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We consider a setting in which a randomised social choice rule selects one of the alternatives on the basis of
preferences expressed by agents. Our focus is on Random Serial Dictatorship (RSD), a central rule in social
choice theory. Computing RSD shares exactly is known to be #P-hard but the complexity of approximating
it has been open for more than a decade. We resolve this question negatively: unless NP C BPP, there is
no FPRAS for computing the RSD share of a given listed alternative, even for dichotomous preferences.
We also develop a Markov Chain Monte Carlo framework for approximately counting the permutations
that select a target alternative. The framework gives an FPRAS whenever the relevant suffix-restricted state
spaces admit rapidly mixing uniform samplers. We analyse the natural Insertion Markov Chain and construct
dichotomous instances on which it has exponentially small conductance. We then identify structured domains
on which efficient approximation is possible. These include instances whose selecting permutations are linear
extensions of a polynomial-time constructible partial order, single-plateaued preferences on a common axis,
and dichotomous single-peaked (interval-approval) preferences. On the latter two domains, we prove rapid
mixing of the Insertion Markov Chain on every suffix-restricted state space.
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1 INTRODUCTION

Random Serial Dictatorship (RSD) is a mechanism of fundamental importance in social choice
theory, because of its attractive axiomatic properties. The mechanism (or also social choice rule)
applies universally to several important preference aggregation problems, including assignment
and coalition formation. More formally, RSD applies to any setting that can be stated in the form of
a set of n agents who express preferences over a set of m alternatives, and where the preferences of
an agent are formed by a total order over a partition of the set of alternatives, where each set in the
partition forms an equivalence (or indifference) class.

The RSD mechanism is relatively simple to state: It selects an alternative by iteratively reducing
the set of alternatives under consideration. Starting from the set of all m alternatives, it restricts
the current set of considered alternatives by restricting it to the set of most preferred alternatives
(among the remaining ones) of an agent, iterating over the agents in a uniformly drawn random
order. This procedure is clearly very easy to implement in an inherently computationally efficient
way.

Random Serial Dictatorship satisfies anonymity, ex-post Pareto efficiency, and strategyproofness,
a particularly compelling combination of axioms. In the assignment setting, it is uniquely charac-
terised by these together with additional basic properties [Bade, 2020]. Considering the importance
of the aforementioned three axioms, random serial dictatorship, as a social choice rule, has received
ample attention in social choice theory. Furthermore, additional desirable properties of RSD have
been identified, related to incentives for agents to participate in voting [Brandl et al., 2015] and to
fairness [Airiau et al., 2019].

Our goal, in this paper, is to understand one of the most fundamental computational problems
associated with the RSD mechanism: computing, with high precision, the probability with which
each alternative is selected [Aziz et al., 2013, 2014]. Aziz et al. [2013] proved that checking whether
the RSD share of a given alternative is positive can be solved in polynomial time, but computing an
alternative’s exact RSD share is #P-hard even for dichotomous preferences. Equivalently, the time
or budget share of an alternative is a computationally intractable problem. However this did not
settle the complexity of approximation of RSD shared.

In many social choice applications, RSD is used as a deterministic strategyproof and fair rule
for fractional selection. In these applications, such as time or budget sharing [Aziz and Stursberg,
2014, Brandt, 2018], fair mixing [Aziz et al., 2020], portioning [Airiau et al., 2019], and seat ap-
portionment [Tullock, 1967], the actual probability of RSD selecting an alternative is taken to be
proportional to the “appropriate” time or budget share. Airiau et al. [2019] give several examples
including a conference board deciding on how much time to assign to different conference activities,
or company employees voting on which charities should receive a donation from the company. In
these situations, computing accurate RSD shares is of critical importance, in the same way that
computing the set of winners of a voting rule is. Computing these shares is the central problem
that we study.

Contributions. The RSD lottery can be computed exactly by enumerating all agent permutations
and averaging the corresponding serial-dictatorship outcomes. This immediately suggests sampling
permutations uniformly at random. Such a method gives an additive estimate, but it can perform
extremely poorly when the target alternative has exponentially small positive probability: with
high probability, no sampled permutation selects the target, and the estimate is zero. We give a
simple family illustrating this obstruction. We also examine a natural target-oriented sampling
procedure adapted from the polynomial-time support algorithm of Aziz et al. [2013]. Although
the procedure always returns a selecting permutation when one exists, it is biased and therefore
cannot directly be used for approximate counting.
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Our first main result resolves this model-specific, long-standing approximation question. Unless
NP C BPP, no FPRAS exists for the RSD share of a given explicitly listed alternative. The result
already holds for dichotomous preferences when the number of alternatives is linear in the number
of agents, all agents who disapprove the target alternative have identical preferences, and the target
is either the unique serial-dictatorship outcome or is not selected at all. NP is the class of problems
whose solutions can be verified efficiently, and BPP is the class of problems solvable efficiently by
randomized algorithms with bounded error. Since NP C BPP is widely believed to be false, a result
showing that an FPRAS for a problem implies NP C BPP is standard evidence of inapproximability.

The negative result rules out a general-purpose FPRAS, but it does not make sampling methods
irrelevant. We present a self-reduction framework that estimates the number of selecting per-
mutations through a telescoping product of suffix-restriction ratios. At each stage, the algorithm
approximately samples from the current state space, estimates simultaneously the probability
of every agent occupying the final unfixed position, fixes an empirically frequent agent in that
position, and continues with the resulting restricted state space. The simultaneous estimation is
essential because the restricted state space is chosen adaptively from the samples.

We study the lazy Insertion Markov Chain as a natural uniform sampler for these state spaces.
We prove a closure lemma showing that the leftmost-correction insertion between two selecting
permutations remains selecting. This yields irreducibility and supplies canonical paths for the
positive results. Nevertheless, the chain is not rapidly mixing in general: we give a family of
dichotomous instances whose selecting permutations form two large regions connected through
an exponentially smaller bottleneck.

Finally, we identify well-motivated domains on which the framework yields an FPRAS. If the
selecting permutations are exactly the linear extensions of a polynomial-time constructible partial
order, then the suffix-restricted spaces are linear-extension spaces and known rapidly mixing
samplers apply. We give an explicit height-two dichotomous construction encoding precedence
constraints. We then introduce c-prefix compressibility: every nonempty suffix-restricted space
contains all permutations beginning with some ordered tuple of at most ¢ agents. For fixed c, a
direct canonical-path count proves rapid mixing of the Insertion Markov Chain on these spaces.
Single-plateaued preferences and dichotomous single-peaked (interval-approval) preferences on a
common axis [Elkind et al., 2022, Puppe and Slinko, 2026] are 2-prefix-compressible, so the chain
supplies approximately uniform selecting permutations and an FPRAS through our framework.

Related Work. Random serial dictatorship has been examined in several preference aggregation
domains including general social choice and the assignment problem. Bogomolnaia and Moulin
[2001] studied random serial dictatorship and proposed an alternative mechanism called probabilistic
serial that is not strategyproof but still has desirable efficiency and fairness properties. From a
non-computational perspective, the assignment problem can be viewed as a special case of the social
choice problem as each agent’s preferences over individual items naturally give rise to preferences
over an exponential number of assignments.

