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m
e

resu
lts

fro
m

tem
p

o
rallo

g
ic

T
h

eo
rem

:
the

follow
ing

are
P

S
PA

C
E

com
plete:

1.
G

iven
ϕ
∈

L
{

�

,U
}

determ
ine

ifϕ
is

satisfiable/valid.

2.
G

iven
ϕ
∈

L
{

�

,U
}

and
a

finite
state

environm
entE

,determ
ine

if ϕ
is

realized
in

E
.
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E
xtend

π
s

by
m

aking
p

s
true

justats.

define

ϕ
E

=

∧
s6=

t p
s
→

¬
p

t

∧
∧

s
�

(p
s
→

�

∨
t∈

T
(s) p

t )

∧
∧

s ∧
p:π

e (s
,p)=

1
�

(p
s
→

p)

∧
∧

s ∧
p:π

e (s
,p)=

0
�

(p
s
→

¬
p)

∧
∨

s∈
α
�

♦
p

s

ϕ
realized

in
E

iff
∨

s∈
Ie p

s ∧
ϕ

E
∧
¬

ϕ
is

unsatisfiable
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R
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n
(o

b
servatio

n
alV

iew
)

T
he

follow
ing

can
be

obtained
using

techniques
of[V

ardi,TA
R

K
’96]:

T
h

eo
rem

:
R

ealization
of ϕ

∈
L
{K

1
,...,K

n
,C

,�

,
U

}
in

a
finite

environm
entw

rtthe
observationalview

is
P

S
PA

C
E

com
plete.
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S
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e
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LetK
F

(ϕ
)

be
the

setofsubform
ulas

ofϕ
ofthe

form
K

i ψ
orC

ϕ

LetS
′

be
the

setofreachable
states

ofE
.

A
know

ledge
interpretation

is
a

function
κ

:S
′→

P
(K

F
(ϕ

))

S
lid

e
8

A
n

execution
ε

ofan
environm

entis
a

run,exceptitneed
notstartat

an
initialstate

Let κ
be

a
know

ledge
interpretation

1.
E

,κ
,(ε

,m
)
|=

p
ifπ

e (ε(m
)
,p)

=
1

2.
E

,κ
,(ε

,m
)
|=

�

ψ
ifE

,κ
,(ε

,m
+

1)
|=

ψ

3.
E

,κ
,(ε

,m
)
|=

ψ
1

U
ψ

2
ifthere

exists
m
′
>

m
such

that

E
,κ

,(ε
,m

′)
|=

ψ
2

and
E

,κ
,(ε

,k)
|=

ψ
1

form
≤

k
<

m
′.

4.
E

,κ
,(ε

,m
)
|=

K
i ψ

iffK
i ψ
∈

κ
(ε(m

))

5.
E

,κ
,(ε

,m
)
|=

C
ψ

iffC
ψ
∈

κ
(ε(m

))
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allstates
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1.
forK

i ψ
∈

K
F

(ϕ
),K

i ψ
∈

κ
(s)

ifffor
allstates

t
such

thatsK
i t,

for
allexecutionsε

ofE
w

ith
ε(0)

=
t,w

e
have

E
,κ

,(ε(0)
,0)

|=
ψ

2.
forC

ψ
∈

K
F

(ϕ
),C

ψ
∈

κ
(s)

ifffor
allstates

t
such

thatsK
C t,
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ofE
w

ith
ε(0)

=
t,w

e
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E
,κ

,(ε(0)
,0)
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ψ
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p
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sitio
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T

here
exists
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consistentknow
ledge

interpretation
κ

and
itcan
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puted
in

P
S

PA
C

E

P
ro

p
o

sitio
n

:ϕ
is

realized
in

E
w

ith
respectto

o
b
s

iffallrunsε
of

E
satisfy

E
,κ

,(ε
,0)

|=
ϕ

,w
here

κ
is

the
unique

consistent

know
ledge

interpretation.
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rem
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R
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L
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1
,...,K

n
,C
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,
U

}
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a
finite

environm
entw

rtthe
synchronous

perfectrecallview
is

undecidable.

T
h

eo
rem

:
R

ealization
of ϕ

∈
L
{K

1
,...,K

n
,C

,�

}
in

a
finite

environm
ent

w
rtthe

synchronous
perfectrecallview

is
P

S
PA

C
E

com
plete.
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T
h

eo
rem
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R

ealization
ofa

form
ula

ϕ
∈

L
{K

1
,...,K

n
,�

,
U

}
of

know
ledge

depth
k

in
a

finite
environm

entE
w

rtthe
synchronous

perfectrecallview
is

decidable
in

space
polynom

ialin
C

k (E
)
·|ϕ

|.
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LetE
be
〈S

e
,Ie

,T
,O

,π
e
,α
〉

and
k
≥

0
.

