
S
lid

e
1

N
o

rth
A

m
erican

S
u

m
m

er
S

ch
o

o
lin

L
o

g
ic

L
an

g
u

ag
e

an
d

In
fo

rm
atio

n
,Ju

n
e

2003

A
lg

o
rith

m
ic

V
erifi

catio
n

fo
r

E
p

istem
ic

L
o

g
ic

R
o

n
van

d
er

M
eyd

en

U
n

iversity
o

f
N

ew
S

o
u

th
W

ales/N
atio

n
alIC

T
A

u
stralia

S
lid

e
2

P
art

2:
M

o
d

elC
h

eckin
g

K
n

o
w

led
g

e

1

S
lid

e
3

T
h

e
V

erifi
catio

n
P

ro
b

lem

G
iven

a
particular

scenario,and
a

claim
aboutthe

evolution
ofstates

ofknow
ledge

in
the

exam
ple,prove

form
ally

thatthe
claim

is
correct.

S
lid

e
4

P
ro

o
f

T
h

eo
retic

A
p

p
ro

ach

E
ncode

the
(runs,system

)
ofthe

scenario
as

a
form

ula
ϕ

S .

E
ncode

the
claim

as
a

form
ula

ϕ
C

.

P
rove

validity
ofϕ

S
→

ϕ
C

.

D
ifficulty/Inconvenience:

the
environm

entis
com

m
on

know
ledge,

L
{K

1 ,...,K
n ,C

,�

,U
}

notaxiom
atizable

in
the

contextof
p
r

2



S
lid

e
5

M
o

d
elC

h
eckin

g

representthe
scenario

as
a

m
odel M

representthe
claim

as
a

form
ula

ϕ
C

show
by

algorithm
ic

m
eans

thatM
|=

ϕ
C

S
lid

e
6

E
nviro

n
m

en
ts

(tran
sitio

n
fo

rm
)

A
n

environm
ent

in
transition

form
is

a
tuple

ofthe
form

E
=
〈S

e ,Ie ,T
,O

,π
e 〉

w
here

1.
S

e
is

a
setofstates

ofthe
environm

ent.

2.
Ie
⊆

S
e ,is

the
setofinitialstates

ofthe
environm

ent.

3.
T
⊆

S
e
×

S
e

is
a

transition
relation.

4.
O

is
a

tuple
〈O

1 ,...,O
n 〉

such
thatfor

each
i=

1..n
,

O
i :S

e
→

O
is

an
observation

function
O

.

5. π
e

:S
e
×

P
rop

→
{0,1}

is
a

valuation.

3

S
lid

e
7

A
ssum

e
T

is
serial:

∀
s
∈

S
e ∃t

∈
S

e (sT
t)

A
run

ofan
environm

entE
is

an
infinite

sequence
ε
=

s0 s1
...

of

states
ofE

such
that

1.
s0
∈

Ie ,

2.
sk T

sk+
1

for
allk

≥
0

,

A
trace

of E
is

a
finite

sequence
ρ

=
s0

...sm
ofstates

satisfying

conditions
1

and
2.

S
lid

e
8

L
o

calstate
d

efi
n

ed
w

rt
a

view

Let ε
be

a
run

ofE
.

A
view

associates
a

localstate
w

ith
each

agent

ateach
pointoftim

e,determ
ining

a
m

apping
ε

v
:N

→
L

n
×

S
e

In
allcasesε

ve (m
)
=

ε(m
)

E
xam

ples:

1.
T

he
observationalview

: ε
o
b
s

i
(m

)
=

O
i (ε(m

)))

2.
T

he
synchronous

perfectrecallview
:

ε
s
p
r

i
(m

)
=

O
i (ε(0))...O

i (ε(m
))

3.
T

he
asynchronous

perfectrecallview
:ε

p
r

i
(m

)
isε

s
p
r

i
(m

)
w

ith

consecutive
repetitions

rem
oved.

4
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S
ystem

G
en

erated
b

y
an

E
nviro

n
m

en
t

w
rt

a
V

iew

Letv
be

a
view

ofan
environm

entE
.

D
efine

I
v(E

)
=

(R
v(E

),π
)

to
be

the
interpreted

system
w

ith

1.
R

v(E
)

the
setofε

v
such

thatε
is

a
run

ofE
.