Saban and Sethuraman [2015] considered random priority in the assignment problem. They
proved that counting the agent permutations that assign a given object to a given agent is #P-
complete and that the corresponding marginal-probability problem admits no FPRAS unless
NP = RP. This is the relevant prior inapproximability result, but it concerns an implicitly repre-
sented matching space and an agent-object marginal, rather than the probability of one alternative
in an explicitly represented social-choice instance. Our negative result therefore establishes the cor-
responding barrier for the voting/social-choice representation, already on dichotomous preferences
and under the restrictions stated in Theorem 1.
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More recently, Caragiannis and Homrighausen [2024] studied direct sampling for estimating the
aggregate expected social welfare and social cost of RSD in assignment settings. Their estimands
and guarantees are different from the multiplicative approximation of one alternative’s RSD share
considered here: an exponentially rare target can defeat direct permutation sampling even when
an aggregate expectation is accurately estimable from relatively few samples.

In general social choice with strict preferences, RSD is equivalent to uniform random dictatorship:
it selects an agent uniformly at random and returns that agent’s top alternative. Gibbard’s charac-
terization yields, under strategyproofness and ex-post Pareto efficiency, a random dictatorship with
possibly non-uniform weights; anonymity forces the weights to be equal [Gibbard, 1977]. Under
weak preferences, RSD is the natural extension preserving these axiomatic properties, and all other
known rules violate one of anonymity, strategyproofness, and Pareto optimality [Aziz et al., 2018].

The central problem we consider is a counting problem at its core: we want to approximately
count the permutations for which serial dictatorship selects a given alternative, since dividing
this count by n! yields the RSD share. The algorithmic techniques we use fall within the scope
of Markov Chain Monte Carlo methods. Karp and Luby [Karp and Luby, 1983] pioneered Monte
Carlo approximate counting for DNF satisfying assignments, and Jerrum and Sinclair [Jerrum and
Sinclair, 1989] gave a fully polynomial randomised approximation scheme for the permanent on
suitable classes of 0—1 matrices, using a general framework that turns a uniform sampler into an
approximate counter for self-reducible structures [Jerrum et al., 1986]; it has since been applied to
countless counting problems, such as graph colourings and independent sets.

Another closely related counting problem is that of counting the linear extensions of a partial
order. Exact counting is #P-complete [Brightwell and Winkler, 1991]. The approximation and
sampling history predates the fastest chain used here: Karzanov and Khachiyan [1991] analysed
an order Markov chain, and Matthews [1991] gave a further polynomial-time almost-uniform
generation method. Bubley and Dyer [1999] later introduced a faster linear-extension chain and
proved rapid mixing by path coupling. We use that sampler for the poset-representable special case
below. For general RSD selecting-permutation spaces, however, the structural coupling arguments
for linear extensions do not transfer directly.

2 PRELIMINARIES
2.1 Social Choice and Random Serial Dictatorship

We first define the social choice setting and RSD formally. For a € N, we use [a] to denote the
set of natural numbers {1,...,a}. When S is a set, we write #S for its cardinality. A social choice
instance consists of a finite set of agents N and a finite set of alternatives A. We typically take
N = [n] and A = [m], and use n and m for the respective cardinalities when the instance is clear
from context. Each agent i € N has a complete and transitive preference relation x; over A. The
preference profile is == (x;);en, and an instance is the triple (N, A, ). By a x; b, we mean that
agent i regards alternative a as at least as desirable as alternative b. The strict part is denoted by >;:
a>;bifa x; bbutnot b x; a. The symmetric part is denoted by ~;:a ~; bifbotha ; band b ; a.
A preference relation is strict or linear if a >; b or b >; a for all distinct a, b € A. It is dichotomous
if it has at most two indifference classes; equivalently, a x; b x; ¢ implies a ~; b or b ~; ¢ for all
a,b,c € A. We let IIN denote the set of all permutations of N and write a permutation x € IV as
= (x(1),...,7(n)). Thus, we view 7 as a sequence of agents, and for i € [n], we treat 7 (i) as
the agent on the i-th position of this sequence. If %; is a preference relation and B C A a subset of
alternatives, then max,,(B) = {a € B: a ; b for all b € B} is the set of most preferred alternatives
from B according to x;.
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Definition 1 (Random serial dictatorship). Let N be a set of agents, let A be a set of alternatives,
and let = (x;)ien be a preference profile. For a permutation 7 of N, define Sy(7) = A and, for
every t € {1,...,|N|}, S;(n) = max, , S;-1(r), where maxy, S denotes the set of alternatives that
agent i most prefers among the alternatives in S.

Random serial dictatorship draws a permutation 7 uniformly at random and then selects an
alternative uniformly at random from S|y (7).

For any given permutation 7 of N, we define SD(N, A, z, 7) as the outcome of applying serial
dictatorship. The RSD share s;(N, A, ) of alternative j € A is

sj(N,A,x) = Pr[RSD(N, A, z) = j]

1 1[j € SD(N, A, z, )]
!

n! L4 #SD(N,Ax, 1)

The RSD lottery is s(N, A, z) = (s1(N, A, ), ...,sm(N, A z)). Henceforth, we omit explicit refer-
ences to (N, A, z) when they are clear from context.
We illustrate how RSD works with the aid of a simple example.

Example 1 (Illustration of RSD). Consider an instance with agents {1, 2, 3}, alternatives {a, b, c,d}
and the following preference profile.

1: a~1b~1c>=1d 2: b~yd>sa>yc 3:c>3a~3b~3d
Then let us consider the SD outcomes for each permutation over the voters.

(1,2,3): {b} (2,1,3): {b} (3,1,2): {c}
(1,3,2): {c} (2,3,1): {b} (3,2,1): {c}
Thus the RSD lottery is s = (g, Sp, Se> Sa) = (0,1/2,1/2,0).

As seen by the formal definition as well as the example above, RSD probabilities can be computed
by enumerating all the n! permutations over agents. Aziz et al. [2013] proved that computing the
RSD lottery (and equivalently, an alternative’s RSD share) is #P-hard. We are interested in an FPRAS
for computing the RSD share of an alternative.

2.2 FPRAS

A randomised approximation scheme for a non-negative function f : ¥* — Ry, takes as input an
instance x, an accuracy parameter ¢ € (0, 1), and a failure probability § € (0,1/2), and outputs a
rational number z such that

Pr[(1-o)f(x) <z< (1+e)f(x)] 21-6. (1)
It is a fully polynomial randomised approximation scheme, or FPRAS, if its running time is polynomial
in the encoding length of x, ¢!, and log(1/6). Equivalently, one may fix a constant success
probability and amplify it by independent repetition and taking the median [Jerrum et al., 1986,
Lemma 6.1].
The central question we study is whether an alternative’s RSD share admits an FPRAS.

