groups of voters S with |S| = n− k, alternatives x, y ∈ A,
and profiles R ∈ DS:x,N\S:y. Since n − k < n

2 by assumption, we can apply Step 3 and
our previous reasoning to infer that f(R, x) ≥ j(n−k)

n + ϵ for all j ∈ {1, . . . , ⌊ n
n−k⌋}, sets

of voters S with |S| = j(n− k), alternatives x, y ∈ A, and profiles R ∈ DS:x,N\S:y. Now,
let k2 = n− (n− k)⌊ n

n−k⌋ and note that k2 < n− k. Our previous argument shows that
f(R, x) ≥ n−k2

n +ϵ for all profiles ∈ DS:x,N\S:y with |S| = n−k2. Now, if k2 divides S, we
can infer a contradiction as shown in the first case. Otherwise, we can repeatedly apply
Step 2 to infer that f(R, x) ≥ n−jk2

n + ϵ for all j ∈ {1, . . . , ⌊ n
k2
⌋}, groups of voters S with

|S| = n− jk2, alternatives x, y ∈ A, and profiles R ∈ DS:x,N\S:y. In particular, it holds
for k3 = k2⌊ n

k2
⌋ that f(R, x) ≥ n−k3

n +ϵ for all sets of voters S, alternatives x, y ∈ A, and
profiles R ∈ DS:x,N\S:y. Moreover, we note that n− k3 < k2 < n− k, i.e., by repeatedly
applying Steps 2 and 3, we always reduce ki or n− ki. Hence, we will eventually arrive
at a value ki ∈ {1, . . . , n− 1} such that ki or n− ki divides n and f(R, x) ≥ n−ki

n + ϵ for
all sets of voters S with |S| = n− ki, alternatives x, y ∈ A, and profiles R ∈ DS:x,N\S:y.
At this point, we can apply our base cases to obtain a contradiction, thus proving the
theorem.
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