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Abstract

We introduce a novel collective decision making problem that captures the ubiquitous issue of
ordering food to cater for varied dietary preferences and requirements. Our settings involve
agents with diverse dietary requirements over menu options with varied serving sizes. The
goal is to select a menu where everyone has enough food they can consume and wastage of
food is minimized. We introduce two different consumption models: optimistic and pessimistic.
Optimistic consumption assumes a situation when a central planner can optimally allocate
the food ordered among the agents to maximize the number of people who get enough to eat.
Pessimistic considers the worst case guarantee on consumption when agents fill their own plates
in an arbitrary order. Under either consumption model, we seek valid menus (under which all
agents are sufficiently fed) of minimum size.

Our work provides two sets of characterizations: (1) we characterize valid menus under
either consumption model and (2) we characterize the space of instances that admit polynomial-
time algorithms to find minimum sized menus. Our results also help us design Integer Lin-
ear Programs to find minimum sized menus in general settings. Furthermore, we present
polynomial-time algorithms for important special cases. We then consider the worst case dis-
crepancy between the size of minimum sized optimistic and pessimistic menus. We call this
the waste of pessimism captured by the ratio of the minimum sized pessimistic menu to that of
the minimum sized optimistic menu. We show tight upper bounds on this ratio. Our results
also provide additional insights on the problem of finding a minimum sized maximal matching,
which may be of independent interest.
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1 Introduction

Deciding on a suitable menu catering to varied dietary requirements is a ubiquitous problem when
sharing food — a quintessential human activity that transcends borders and divisions. Everyday,
millions of people debate on how to choose a non-wasteful menu order for a group to jointly
consume at an eatery of some sort. It is important to decide on an order which ensures enough
food for everyone but at the same time is not so large that it leads to wastage. The choice of food to
be shared may be affected by the various dietary restrictions and requirements among the diners.
Dietary restrictions can stem from religious, ethical, health or many other considerations. For
example, some people only eat vegan. Others avoid nuts because of allergies. Some cannot tolerate
spice. In the broader sense, menu composition also comes into play when designing humanitarian
food packages as outlined by United Nations High Commissioner for Refugees (UNHCR) with
different standards for children, the elderly, infirm, and other groups.1 When ordering food, we
want to ensure that people have enough food that they find feasible to eat but not so much that it leads
to unnecessary waste. The need for small sized menus may be from a variety of factors such as the
food waste or the storage requirements from leftovers being minimized. We refer to the problem of
finding a minimum sized menu that feeds everybody as the Menu Selection problem.

For a given menu, what food is actually consumed, depends on the order in which people fill
their plates and what they choose. If a central planner allocates the selected food among the agents,
it is easier to ensure the consumption is maximized and wastage, in turn, is minimized. In contrast,
if the agents fill their own plates coming in an arbitrary order, much more food may be wasted. A
less restricted person may end up consuming food intended for someone who can only eat from a
limited number of options. This may leave the person with more food restrictions with nothing to
eat. When ordering food, one could potentially order a separate acceptable dish or menu option
for each person. However, such an approach can be quite wasteful especially if each menu option
serves multiple people. The central problem of this paper is how do we design a menu order that
ensures that wastage is minimized and everyone is well-fed under pessimistic and/or optimistic
perspectives. To this end, we introduce a formal, conceptual framework which captures how the
ordered menu is consumed. The smallest menu that feeds all agents will have the least food waste.
Consequently, we focus on finding minimum sized menus that feed all agents.

Example 1.1 (Motivating Example). Consider an example where there are four agents 1,2,3, and 4 who
want to order something to eat together. The first three agents are vegetarian whereas agent 4 can also eat
meat. There are two food options o1 (a vegetarian pizza) that serves 3 agents and o, (a chicken burger)
that serves 1. Since agents 1,2, and 3 are vegetarians, they can only eat the pizza and hence only find 0,
acceptable. On the other hand, agent 4 finds both food options acceptable. This acceptability relation can
be represented as a bipartite graph (Figure 1). Note that s, denote the serving size of option 0;, i € {1,2}.
The vegetarian agents 1,2, and 3 (denoted by a green leaf icon next to them) only have edges to option 01
representing pizza (with a green pizza slice next to it), while agent 4 has edges to both food options.

The goal is to order sufficient food for the agents. If the order is {01, 02}, it provides sufficient food and
guarantees no food wastage for the agents as long as agent 4 does not eat any part of option oy1. There is risk
that if agent 4 eats some of the pizza, then the other agents will not have sufficient amount of acceptable food.
On the other hand, if two units of 01 are ordered, then the agents have sufficient food to eat irrespective of
who eats what. In this case, 2 servings of food are wasted. Ordering two units of 0y is risk averse but it leads
to food wastage.

1https ://emergency.unhcr.org/emergency—-assistance/food-security/
emergency-food-assistance-standard


https://emergency.unhcr.org/emergency-assistance/food-security/emergency-food-assistance-standard
https://emergency.unhcr.org/emergency-assistance/food-security/emergency-food-assistance-standard

Agents

Options

So, = 1

Figure 1: A graphical representation of agents and options described in Example 1.1, with vegetarian
agents indicated by a leaf icon on the left.

Ordering more food than necessary invariably leads to food waste. Minimizing food waste
at the consumer end is a concern across the developed world. Whether due to food being quick
to spoil, limited to no storage for leftovers, or the increased cost associated with ordering more
food. When ordering food collectively, it is imperative to minimize food waste. On a global scale,
halving the total amount of food wasted is one of the United Nations” Sustainable Development
Goals, specifically target 12.3.2 Some prior work has gone into algorithms for selecting menus
[28] and on computationally minimizing food waste by learning food preferences and restrictions
[29, 46]. To the best of our knowledge, the objectives have not been studied together. We study a
complementary setting where we are already equipped with the knowledge of individual food
restrictions and aim to select a menu that can minimize food wastage, while everyone is well-fed.

Our Contributions

Conceptual Contribution. We detail a new formal model for a natural collective choice problem
that concerns ordering food with the goal of feeding a group while minimizing waste. Our setting has
a set of n agents, a set of m options each with associated serving size s, and each agent i has an
associated acceptability set A; consisting of all options i can consume. We develop two models of
consumption to capture two extremes of how people may eat: optimistic and pessimistic.

Intuitively, these concepts are based on whether agents’ plates are filled in a centralized or a
decentralized manner. We call the former optimistic consumption, where a central entity is able
to serve each agent food they find acceptable. We call the latter as pessimistic consumptions, we
consider the worst case where agents may fill their plates themselves, in an arbitrary order. This
setting allows for some agents to “adversarially” fill their plates in order to minimize the food
available to a specific set of agents. For either consumption model, we wish to ensure that there is
enough food for all agents. We call a menu which ensures that every agent is fed as optimistically
or pessimistically valid. These terms are defined in Section 2. We defer an extended discussion on
how our model relates to existing work to Appendix A.

Further, this introduces a new line of questioning: given a fixed algorithm and partial control
on the input instance, can we ensure optimal outcomes with minimum inputs? Specifically,
optimistic consumption is captured by a maximum cardinality matching between agents and the
menu. In turn, pessimistic consumption is captured by the minimum sized maximal matching.
Consequently, the problem of finding a minimum size valid menu is the same as ensuring the
respective matching algorithm produces an agent-saturating matching. In Section 3, we show
the equivalence between these matching based definitions and the motivating picking sequence
approach. These characterizations help us design algorithms to find minimum sized menus. They
also inform our subsequent results. Further, we adapt the well studied notion of price of anarchy to
this setting and call it the waste of pessimism. Specifically, this is the ratio of the sizes of the minimum
sized pessimistically valid menu to that of the minimum sized optimistically valid menu. Our
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Min Sized Valid Menus Waste of

Optimistic Pessimistic Pessimism
NP-com (Prop. 4.2) NP-com (Prop. 4.3)
General O*(2") P (Prog. 4.4) P P > ntd
So < 2 in P (Prop. 5.3) NP-comp  (Prop. 4.3)
Identical inP inP =1
Chained in P }(Prop. 5.5) inP }(Prop. 5.6) <2 }(Th. 6.1)
Laminar inP in P < n

Table 1: Summary of results on (1) computational complexity of finding minimum sized menus and
(2) known bounds on waste of pessimism.

tools and algorithms could inform food delivery apps, humanitarian aid packaging, and even
recommendations at restaurants in order to minimize waste and satisfy participating agents.

Our results can be classified along the following broad directions, and our algorithmic and
waste of pessimism results are also summarized in Table 1.

1. Characterizing valid menus under optimistic and pessimistic consumption,

2. Classifying instances that admit polynomial-time algorithms for computing minimum sized
valid menus, and

3. Obtaining tight bounds on the worst-case waste of pessimism.

Computational Results. We prove in Section 4.1 that checking if a given instance admits an
optimistically or pessimistically valid menu of size at most B is NP-complete. For the optimistic
case, this intractability result requires that serving sizes are at least 3. Meanwhile, for the pessimistic
case, the intractability holds even when all options have a serving size of one. Based on the
characterizations of valid menus, we design mixed integer linear programs (MILPs) for computing
minimum sized valid menus in Section 4.2. While these MILPs gives us practical tools for computing
minimum sized menus, they do not give good worst case guarantees. We develop a significantly
faster algorithm, parameterized with respect to the number of agents 1, for computing a minimum
sized optimistically valid menu in Section 4.3. Note that we typically expect the number of options
available m exceed the number of agents. Consequently, Algorithm 1 running in time O*(2") will
be faster, in practice, than a naive algorithm which is exponential in the number of options.

In Section 5 we complement the intractability results by providing polynomial-time algorithms
for computing minimum sized valid menus under several natural restrictions. We find that
the efficient algorithms apply to several common realistic settings. For the case of optimistic
consumption, we find polynomial-time algorithms for the following cases: (a) each option has a
serving size of 1 or 2 (presented in Section 5.1) and (b) Acceptability sets are laminar: for any two
agents, their acceptability sets must be either disjoint or one is contained in the other (provided
in Section 5.2). Laminar food restrictions seem quite natural: e.g., those who eat meat can eat
vegetarian food as well, similarly, those who prefer vegetarian food, can have vegan food as well —
satisfying laminarity. For pessimistic consumption, we find a polynomial-time algorithm when
acceptability sets are laminar. To this end, we refine the characterization for pessimistically valid
menus for the laminar setting. These results help us in analyzing the waste of pessimism.

Waste of Pessimism. In Section 6, we study the worst case discrepancy between the size of
minimum sized optimistic and pessimistic menus. We call this the waste of pessimism, captured by
the ratio of the size of the minimum sized pessimistic menu to that of the minimum sized optimistic
menu. We show tight upper bounds on this ratio for structured settings. Our main result is a tight
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bound for the case of laminar acceptability sets. Specifically, we show that given an instance with
laminar acceptability relations, waste of pessimism is at most 2}*, where 7 is the number of agents.
Interestingly, there is an instance where this bound is tight and the serving sizes are at most 2. In
contrast, we prove that the worst case bound to be 2 when we assume chained acceptability sets,
i.e., for any two agents, the acceptability set of one must be a subset of the other. Observe that the
laminar setting is a generalization of the chained setting. This shows that the worst case blowup in
menu size is not very significant when agents do not have restrictive requirements.
Consequences For Computing Minimum Sized Maximal Matchings. Throughout the pa-
per we use matchings as a tool to both describe consumption models as well as find solutions.
Specifically, we use minimum sized maximal matchings to define pessimistic consumption. As
a result, our characterization for pessimistically valid menus also provides insights on deciding
given a bipartite graph, whether the minimum sized maximal matching saturates one side of the
bipartition. Further, a consequence of our algorithm for laminar acceptability sets shows that a
minimum sized maximal matching can be computed when neighborhoods of vertices are laminar.
Any omitted proofs are deferred to the appendix.