The RSD-SHARE problem. The input is an explicitly represented social-choice instance (N, A, k)
and a target alternative a € A. Each weak order is encoded by its ordered indifference classes
(equivalently, by a rank for every alternative); on the dichotomous subdomain, the profile may
be encoded by its n X m approval matrix. The exact problem asks for the rational number s,
represented in binary. The approximation problem additionally takes ¢ € (0,1) and § € (0,1/2)
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and asks for an output satisfying (1). Thus, throughout the paper, an FPRAS for RSD-SHARE means
an FPRAS for the non-negative rational-valued function (N, A, x, a) — s, under this explicit input
encoding.

Two agents are said to be of the same type if they have identical preferences. Two alternatives
are of the same type if every agent is indifferent between them.

OBSERVATION 1 (A SINGLE SURVIVING ALTERNATIVE TYPE). For every serial-dictatorship permuta-
tion, all alternatives in the final surviving set have the same type.

Proor. Let b and c both survive to the end. Because neither is ever eliminated, both are present
whenever any agent i acts. Since both are retained by that agent, they both belong to the same
maximal indifference class of i in the current set, and hence b ~; c. Every agent acts once, so b ~; ¢
for every i € N. Thus, b and c have the same alternative type. O

The following lemma shows that, without loss of generality, we can focus on instances in which
no two alternatives have the same type.

LEMMA 1. If the RSD-share problem admits an FPRAS on instances in which no two alternatives
have the same type, then it admits an FPRAS on general instances.

Proor. Partition A into type classes and retain one representative of every class, with the
induced preferences. Alternatives in one class are retained or eliminated together under every
serial-dictatorship order. By Observation 1, the original final surviving set is one entire type class,
and the reduced instance ends with its representative. If the class of a target alternative a has
size d and representative a’, then this class is final in exactly the permutations for which a’ is
selected in the reduced instance. Conditional on that event, RSD’s uniform final tie-breaking assigns
probability 1/d to each class member. Hence s, = s, /d. Dividing an FPRAS estimate for s, by the
exactly known integer d preserves its relative-error guarantee. O

From now on, unless otherwise stated, we work with simplified instances in which no two
alternatives have the same type. Observation 1 then implies that every final survivor set is a
singleton. Consequently, for every j € A, s; = %#{n eIV : SD(N, A, =, 7) = {j}}. The associated
integer-valued problem of counting selecting permutations is #P-complete [Aziz et al., 2013]. On
simplified instances, exact RSD-share computation is polynomial-time equivalent to this count
through multiplication or division by n!. Deleting alternatives preserves both single-plateauedness
and interval-approval preferences on the restricted common axis. Thus, the reduction above also
transfers the structured-domain results below to profiles containing duplicate alternative types.

OBSERVATION 2 (THE FIRST DISTINGUISHING AGENT). In a simplified instance, a permutation selects
a if and only if, for every b # a, the first agent in the permutation who distinguishes a and b prefers a
tob.

Proor. If a survives, every agent indifferent between a and b retains both while both are present.
Their first distinguishing agent must therefore prefer a to b. Conversely, suppose a is first eliminated
by agent i, who retains some b >; a. Both alternatives survived all preceding agents, so those agents
were indifferent between them. Agent i is thus their first distinguishing agent, contradicting the
stated condition. O

3 LIMITATIONS OF NAIVE APPROACHES

In this section, we highlight the limitations of direct permutation sampling on unrestricted profiles.
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3.1 Sampling Permutations Uniformly at Random

The lottery outcome of RSD can be computed exactly by enumerating all the permutations and
averaging the outcomes of serial dictatorship. The approach suggests a natural approximation
heuristic: sample permutations uniformly at random and then take the average of the outcomes
of applying serial dictatorship with respect to the permutation. However, the naive randomised
algorithm of drawing permutations uniformly at random performs poorly especially if there are
very few permutations under which the alternative is chosen.

Next, we show that some alternatives may have a very low probability of being selected by the RSD
mechanism, and therefore naively sampling permutations may result in attributing zero probability
to the alternative with high probability. This implies that for this procedure, no multiplicative
approximation guarantee can be provided. The difference between a zero RSD share and some small
& RSD share may determine the difference in deciding whether an alternative gets any representation
(especially in a scenario where the RSD shares are used to make proportional selections in a discrete
selection problem, such as apportioning the number of representatives of a party in a committee).
In a participatory budgeting setting, a project that deserves $100k based on its RSD share may
instead get a zero share if the RSD shares are not estimated well.

Example 2. Consider the following instance with agent set [n] and alternatives ay, . . ., a,. The
agents’ preferences are defined as follows. Here, for preferences x, we use the notation I > I’ to
denote that I and I’ are indifference classes under % and that any alternative in I is strictly more
desirable than any alternative in I’ under .

1: A\ {a1} =1 a4 i a1 = A\{ai-, ai} =i a;

2: a; =2 A\{ay, ax} =3 a;
3: ay =3 A\ {as, a3} =3 a3 n—1: ap-3 =n-1 A\ {an-2,@n-1} =n-1 @Gn-1

n: Gp_q >=np Gn =n A\ {an-1,an}

This example is a general weak-preference illustration, not a dichotomous instance: agents 2, ..., n
have three indifference classes. The dichotomous hardness construction is given in Theorem 1.

The only permutation under which a, is selected is (1,2,3,...,n). Hence, it is possible that
uniformly sampling permutations may miss the permutation that results in the selection of a,.

We can extend this example to settings where the number of permutations where serial dictator-
ship yields a specific alternative a, equals other small numbers. Consider introducing a series of x
copies of agent n to the above instance. Now, there are (n+x)! permutations, and serial dictatorship
will result in alternative a, only for those permutations that have (1,...,n — 1) as a prefix. Thus, in
this modified instance there are (x + 1)! permutations on which serial dictatorship yields a,, so that
the RSD share of a, would be (x + 1)!/(n + x)! which is inverse exponential in n for any fixed x.

3.2 Sampling Alternative-Oriented Permutations

The above drawback of the naive sampling procedure can be attempted to be fixed via a natural
permutation selection process outlined as Algorithm 2 (see Appendix). Algorithm 2 constructs
a permutation iteratively. Starting with N’ = N and A’ = A, it chooses uniformly at random a
remaining agent i for whom a € max;,(A’), appends i to the permutation, and replaces A’ by
max, (A’). If no such agent exists, it reports that no permutation selects a. Otherwise, it eventually
returns an a-selecting permutation. Although every selecting permutation is generated with positive
probability, these probabilities need not be equal, so the procedure is not a uniform sampler. The
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process is an adaptation of the original algorithm of Aziz et al. [2013] to check whether an alternative
is in the support of the RSD lottery or not.

It is well-known that for so-called self-reducible problems, approximate counting reduces to
developing an FPAUS, i.e., a fully polynomial almost uniform sampler, for the problem. In our case,
this means that we should have an algorithm that samples uniformly at random, in polynomial time,
an agent permutation from the set of permutations on which serial dictatorship would select a target
alternative a. As it is straightforward to see that Algorithm 2 selects each such permutation with
positive probability, and has a seemingly natural formulation, one may wonder whether Algorithm
2 would indeed be the exact or approximate sampler that we are looking for. Unfortunately, the
following example shows that the algorithm does not sample permutations uniformly at random.

Example 3. Consider a social choice instance with agents {1, 2,3} and alternatives {a, b, c}. The
preferences are as follows.