2. π
(r(m

),p)
=

π
e (re (m

),p)
for

allr
∈

R
v(E

),p
∈

P
rop

S
lid

e
10

R
ecall,for

each
agenti

w
e

define
the

relation
∼

i on
points

by

(r,m
)
∼

i (r
′,m

′)
ifri (m

)
=

r
′i (m

).

G
iven

a
point(r,m

)
of

I
v(E

),define

trace(r,m
)
=

re (0)...re (m
).

F
or

tw
o

tracesτ,τ
′,define

τ
∼

i τ
′

ifthere
existpoints

(r,m
),

(r
′,m

′)
such

thattrace(r,m
)
=

τ
and

trace(r
′,m

′)
=

τ
′

and

(r,m
)
∼

i (r
′,m

′).

5

S
lid

e
11

Letv
∈
{
o
b
s
,p
r
,s
p
r
}

P
ro

p
o

sitio
n

:
S

uppose
(r,m

),(r
′,m

)
are

points
ofI

v(E
)

and
let

ϕ
∈

L
{K

1 ,...,K
n ,C

} .
Iftrace(r,m

)
=

trace(r
′,m

′)
then

I
v(E

),(r,m
)
|=

ϕ
iff

I
v(E

),(r
′,m

′)
|=

ϕ
.

Ifτ
is

a
trace

ofE
,w

rite
I

v(E
),τ

|=
ϕ

w
hen

I
v(E

),(r,m
)
|=

ϕ
for

som
e

point (r,m
)

w
ith

trace(r,m
)
=

τ.

S
lid

e
12

M
o

d
elC

h
eckin

g
L
{K

1 ,...,K
n ,C

}
at

a
Trace

Let v
be

a
view

.

P
ro

b
lem

:
G

iven
a

finite
environm

ent E
,a

trace
τ

ofE
and

a

form
ula

ϕ
∈

L
{K

1 ,...,K
n ,C

} ,determ
ine

if
I

v(E
),τ

|=
ϕ

.

C
o

m
m

en
t:

I
v(E

)
is

nota
finite

structure,so
this

is
an

infinite
state

m
odelchecking

problem

6



S
lid

e
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C
onsider

an
environm

entE
in

w
hich

•
agents

(sender)
can

send
the

single
m

essage
“hello”

to
agentr

(receiver),butcan
only

do
this

once

•
agents

observes
a

variable
thatrecords

w
hether

or
notthe

m
essage

has
been

sent

•
agentr

observes
a

variable
thatrecords

w
hether

the
m

essage

has
arrived

•
the

channeleither
delivers

the
m

essage
either

im
m

ediately,or

w
ith

a
delay

ofone
second

•
the

proposition
p

m
eans

“the
m

essage
has

arrived”

S
lid

e
14

w
d

t

<
e:*, s:*, r:*>

<
e:dly, s:send, r:*>

<
e:*, s:w

ait, r:*>

<
e:dlvr, s:send, r:*>

p

<
e:*, s:*, r:*>

Ie
=
{w
}

π
e (x,p)

=
true

iffx
=

d
.

O
s (w

)
=
⊥

,
O

s (t)
=

O
s (d

)
=

sent

O
r (w

)
=

O
r (t)

=
⊥

,
O

r (d
)
=

rcvd

7

S
lid

e
15

t
r
a
c
e
s(E

)
=
{w

kd
m
|k

>
0,m

≥
0}
∪
{w

ktd
m
|k

>
0,m

≥
0}

S
lid

e
16

M
essag

e
tran

sm
issio

n
exam

p
le

(o
b

servatio
n

alview
)

S
uppose

agents
sends

the
m

essage
attim

e
1,and

the
environm

ent

delivers
the

m
essage

im
m

ediately,then
the

agents
w

aitforn
−

1

ticks
ofthe

clock,i.e.
consider

the
trace

w
d

n−
1

U
nder

the
observationalview

,

•
w

d
n−

1
∼

r τ
im

plies
f
i
n
(τ)

=
d

•
w

d
n−

1
∼

s
w

n−
1t

T
hus

I
o
b
s(E

),w
d

n−
1
|=

K
r p

but

I
o
b
s(E

),w
d

n−
1
|=
¬

K
s p

.