2 Model

We consider a set of agents N = {1,2,...,n} and a set of options O = {0y, ...,0,}. Each option
can be viewed as a dish that could potentially feed multiple people. We assume all agents need the
same amount of food and will not eat more than what they need. The term s, € Z \ {0} indicates
the serving size of 0 € O, that is, how many people can be fed by one quantity of 0. For example, a
pasta dish may serve one person, but a large pizza is intended to be shared by multiple people.

Each agent i € N has a set of acceptable options A; C O that do not violate i’s personal dietary
requirements. We assume that all options in O \ A; are not consumable by/unacceptable to i.
Each agent has a requirement of getting a serving of one unit of food from any of the options
that are acceptable to them. Note that agents do not express preferences over dishes beyond the
dichotomous preferences of acceptable vs unacceptable. Without loss of generality, we assume that
for each 0 € O, there exists some i € N s.t. 0 € A;; otherwise we could discard the option.

Our aim is to select a minimum sized menu that can feed all agents something they find
acceptable, i.e., a menu order or, more simply, menu M is a multiset of elements in O along
with the quantity selected for each option. We use the notation g,(M) to denote the number of
occurrences of 0 € O within M. That is, g,(M) is the quantity of o ordered under M. We use
size(M) = Y ,c0 goSo to denote the size of menu M. Given a set S C O, we shall use M|s to denote
the menu M’ where q,(M’) = g,(M) for each 0 € S and g,(M’) = 0 for each o € O\ S. We call
our menu planning problem as the MENU SELECTION problem and denote an instance of it by

I =(N,O, (s0)oco, (Ai)ieN)-

Example 2.1 (MENU SELECTION instance). We now revisit the informal Example 1.1 and reframe it in
the notation introduced. Consider a problem with 4 agents N = {1,2,3,4} and two options O = {01,02}
where sy, = 3and s,, =1, and Ay = Ay = Az = {01} and Ay = {01,02}.

Consumption Models

When ordering food, we typically have some natural constraints. Our primary constraint is that
the selected menu should ensure that each agent has enough food to eat. Further, it is important to
note that if agents are allowed to fill their plates, however they wish, one at a time in some order,
then a menu that might suffice for everyone under one ordering of the agents may not be sufficient
under another. To this end, we study two consumption models: optimistic and pessimistic. We
say that a menu is valid under a specific model, if under that model, there is enough acceptable



food for each agent. In order to capture the ways in which agents may consume from a menu, we
introduce the following tool:

Definition 2.1 (Consumption Graph). Given a MENU SELECTION instance I = (N, O, (A;)ien,
(S0)oco) and a menu M, the consumption graph of M, denoted by Gpy(I) = (N, Opm, Epm), is a bipartite
graph where there is a vertex for each agent i and q,(M)s, vertices for each option o € O. There is an edge
from i toa copy of 0 s.t. go(M) > 1ifand only ifo € A,.

We shall capture how agents fill their plates from the selected menu by a matching on this
consumption graph. Given a menu M, x is a feasible matching if x : N x O — [0,1], s.t. Ypea, Xip < 1,
Yien Xio < go(M)s, and x;, > 0 only if 0 € A;. That is, x;, denotes the amount of option o that i
consumes, where i only consumes acceptable options and the maximum amount of 0 consumable
is go(M)s,, where q,(M) is the quantity of 0 ordered. Note that we use a definition of matchings
consistent with linear programs, in order to simplify our discussion of ILPs later. Furthermore, it is
well known that the linear polytope is integral [49]. Consequently, we shall assume, without loss of
generality, that any feasible matching x that we compute is integral.

Optimistic Consumption

Under the optimistic consumption model, we effectively assume that a central planner fills every-
one’s plates such that all agents have enough acceptable food to eat. This can be seen as a setting
where agents’ plates are being prepared beforehand and being served to the agent at the table.

Definition 2.2 (Optimistically Consumed Amount A). Given a MENU SELECTION instance I =
(N, O, (A))ien, (S0)oco) and a menu M, let x be the maximum sized matching of the consumption graph
Gm(I). The optimistically consumed amount of M is A(M) = Y_(; 0)enx0 Xio, that is, the size of x.

Optimistic Consumption setting can be thought of as a generalization of set cover. In set
cover, each set covers all its constituent elements but in our setup, one option can only cover the
corresponding serving size. As we need to feed all agents, we look for optimistically valid menus.

Definition 2.3 (Optimistically Valid Menus). Given a MENU SELECTION instance I =
(N, O, (Ai)ien,(S0)oc0), a menu M is valid under optimistic consumption, or is optimistically valid, if
A(M) = n. We use A(I) to denote the space of all optimistically valid menus.

That is, M is optimistically valid if there exists a feasible matching x : N x O — [0,1], s.t.
Y oco Xip = 1. Observe that if there is such a matching, we can divide the food among the n agents
that each agent gets a sufficient amount of something they find acceptable. We shall call this the
optimistic consumption matching.

Observe that optimistic consumption is not always feasible in practice, for instance at children’s
birthday parties or in airplanes. Consider when there are two passengers on an airplane and
one of them is vegan. Optimistically, it would suffice to have only one vegan meal and one meat
based meal. If the non-vegan passenger is asked for their meal choice first and they take the vegan
meal, then the vegan passenger is left with nothing to eat. To this end, we also study pessimistic
consumption.

Pessimistic Consumption

Under pessimistic consumption, we allow agents to fill their plate in any manner, so long as they
only eat from acceptable options and do not purposefully waste food. That is, we only consider
those settings, where if an agent has a plate that is not full, there should be nothing left for them
to eat. Allowing for complete autonomy in this manner, we wish to ensure that there should be
enough food for each agent. We capture such consumption using maximal matchings.
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Figure 2: Consumption graphs of the minimum sized menus in Example 2.2. The corresponding
optimistic and pessimistic matchings are drawn in red. Edges not in the matching are dashed.

Formally, we call a matching x for the consumption graph Gy maximal if for each i € N s.t.
Y oco Xipo < 1, we have that for each option o € {0 € A;|q,(M) > 0}, itholds Y_scn Xio = Go(M)s,.

Definition 2.4 (Pessimistically Consumed Amount 7). Given a MENU SELECTION instance I =
(N,O, (A))ien, (S0)oco) and a menu M, let x be the minimum sized maximal matching of the consumption
graph G (I). The pessimistically consumed amount of M is y(M) = Y.; o)enx0 Xi,o, that is, the size of x.

Definition 2.5 (Pessimistically Valid Menus). Given a MENU SELECTION instance I =
(N, O, (Ai)ien, (S0)oco), a menu M is valid under pessimistic consumption, or is pessimistically valid, if
v(M) = n. We use T'(I) to denote the space of all optimistically valid menus.

Analogous to the optimistic setting, we shall call the minimum sized maximal matching
x: N x O — [0,1] as the pessimistic consumption matching.

Example 2.2 (Optimistically and Pessimistically Valid Menus). Consider Example 1.1 with 4 agents
N = {1,2,3,4} and two options O = {o01,02} where s,, = 3and s,, = 1,and Ay = Ay = Az = {01}
and Ay = {01,02}. Then {01, 02} is an optimistically value menu. However, it is not pessimistically valid.
The menu {01, 01} is pessimistically valid. We illustrate these menus in Figure 2.

Remark 2.1. Consider an instance where for each agent |A;| = 1. In this case, we need to order the one
item this agent finds acceptable or they will not be able to eat. Specifically, for each option o € O, we need

[{ieNJoeA;}|
So

to order [ W quantities of 0. Recall that for each option, we assume at least one agent finds it

acceptable. In the case where | A;| = 1, each option must be ordered. This is a minimum sized optimistically
and pessimistically valid menu.

3 Characterizations of Valid Menus

In this section, we provide characterizations of optimistically and pessimistically valid menus.
These characterizations also help connect our graph theoretic definitions of consumption to the
motivation: ensure that each agent is fed one unit of acceptable food. To this end, we first define a
consumption sequence to denote the order in which the options in a given menu are consumed.
Recall that given S C O and a menu M, M|s denotes the multiset that contains as many copies of
0 € S as M and no copies of options not in S. For the purposes of this section and its proofs, we
shall use the notation M to denote the multiset containing q,(M)s, quantities of each option o € O.
We say that 77 is an ordering over N or a picking sequence if 7 : [n] — N and 7 is a bijection.

Definition 3.1 (Possible Outcome). Given a MENU SELECTION instance I and a menu M and a picking
sequence 7T, we say that w : [n] — O U@ is a possible outcome of 7t on M if for each k € [n], we have that
w(k) € Mk|An(k) where MF = M\ (Up < w(K')), i.e., M¥ is the set of available options after the first k — 1

agents have picked and MF| A 18 the set of options in M that are acceptable by the agent 7t(k). Further, it
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must hold that w(k) = @ < ]\7Ik|An(k) = @. We use Q(7t, M) to denote the space of all possible outcomes

of 7t

In other words, w captures one possible outcome of agents picking food according to picking
sequence 7 s.t. at the k' turn agent 7t(k) picks one unit of an acceptable option from M, if any are
left. Recall that our motivation for the optimistic case was to ensure that there was some way to
ensure that each agent finds something acceptable to eat. The following characterization shows
that our definition does precisely this.

Theorem 3.1. [Characterization of optimistically valid menus] Given a MENU SELECTION instance
I =(N,O, (Ai)ieN, (S0)oco) and a menu M, the following conditions are equivalent:

1. M is optimistically valid;
2. The consumption graph Gy admits matching of size n;

3. There exists a picking sequence 7t and a possible outcome w of 7w on M s.t. for each k € [n], w(k) # @.

Remark 3.1. Note that in the proof of the above theorem, when constructing a consumption sequence for an
optimistic menu, the exact ordering of agents is irrelevant, as long as their chosen option is consistent with a
maximum cardinality matching of the consumption graph Gy.

We now turn to pessimistic menus. Recall that a menu M is pessimistically valid if every
minimum sized maximal matching of Gps has size n. Note that, the exact computation of a
minimum sized maximal matching is not essential to check for pessimistic validity. It's only
necessary to check its size is n. Specifically, even those maximal matchings that capture adversarial
behavior towards any one agent need to have size n. To this end, we need that for each agenti € N,
there should be more food ordered from A; than the other agents N \ {i} combined can eat. We
capture this risk to pessimistic validity as follows:

Definition 3.2 (Pessimistic Risk p). Given a MENU SELECTION instance I and a menu M, for an agent
i € N, the pessimistic risk under M denoted by p;(M) is the size of the maximum cardinality matching
between N \ {i} and M|4,.

We find that this definition helps us succinctly capture a necessary and sufficient condition for
pessimistically valid menus.

Theorem 3.2. [Characterization of pessimistically valid menus] Given a MENU SELECTION instance
I =(N,O, (Ai)ien, (S0)oco) and a menu M, the following conditions are equivalent:

1. M is pessimistically valid;
2. For every agent i € N, we have that size(M|4,) = Yoca, o(M)so > 1+ p;(M);
3. For every picking sequence 7t and every w € Q(7t, M), we have that for each k € [n], w(k) # @.

Partial Proof. We defer the proof for the equivalence of (1) and (2) to Appendix B. Assuming this
equivalence holds, we now prove the remaining case.

Equivalence of statement (3) to pessimistic validity. Let M be pessimistically valid. Consider
a consumption sequence w of M with a corresponding ordering 7t. Recall that for any k € [n],
each preceding agent, under 7, can consume at most one unit of an option acceptable to agent i.
Consequently, we have that the difference between the number of units of acceptable options for



agent 77(k) under M and that under M is size(M\Aﬂ(k)) - size(]\71k|An<k)) < pi. As M is pessimisti-
cally valid, from (2) we have that size(M|4,) = Loc, 4o(M)so > 1+ p;(M). Consequently, M*| Ary
must be non-empty. As a result, w(k) # @ for each k € [n].