1: {a,c} 1 b 2: {a,b} =5 ¢ 3: b>3a>s3c
There are three permutations that yield alternative a as the outcome: (1, 2, 3), (1,3, 2), and (2, 1, 3).

The third permutation (2, 1,3) is sampled with probability 1/2 with the algorithm, although it
should be sampled with probability 1/3.

4 INAPPROXIMABILITY OF RSD

For a dichotomous preference relation, let App(i) denote the approval set of agent i, and put
By () = S;-1() N App(x(t)). The above update rule becomes

Bt(ﬂ), lth(T[) * 0,
Se(m) =
S;—1(m), otherwise.
Thus, if none of the currently surviving alternatives is approved by the acting agent, all surviving

alternatives are tied in the agent’s lower indifference class and the surviving set remains unchanged.

LEMMA 2 (SELECTING PERMUTATIONS FROM A GRAPH). Let G = (V,E) be a simple graph with
|[V| =N, and let q > 1 be an integer. Introduce a vertex agent x, for eachv € V, test agentsys, . .., Yq,
and alternatives A = {a} U {b, : e € E}, with

App(xy) ={a} U{b.:0 ¢ e},  App(y;) = {b.:e€E}.

For a permutation 7, let I(rr) consist of the vertices whose agents occur after the first test agent. Then
a is the unique final survivor if and only if I(rr) is independent; otherwise, a is eliminated. For each
fixed independent set I of size s, exactly

ws=(N-9s)q(g+s—1)!
permutations satisfy I(r) = I. Consequently, the number of permutations selecting a is Z(G) =
2i1e1(G) Wi1|> where I (G) is the collection of independent sets of G.

Proor. Write C = V' \ I(r). Immediately before the first test agent acts, the surviving set is
{a} U {b, :enC = @}.

If I(r) is independent, then C is a vertex cover, so this set is {a} and no subsequent agent changes
it. Otherwise, a surviving edge alternative is approved by the first test agent, who eliminates a.
For a fixed I of size s, order the N — s agents outside I, choose the first test agent in g ways, and
order the remaining g + s — 1 agents. These choices give the stated count and partition all selecting
permutations. o
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THEOREM 1. Unless NP C BPP, there is no fully polynomial randomised approximation scheme for
computing the RSD share of a given alternative, even when all preferences are dichotomous.
The result continues to hold under the following restrictions:

(i) the number of alternatives is linear in the number of agents;
(i) all agents who disapprove the target alternative have identical preferences; and
(iii) for every permutation, the target alternative is either the unique serial-dictatorship outcome or
is not contained in the outcome.

Proor. We reduce from a constant-gap version of MAXIMUM INDEPENDENT SET on graphs of
maximum degree three. By Berman and Karpinski [1999, Theorem 3], for ¢ = 1/8 it is NP-hard, given
such a graph with N = 284t vertices, to distinguish independence number greater than (140 — &)t
from independence number smaller than (139 + &)¢. Since 140 — £ > 559/4 and 139 + & < 557/4, it
is therefore NP-hard to distinguish

a(G) 2 1N (YES) from a(G) < yoN (NO),

where y; = 559/1136 and yy = 557/1136 are fixed constants. Set A = y; — yo > 0, choose a fixed
integer C > 1 with C* > 2, and put ¢ = CN.

Construction and counting. Apply Lemma 2 to G with q test agents. The resulting instance has
n=N+q=(C+1)N agentsand m = 1+|E| < 1+3N/2 = O(n) alternatives, so its explicit approval
matrix has polynomial size. All agents disapproving a are identical test agents, and the lemma also
establishes the stated restriction on final survivors. The share of a is p, = Z(G) /(N + q)!, with

Wse1 g+

>C
Wy N -5

Z(G)= Y wy,  we=(N-9)!g(g+s-1)
IeI(G)

for 0 < s < N. Thus the weights increase by at least a factor of C at each step.

Separating the gap cases. Let s; = [y1N] and sy = | yoN]. A YES instance contains an independent
set of size at least s;, whereas a NO instance has at most 2N independent sets, all of size at most s.
Hence

YES: Z(G) = w,, NO: Z(G) < 2Nwy,.

Since s; — so > AN,

> -
2Nwg, = 2N 2

for all sufficiently large N. The finitely many smaller input sizes can be decided by brute force.
Define

W, Cs1—50 CA N
> >4

_ 2N Wy,
~ (N+gq)!
We have p, < U in the NO case and p, > 4U in the YES case. An FPRAS run with ¢ = 1/4 and
§ = 1/4 would therefore, with probability at least 3/4, return an estimate satisfying
—~ 5 — 3
NO: p, < ZU < 2U, YES: p, > Zpa > 3U > 2U.

Comparing the estimate with 2U distinguishes the two cases. This comparison is polynomial-time:
because g = CN, the factorials and integers defining U have O(N log N) bits, and rational compari-
son uses exact cross-multiplication. We would obtain a bounded-error randomized polynomial-time
algorithm for an NP-hard promise problem, implying NP C BPP. O
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Remark 1 (The amplification constant and a second parameterisation). Here

Ao 21
TN TYT 1036 T Ses

The stronger sufficient condition C* > 4 would force
C>4%=9334...x10"".

The proof only needs C* > 2, because then (C*/2)N > 4 for all sufficiently large N; this is the
condition used above. Even so, it requires

C> 2% =9661...%x10"°.

Thus, C is a fixed but extremely large constant. This does not invalidate the polynomial-time
reduction—C is independent of the input—but it makes the hidden constant in the linear agent
blow-up enormous.

The large multiplier is the price of keeping the number of constructed agents linear in the source
graph size and, on bounded-degree gap families with linearly many edges, keeping the numbers of
agents and alternatives on the same proportional scale. A second, simpler parameterisation sets
q = N2. Then

Wsri _ 4+

= > N,
Wg N-s

and hence

Ysi 5 NON 5 4. N

Ws,
for all sufficiently large N. The proof then goes through without any large fixed multiplier. This
version has n = N + N2 = ©(N?) agents and m = 1 + |E| = O(N) = O(+/n) alternatives; on the
usual bounded-degree gap families with |E| = @(N), this is m = ©(+/n). Thus, if restriction (i)
is read as the upper bound m = O(n), the second parameterisation still satisfies it and in fact
strengthens it to m = O(+/n); what it gives up is the proportional-scale relation m = @(n). Its
explicit approval-matrix representation remains polynomial in the source-instance size.

Finally, replacing the crude upper bound 2V by a sharp count of subsets of size at most y,N
does not remove the phenomenon: the binary-entropy exponent is Hy(yp) =~ 0.99973. It merely
changes the asymptotic threshold from C* > 2 to C® > 2H2(r0) 50 the exponent of the required
constant falls only from 568 to about 567.85. Thus, within this weight-separation argument, a base
exponential in 1/A remains unavoidable.

CoROLLARY 1. Unless NP C BPP, there is no FPRAS for computing RSD shares on the unrestricted
domain of weak preferences.