8
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k

k

kk
l

l
w

     (k>
0) 

w
 .t    (k>

0) 

w
  . d          (k,l>

0) 

w
  . t. d       (k,l>

0) 

{.} =
 unsent 

{ }   =
 sent

{ .}  =
unrcvd

{.}  =
 rcvd

r

s

s

r

S
lid

e
18

M
essag

e
tran

sm
issio

n
exam

p
le

(syn
ch

ro
n

o
u

s
p

erfect
recall

view
)

U
nder

the
perfectrecallview

,

{w
d

n−
1}

s
p
r

s
=
⊥
·(sent) n−

1
=
{w

td
n−

2}
s
p
r

s

so
w

d
n−

1
∼

s
w

td
n−

2.

M
ore

generally,for
each

length
n

:

w
d

n−
1
∼

s
w

td
n−

2
∼

r
w

2d
n−

2
∼

s
w

2td
n−

3
...

...
∼

r
w

n−
1d

∼
s

w
n−

1t
∼

r
w

n

9

S
lid

e
19

I
s
p
r(E

),
w

d
n−

1
|=

(K
r K

s )
jp

for
all

j
<

n
−

1
,

I
s
p
r(E

),
w

d
n−

1
|=
¬
(K

r K
s ) n−

1p

I
s
p
r(E

),τ
|=
¬

C
p

for
allτ

∈
traces(E

)

S
lid

e
20

S
5

n
K

rip
ke

S
tru

ctu
res

A
n

S
5

n
K

ripke
structure

is
a

tuple
M

=
〈W

,K
1 ,...,K

n ,π
〉

w
here

1.
W

is
a

setofw
orlds

2.
K

i is
an

equivalence
relation

on
W

for
each

i=
1
...n

3.π
:W

×
P

rop
→

{0,1}
is

an
assignm

ent

D
efine

K
C

=
( ⋃

i K
i )
∗

1.
M

,w
|=

K
i ϕ

ifM
,w

′|=
ϕ

for
allw

′K
i w

2.
M

,w
|=

C
ϕ

ifM
,w

′|=
ϕ

for
allw

′K
C

w

10
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G
iven

an
environm

entE
and

view
v,define

M
vE

=
〈t
r
a
c
e
s
(E

),∼
1 ,...,∼

n ,π
〉

w
here

the
∼

i are
the

equivalence
relations

on
traces

defined
w

rtthe
view

and

π
(τ,p)

=
π

e (f
i
n
(τ),p).

P
ro

p
o

sitio
n

:
F

or τ
∈

traces(E
)

and
ϕ
∈

L
{K

1 ,...,K
n ,C

} ,

M
vE
,τ
|=

ϕ
iffI

v(E
),τ

|=
ϕ

S
lid

e
22

M
o

d
elC

h
eckin

g
in

F
in

ite
K

rip
ke

S
tru

ctu
res

F
or

a
finite

K
ripke

structure
M

define
|M
|

to
be

the
num

ber
of

sym
bols

needed
to

w
rite

dow
n

M
,alledges

ofthe
equivalence

relations
included.

P
ro

p
o

sitio
n

:
G

iven
a

finite
S

5
n

structure
M

and
a

form
ula

ϕ
∈

L
{K

1 ,...,K
n ,C

}
determ

ining
M

,w
|=

ϕ
can

be
done

in
tim

e

O
(|M

|·|ϕ
|).

11

S
lid

e
23

A
lg

o
rith

m
:

F
or

each
subform

ula
ψ

ofϕ
,in

order
ofincreasing

size,

F
or

each
w

orld
w

ofM
labelw

byϕ
or¬

ϕ
:

C
A

S
E

1.
ifψ

=
p

then
labelw

by
p

iffπ
(w

,p)
=

1

2.
ifψ

=
¬

ψ
′then

labelw
byψ

iffw
notlabelled

ψ
′

3.
ifψ

=
ψ

1
∧

ψ
2

then
labelw

byψ
iffw

labelled
byψ

1
and

by

ψ
2

4.
ifψ

=
K

1 ψ
′labelw

byψ
iffw

′
labelled

ψ
′

for
allw

′K
i w

E
N

D
C

A
S

E

E
N

D
(forw

)

S
lid

e
24

ifψ
=

C
ψ
′then

1.
do

a
depth

firstsearch
from

allw
orlds

labelled
¬

ψ
′through

edges
K

i ,labelling
allw

orlds
reached

¬
C

ψ
′

2.
labelallw

orlds
notreached

in
the

above
by

C
ψ
′

E
N

D
(forψ

)

O
utputY

E
S

if w
is

labelled
ϕ

12
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M
o

d
elC

h
eckin

g
at

a
Trace

(O
b

servatio
n

alV
iew

)

LetE
=
〈S

e ,Ie ,T
,O

,π
e 〉

be
a

finite
state

environm
ent.