Finally, for the converse, let M be a menu s.t. for every consumption sequence w of M, we
have that for each k € [n], w(k) # @. Fix agenti € N. Let x be maximum cardinality matching
between N \ {i} and M|,, . Consider an arbitrary ordering 7r under which 7(n) = i. That s, i
is the last agent to pick from M. Let N' = {j € N\ {i}| Yoea; Xjo = 1}. Consider a choice of
w s.t. for (k) € N' and the option o for which Xn(k),o = 1, we set w(k) = o. Forall k € [n] s.t.
k ¢ N, choose w(k) arbitrarily from M¥, whenever M is non-empty. It is straightforward to see
that w is indeed a consumption sequence for M. Consequently, it must hold that w(n) # @, by
assumption. As a result, we must have that M"| 4, must be non-empty. This gives us that the size of
xif pi = Yz Yoea,; Xjo < Loca, Go(M)so.

Hence, we have that for each i € N, size(M|4,) > p; and thus, M is pessimistically valid. O

4 Computing Minimum Sized Valid Menus

We now explore the computational aspects of finding minimum sized menus that are optimistically
or pessimistically valid. As mentioned before, this problem is a generalization of the SETCOVER
problem so it is unsurprising that it proves to be computationally intractable. We first discuss the
complexity of finding minimum sized menus, then give exact algorithms for finding minimum
sized optimistically valid menus.

4.1 Computational Complexity

Before settling the complexity of computing a minimum sized menu, we first discuss the com-
plexity of verification of validity. Observe that one way of checking if a menu is optimistically or
pessimistically valid is to compute the optimistically and pessimistically consumed amount.

Proposition 4.1. Given a MENU SELECTION instance I and a menu M
1. the amount of M that is optimistically consumed A(M) can be computed in polynomial time,
2. it is NP-hard to compute the amount of M that is pessimistically consumed (M), and
3. it can be checked in polynomial time if M is optimistically and/or pessimistically valid.

Remark 4.1. Given a graph G = (V, E) using Proposition 4.1, we can check in polynomial time if the
minimum sized maximal matching has size |V|.

We now show that finding a minimum sized optimistically valid menu is NP-hard even when
each agent finds at most two options acceptable and each option has serving size three. The proof
is via a reduction from the 3DIMENSIONALMATCHING (3DM) problem.

Proposition 4.2. Given a MENU SELECTION instance I = (N, O, (A;)ien, (So)oco) and size B > n
where s, > 3, it is NP-complete to decide if there exists an optimistically valid menu of size at most B.

We show the NP-hardness of finding minimum sized pessimistically valid menus via a reduction
from the Exact Cover (X3C) problem, which is known to be NP-complete. [30].

Proposition 4.3. Given a MENU SELECTION instance I = (N, O, (A;)ien, (S0)oco) and size B > n
where s, = 1, it is NP-complete to decide if there exists a pessimistically valid menu of size at most B.
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Figure 3: Consumption graph for set gadget for a set S; = {e1, e, e3} with the case for S; in X3C

shown in solid red edges and not in S; shown in dashed green edges.

Proof Sketch. We give a reduction from the EXACT3COVER (X3C) problem, which is known to be
NP-hard [30]. It is formally defined as follows:

EXACT3COVER (X3C)

Given: A universe U of 3k elements and a family of ¢ subsets S, where for each S; € S, we
have that |S;| = 3.
Question: Do there exist k mutually disjoint subsets {S;,- -, Sik} which cover U, that is,
Uie Si; = U?

jEK] 25

Given an instance of X3C (U, S), we create a MENU SELECTION instance as follows: For each
element ¢ € U, create element agent i,. For each subset S; € S, create three set agents j!, jb and j}
and options 0!, - - - ,0}. Foreacho € O, we sets, = 1. Foreach S; € S, let §; = {¢!, ¢}, e} }. For each
z € [3], Ay = {o},0}}. Furthermore, add o} to A;,_ for each z € [3].

Consequently, we create an instance with n = 3(k + /) agents and m = 4/¢ options. For
each e € U, A;, contains exactly one option corresponding to each subset containing e. We
illustrate a set gadget for set S; = {ej1, ez, e3} in Figure 3. We show than an X3C exists if and
only if there is a pessimistically valid menu of size n = 3(k + ¢). Note that if an X3C exists, say
{Si,,- -+ ,Si.}, we can create a pessimistically valid menu M of size n. For each set S; € {S;,,---,S;,,
we set q, (M) = ¢, (M) = (M) = 2 and g, (M) = 0. For each set S; ¢ {S;;,--,S;, }, we set
qotl(M) = qoé(M) = 4o} (M) =0and 9o}, (M) =3. o

4.2 Mixed Integer Linear Programs for Minimum Sized Valid Menus

We now provide Mixed Integer Linear Program (MILP) formulations for finding minimum sized
valid menus. MILP solvers allow us to find solutions quickly, in practice. Throughout this
discussion, we shall slightly overload our notation and use g, to denote the chosen amount of
option o. Observe that every choice of (4,),c0 has a bijection to the space of menus. Consequently,
we shall talk about a choice of (g,)oco and its corresponding menu interchangeably. Further,
variables x,, x) and y; shall be binary variables denoting whether the corresponding option/agent
is selected.

Optimistic Consumption.

We now present an MILP formulation for computing a minimum sized optimistic menu. Here, we
take a MENU SELECTION instance I = (N, O, (A;)ien, (S0)oco) as input. We use m variables g, for
each o € O to denote the quantities of each option 0. We further denote x! to denote a maximum
cardinality matching between agents and their respective acceptable options. The MILP below
is essentially adding minimum sized quantity objective function on top of a classical bipartite
matching linear program.



minimize Z GoSo

0€0
subjectto Y x < goS,, 0€0
iEN |
Yoxho >1, ieN
OGAI' )
x,  €][0,1], ie NoeO

9% €{0,1,---,[%]} o0€O

So

The MILP above has m 4 nm variables and 2m + 2n + mn constraints. Observe that for a
menu that is not optimistically valid, by definition, no matching can ensure that ) ,c 4); xi > 1.
Consequently, the polytope defined in the MILP above is feasible for a choice of (g,),c0 if and
only if the corresponding menu is optimistically valid. Further, as optimistically valid menus are
guaranteed to exist, there is always a solution for which the MILP is feasible. As a result, given a
MENU SELECTION instance I, the MILP finds a minimum sized optimistically valid menu.

Pessimistic Consumption.

We now look for an MILP for pessimistic consumption. We first give an ILP to check if a given
menu is pessimistically valid. Consider Theorem 3.2, where, to check for pessimistic validity for
each agent i € N, we compute a maximum cardinality matching from N \ {i} to options in A;.
Finding such a matching with an LP can be done by setting the objective function to maximize
the size of the matching. However, a construction which puts the matching size in the objective is
not useful when building minimum sized pessimistically valid menus. Consequently, we require
a polytope which is feasible if and only if the menu is pessimistically valid. Unlike the case for
optimistic consumption, we do not want to be able to match all agents in N\ {i}. Ideally, we would
like to find menus that minimize the size of this maximum cardinality matching.

There seems to be no straightforward way to encode a maximum cardinality matching, where
all agents need not be matched, solely through linear constraints. However, recall that we do not
actually need to compute a maximum cardinality matching. From Theorem 3.2, we only require
that each maximum cardinality matching from N \ {i} to M| 4, should leave some acceptable food
for agent i. In other words, we have that M is pessimistically valid for i if and only if there is no
option saturating matching for the graph between N \ {i} and M|,4,. From Hall’s theorem [34], we
can certify this without computing a maximum cardinality matching. Specifically, there must be
some set of options in M| 4, for which the condition in Hall’s theorem is violated. That is, there must
exist S C A;s.t. Yoesqoso > [{j € N\ {i} : AjNS # @}|. We capture this in the following ILP
which will be feasible if and only if such a set S exists. In this way, we combine our characterization
in Theorem 3.2 with Hall’s theorem to checkpessimistic validity through an ILP.

ILP Setup Given a menu M, we use the following ILP to check pessimistic validity for a fixed
i€ N.Let N' = {j € N\ {i}|Jo € A; N A;}. Observe that only the agents in N’ can be matched in
a maximum cardinality matching from N\ {i} to M| ,. We use x, to denote where 0 is in S and we
set y; to 1 iff for some 0 € A; N A; we have that x, = 1. We use variables of type x, to select options
and y; to select agents in N\ {i}. Consequently, we always choose x,,y; € {0,1}. Thus, the amount
of food within S is captured by } ,c 4, Xo4050, Wwhere x, =1 < 0 € S. For S to violate Hall’s theorem,
we have that the size of its neighborhood set, which is captured by Y icn\ (i} ¥j < Loe 4, XofoSo-
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minimize 1

subject to
Z XoGoSo > 1+ Z Y (Hall’s theorem violation certificate) 1)
0€A; jEN'
Y > %o jEN,0€ AiNA;j # 2)
i< Y % jeN' 3)
OEAiﬂAj
x, € {0,1} 0 € A;
y;j € {0,1} jEN!

Observe that the ILP above has at most n + m variables and at most nm + 2n 4+ m + 1 constraints.

Correctness of ILP  We now show that this ILP is feasible if and only if the given menu M is
pessimistically valid for i. Let the above ILP be feasible. Let ((xo)oca,, (¥j)jeni) be a feasible
solution of the ILP. Choose the set of options S = {0 € Aj|x, = 1}. Observe that this must be
non-empty under any feasible solution. The amount of capacity across these options is }_,cs oS0 =
YocA; XofoSo-

Observe that for each j € N's.t. there exists 0 € SN A;. For each of these agents, from constraint
2, we need y; > x, = 1. Consequently, it must hold that y; = 1, as each y; € {0, 1}. Further, for all
agents j € N\ {i} s.t. A;NS = @, by definition of S, we have that for each option o € A; N A;, it
must hold that x, = 0. Thus, by constraint 3, it must hold that y; = 0. Consequently, we have that
Yieniyi={j € N'[Jo € SN A;}| which is precisely the size of neighborhood of S.

As ((X0)oea,, (Vj)jeni) s a feasible solution of the ILP, we have that },c 4, XofoS0 > Ljeni Y-
Thus, by Hall’s theorem, no matching in the consumption graph of M| 4, can saturate the options in
M| 4,. Consequently, M must be pessimistically valid for i.

For the converse, let M be pessimistically valid for i. Thus, there must exist a set of options
S C Ajst. Yoesqoso > |{j € N'|30 € SN Aj}|. For each option o € A, setx, =1 < 0 € S.
For each j € N, set y; = min{1, },c AnA; Xo }. It is straightforward to verify that this is a feasible
solution for the ILP above.

Constructing Pessimistic Menus. We now extend the ideas in the previous ILP to get a
minimum sized pessimistically valid menu for a given instance M. To this end, we need to
construct a polytope that is feasible iff a menu is pessimistically valid for each i € N. Consequently,
for each i € N, we introduce variables xé, w’o and y;: whereo € Ajandj € N !, As before, we have
that N' = {j € N'\ {i}|30 € A; N A;}. We also now have g, as a variable for every o € O. Further,
we simulate the amount of food within the set from option o (for agent i) xig,s, by the variable w?.
We shall introduce constraints that ensure w!, = xg,s,.

As before, we set the range of the values of x) and y) to be only {0,1}, as they are selec-
tion variables. In order to choose the range of g, and subsequently w, we make the following
observation.