Proor. Dichotomous preferences form a subdomain of the domain of weak preferences. An
FPRAS for the unrestricted problem would therefore also be an FPRAS for the dichotomous restric-
tion, contradicting the theorem. m]

Remark 2. The impossibility result relies essentially on indifferences. Under strict preferences,
serial dictatorship selects the top-ranked alternative of the first agent in the permutation. Hence,
RSD coincides with random dictatorship, and the RSD share of an alternative can be computed
directly from the fraction of agents who rank it first.
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5 USING MARKOV CHAINS

This section gives a general Markov-chain framework for approximating an RSD share. The
framework is conditional: it becomes an FPRAS on a domain once we can sample almost uniformly,
in polynomial time, from every state space obtained by fixing a suffix of a selecting permutation.
We first recall the Markov-chain notions needed later and then state the telescoping estimator.

5.1 Markov-chain preliminaries

Let M be a finite Markov chain with state space Q, transition matrix P, and stationary distribution 7.
The chain is irreducible if every state can be reached from every other state with positive probability,
and it is aperiodic if the greatest common divisor of all return times is one. A finite irreducible and
aperiodic chain is ergodic and converges to a unique stationary distribution.

For distributions y and v on Q, their total-variation distance is drv (g, v) = % Dixeo lH(x) —v(x)]|.
The n-mixing time is tyi (1) = maxyco min{t : drv(P!(x,-),7) < n}. The chain is reversible if
7(x)P(x,y) = 7(y)P(y, x) for all x,y € Q.

For a reversible chain, write Q(x,y) = 7(x)P(x,y) and, for S C Q, Q(S,S) = 2xes, yes Q(x, ).

The conductance is ® = ming<,(sy<1/2 % For lazy reversible chains, we use canonical-path
congestion to bound mixing from above and conductance to bound mixing from below. In particular,
every finite irreducible lazy reversible chain satisfies tpix(1/4) > see, for example, Sinclair
[1992] and Levin et al. [2009].

For completeness, consider a finite irreducible lazy reversible chain and suppose that for ev-
ery ordered pair (x,y) we specify a path y,, in the transition graph. Its congestion is p =

4.
40°

max, ﬁ Dyyze T(0)7(y). If every path has length at most L, then fmix(n) < pL log( 1 ) ,

HTmin
where Ty, = mingcq 7(x); see Sinclair [1992].
5.2 Suffix-restricted selecting permutations
Fix a target alternative a. Under the simplifying convention from Section 2 that no two alternatives
have the same type, every serial-dictatorship outcome is a singleton. Define
Q={ren:sD(x) = {a}}.

Then the RSD share of a is s, = l%l If Q = @, the support algorithm of Aziz et al. [2013] detects
this in polynomial time and the correct output is zero. Otherwise, the same constructive procedure
gives an initial permutation in Q.

The counting algorithm fixes a suffix from right to left. At an iteration with k unfixed agents, let
Ry be their set and let oy be the already fixed suffix. We write

Qi = {poy : p € g, SD(pox) = {a}}.
The algorithm always stores a state n(]f € Q. For every u € Ry, define

pe - M€ Q0 =)
“ ||

These probabilities sum to one, so maxyer, pPru > % When k = 1, the state space is a singleton
and sampling is trivial; all Markov-chain arguments below concern k > 2.

5.3 The telescoping estimator

The state space chosen for the next iteration is selected from the same sample used to estimate
its size. Therefore, the positional probabilities must be estimated simultaneously for all remaining
agents; treating the empirically most frequent agent as fixed in advance would be invalid.
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Algorithm 1 Markov-chain estimator for the RSD share of a

Require: Instance (N, A, ), target a, accuracy € € (0, 1/2), failure probability é € (0,1/2), and a
uniform-mixing chain for every nonempty suffix-restricted state space.
Use the support algorithm to test whether Q = @.
if Q = @ then
return 0.
end if
Find nj € Q, = Q.

6: Seta=¢€/(12n%),n = /2, and s = [% log (%)-‘ :

A

7. Set Z = 1.
8: fork=nn-1,...,1do
9:  Independently generate s samples x', ..., 7° whose distributions are within total-variation

distance 5 of the uniform distribution on Q.
10  for eachu € R, do
11: Pk — s Y5 1[x (k) = u].
122 end for
13 Choose uy € arg maxyeg, Pk and set ri = Dy, -
14 SetZ — f/rk.
15:  Fix yy in position k, thereby defining Q_; = {r € Q : n(k) = ux}.
16:  Choose, as ﬁé‘_l, any sampled permutation with (k) = u.
17: end for

8: return Z/n!.

—_

THEOREM 2. Suppose that, for every nonempty suffix-restricted state space Qy, an n-approximately
uniform sample can be generated in time polynomial in the input size, n, and log(1/n). Then Algo-
rithm 1 is an FPRAS for the RSD share of a.

ProoF. We expose the random choices iteration by iteration. Condition on the complete history
before iteration k; this fixes the random state space Q and its remaining-agent set R. For a sampled
permutation ¢, let qr,, = Pr[nf(k) = u]. Total-variation distance at most = /2 gives

|q(’,u _pk,ul <.

The samples are independent. Hoeffding’s inequality therefore yields

1y
Pr||pku— = Z qeu| > 2 | the preceding history
s = 2
<o sa? .9
exp-—| < =.
P72 ) = w

Combining this with the total-variation bias shows that |px, — pr.u| < @ except with conditional
probability at most §/n?. This bound is uniform over every possible preceding history. A union
bound over the at most n? iteration-agent pairs therefore shows that, with probability at least 1 — &,
all these inequalities hold simultaneously, despite the adaptive choice of the state spaces.
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The empirical frequencies sum to one, so their maximum satisfies rx > 1/k deterministically.
Condition on the simultaneous accuracy event above. For the selected agent uy,

a €
< —<ka<—=0.

Tk 12n

Pluy
Tk

-1

Also,
1Qk-1] = Py | el
Because | Q| = 1, telescoping gives

IQn|=ﬁp,;Lk, Z=l—lrk_1.
k=1

Consequently,

Z —
Q] "1

n
Plue o 11 Z gy (14 6)"].

=1 rk

Bernoulli’s inequality gives (1 —0)" > 1 —nf > 1 —e. Also, (1+6)" < e" < ¢/12 < 1+ ¢ for
€ €(0,1/2). Thus

(1-6)|Qn] <Z < (1+6)|Qnl.

Division by n! preserves this guarantee. The support test, the number of samples, the length of
each run, and direct serial-dictatorship membership tests are all polynomial in the input size, €},

and log(1/5) under the sampling assumption. Hence the algorithm is an FPRAS. O

6 THE INSERTION MARKOV CHAIN

We now study a natural chain for sampling selecting permutations. An insertion removes one agent
from its current position and inserts it in another position, shifting the intervening agents by one
place.

Fork > 2 and i, j € [k] with i # j, let v(i, j) move the agent currently in position j to position i.
On a nonempty suffix-restricted state space Qy, the lazy Insertion Markov Chain acts as follows.
With probability 1/2 it stays at the current state. Otherwise, it chooses an ordered pair (i, j)
uniformly from the k(k — 1) pairs with i # j and performs the insertion if the resulting permutation
remains in Qy; if not, it stays put. For k = 1, the chain consists of its unique state.