D
efine

A
k (E

)
=

〈S
k
,Ik

,T
k
,α

k 〉
to

be
the

B
üchi

autom
aton

w
ith

1.
S

k
equalto

the
set

T
k

ofk-trees
overE

,

2.
initialstates

Ik
equalto

the
setofk-trees

F
k (s)

w
here

s
∈

I,

3.
transition

relation
T

k
defined

by
w

T
k w

′w
hen

there
exists

state

s
∈

S
such

thatroot(w
)T

s
and

w
′=

G
k (w

,s),

4.
acceptance

condition
α

k
defined

by

α
k
=
{w

∈
S

k
:root(w

)
∈

α
}

.

A
k (E

)
accepts

sequences
ofk-trees.
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14

G
iven

a
run

ε
ofE

,define
L

iftk (ε)
to

be
the

sequence
ofk-trees

w
0 w

1
.
.
.

such
thatw

0
=

F
k (ε(0))

and

w
m

+
1
=

G
k (w

m
,ε(m

+
1))

for
allm

≥
0

.

P
ro

p
o

sitio
n

: L
iftk

is
a

bijection
betw

een
the

runs
ofE

and
the

ω
-language

accepted
by

A
k (E

).
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Lete
be

an
infinite

sequence
ofk-trees.

D
efine

•
E

,(e
,m

)
|=

k
p

,w
here

p
∈

P
ro

p
,iffπ

e (root(e(m
))

,p)
=

1
,

•
E

,(e
,m

)
|=

k ϕ
1
∧

ϕ
2 ,iffE

,(e
,m

)
|=

k ϕ
1

and

E
,(e

,m
)
|=

k ϕ
2 ,

•
E

,(e
,m

)
|=

k
¬

ϕ
,iffnotE

,(e
,m

)
|=

k ϕ
,

•
E

,(e
,m

)
|=

k
©

ϕ
,iffE

,(e
,m

+
1)
|=

k ϕ
,

•
E

,(e
,m

)
|=

k ϕ
1 U

ϕ
2 ,iffthere

exists
m
′′≥

m
such

that

E
,(e

,m
′′)
|=

k ϕ
2

and
E

,(e
,m

′)
|=

k ϕ
1

for
allm

′w
ith

m
≤

m
′
<

m
′′.
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Letϕ
∈

L
{K

1
,...,K

n
,�

,
U

} .

F
irstdefine

|=
k

on
k-trees

w
by:

E
,w

|=
k

K
i ϕ

iffor
allk

−
1

-trees
w
′thatare

i-children
ofw

,

and
for

allfair
executions

e
ofA

k−
1 (E

)
such

thate(0)
=

w
′,

w
e

have
E

,(e
,0)

|=
k−

1 ϕ
.

N
ow

define

E
,(e

,m
)
|=

k
K

i ϕ
ifE

,e(m
)
|=

k
K

i ϕ
.
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P
ro

p
o

sitio
n

:
F

or
each

naturalnum
berk

≥
0

,each
form

ula
ϕ

in

L
{©

,U
,K

1
,...K

n }
ofknow

ledge
depth

atm
ostk,for

each

environm
entE

,every
run

ε
ofE

and
m
≥

0
w

e
have

I
s
p
r(E

)
,(ε

s
p
r
,m

)
|=

ϕ
iff

E
,(L

iftk (ε)
,m

)
|=

k ϕ
.
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K
ey
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b

servatio
n
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Ifϕ
is

a
form

ula
oftem

porallogic,determ
ining

E
,w

|=
k

K
i ϕ

,i.e,

for
allk

−
1

-trees
w
′

thatare
i-children

ofw
,and

for
allfair

executions
e

ofA
k−

1 (E
)

such
thate(0)

=
w
′,w

e
have

E
,(e

,0)
|=

k−
1 ϕ

.

reduces
to

the
realization

problem
oftem

porallogic
once

w
e

have

com
puted

E
,u
|=

k−
1

K
j ψ

for
allproper

subform
ulae

K
j ψ

ofϕ
.
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R
ealizab

ility

A
form

ula
ϕ

is
realizable

in
an

environm
entE

w
ith

respectto
a

view

v
ifthere

exists
a

protocolP
such

thatfor
allruns

r
of

I
v(E

,P
),w

e

have

I
v(E

,P
)
,(r,0)

|=
ϕ
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S
yn

th
esis

T
h

eo
rem

:
[van

der
M

eyden
and

V
ardi,C

O
N

C
U

R
98]LetE

be
an

environm
entfor

a
single

agent.
T

here
is

an
algorithm

thatdecides

w
hether

a
form

ula
ψ
∈

L
{K

1
,�

,U
}

is
realizable

in
E

w
ith

respectto

the
synchronous

perfectrecallview
in

tim
e

2
O

(||E
||)·2

2
O

(||ψ
||)

T
he

bound
is

tight,because

T
h

eo
rem

(P
n

u
elian

d
R

o
sn

er
1989):

R
ealizability

oftem
porallogic
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form
ulae

w
ith

com
plete

inform
ation

is
2-E

X
P

T
IM

E
hard.
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