Observation 4.1. Given a MENU SELECTION instance I, under a minimum sized optimistically or
pessimistically valid menu M, we have that q,(M) < []. As a result, under M, the amount of food from
any fixed option o € O is go,(M)s, < 1+ s,.

Consequently, it is sufficient to set the range of values for g, as {0,1,- -, [ ]} and for w, to be
{0,1,- -+ ,n+s,}. Both of these values are determined by by the instance. Unfortunately, we cannot
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now simply use the previous ILP as is. Firstly, the previous ILP is focused on one agent. To this
end, we now replace variables of type x, and y; by x, and y§ for each i € N. Further, observe that
the term x,4,5, in the previous ILP is no longer linear now as g, is a variable. We need a way to set
W, t0 4,5, if x, = 1 and set w, = 0 otherwise. To this end, we introduce three new linear constraints
(5)-(7). If x, = 1, then (5) and (7) together ensure that w, = 4,5,, and (6) puts no restriction of w, as
(n +s,) is a large number. Otherwise if x, = 1, then w, = 0 due to (6).

minimize Z GoSo

0€0
subject to
Y wo =1+ Yy ieN (4)
0€A; JENI
wégqoso i€ N,o€ A, 5)
w!) < xi(n4s,) i€ N,o€ A (6)
W > goso — (1 — x5) (14 50) i€N,0€ A )
yi > ) i€N,jEN,0€ ANA; (8)
y;ig Yo o icN,je N 9)
0EANA;
x\ e {0,1} i€ N,o€ A
wf,e{O,l,---,(n—kso)} i€ N,oc A;
yt e {0,1} ieN,jeN
wefon 1)
0

We defer a discussion of the correctness and the size of the ILP to Appendix C. The correctness
is shown in two parts: we first show that wy, is always equal x;q,s, for every agent i € N and every
option 0 € A;. We then show that ILP above is always feasible for every menu planning instance.

4.3 Parameterized Algorithm for Minimum Sized Optimistic Menus

In this section we design a FPT algorithm to find a minimum size menu that is optimistically
valid parameterized by the number of agents. Recall from Observation 4.1 that under any valid
menu for any option q,(M) < n. Thus, we need to check at most n™ valid menus to find a
minimum size one. Consequently, there is a trivial O(n™) time algorithm. We present an algorithm
that significantly improves this running time by reducing our problem to the problem of finding
maximum weight partition. Towards this first we define maximum weighted partition. A tuple of
subsets (S1, Sy, ... Sk) of a set N is a partition of the set N if Uie[k]Si = Nand §;NS; = @ for each
pairi,j € [k], and i # j. The MAXIMUM WEIGHTED PARTITION problem [14] is defined as follows:

MAXIMUM WEIGHTED PARTITION

Given: A universe N, a set family F over N,a non-negative integer k € Z ., and functions
fi, f2, ... fr, and a target value B € R

Question: Does there exist a partition (51, Sy, ... Sx) of A in to k parts such that each S; € F
and the sum Y ;¢ fi(S;) > B?

Algorithm Overview. We use the variable k to denote how many distinct options are in a menu.
For each integer k € [m], we reduce the given instance of MENU SELECTION to an instance of
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Algorithm 1: Parameterized Algorithm via Maximum-Weight Partition

Input: Menu Planning instance (N, O, (4;)ien, (So0)oc0)
Output: An optimistically valid menu M
1 Let size = mn;
2 fork < 1tomdo
3 foreach 0; € O do
4 L Let N; < {i € N :iaccepts 0]'}; // Define feasible types of agents
5 | Define 7+ {N'CN;:N #£0,jc0};
6 foreach N’ € F do
7 Let O' <~ {0; € O: N’ C N; } and choose o’ € argmin;co/{|N'| mod s;};
8 Set f(N') <= —(|N'| mod s,); // Define weight for each type
// Solve maximum weight partition
9 | Compute a partition X = (Xj,..., Xx) of N with X; € F maximizing Y*_, (X;);
10 if size > the weight of X, then size = weight of X’;

11 Let (Xy,..., Xj+) be a maximum weight partition with weight size;
12 foreach z € [k*] do
13 L Let O, <~ {0j € O: X; C N; } and choose 0 € argminjco_{|X:| mod s;};

Set qo. (M) + Pﬁiw; // Define the menu

So,

1

S

15 foreacho € O\ {0, : z € [k*]} do
16 | Setq,(M) - 0;

17 return M;

MAXIMUM WEIGHT PARTITION. We use the set of agents as the set of elements. We generate the
family F to be the non-empty subsets of agents that all find an option to be acceptable. For each
such set N’ € F, we define the weights to be f(N’) = —(|N’| mod s)) where 0’ is an option that
minimizes this value among N;cnvA;. We find a maximum weight partition of the agents. For each
part (a subset of agents) of it, we order enough of an option that is acceptable to this subset of
agents and that has minimum waste. Finally, we output the minimum size menu over all k € [m].

Proposition 4.4. Given a MENU SELECTION instance I, let s,,4x denote the maximum serving size of any
option, i.e., Syax = MaXeeo So and m = |O|. Algorithm 1 computes a minimum sized optimistically valid
menu in O* (2"m3s 0y ) time.

5 Polynomial-time Algorithms for Structured Instances

We now complement our complexity results by showing that whenever the conditions for them
do not hold, we can, in fact, find minimum sized valid menus in polynomial time. Our results
throughout this section can be combined to give the following theorems.

Theorem 5.1 (Classifying Tractable Instances for Optimistic Consumption). Finding a minimum
sized optimistically valid menu is

a. NP-complete even for instances with s, = 3 for each o € O and

b. in P for instances with s, < 2 for each o € O or those with laminar acceptability relations.
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Theorem 5.2 (Classifying Tractable Instances for Pessimistic Consumption). Finding a minimum
sized pessimistically valid menu is

i. NP-complete even for instances with s, = 1 for each o € O and
ii. in P for instances with laminar acceptability relations

Remark 5.1 (Tightness of Intractability). Both our hardness reductions Proposition 4.2 and Proposition 4.3
create instances where for any two agents i,j € N, all three of the following sets may be non-empty: A; \ A;,
Aj\ Aj and A; N A;. When at most two are non-empty, we show that the acceptability sets must be
laminar (formally defined in Section 5.2). Further, the reduction in the proof of Proposition 4.2 for optimistic
consumption, constructs an instance with s, = 3 for each option o € O. In contrast, when s, < 2 a
minimum sized optimistically valid menu can be found in polytime via Algorithm 2. Consequently, our
computational results are tight in this respect.

5.1 Limited Serving Sizes

We now present our algorithm for s, < 2. Note that this is a fairly realistic assumption as many
restaurants only offer options for a single person or to be split between two. The algorithm
constructs a graph with weights on edges to decide how to choose which agents should share an
option with s, = 2 and which agents require an individual option.

Algorithm 2: Min Sized Optimistic Menus when s, < 2

Input: Menu Planning instance (N, O, (A;)ien, (So)oco) Where s, € {1,2} forallo € O
Output: An optimistically valid menu M
1 Initialize M < ©;
2 Create graph G = (V, E) where for each i € N, add vertex x;
3 Foreacho € Oandi € Ns.t.s,=1ando € A;, add node yf)
4 For each i, j s.t. there exists 0 € A; N A; with s, = 2, add edge (x;, x;) with weight
w(x;, xj) =2
For each i and o0 € A; with s, = 1, add edge (x;, }) with weight w(x;,y)) = 1;
Let 1 be a max weight matching on G under w;
for each (x;,xj) € p do
Choose 0 € A; N A; such that s, = 2;
L M+~ MU{o};

10 for each (x;,y}) € u do
1 | M+ MU/{o};

12 for each unmatched x; under yu do
13 Choose o € A;;
14 | M+ MU{o};

15 Return M;

© o N S G

Proposition 5.3. Given a MENU SELECTION I = (N, O, (A;j)ien, (S0)oco,) where for each o € O,
s(o) € {1,2}, Algorithm 2 finds a minimum sized optimistically valid menu in polynomial time.

Proof Sketch. Recall that under optimistic consumption, it is enough to find a menu such that there
is at least one way of partitioning the food order among the agents s.t. every agent finds something
acceptable to eat. If each option has s, = 1, a minimum sized optimistically valid menu can be
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constructed by adding any one acceptable option for each agent i € N. However, when some
options have a serving size of 2 (or more), this simplistic approach may lead menus of much larger
size than the minimum, as two people may be able to share the same option of larger size. To this
end, we use a matching based approach in Algorithm 2 to find minimum sized valid menus. [

5.2 Structured Acceptability Relations

In Section 5.1, we show intractability of computing min sized menus under both optimistic and
pessimistic consumption for instances where given there exist pairs of agents i, j € N, s.t. all three of
Ai\ Aj, Aj\ A;and A; N A;j are non-empty. We show that if at most two of these sets are non-empty,
we can in fact find min sized valid menu under either consumption model in polynomial time. We
now discuss three different structural assumptions which emerge when we only allow at most two
of the three aforementioned sets to be non-empty for any pair of agents.

Laminar Acceptability Relations. This is the most general structured setting that allows for
tractability. Here, we assume that for any 7,j € N where |A;| < |A;, it must be that A; N A; is either
A;j or @. Further, we assume that there exists some i* € N who finds all options acceptable, that
is, Aj» = O. Without this assumption, we can break the given instance into multiple independent
instances. We can choose each maximal acceptability set A”, where for each i € N either A; C A®
or A;N AY = @, and all its subsets separately. As a result, we assume without loss of generality
that there exists an agent who finds all options acceptable.

Lemma 5.4. Given an MENU SELECTION instance I, for every i,j € N at most two of A; N A;j, A; \ A;
and A; \ A; are non-empty if and only if I has laminar acceptability relations.

With the assumption that there is a unique maximal set, laminar sets can be represented as
a forest. Given a collection of distinct acceptability sets Al ... Ak that are laminar, there exists
a tree with a vertex for each distinct set. We shall assume that this tree is rooted at the vertex
corresponding to the acceptability set A = O. We call this the laminar containment tree where A®
is an ancestor of A" if and only if A” C A?. In order to find min sized menus, we use an algorithm
identical acceptability relations as a subroutine.

Identical Acceptability Relations. The simplest way of having a structure is to have all agents
have the same acceptability relations. That is, for all i,j € N, we have that A; = A;. Consequently,
we denote an instance of Identical MENU SELECTION by (N, A, (s,)oca). Observe that we do not
impose any restriction on the serving sizes of options. Despite this, we find positive results for
finding both min sizes optimistically and pessimistically valid menus under identical acceptability
relations. Identical acceptability relations capture settings where food needs to be ordered for a
homogeneous group, such as at a religious gathering or a child’s birthday party. We can generalize
this setting further, while still retaining some structure.

Chained Acceptability Relations. Here, we assume that the acceptability relations of the agents
form a sequence of subsets. That is, for any i,j € N where |A;| < |A;|, it must be that A; C A;.
Chained acceptability relations capture dietary restrictions based on specific types of ingredients
such as vegan, vegetarian, pescetarian, no red meat and unrestricted. Note that the laminar setting
is a generalization of the chained setting.

We provide Algorithm 3, in Appendix D, to find a minimum sized valid menu under identical
acceptability relations. Note that under identical acceptability relations every optimistically valid
menu is pessimistically valid. We use this as a subroutine to find minimum sized valid menus. Our
main results in the section are as follows. It is achieved via dynamic programming based solutions
to finding minimum sized menus. As is typical with dynamic programming, the algorithms return
minimum possible sizes of valid menus, but the actual menus can be found analogously.
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Proposition 5.5. Given a MENU SELECTION instance I with laminar acceptability relations, there exists a
polynomial-time algorithm that finds the minimum size of a optimistically valid menu M.