The following monotonicity observation is useful throughout the remainder of the paper. For a
sequence p of agents and a set S of alternatives, write SDs(p) for the surviving set obtained by
starting serial dictatorship from S rather than from all alternatives.

For each agent i, let E;(a) = {b € A : b ~; a} be the indifference class containing a. Whenever i
retains a from a set S, the update is S N E;(a).

LEMMA 3 (SURVIVAL UNDER RESTRICTION). Let T C S and supposea € T. Ifa € SDs(p), then

a € SDr(p) and SDr(p) =T N SDs(p).

ProoF. Since a survives from S, every acting agent i intersects the current set with E;(a). Starting
from T C S containing a applies the same intersections: inductively, a remains maximal in the
smaller set whenever it is maximal in the larger one. Thus a also survives from T, and the resulting
setis T N SDs(p). O

LEMMA 4 (LEFTMOST INSERTION CLOSURE). Let m, w' € Q. Let i be their first position of disagree-
ment and let j > i satisfy n(j) = 7’ (i). Then v(i, j) o w € Q.

The proof is given in Appendix B.
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LEMMA 5. On every nonempty suffix-restricted state space Q, the lazy Insertion Markov Chain is
irreducible, aperiodic, and reversible with respect to the uniform distribution.

The proof is given in Appendix C.

6.1 An exponential mixing-time lower bound

Although the chain has the desired stationary distribution and is connected, it need not mix rapidly.
Unlike Theorem 1, the next result is unconditional and specific to this chain: it does not rule out
other approximation algorithms, but locates the obstruction in an explicit geometric conductance
bottleneck.

THEOREM 3. For everyr > 2, there is a dichotomous social-choice instance with n = 4r agents for
which the lazy Insertion Markov Chain has conductance

1
2r—1°

Consequently,

—1_p0m,

zr
tmix(1/4) 2
In particular, the Insertion Markov Chain is not rapidly mixing in general.

The proof is given in Appendix E.

7 FPRAS FOR SPECIAL CASES

The general hardness result and Theorem 3 leave open efficient approximation on structured
domains. We first consider state spaces described by precedence constraints. We then give a general
sufficient condition for rapid mixing of the Insertion Markov Chain.

7.1 Selecting permutations represented by a partial order

Definition 2 (Poset-representable target). Fix a preference profile and a target alternative a. The
instance is poset-representable for a if there is a partial order P, = (N, <,), computable in polynomial
time, such that for every 7 € IV, SD(r) = {a} <= 1 € L(P,), where L(P,) is the set of
linear extensions of P,,.

THEOREM 4. On instances that are poset-representable for the target alternative a, Algorithm 1,
instantiated with a rapidly mixing linear-extension sampler, is an FPRAS for the RSD share of a.

Proor. LetP = P,.Thens, = %. Suppose that Algorithm 1 has fixed a suffix 0 = (i1, .- -, in)
occurring in a linear extension. Let Ny = N \ {ix+1, ..., i, } and let Py be the subposet induced by
Ny. The permutations in the corresponding state space are precisely {(p, ix+1,---,in) : p € L(Px)}.
Indeed, all constraints within N; must be respected, and no member of the fixed suffix can be
required to precede a remaining element because the suffix occurs in a linear extension.

Thus every suffix-restricted state space is in bijection with the linear extensions of an induced
subposet. The rapidly mixing chain of Bubley and Dyer [1999] therefore supplies the approximately
uniform samples required by Theorem 2. All order and transition tests are polynomial-time, so the
result follows. O

PrOPOSITION 1 (HEIGHT-TWO DICHOTOMOUS PREFERENCES). Let N =LUU and letE C L X U.
There is a dichotomous preference profile with target alternative a such that SD(r) = {a} if and only
if £ occurs before u for every (£,u) € E. Consequently, exact RSD-share computation is #P-hard on this
domain, while the RSD share of a admits an FPRAS.
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Proor. Introduce an alternative by, for every (£,u) € E and set A = {a} U {by, : (£,u) € E}.

Define
App(¢f) = {a} U {byy : x # £}, App(u) = {bp, : (t,u) € E}.
For each blocker by, only ¢ and u distinguish it from a: agent ¢ prefers a, whereas agent u prefers
the blocker. By Observation 2, a is selected if and only if £ precedes u for every (£,u) € E. Hence
the selecting permutations are exactly the linear extensions of the height-two partial order Pg with
covering relations E, and
nlsq = | L(Pg)|.

The construction is polynomial-time. Counting linear extensions is #P-complete even for height-
two posets [Dittmer and Pak, 2020], which proves the exact-computation claim. This height-two
result resolved a conjecture left open by Brightwell and Winkler [1991], whose original theorem
concerned unrestricted posets. Theorem 4 supplies an FPRAS. O

7.2  Prefix compressibility

For a set R of remaining agents and a fixed suffix o of agents outside R, define
Q(R,0) ={po : p € U, SD(po) = {a}}.

Definition 3 (Prefix compressibility). Fix a constant ¢ > 0. A preference domain is c-prefix-
compressible for a if, for every R, every fixed suffix o, and every nonempty Q(R, o), there is an
ordered tuple B = (iy, ..., ip), b < ¢, of distinct agents from R such that SD(Bro) = {a} for
every ordering 7 of R \ B.

The tuple B certifies that |Q(R, o)| > (|R| — b)!.

We next prove that, on every c-prefix-compressible domain for fixed c, the Insertion Markov
Chain mixes rapidly on every nonempty suffix-restricted space. This provides the approximately
uniform samples required by Algorithm 1.

LEMMA 6 (CANONICAL-PATH COUNT). Let Qi be a nonempty suffix-restricted state space on k
remaining agents. For each ordered pair (1, ') € Q2, form a path by repeatedly moving the agent
required by i’ into the first position at which the current permutation and n’ differ. These paths remain
in Qy, have length at most k — 1, and for every directed transition e at most k! ordered pairs have a
path using e.

Proor. Path validity follows from Lemma 4, and each insertion increases the common-prefix
length, giving at most k — 1 moves.

Fix a directed transition e = (y,y’), and let i be the first position where its endpoints differ. For
any path using e, the first i — 1 destination agents have already been fixed. All other agents occur
in the source permutation in the order y(i), ..., y(k): earlier moves only extracted agents into the
fixed prefix. The source is therefore determined by the positions and ordering of those first i — 1
destination agents, giving at most (i]fl) (i — 1)! possibilities. The destination’s first i entries are fixed
by y’, leaving at most (k — i)! possibilities for its other entries. Thus

k k!
|epe)| < (i N 1)(1 DIk -i)! = P <kl
where cp(e) denotes the ordered endpoint pairs whose canonical path uses e. The suffix outside
these k positions is fixed throughout. O

THEOREM 5. For every fixed constant c, Algorithm 1 using the Insertion Markov Chain is an FPRAS
on every c-prefix-compressible preference domain.