A
state

t
∈

S
e

is
reachable

ifsT
∗t

for
som

e
s
∈

Ie .

D
efine

M
=
〈W

,K
1 ,...,K

n ,π
〉

by

1.
W

is
the

setofreachable
states

ofE
.

2.
sK

i t
iffO

i (s)
=

O
i (t)

3.π
=

π
e

S
lid

e
26

P
ro

p
o

sitio
n

:
F

orϕ
∈

L
{K

1 ,...,K
n ,C

} ,w
e

have
I
o
b
s(E

),τ
|=

ϕ
iff

M
,f
i
n
(τ)

|=
ϕ

.

C
o

ro
llary:

F
or ϕ

∈
L
{K

1 ,...,K
n ,C

} ,determ
ining

w
hether

I
o
b
s(E

),τ
|=

ϕ
can

be
done

in
tim

e
O

(|E
|·|ϕ

|).

13

S
lid

e
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M
o

d
elC

h
eckin

g
at

a
Trace

(S
yn

ch
ro

n
o

u
s

P
erfect

R
ecallV

iew
)

T
h

eo
rem

:
[van

der
M

eyden,TA
R

K
94]

D
eterm

ining
I
s
p
r(E

),τ
|=

ϕ
forϕ

∈
L
{K

1 ,...,K
n ,C

}
is

in
P

S
PA

C
E

.

T
h

eo
rem

:
[van

der
M

eyden,TA
R

K
94]T

here
exists

an
environm

ent

E
for

tw
o

agents
and

a
propositionalconstantp

such
thatthe

set

{τ
∈
t
r
a
c
e
s(E

)
|

I
s
p
r(E

),τ
|=

C
{1,2} p}

is
P

S
PA

C
E

com
plete.

S
lid

e
28

M
o

d
elC

h
eckin

g
at

a
Trace

-
S

yn
ch

ro
n

o
u

s
P

erfect
R

ecallV
iew

T
h

eo
rem

:
[van

der
M

eyden,TA
R

K
94]LetE

be
a

finite
environm

ent.

F
or

form
ulae

ϕ
∈

L
{K

1 ,...,K
n }

of(alternation)
depth

bounded
by

k,

and
τ
∈
t
r
a
c
e
s(E

),
I
s
p
r(E

),τ
|=

ϕ
can

be
decided

in
tim

e

O
(C

k (E
)
·(|ϕ

|+
|τ|))

w
here

C
k (E

)
=

exp(n
×
|S

e |,k)/n
.

H
ere

exp(a,b)
is

the
function

defined
by

exp(a,0)
=

a
and

exp(a,b
+

1)
=

a2
exp(a,b).

14
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M
o

d
elred

u
ctio

n
fo

r
a

sin
g

le
ag

en
t

LetE
=
〈S

e ,Ie ,T
,O

,π
e 〉

be
an

environm
entfor

one
agent.

Let S
′

be
the

setofreachable
states

ofE
.

D
efine

M
=
〈W

,K
1 ,π

〉
w

here

1.
W

=
{

(s,U
)
|s
∈

S
′,

U
∈

P
(S
′)

and
s
∈

U
}

,

2.
(s,U

)K
1 (t,V

)
iffU

=
V

,

3.π
((s,U

),p)
=

π
e (s,p)

S
lid

e
30

D
efine

F
:
t
r
a
c
e
s(E

)
→

W
M

by

F
(τ)

=
(f
i
n
(τ),U

(τ))

w
here

U
(τ)

=
{
f
i
n
(τ
′)
|τ

′∼
1 τ}

P
ro

p
o

sitio
n

:

F
or

allτ
∈
t
r
a
c
e
s
(E

),and
ϕ
∈

L
{K

1 } ,w
e

have
I
s
p
r(E

),τ
|=

ϕ
iffM

,F
(τ)

|=
ϕ

15
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e
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D
efine

G
:
P

(S
e )
×

O
→

P
(S

e )
by

G
(U

,o)
=
{t
|sT

t
and

O
1 (t)

=
o

forsom
e

s
∈

U
}

*****

**********

o b b a

a

ooooc

U

S
lid

e
32

P
ro

p
o

sitio
n

:
F

or
allτ

∈
t
r
a
c
e
s(E

),U
(τs)

=
G

(U
(τ),O

1 (s))

T
hus,F

(τ)
can

be
com

puted
in

tim
e

O
(|r|).