Proof Sketch. Laminar sets can be represented by a containment tree where if A’ C A/, then A/
must be an ancestor of A’ in the containment tree. Let Al, - - - , A¥ be the distinct acceptability sets
labeled in a pre-order traversal of the containment tree. That is, if A; C A j theni > j. The agents
with acceptability set A’ can be fed from a combination of items across A’ or a combination of one
child alone. Consequently, to find min sized menus, we need to determine the best combination
of agents being fed from each acceptability set. To this end, for each internal node A’, we need to
decide how many of the corresponding agents eat from A’ and how many eat from each child of A'.

To avoid going over all possible combinations here, we use the tree structure to build these
combinations sequentially. We give a dynamic program in Algorithm 5 that uses the pre-order
traversal and is filled starting from leaves to root. Each node v other than the root inherits a “debt"
from either its previous sibling (according to the label) or its parent (if no sibling comes earlier
in the labeling), but not both. Now v needs to decide how much of this debt it will keep for the
subtree rooted at v, and how much to pass of onto the next sibling, if any. This is done by going
over all the values of the debt passed on and selecting the minimum. For one specific value, the
debt retained plus 7, is the number of agents that need to be fed from the subtree rooted at v. Of
this number, v now decides how many to feed from the set A’ and passes off the remaining to the
first child (according to the labelling), if any. This is again done by going over all the values of the
debt passed on and selecting the minimum. O

We now give an overview of our algorithm to find minimum sized pessimistically valid menus
for the laminar setting.

Proposition 5.6. Given a MENU SELECTION instance I with laminar acceptability relations, there exists a
polynomial-time algorithm that finds the minimum size of a pessimistically valid menu M.

Proof Sketch. We refine the characterization of pessimistically valid menus for laminar acceptability
relations in Lemma D.2. Here, we show that a menu is pessimistically valid, if and only if the
amount of food from each leaf of the laminar containment tree is enough to feed all agents whose
acceptability set contains this leaf vertex. As a result, it is sufficient to only feed agents from these
minimal acceptability sets. Based on this, we present Algorithm 6 (in Appendix D) to compute a
minimum sized pessimistically valid menu. The algorithm proceeds by considering the laminar
containment tree and the ¢ leaves A”, - - - , A”. For each leaf v} it adds the minimum size pessimistic
menu for feeding 1, + 32, 47 4o 110 from A% using the algorithm for identical acceptability relations
as a subroutine. The combined sizes for each leaf is returned. O

Example 5.1 (Min sized valid menus for Laminar Acceptability Relations). Consider the following
instance where n = 12 and m = 4. Let Ay = {01}, Ay = A3 = Ay = {02}, As = {01,002}, A = {03}
and Ay = - -+ = A1y = {01,02,03,04}. Further, set serving sizes as follows: s, = 2, 5o, = So; = 3 and
So, = 1. Observe that any menu that does not contain {01, 02,03} will not be valid. Here the minimum
sized optimistically valid menus will have size n = 12. Some examples are: My = {01, 02,03,04,04,04,04},
My = {01,01,01,02,03} and Mz = {01, 02,02,03,04}. Further, menu My = {01, 02,03,03,03 } will also be
optimistically valid but has size 14.

Recall that we need enough food from each minimal acceptability set to be pessimistically valid. Observe
that exactly 8 agents find o1 acceptable, 10 find 0, acceptable and 7 find o3 acceptable. Consequently, the
unique pessimistically valid menu is Ms = {01, 01,01,01,02,02,02,02,03,03,03 } which has size 29.

Remark 5.2. Given a graph G = (V, E) where the neighborhoods of vertices are laminar, can find a
minimum sized maximal matching in polynomial time.
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6 Waste of Pessimism

We now try to measure the difference in the menu sizes needed if pessimistic consumption is
assumed but optimistic consumption is practiced. Informally, we are trying to measure how much
extra food needs to be ordered to have a pessimistically valid menu vs an optimistically valid
menu. We call this the waste of pessimism (WOP). Recall that A(I) and I'(I) denote the spaces of
optimistically and pessimistically valid menus, respectively.

Definition 6.1 (Waste of Pessimism). Given a MENU SELECTION instance 1 =
(N,O, (Ai)ien, (S0)oco), the waste of pessimism is the ratio of the minimum sized pessimistically
valid menu under I and that of the minimum sized optimistic menu

minyer(r) Lo qo(M)s,
minyze (1) Yo 9o (M)So

WoP(I) =

Example 6.1 (Waste of Pessimism). We now compute the waste of pessimism of instances discussed in
previous examples.

1. Consider Example 1.1 with 4 agents N = {1,2,3,4} and two options O = {01, 02} where s,, =3
and s,, = 1, and A1 = A, = Az = {01} and Ay = {01, 02}. Here, {01,021} is an minimum sized
optimistically valid menu. On the other hand {01,041} is the min-sized pessimistically valid. The waste
of pessimism for this instance is 6/4 = 3/2.

2. Consider Example 5.1. Recall that the minimum sized optimistically valid menu has size n = 12 and
the minimum sized pessimistically valid menu has size 29. Here, the waste of pessimism is 29/12.

Observe that the instance described in Example 1.1 is one with chained acceptability relations,
whereas the one in Example 5.1 is one with laminar acceptability relations. We now prove tight
bounds on the Waste of Pessimism for structured acceptability relations. Our bounds show that
this stark contrast in waste of pessimism between laminar and chained scales as n increases.

Theorem 6.1. Given a MENU SELECTION instance I, we have that
. . g . 4
1. if I has laminar acceptability relations, WoP(I) < %,
2. if I has chained acceptability relations, WoP(I) < 2, and
3. if I has identical acceptability relations, WoP(I) = 1.

Proof Overview. Fix a MENU SELECTION instance I = (N, O, (sy)oc0, (Ai)icn) with laminar accept-
ability relations. We first consider the laminar case. Given instance I, we shall create an alternate
instance I’, also with laminar acceptability relations with the same number of agents and minimal
acceptability sets, but which will always satisfy WoP(I) < WoP(I') and then reason about its
maximum possible waste of pessimism value. We will prove this bound as follows:

i. Create an alternate instance I’ with laminar acceptability relations, with the same number of
agents and the same number of minimal acceptability sets.

ii. Prove that WoP(I) < WoP(I').
iii. Find a worst case choice of serving sizes and number of minimal acceptability sets for WoP

iv. Demonstrate an instance where this bound is tight.
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Essentially, the alternate instance created is such that its corresponding laminar containment
tree is a star graph that has the same number of leaves as that of I. Under I’, the root and the leaves
of the two tree correspond to the same sets as those of the root and leaves under I. Further, under
I, exactly one agent finds has an acceptability set corresponding to each leaf. All other agents
have acceptability set corresponding to the root. From Lemma D.2, the amount of food needed
from each leaf under I’ can only increase now. We use this to show that WoP(I) < WoP(I'). As I
significantly structured, we can argue about its worst case bounds. We show that the worst case
WoP happens when the number of leaves is 11/2 and the minimum serving size of any option in a
minimal acceptability set has size at least two. O

7 Conclusions and Discussion

We have introduce the problem of menu selection and study its computational complexity. We
characterize the space of instances that allow for polynomial-time algorithms for computing
minimum sized optimistically valid menus. For the pessimistic case, we show that for some
realistic settings, minimum sized pessimistically valid menus can in fact be computed efficiently.
We introduce a price of anarchy analog for this setting, the waste of pessimism. We find tight upper
bounds on the price of anarchy for the case of laminar, chained and identical acceptability relations.

Our paper opens many interesting avenues for future work. Firstly, there is no known tight
bound on waste of pessimism outside of laminar instances. We conjecture that the upper bound for
laminar should in fact extend to all instances. Additionally, there are many other directions that can
be pursued within this model. One important direction is to develop approximation algorithms
which find valid menus of size at most « > 1 times the minimum sized valid menu. Similarly,
it would be interesting to explore how to build “minimal” valid menus and understand what
guarantee they achieve on the minimum sized valid menu.

Our paper offers a new perspective on the literature on online matching problems (e.g., [24, 35,
39]). In online bipartite matching, one side of the graph is known in advance, while vertices on
the other side arrive sequentially with their incident edges, and the algorithm must irrevocably
decide whether to match each arrival to an available neighbor. The objective is to maximize the
size or weight of the matching, a model that captures many real-time allocation settings and has
been widely studied under adversarial, random-order, and stochastic arrivals. Our problem can
be seen as a preceding decision problem: selecting a subset of the known side under capacity or
cost constraints. While we adopt optimistic and pessimistic perspectives, it would be interesting
to incorporate ideas from online matching that exploit stochastic information about arrivals or
consumption, e.g., kidney matching [21, 22] or online recommender systems settings [1].

Another direction would be to introduce additional objectives or constraints such as costs over
options. Alternately, there may be complementary options where a protein and/or vegetable based
option, such as a burger, steak or salad, needs to be paired with a carbohydrate based option like
rice or bread. Another constraint may be that different agents have different hunger levels and
need different amounts of food. For instance, adults need one portion but kids may only need half
a portion. Our DP based algorithms extend to this case in a straightforward manner, as we simply
need to adjust the target goal.

Finally, it would also be interesting to introduce agent preferences over acceptable options. This
allows us to pursue objectives such as Pareto optimality, maximum welfare and even fairness in our
choice of menu. Potentially, this may allow for lower pessimistic risk, if agents only eat their most
preferred options from a given menu. As a result, our work opens many intriguing possibilities of
further work on menu selection with applications to other collective choice settings [2, 6].
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A Related Work

The problem of minimizing food waste and its various causes have been studied from a variety
of systemic angles [33, 43, 44, 46, 47]. Poor planning and overpurchasing has been consistently
cited as a cause of food waste. In our paper, we take a complementary angle to the previous
work, where we look at an algorithmic approach to choosing the most efficient menu to feed all
agents. We introduce a novel framework, and to the best of our knowledge, no other work has
studied an algorithmic model where every agent must find something to eat from a collective,
waste minimizing menu.

Our model has connections with two problems in computational social choice: multi-winnner
voting (see e.g., Lackner and Skowron [41]) and fair division (see Amanatidis et al. [3] for a survey).
Similar to multi-winner voting, we need to select one menu from a given set of options which
will then be shared among the agents. Unlike voting problems, we assume an upper bound (via
serving sizes) on how much of an option can serve an agent. Once a menu has been selected, one
can consider ways to allocate the food among the agents. Unlike standard allocation settings, we
can choose the options that will then be implicitly shared across agents.

Recently, Fish et al. [28] studied a related problem within a public good setting. They look for a
stable selection of public goods such that each item is used by at least s agents and the menu is not
blocked by more than t agents. In contrast to our model, as Fish et al. [28] consider public goods,
where each option effectively has unlimited serving sizes as opposed to limited serving sizes in our
model. Further, they do not require all agents to have at least one acceptable option in the menu,
and some agents may go hungry. These assumptions are common when studying public goods
[9, 26, 31, 40]. However, they need not hold in many day-to-day settings of ordering food.

Our problem, under the pessimistic consumption model, can be viewed as a natural decision
problem that precedes online matching problems (see, e.g., [24, 35, 39]). Online matching has been
well studied since the work of Karp et al. [39]. We discuss this connection in more detail in the
Conclusions. Bipartite one-one matchings are also equivalent to house allocation with approval
preferences. This perspective also connects our work to control problems.