The proof is given in Appendix F.
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7.3 Single-plateaued preferences

Let x>y abbreviate y <x. Let the alternatives be arranged on a common linear axis <. For each agent
i, let P; = [£;, r;] be a nonempty interval of most-preferred alternatives. The agent is indifferent
within P;. On the left side, x <y < ¢; implies y >; x; on the right side, r; <x <y implies x >; y. Subject
to completeness and transitivity, no additional restriction is imposed on comparisons between
an alternative to the left of the plateau and one to its right. The results below are insensitive to
these cross-side comparisons: whenever a current interval S is disjoint from P;, the interval S lies
entirely on one side of P;, so only the within-side monotonicity is used. We call such preferences
single-plateaued.

LEmMA 7. Under single-plateaued preferences on a common axis, if a survives a sequence of agents,
then the surviving set is an interval containing a.

Proor. The initial set is the whole axis. The set of most-preferred alternatives of a single-
plateaued agent within an interval is itself an interval. If the update retains a, the new interval
contains a. The result follows inductively. O

THEOREM 6. Single-plateaued preferences on a common axis are 2-prefix-compressible. Consequently,
the RSD share of a target alternative admits an FPRAS on this domain.

Proor. Fix R and o with Q(R, o) # @, and let p be a successful ordering of R.

If every agent in R has a in their plateau, then, while a survives, agent i maps a current interval S
to SN P;. These intersections commute. Hence the surviving set immediately before ¢ is independent
of the order of R, and the empty tuple witnesses prefix compressibility.

Otherwise, let y be the first agent in p whose plateau does not contain a. All preceding agents
have plateaus containing a, so immediately before y acts the surviving set is S = [\ preceding y Px>
an interval containing a. Suppose Py lies strictly to the left of a. Since the ordering is successful,
S cannot intersect Py; otherwise y would retain only alternatives strictly to the left of a. Hence
y’s most-preferred alternative in S is its left endpoint. For a to survive, that endpoint must be a,
and y reduces S to {a}. There must be at least one preceding agent: if y were first, then the whole
axis would still contain alternatives in P, strictly to the left of a, so y could not retain a. The left
endpoint of the finite intersection S is the maximum of the preceding plateau left endpoints, so
some preceding agent x has plateau left endpoint a. Placing x first and y second again makes y
select a uniquely from P;. The surviving set becomes {a}, after which the remaining agents and
the fixed suffix cannot change it.

The case in which P, lies strictly to the right of a is symmetric, using a preceding plateau whose
right endpoint is a. Thus, an ordered tuple of at most two agents works in every nonempty restricted
state space. Theorem 5 supplies the insertion-chain FPRAS. O

7.4 Dichotomous single-peaked preferences

Suppose each agent has a dichotomous preference whose approval set is an interval I; = [£, r;] on
a common axis. Fix a target alternative a and let X = {i : a € I;} be its approvers.

THEOREM 7. Dichotomous single-peaked, or interval-approval, preferences on a common axis are
2-prefix-compressible. Consequently, the RSD share of a target alternative admits an FPRAS on this
domain.

Proor. Fix a nonempty Q(U, o), and let Xy = U N X. Set

]:mli,

ieXy
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interpreting the empty intersection as the whole alternative set. When Xy # @, every interval
in this intersection contains a. Choose an approver with maximum left endpoint and one with
minimum right endpoint. Their intervals already intersect in J. Place these agents first, using one
agent if they coincide; when Xy = @, use the empty tuple. The surviving set after this prefix is J.

In any successful ordering of U, every disapprover leaves the current set unchanged, since a
nonempty approval intersection would eliminate a. Every approver intersects it with an interval
containing a. Consequently, the set at every such disapprover’s turn contains J, and the set im-
mediately before ¢ is exactly J. Each disapprover’s approval interval is therefore disjoint from
J.

After the chosen prefix, every remaining approver contains J and every remaining disapprover
has approval interval disjoint from J. All remaining agents thus leave J unchanged in any order.
The suffix o starts from the same set as in the original successful ordering and still selects a. This
proves 2-prefix compressibility, so Theorem 5 applies. O

8 CONCLUSIONS

Table 1. Summary of the computational results.

Preference restriction or state-space Computational conclusion
structure

Strict preferences Exact polynomial-time computation; RSD is random dictatorship.

Poset-representable selecting permuta- An FPRAS follows from rapidly mixing linear-extension samplers.

tions

Single-plateaued preferences on a com- The Insertion Markov Chain mixes rapidly and gives an FPRAS via

mon axis Algorithm 1.

Dichotomous single-peaked preferences The Insertion Markov Chain mixes rapidly and gives an FPRAS via
Algorithm 1.

Arbitrary dichotomous preferences No FPRAS exists unless NP C BPP.

We studied the approximability of Random Serial Dictatorship shares. Our main complexity
result closes the long-standing general approximation question: unless NP C BPP, there is no
FPRAS, even on a highly restricted dichotomous domain. Thus, exact #P-hardness is accompanied
by a strong barrier to multiplicative approximation.

The negative result does not eliminate the usefulness of Markov-chain methods. The telescoping
framework isolates the algorithmic requirement: efficient approximate sampling from every suffix-
restricted set of selecting permutations. The natural Insertion Markov Chain is connected and
uniform on these spaces, but it can have exponentially small conductance. The same chain mixes
rapidly whenever the domain is c-prefix-compressible for a fixed constant c, including single-
plateaued preferences and dichotomous single-peaked preferences on a common axis. It therefore
supplies approximately uniform selecting permutations on all suffix-restricted spaces and an FPRAS
through the telescoping framework. Poset-representable selecting permutations provide a further
tractable class through rapidly mixing samplers for linear extensions. Table 1 summarises the
computational conclusions.
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A ALGORITHM IN SECTION 3.2

Algorithm 2 Sampler over permutations for which SD yields target alternative a € A
1 NN«—N
2 AAe— A
3 7" «— empty list
4 while N’ # 0 do
5 if a ¢ max,,(A’) foralli € N’ then
6 return “no permutations yielding a”
7 else
8 Consider the set {i € N’ : a € maxy,(A”)} and choose ani € {i € N’ : a € maxy,(A")}
uniformly at random from the set.
9 N’ «— N"\ {i}

10 A’ «— max;,(A')
11 Append i to 7*
12 endif

13 end while
14 return 7*

B PROOF OF LEMMA 4

ProOF. Let S be the surviving set after the common prefix of length i — 1, let x = 7’(i), and let
B be the block in positions i, ..., j — 1 of z. Since 7’ selects a, agent x retains a from S, leaving
SN Ex(a). Since r selects a, both § and the following x retain a in their original order. By Lemma 3,

SDsnky (a) (B) = Ex(a) N SDs(p) = SDs(px).
Thus xf and fx reach exactly the same surviving set. The remaining suffix therefore still selects a,
and the fixed suffix defining Qy is unchanged. O

C PROOF OF LEMMA 5

Proor. Given 7, 7" € Qy, repeatedly apply the insertion from Lemma 4 at the first position
where the current permutation differs from n’. Each move increases the common-prefix length, so
at most k — 1 accepted insertions transform x into 7’. This proves irreducibility. Laziness gives
aperiodicity.