F

G
G

G
G

F
F

F

F

M
E

M

16
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k-trees

F
ix

an
environm

entE
.

A
0

-tree
is

a
tuple

〈s, /0,... /0〉
w

here
s

is
a

state
ofE

.

A
k
+

1
-tree

is
a

tuple
〈s,U

1 ,...U
n 〉,w

here

1.
s

is
a

state
ofE

and

2.
U

i
is

a
setofk-trees,fori

=
1
...n

.

W
rite

T
k

for
the

setofk-trees.

P
ro

p
o

sitio
n

:
Let k

≥
0

be
a

naturalnum
ber

and
E

be
a

finite

environm
entfor n

agents
w

ith
states

S
e .

T
hen

|T
k |≤

C
k (E

)

S
lid

e
34

F
ro

m
traces

to
trees

S
uppose

w
e

are
given

a
system

I
v(E

)
w

ith
accessibility

relations

∼
i .

D
efine

F
k

:
t
r
a
c
e
s(E

)
→

T
k

by

1.
F

0 (τ)
=
〈f
i
n
(τ), /0,..., /0〉.

2.
F

k+
1 (τ)

=
〈f
i
n
(τ),U

1 ,...,U
m
〉,w

here
for

each
agenti,

U
i =

{
F

k−
1 (τ

′)
|

τ
′∼

i τ
}

17
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In
terp

retin
g

d
ep

th
k

fo
rm

u
lae

atk-trees

Let 〈s,U
1 ,...,U

n 〉
be

a
k-tree

and
ϕ

a
form

ula
of

L
{K

1 ,...,K
n }

of

know
ledge

depth
atm

ostk.
D

efine

〈s,U
1 ,...,U

n 〉
|=

k
p

ifπ
e (s,p)

=
1

〈s,U
1 ,...,U

n 〉
|=

k
K

i ϕ
ifw

|=
k−

1 ϕ
for

allw
∈

U
i .

(booleans
as

usual)

S
lid

e
36

T
h

eo
rem

:
F

or
alltracesτ

ofE
and

allϕ
∈

L
{K

1 ,...,K
n }

of

know
ledge

depth
atm

ostk,w
e

have

I
v(E

),τ
|=

ϕ
iff

F
k (τ)

|=
k ϕ
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C
o

m
p

u
tin

g
F

k
w

ith
resp

ect
to
s
p
r

T
h

eo
rem

:
T

here
exists

a
function

G
k

:
T

k
×

S
e
→

T
k

such
thatfor

alltracesτ
·s

ofE
,

F
k (τ

·s)
=

G
k (F

k (τ),s)

S
lid

e
38

In
crem

en
talC

o
m

p
u

tatio
n

o
fF

k

D
efine

G
k

:
T

k
×

S
→

T
k

by

G
k+

1 (〈s,U
1 ,...,U

n 〉,t)
=
〈t,V

1 ,...,V
n 〉

w
hereV

i =
{G

k (v,t ′)
|v
∈

U
i ,
r
o
o
t
(v)T

t ′,
O

i (t ′)
=

O
i (t)}
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s
t

ab

o

o

o
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F

G
G

G
G

F
F

F

F

M
E

M
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M
o

d
elC

h
eckin

g
at

a
Trace

-
(A

syn
ch

ro
n

o
u

s)P
erfect

R
ecall

V
iew

T
h

eo
rem

:
[van

der
M

eyden,TA
R

K
94]T

here
exists

an
environm

ent

E
for

tw
o

agents
and

a
propositionalconstantp

such
thatthe

set

{τ
∈
t
r
a
c
e
s(E

)
|

I
p
r(E

),τ
|=

C
{1,2} p}

is
undecidable.

S
lid
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T
h

eo
rem

:
[van

der
M

eyden,TA
R

K
94]LetE

be
a

finite

environm
ent.

F
or

form
ulae

ϕ
∈

L
{K

1 ,...,K
n }

ofalternation
depth

bounded
by

k,and
τ
∈
t
r
a
c
e
s(E

),
I
p
r(E

),τ
|=

ϕ
can

be

decided
in

tim
e

O
(C

k (E
)
·(|ϕ

|+
|τ|)).
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vs
t

t’

G
 (v,t’)
k
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