Relations To Control and Optimization Our work also extends existing work on control problems
within social choice (see Chen et al. [20] for a survey). Within social choice, control problems
typically explore computational complexity of adding or removing agents/items to ensure the
existence of solutions that satisfy certain properties [5, 17, 19, 32]. Our work differs from existing
research in this space on two fronts. Firstly, the work in this space has been agnostic to the choice
of mechanism or algorithm. In contrast, we introduce the question of controlling with a specific
algorithm in mind. Secondly, prior work on control and social choice has not considered such
“house allocation” type problems where agents have to each be matched to one item, but rather
either looked at fair division [5, 12] or two-sided matchings [15, 16, 17, 19, 32]. The majority of the
work in this space is also an optimization problem: find the minimum number of items/agents to
add or remove so desirable outcomes can exist.

Covering problems are another family of optimization problems that relates to our problem
under optimistic consumption. Problems like set cover, vertex cover, domination number are well
known to be NP-hard [30]. Our model is a generalization of these problems. For example, when the
serving size of each option is equal to the number of people who find it acceptable, then a minimum
size optimistically valid menu is the same as a minimum size set cover. In addition to covering
every agent by an option, we also restrict the ability of an option to simultaneously cover multiple
agents based on its serving size. Consequently, multiple copies of an option may be needed to
feed all the agents. Our goal of finding smallest menus that feed all agents can be also recast as
an optimization problem where the number of agents that are fed are captured by a subadditive

23



function. We wish to find the smallest menu for which our objective function has value equal to
the number of agents. Subadditive functions and their subtypes have been widely studied in the
context of welfare maximization for item allocation [10, 11, 23, 27] and combinatorial procurement
auctions [7, 8, 18]. Typically, there is no minimum size requirement on the set selected. Rather, in
work on item allocation, there may be an upper bound on the cardinality of the set allocated to an
agent [8, 13]. Here, the optimization objective is the value of the function, not the sets. In contrast,
we have a given value of our function and we wish to pick the smallest set to achieve this value.
The term menu selection has been used in the past to refer to other research problems, especially
in human-computer interaction (HCI). In the field of HCI, menu selection is concerned with
what options to show to a user and how should they be presented in a drop-down menu or list
[4, 38, 50, 52]. Outside of computer science, food researchers have also heavily studied the effect of
menu selection on customer experience and restaurant sales [36, 37, 45, 48]. Here, menu selection
refers to not only the dishes on offer but the fonts, designs, options, and other interface details.

B Omitted Material from Section 3
Optimistic Consumption

Theorem 3.1. [Characterization of optimistically valid menus] Given a MENU SELECTION instance
I =(N,O, (Ai)ien, (S0)oco) and a menu M, the following conditions are equivalent:

1. M is optimistically valid;
2. The consumption graph Gy admits matching of size n;

3. There exists a picking sequence 7t and a possible outcome w of 7w on M s.t. for each k € [n], w(k) # @.

Proof. Fix an instance I and a menu M. Recall that the optimistic consumption is precisely the
size of the maximum cardinality matching in Gps. Thus the equivalence of statements (1) and
(2) is straightforward. We now show the equivalence of these statements with there existing a
consumption sequence w.

Let M is optimistically valid. Choose x to be a maximum cardinality matching in the con-
sumption graph Gy;. Consequently, we have that for every agent i € N, there exists 0 € A; s.t.
xj, = 1. For each k € [n], let 7 be an arbitrary ordering over N and set w(k) = 0 s.t. x;(), = 1.
As x is a matching, we have that for each option 0 € O, } ;cn Xio < §oSo. Thus, for every agent
k € [n], it must hold that the remaining menu MF, after previous agents have picked, must satisfy
MK| Ay Specifically, it must hold thato € MK| Ang Whereoiss.t. x4, = 1. Thus, w is indeed a
consumption sequence of M.

For the converse, let there exist a consumption sequence w s.t. for each k € [n], w # @. Let mbe a
corresponding ordering over agents. Consider the matching x where for each k € [n], Xr(k)w(k) =1
and X 1), = 0 for all 0 # w(k). As w is a consumption sequence w(k) € A ) and gy, (M) > 0.
Further, the number of agents matched to option 0: Y ;c, xi, = |[{k € [n]|w(k) = 0} < goS,-
Therefore, x is indeed a matching of the consumption graph G and has size n. Therefore, M must
be optimistically valid. O

Pessimistic Consumption

Theorem 3.2. [Characterization of pessimistically valid menus] Given a MENU SELECTION instance
I =(N,O, (Ai)ieN, (S0)oco) and a menu M, the following conditions are equivalent:

1. M is pessimistically valid;
2. For every agent i € N, we have that size(M|4,) = Yoca, o(M)so > 1+ p;(M);
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3. For every picking sequence 7t and every w € Q(7t, M), we have that for each k € [n], w(k) # @.

Proof. We shall first prove equivalence of pessimistic validity to the condition on pessimistic risk
for each agent.

Equivalence of statements (1) and (2). Assume M is pessimistically valid. Thus every maximal
matching in the consumption graph Gj; must have size n. Fix agent i € N. Consider a maximal
matching where as many agents eat from A; as possible. In particular, we consider a maximum
cardinality matching from N\ {i} to the multiset M’ where q,(M’) = q,(M) for all 0 € A; and
go(M?) = 0 for all 0 ¢ A;. Note that the size of this matching is p;(M). As M is pessimistically
valid, this matching must not be maximal. In particular, it must hold that p;(M) < ¥, 4, 9o(M)s,.
Consequently, we have that for all agents i € N, Y,c 4, §o(M)so > 1+ p;(M).

Now it remains to prove the converse. Assume that M is s.t. for all agents i € N, it holds that
pi(M) < Yoea, 9o(M)s,. Consequently, we have that for all agents i € N, Fix agenti € N and an
arbitrary maximal matching x in consumption graph Gy. It suffices to prove that for i and x we
have that ) ,c 4. x;0 = 1.

By assumption, we have that } . 4. 40(M)s, > 1. Consequently, for at least one option in
0 € A;, it must be that g,(M) > 1. By definition of pessimistic risk, at most p;(M) agents in N \ {i}
can be matched to an option in A;. As we have that Y,c 4. 9o(M)s, > 1+ p;(M), any maximal
matching should not leave agent i unmatched. Thus, as x is a maximal matching, it must hold that
Yoca, Xio = 1. Hence, M is pessimistically valid.

Equivalence of statement (3) to pessimistic validity. Let M be pessimistically valid. Consider
a consumption sequence w of M with a corresponding ordering 7. Recall that for any k €
[n], each preceding agent, under 77, can consume at most one unit of an option acceptable to
agent i. Consequently, we have that the difference between the number of units of acceptable
options for agent 7t(k) under M and that under M* is size(M|a,,) — size(Mk|An<k)) < pi. As M
is pessimistically valid, we have that size(M|A;) = Y,ca, q0(M)s, > 1+ p;(M). Consequently,
MF| A Must be non-empty. As a result, w(k) # @ for each k € [n].

Finally, for the converse, let M be s.t. for every consumption sequence w of M, we have that
for each k € [n], w(k) # @. Fix agenti € N. Let x be maximum cardinality matching between
N\ {i} and M|,, . Consider an arbitrary ordering 7 under which 71(n) = i. That is, i is the last
agent to pick from M. Let N' = {j € N\ {i}| Yoca; Xjo = 1}. Consider a choice of w s.t. for

7(k) € N' and the option o for which Xn(k)o = 1, weset w(k) = o. Forallk € [n]s.t. k ¢ Ni,
choose w(k) arbitrarily from M, whenever M* is non-empty. It is straightforward to see that w is

indeed a consumption sequence for M. Consequently, it must hold that w(n) # @, by assumption.
As a result, we must have that M"|4, must be non-empty. This gives us that the size of x if

Pi = Ljzi Yoea; Xjo < Loea; o(M)so.
Hence, we have that for each i € N, size(M|,) > p; and thus, M is pessimistically valid. [

C Omitted Material from Section 4

Computational Complexity

Proposition 4.1. Given a MENU SELECTION instance I and a menu M
1. the amount of M that is optimistically consumed A(M) can be computed in polynomial time,
2. it is NP-hard to compute the amount of M that is pessimistically consumed (M), and

3. it can be checked in polynomial time if M is optimistically and/or pessimistically valid.
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Proof. Given a MENU SELECTION instance [ = (N, O, (A;)ien, (So)oco, ) and menu M, in order to
check if M is optimistically valid we need to check if there is a matching x : N x O — [0, 1] where
for each agenti € N, Y c 4. Xip = 1 and for each option o € O, ey Xip < §o(M)s,. This can be
completed in polynomial time using a bipartite maximum matching algorithm (See West et al. [51]
for an overview).

In order to compute the pessimistic consumption of M, we need to find a minimum sized
maximal matching. The problem of finding a minimum size maximal matching is known to be
NP-hard even on 3-regular bipartite graphs (GT10 in Appendix Al.1 [30]). Consequently the
problem of computing the pessimistic consumption of a given menu is NP-hard in general.

Checking validity of M. To check if M is optimistically valid, it is sufficient to check if its con-
sumption graph admits an agent saturating matching. This can be done in polynomial time using a
bipartite maximum matching algorithm. For pessimistic validity, we know that we cannot check
the pessimistic consumption in polynomial time. Recall from Theorem 3.2 that M is pessimistically
valid if and only if for every agent i € N, size(M|4,) > 1+ p;. Note that, p; is the size of the
maximum cardinality matching between N \ {i} and M|,4,. As a result, p; can be computed by a
bipartite maximum matching algorithm as well. Hence, it can be checked in polynomial time if M
is pessimistically valid. O

Proposition 4.2. Given a MENU SELECTION instance I = (N, O, (A;j)ien, (So)oco) and size B > n
where s, > 3, it is NP-complete to decide if there exists an optimistically valid menu of size at most B.

Proof. Membership in NP. Given instance I and a size B, we can verify if I admits a valid menu of
size at most B, by using the menu as a certificate. It can checked in polynomial time if its size is at
most B and whether it is optimistically valid, by Proposition 4.1.

NP-hardness. We give a reduction from the 3DIMENSIONALMATCHING (3DM) problem. In this
problem, we are given a tripartite hypergraph G = (X,Y,Z,E) where |X| = |Y| = |Z| = k and
for each e € E we have thate € X X Y x Z. We need to decide if there exists a (perfect) 3DM of
size k. This problem is shown to be NP-hard, even when each vertex is contained in at most two
hyperedges [30]. We reduce it to our setting as follows:

Given G = (X,Y,Z,E) we create a vertex agent i, for each vertex a € X UY U Z. Further,
for each e = (x,y,z) € E we create an edge option o, s.t. size s(o,) = 3 0, € A;, if and only if
a € {x,y,z}. Thus we have n = 3k agents and m = |E| edges.

We now show that that an optimistically valid menu of size n = 3k exists if and only if the given
3DM instance has a 3DM of size k.

Suppose an optimistically valid menu of size n = 3k does indeed exist. Let this be M. Under M,
for each i € N, there exists 0 € A; s.t. qp(0) > 1. Recall that each option has serving size three. As
M has size 3k, at most k options must have been selected. Further, each option is contained in the
acceptable set of exactly three agents, therefore, at least k distinct options are needed to feed all
agents. As a result, we must have that gp;(0) < 1, for all 0 € O. Consequently, we have that the set
i = {e € E|qgm(0) = 1} must be a perfect matching.

For the converse, given a perfect matching 1 C E, we consider the menu M = {o.|e € u}. As
is a perfect matching, for each i € N, there exists an option 0 € M N A;. Further, as s(0) = 3 for
each 0, we have that one serving of o serves all three agents who find it acceptable. Consequently
M is an optimistically valid menu. O

Proposition 4.3. Given a MENU SELECTION instance I = (N, O, (A;)ien, (So)oco) and size B > n
where s, = 1, it is NP-complete to decide if there exists a pessimistically valid menu of size at most B.
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Proof. Membership in NP. Given instance I and a size B, we can verify if I admits a valid menu of
size at most B, by using the menu as a certificate. It can checked in polynomial time if its size is at
most B and whether it is pessimistically valid, by Proposition 4.1.