Each ordered insertion proposal has probability 1/(2k(k — 1)). For every proposal that maps a
state 7 to a distinct state 7/, the reverse ordered proposal maps 7’ to 7. (An adjacent swap can
be generated by two ordered proposals in each direction.) Hence the total transition probabilities
satisfy P(r,n") = P(n’, ). The transition matrix is symmetric, so the uniform distribution is
stationary and the chain is reversible. O

D ILLUSTRATING THE INSERTION CHAIN AND THE COUNTING FRAMEWORK

Example 4 (Illustrating the insertion chain and the counting framework). Consider three agents
N = {1, 2,3}, two alternatives A = {q, b}, and target alternative a. Let the preferences be dichoto-
mous, with approval sets

App(1) ={a},  App(2) ={a b},  App(3) = {b}.
Thus, agent 1 approves only a, agent 3 approves only b, and agent 2 is indifferent between the two
alternatives.
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Starting from the surviving set {a, b}, serial dictatorship selects a if and only if agent 1 appears
before agent 3: if agent 1 acts first among {1, 3}, then the surviving set becomes {a}, whereas
if agent 3 acts first among {1, 3}, then the surviving set becomes {b}. Consequently, the set of
selecting permutations is

Q={rel™:SD(x) = {a}} = {(1,2,3),(1,3,2), (2 1,3)}.

and therefore
Q] 1
312

We now build the lazy Insertion Markov Chain on Q. The states are the three selecting per-
mutations 123, 132, 213. From a current state, the chain stays put with probability 1/2. Otherwise,
it chooses an ordered pair (i, j) € [3] X [3] with i # j uniformly at random, removes the agent
currently in position j, and reinserts that agent into position i, accepting the move only if the
resulting permutation remains in Q.

For example, from state 123, exactly two ordered insertion proposals lead to 132, namely (i, j) =
(2,3) and (3, 2), and exactly two ordered insertion proposals lead to 213, namely (1, 2) and (2, 1).
Since there are 3 - 2 = 6 ordered proposals and the non-lazy step is taken with probability 1/2, we
obtain

Q] =3 and Sq =

1 2 1
P(123,132) = = - = = =,
2 6 6
1 2
P(123,213) = - P(123,123) = 3
A similar calculation gives
P(132,123) = ! P(132,213) = !
b - 65 b - 123
3
P(132,132) = =,
4
and
P(213,123) = =, P(213,132) = —
b - 63 b - 123
3
P(213,213) = -

Hence, in the state order (123,132, 213), the transition matrix is

2/3 1/6 1/6
P=|[1/6 3/4 1/12].
1/6 1/12 3/4

This example also illustrates the telescoping counting method of Section 5. In the state space Q,
the final position is occupied by agent 3 in two states (123 and 213) and by agent 2 in one state
(132). Thus

1 2

Rs1 =0, R3p=—, Rs3 = —.
3,1 3253 3353

Fixing the most frequent final agent 3 yields the suffix-restricted state space

Q, = {12, 21},
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Full state space Suffix-restricted state space
Q={(1,2,3),(1,3,2),(2,1,3)} Q={(1,2),(2 1)}

fix agent 3
in the final position

1 1
6 ) 2
Rs3 =%

Agent 3 is fixed in the final position. The
omitted self-loop probability at each state is %

Y

Self-loops are omitted: P(123,123) = %
and P(132,132) = P(213,213) = 3.

Fig. 1. Illustration of the lazy Insertion Markov Chain and the suffix-restricted counting procedure. The left
panel gives the full chain on the permutations selecting a. Since agent 3 occupies the final position in two of
the three states, fixing agent 3 last produces the two-state chain on the right. The telescoping calculation
gives |Q| = (2/3)71(1/2)7! = 3, and hence s, = 3/3! = 1/2.

corresponding to the original states 123 and 213. In Q,, each remaining agent appears in the final
unfixed position with probability 1/2. Therefore,

1 1 1 1
|Q|:—‘—:—~—:3
Rss Ryp  2/3 1/2

Dividing by 3! recovers the RSD share
el 1

EETEP)

Thus, this small example illustrates both how the insertion chain is constructed and how suffix-
restricted sampling can be used to count the selecting permutations. Figure 1 illustrates the lazy
Insertion Markov Chain on a tiny instance. The selecting permutations are Q = {123, 132, 213},
so the exact RSD share is 3/3! = 1/2. The figure also visualises the suffix-restriction step used by
Algorithm 1: since agent 3 occupies the final position in a 2/3-fraction of the states in Q, fixing
3 last yields the reduced state space Qy = {12, 21}, from which the telescoping product recovers
Q= (2/3)7'(1/2)7" =3.

E PROOF OF THEOREM 3

Proor. Apply Lemma 2 to the complete bipartite graph G = K., with sides V, and Vi and with
q = 2r test agents. There are n = 4r agents. Retain the lemma’s notation I(x) for the vertices
occurring after the first test agent. Every independent set of K., lies entirely in one side, so

Q={r:1I(nr) CV}U{r: I(n) C WR}.
The intersection is B = {r : I(nr) = @}, where all vertex agents precede all test agents. Set
S={r:2#I(r) C W}

By symmetry, 0 < 7(S) < 1/2 for the uniform stationary distribution 7.
Every accepted transition leaving S enters B. Indeed, moving a vertex agent changes only that
vertex’s membership in I (), so it cannot replace a nonempty subset of Vg by a nonempty subset
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of V1. Moving a test agent preserves the relative order of all vertex agents, so the old and new sets
I() are nested. This also precludes a transition between the two nonempty sides.
The counts in Lemma 2 now give

Wst1 2r+s

ws = (2r —s)!(2r)(2r +s — 1)), |B| = wo = (2r)!(2r)!, =
Ws 2r—s

for 0 < s <r. Thus wg > wg for0 <s <r,and

r

1= (:)w > (2" - 1)|B.

s=1

By reversibility and the boundary property, Q(S,S) = Q(S, B) = Q(B,S) < 7(B). Therefore,
_QsS) _ 1Bl _ 1

(S) TS| T 2r-1
The standard conductance bound for lazy reversible chains [Levin et al., 2009] yields
1 2N -1
tmix(1/4) = w21
Since n = 4r, this is exponential in the number of agents. The instance has r? + 1 alternatives and
an explicit approval matrix of polynomial size in r, so the lower bound is also superpolynomial in
input length. O

F PROOF OF THEOREM 5

Proor. Consider a nonempty suffix-restricted state space Qr = Q(R, o). A witnessing prefix of
length b < min{c, k} gives |Qx| = (k — b)!, and hence
Mo B e
Q| — (k= b)!
For k = 1 the state space is a singleton. Assume k > 2. By Lemma 5, the Insertion Markov
Chain is lazy and has uniform stationary distribution. Each nontrivial canonical-path transition
has probability at least 1/(2k(k — 1)); adjacent swaps have two insertion proposals, which only
increases this probability. Lemma 6 therefore gives

k!
p < 2k(k = 1) max LR e m 1y KL < ogperz
e |kl |l
Every path has length at most k — 1 < k, and 7min = 1/|Qk| = 1/k!. The canonical-path bound

yields
1
tmix(n) < 2k (log(k!) +log —) )
n

This is polynomial for fixed c. Each transition can be implemented in polynomial time by simulating
serial dictatorship, so Theorem 2 applies. O
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