NP-hardness. We give a reduction from the EXACT3COVER (X3C) problem, which is known to be
NP-hard [30]. In this problem, given a universe of 3k elements ¢/ and a family of ¢ subsets S, where
foreach S; € S, we have that |S| = 3. The objective is to determine if there exist k mutually disjoint
subsets which cover I/. We shall show that an X3C exists for (i, S) if and only if a pessimistically
valid menu of size n exists. Given an instance of X3C (U4, S), we create a MENU SELECTION instance
as follows:

¢ For each element e € U, create element agent i,

e For each subset S; € S, create three set agents j!, j, and j; and options 0!, - - - , 0.

e Foreacho € O,wesets, =1
* Foreach S; € S, let ; = {ef, ey, e5}. Foreach t' € [3], Ay = {0}.0}}. Further, add o, to Aj, -
t /

Consequently, we create an instance with n = 3(k 4 ¢) agents and m = 4/ options. For each
e € U, A;, contains exactly one option corresponding to each subset containing e. Note that the
exact specification of which o}, is matched to which element agent is not strict. It is only needed
that each element agent find a distinct option from the set acceptable. Further each o}, is acceptable
to exactly two agents: one element agent and one set agent. As a result, for each element agent i,
and each 0 € A;, there is a distinct set agent who also finds that option acceptable. Similarly, for
each set agent ji, only ol, and o] are acceptable. Note that j, is the only agent who finds both these
options acceptable.

From Theorem 3.2, we know that for a menu M to be pessimistically valid we need for each
i € Nthat ) ,cs 4050 > 1+ p;, where p; is the size of the maximum cardinality matching from
N\ {i} to M| ,,. For an element agent i, we have that p; = [{0 € A;|q,(M) > 0}|. Consequently,
for a menu M to be pessimistically valid, we need for every element agent i,, it must hold that
qo(M) > 2 for some o € A;. Now consider a set agent j',. We can analogously see that if 9o, (M) <1

AND g, (M) < 2 then M is not pessimistically valid for ji,. Thus, for M to be pessimistically valid,
we need for each t € [¢] and each t' € [3] that either g,, > 2 or g, > 3.
#

Constructing menu from X3C. We shall now show that an X3C exists for (i, S) if and only if a
pessimistically valid menu of size n exists in the instance constructed. Let S, - - - , Sy, be an exact
3-cover. Consider the following menu M where for each t ¢ {t1,- - - t; }, we set 4,4 = 3 and for each
t' € {1,2,3} we set 90, (M) =0. Foreach t € {t, -+ ,t, we set ot = 0 and for each ' € {1,2,3}
we set 4, (M) = 2. The size of M is 6k + 3(¢ — k) = 3(¢ + k) = n. Thus, it only remains to prove
pessimistic validity.

We first show pessimistic validity for element agents i.. Observe thatas S, - - - , Sy, is an X3C,
for each e € U, there exists t € {t1,-- ,t} s.t. e € S;. Note that, we have oi/ € A, for some t’ € [3]
and 9o, (M) = 2. Further, as there is a unique set covering e, we have that p;, = 1. Therefore, M is

pessimistically valid for each element agent i,.
For set agent jl,, there are two possible cases. If t € {t1,-- -, ;}, we have that g, (M) = 2 and
t/

4ot (M) = 0. Consequently, p _; and M is pessimistically valid for jir- The remaining case is when
[,
t ¢ {t,---,t}. In this case, we have that g, = 3 and q,: _y. Here, we have that p;; _, which is
t t
strictly less than g, (M). Thus, M is pessimistically valid and has size n.
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Constructing X3C from menu. We now consider the case that there exists a pessimistically
valid menu M of size n. We now show that we can use it to construct an exact 3-cover. Recall that
we need for pessimistic validity that for each set Sy, either 4, > 3 or g,; > 2 for each t' € {1,2,3}.

t

We first prove that for each element agent exactly one acceptable option must be in M. Fixe € U.
We know that for pessimistic validity, it must hold that for at least one 0 € A;, g, > 2. Suppose,
for contradiction, that there are two distinct options 0 € A;, s.t. g, > 0. As the size of the menu is
exactly n, by pigeonhole principle this leaves at least one agent for whom no acceptable option in
M, which contradicts the fact that M is pessimistically valid. Therefore, M must have exactly one
option s.t. g,(M) > 0. Specifically, for this option, q,(M) = 2.

For agent i, let the unique option be o, for some ' € [3]. We now show that this must mean
that g, (M) = q,4(M) = q,4(M) = 2. Suppose not, that let q,, < 2 for some p € [3]. Thus, for
pessimistic validity, we need that g, > 3. This again means that there is more food in M from
options corresponding to S; than there are agents consuming it, which contradicts the pessimistic
validity of M which has size n. Therefore, we have that under M for each t € [{] either i) o, =3
and qoﬁ (M) = qoé (M) - qog (M) = O orii) qofl = 0and qoq (M) - qog(M) = qog(M) =2

Recall that for each element agent, there is a unique option o that has q,(M) > 0. Consequently,
for any two sets S; and S s.t. qoi(M) = oy = 0, we have that S; N S, = @. Therefore, it must be
that the sets with ¢,; (M) = 0 constitute an X3C of (/, S).

O
ILP for Minimum Sized Pessimistically Valid Menus
We first recall the ILP for computing the minimum sized pessimistically valid menu.
minimize Z JoSo
0€0
subject to
Y wh=1+ Y v ieN (4)
0€A; JENI
wlo < G050 i€ N,o€e A, (5)
w) < x(n+s,) i€ N,oc€ A (6)
W) > goso — (1 —x1)(n +s,) i€ Noe A (7)
y;izx; i€N,jEN,0€ ANA (8)
i< Y A i€N,je N 9)
0€ANA;
x) € {0,1} i€ N,o€ A
w) € {0,1,---,(n+s,)} i€ N,oc A;
yt e {0,1} icN,je N
qoe{o,l,---,(si]} 0O

Correctness of ILP  We need to prove that this ILP is feasible only for choices of g, for o € O that
correspond to a pessimistically valid menu. To this end, we first prove that w! = x!g,s, under
every feasible solution z = ((4o)oco, (x})ieN, oca., (W))ieNoca,s (y;:)ieN, yeni)- Fixagenti € N and
option o € A;.
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Case 1: x) = 1. In this case constraint 7 reduces to w’ > g,s,. Further, as a consequence
of Observation 4.1 constraint 6 becomes a trivial upper bound of constraint 5 and we get that
W}, = [oSo- ‘ '

Case 2: x} = 0. In this case, constraint 6 insists that w], < 0. Observe that this satisfies constraint
5. Further, from Observation 4.1 we have that n + s, > g,5,. Combining this with xé = 0 makes
constraint 7 trivially satisfied in this case. Thus, we must have that w) = 0 whenever x’.

Consequently, we have that w! = x/g,s,. As a result, our current constraints are simulating the
constraints of the previous ILP for each agent i € N. Thus, for a choice of g, for each 0 € O, the ILP
has a feasible solution only if the corresponding menu is pessimistically valid for every agent.

It remains to show that the ILP is indeed always feasible for some choice of g, for an arbitrary
instance. Given MENU SELECTION instance I, observe that one trivial feasible solution is when
we set g, = [ ]. Every option has enough quantity to feed all agents. As a result, this ILP will be
feasible for all instances. Hence, the ILP finds a minimum sized pessimistically valid menu.

Size of ILP  Observe that there are m variables of type q,, at most nm variables of type x! and w!
each and at most n? variables of type y;. Further, there are 7 constraints corresponding to the Hall’s

theorem violation constraints, at most 3mn constraints corresponding to wlo simulating xéqoso and
at most n%(m + n) constraints corresponding to y; being 1 if and only if x, = 1 for some 0 € A; N A;.

Finally, there are at most 2nm + n? + m constraints specifying the ranges of values the variable can
take. Consequently, the number of constraints is O(n?, mn?).

Lenstra Jr [42] had shown that for every ILP, there is a corresponding parameterized algorithm
that solves the ILP, when parameterized by the number of integer variables. As a result, our ILP
leads to the following result.

Proposition C.1. There is an O* (2"("~14M)) time algorithm for finding a minimum sized pessimistically
valid menu.

Parameterized Algorithm for Optimistic Menus

In this section we design a parameterized algorithm to find a minimum size menu that is
optimistically valid. Towards this first we define maximum weighted partition. A tuple of subsets
(51,52,...Sk) of a set N is a partition of the set N if UieiqSi = N and §; N S; = @ for each pair
i,j € [k], and i # j. The MAXIMUM WEIGHTED PARTITION problem is defined as follows [14]:
Given a universe N, a set family / over N, a non-negative integer k, and functions fi, f>, ... fx, we
ask if there is a partition (S1, Sy, . .. Sg) of N in to k parts such that the sum Y ic g £i(Si) is maximum
over all partitions (S1, Sy, ... S¢) of N, where Sy, Sy, ... S are from F.

Algorithm Overview. Let k denote the number of options that will be used in the menu. We
iterate over the values of k starting from 1 to m. For a given value of k, we reduce our problem
to a maximum weighted partition problem. We define the universe as the set of agents N. Let
the set of options be {01,0,...,0,} with serving sizes sy, sy, . .., s;; respectively. For each option
0j € O, we define N; to be the set of agents that accepts 0;. We define a family F of subsets of
N as follows: F contains all the non-empty subsets of N; for each 0; € O. We define a function
f: F — Z as follows. For a set N’ C N in the family F, let O’ denote the set of options that are
accepted by all agents in N” and o’ € argminyco{|N’| =’ mod s; }. Then, we define f(N') = —r
where |[N’| = r mod s,. Now we find a partition (X3, X», ... Xi) of N into k parts such that X; € F
for each i € [k], and Yicpq f(X;) is maximum. Let s,y denote the maximum serving size of any
option, i.e., s;.x = Maxjco s;. We iterate over the values of k starting with 1 and going up to m
and take the solution partition (X3, X, ... Xi+) of N that has maximum weight over all values of k.
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For a part X, where z € k*, let O, denote the set of options that are accepted by all agents in X,
and o, € argminyco, {|N'| =" mod s; }. Then we construct M by setting q,,(M) = B(TZ-| for each

z € k*; for any other option 0 € O, we set q,(M) = 0.

The maximum weighted partition problem can be solved in time O* (2"k?s .y ), as shown by
Bjorklund et al. [14]. We run the algorithm for maximum weighted partition at most m times.
Therefore, our final running time is O* (2"m3s 0y ).

Proposition 4.4. Given a MENU SELECTION instance I, let s, denote the maximum serving size of any
option, i.e., Syax = MaXeeo So and m = |O|. Algorithm 1 computes a minimum sized optimistically valid
menu in O* (2"m3s 1) time.

Correctness of the Algorithm. We now prove the correctness of our algorithm and analyze its
running time. Recall that given an instance I = (N, O, (A;)icn, (5j)je0), our goal is to select a
optimistically valid menu M minimizing its size, where

size(M) = )_q;(M)-sj,
jco

where g;(M) denotes the multiplicity of option o; in M. A menu M is optimistically valid if A(M) = n,
i.e. every agent can be served fractionally with acceptable options.

To show the correctness of the algorithm, we show that the weight a partition of N (as defined
in the algorithm) is the same as the waste of the menu that is constructed using the last step of our
algorithm.

Recall that for each option 0j, let N; = {i € N : 0; € A; }. We define a set family 7 = {X C
N;|X # @ and o; € O}. For each X € F, define its waste as

waste(X) := j;rp?girzbj ((sj — (|X] mod s;)) mod s;) .

That is, the minimum waste that created when all agents in X feeds from the same option. recall
that we define the weight function f(X) = —waste(X).
For a partition X = (Xj, ..., Xx) of N, the algorithm maximizes

k

k
F(X)=) f(Xi)=— ;waste(Xi).

i=1

Therefore, the algorithm minimizes the waste when the agents in X, feed from the same option for
each z € [k]. Note that there are m options, then there can be at most m sets of agents who feed
from the same option. Since our algorithm take the partition that has minimum sum over all values
of k, we find the minimum waste.

The following two lemmas show the equivalence between a valid menu and a maximum
size partition of each value of k, then finally, use these lemmas we finally complete the proof of
correctness.

Lemma C.2 (Partition = Menu). Let X = (X3, ..., Xk) be a partition of N. Let menu M is constructed as
follows: for each part X, pick an option o, that attains the minimum in waste(X;) and set g,, = [|Xi|/So. |-

Then
k

size(M) = n+)_ waste(X;) = n—F(X).
i=1
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Proof. Since X; C Nj;, all agents in X; accept option j(i). The serving capacity for part X; is q;(;sj,
which equals | X;| + waste(X;). Summing over the parts yields

k k
qu(M)sj = Z; (1Xi| + waste(X;)) = n + 2waste(Xi).
j =

i i=1
By definition of f, this equals n — F(X). O
Lemma C.3 (Menu =- Partition). Let M be any menu with at most k distinct options. There exists a
partition X = (Xy, ..., Xy) of N such that

size(M) = n— F(X).

Proof. Let the distinct options in M be jy, ..., ji (k" < k). Consider an optimal fractional allocation
witnessing w(M) = n. For each f;, let X() be the set of agents served by option j;. These X(*) form
a partition of N (pad with empty parts if needed). The waste for part X(*) equals q;,(M)s;, — |X1].
Choosing option j; in the definition of f(X®)) gives f(X()) = —waste(X")). Summing over all
parts yields F(X) = — ¥, waste(X (")), hence size(M) = n — F(X). O

Using Lemmas C.2 and C.3, we obtain the following proposition.

Proposition C.4 (Correctness). For each k, let

opt, := max F(X).
Pl X partition into k parts ( )
Then
. . M) W.l ( t )
min size = mmni({n —o .
M: M valid ( k=1 Pl

That is, the algorithm computes opt, for allk = 1,...,m, and returns the menu induced by the partition
achieving the maximum objective value. This menu is optimistically valid and has minimum possible size.

Proof. We show that the size of the menu M constructed using a maximum weight partition X
is minimum. Since A" is maximum weight partition, F(X') is maximized over all partitions and
YK waste(X;) = F(X), we have that the total waste is minimized. As any feasible menu must
have size n and M has size n — F(X'), the size of M is minimum. O

Running Time Analysis For each fixed k, we must solve the maximum weighted partition
problem with universe N, family F, and weight function f. By the result of Bjorklund, Husfeldt,
and Koivisto [14], this can be done in time O*(Z”kzsmax), where smax = max;e|;) Sj and the O*
notation suppresses polynomial factors in n. Since the algorithm must run this routine for each
k=1,2,...,m, the overall running time is O* (2"m%smax ).

D Omitted Material from Section 5

Limited Serving Sizes

Proposition 5.3. Given a MENU SELECTION I = (N, O, (A;j)ien, (S0)oco,) where for each o € O,
s(o) € {1,2}, Algorithm 2 finds a minimum sized optimistically valid menu in polynomial time.
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Proof. Construct the following auxiliary weighted graph G = (V, E) where there is one vertex for
each agenti € N and for each option 0 and agenti € N s.t. 0 € A; and s(0) = 1, there is a vertex o'.
Here, add an edge between i,j € N only if there exists 0 € A; N A;s.t. s(0) = 2 and set w(i,j) = 2.
Further, add an edge between i € N and a vertex o' for 0 € O where s(0) = 1 and 0 € A; and set
w(i,of) = 1.

Consider an arbitrary matching y in G. Observe that each edge ¢ € y must contain at least one
agent. For each edge e = (i,j), we can add option 0 s.t. 0 € A; N A; and s(0) = 2. For each edge
(i,0) € p, it must be thato € A; and s(0) = 1. Thus, based on a matching, we can prepare a menu
that feeds all matched agents in p.

We shall now show that a maximum weight matching in G has weight n — t for t € [n] if and
only if a minimum size optimistically valid menu has size n + t.

First consider a minimum size optimistically valid menu M. As size of each option is at most
2,s(M) < 2n. Further, if s(M) = n +t, exactly t distinct options in M of size 2 must have been
ordered that are only consumed by one agent. For each such agent i, observe that A; must only
contain options of size 2. Further, all other agents who find an option A; must already be sharing
a different option of size 2 with another agent i’. It is easy to see that Ay must also only consist
of options of size 2. All options in M that are fully consumed, are either of size 1 or each ordered
quantity is consumed by two agents. Consequently, we can create a matching in G based on y of
weight n — ¢.

Now, consider a maximum weight matching. Let M, be the corresponding menu. M is not
optimistically valid if and only if there are some unmatched agents under p. As y is a maximum
weight matching, it must be that for each unmatched 7, A; only contains options of size 2. Further,
all agents who also like an option in A; must be matched to another agent. If they were matched to
an option, being matched to i would increase the weight of the matching. Thus, it in unavoidable to
order some o0 € A; just for i. As a result, for each unmatched i, we can arbitrarily choose an option
o from A; and add it to M,,. Thus, if w(y) = n — t, exactly t options of size 2 are ordered for the ¢
unmatched agents, making M, have size n —t + 2t = n + t.

Running Time. The graph constructed consists of at most n + nm vertices and at most n? + nm
edges. A maximum weight matching can be found using the blossom algorithm [25] in time
O(n®(nm? + m3)). A maximum weight matching can have weight at most 7 and from it a menu
can be constructed in time O(n + m). As a result, the algorithm runs in polynomial time. O

Structured Acceptability Relations

Lemma 5.4. Given an MENU SELECTION instance I, for every i,j € N at most two of A; N A;j, A; \ A;
and A; \ A; are non-empty if and only if I has laminar acceptability relations.

Proof. Let I be laminar. Fixi,j € N s.t. |A;] < |Aj]. If A; C Aj then A; \ A; must be non-empty.
Else if A; and A; are disjoint, clearly, A; \ Aj=0Q.

For the converse, let I be such that for every i,j € N at most two of A; N Aj, Ai\ Aj and A]- \ A;
are non-empty. As a result, at least one of these sets must be empty. Consider any twoi,j € N.
If A; N A is empty, clearly, they satisfy laminarity. If A; \ A; is empty,it must hold that A; C A;.
Similarly, if A; \ 4; is empty, it must hold that A j € A;. Therefore, I satisfied laminarity. O

Identical Acceptability Relations We first look at the case when all agents find the same set of
options acceptable. As agents are identical, we can discard options that are not liked by any agent.
Consequently, we can assume, without loss of generality, that O = A; for each i € N. Consequently,
every menu of size at least n will be both optimistically and pessimistically valid. Options with
serving size n or more need only one quantity ordered, without ordering anything else, but options
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Algorithm 3: Minimum Sized Valid Menus under Identical Acceptability Relations
Input: MENU SELECTION instance (N, A, (s,),c0) with identical acceptability relations
Output: Minimum size of valid menu ¢
Initialize small options set A < {0 € Als, < n}
Min sized large options set A’ <— argmin{s,|0 € 4,s, > n}
if A" £ @ then c' + s, whereo € A’
else ¢’ «+ oo
5+ o0
if A° # @ then
S« {ksolo € A%, k <[]}
Lets; <--- <5 be the elements of S
¢® < IDENT(S, n,2mn)
)

O 0 NS Ul R W N =

10 Return minc?, ¢

with smaller serving sizes will have to be combined to feed all agents. So we choose either the
smallest sized "large option" or the smallest possible combination of "small options". For small
options, we effectively run a subset sum type DP to find the smallest menu that can feed everyone.

Proposition D.1. Given identical MENU SELECTION instance I = (N, A, (So)oca), Algorithm 3 finds
the minimum size of an optimistically valid menu in polynomial time. This will also be the minimum size of
a pessimistically valid menu.

Proof. When agents have identical acceptability, we use A C O to denote the universally accepted
set of options, thatis, foranyi € N, A; = A.

We first show that every optimistically valid menu will also be pessimistically valid. Consider
an optimistically valid menu M and the graph where there is a vertex for each agent and each
option, with an edge from i to 0 if 0 € A;. Set vertex capacities where c(i) = 1 for each i € N and
c(0) = qo(M) for each o € O.

Now as M is optimistically valid, there must be a matching y : N x O — R* s.t. Yo 4. pt(i,0) =
land Y ey (i, 0) < go(M)s,. In order to ensure that M is pessimistically valid, we need that
for any other maximal matching y, we have that Y, 4, #/(i,0) = 1. Recall that y’ is a maximal
matching if for every i € N s.t. ¥ ,co#'(i,0) < 1, we have that for each 0 € A;, Y ;en 1/ (i,0) =
7o(M)s,. As agents have identical acceptability sets, any maximal matching ' must in fact satisfy
Yoco#'(i,0) = 1foralli € N. Consequently, M must be pessimistically valid.

It now remains to construct a minimum sized valid menu. Specifically, it suffices to find the
smallest sized menu M s.t. Y ,c4 9o(M) > n. Observe that if a menu contains even one option
0 € Ast. s, > n,even if we discard all other options from this menu, it would continue to be valid.
Consequently, a minimum sized valid menu would only involve multiple options if all of them
have serving size less than . We use this approach in Algorithm 3 and its subroutine Algorithm 4.

The algorithm proceeds by separating options into a small options set A° consisting of the
options of size less than 7 and picks the smallest size large options in the set A’ containing the
smallest options of size at least #, if any. Only one these options is needed to make a valid menu.
For the small options set, Algorithm 3 creates a set S, consisting of one element corresponding to k
copies of 0 € A* where k < [].

At this point the dynamic program IDENT (Algorithm 4) is invoked with & and the goal of n.
Starting from the largest sized element in S, IDENT proceeds by considering two cases for each
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Algorithm 4: IDENT
Input: (S, goal, t)
Output: Cost ¢
1 Letsy < --- < 55 be the elements of S
2 t < min(|S],t)
3 if t > 1 then
4 if sy > goal then
5 ‘ tin < St
6 else
7 L tin < st + IDENT(S, goal —s;,t — 1)

8 tout < IDENT(S, goal, t — 1)
9 | Return min (¢, tout)

/x t=1 */
10

11 if s > goal then
12 L Return sq

13 Return oo

element s;: in or out, captured by t;, and t,,. For t;,, the goal is reduced s; and the remaining is
filled by s;_1 or smaller elements. For t,,, s; is not a part of the solution and the goal must be filled
by s;—1 or smaller elements. The minimum of these two options is returned.

Running Time. Observe that the running time of Algorithm 3 depends largely on the running
time of Algorithm 4 (IDENT), which is a dynamic program. The size of the dynamic program is
based on the size of the set S which contains [{*] elements for each 0 € O. Consequently, the size

of S is at most nm, and consequently, IDENT has size at most O(n*m?). O

Optimistically Valid Menus for Laminar Acceptability Relations.

Under laminar acceptability relations, the acceptability sets of two agents are either disjoint, or one
contains the other. Laminar sets can be represented by a containment tree where if A’ C A/, then
Al must be an ancestor of A’ in the containment tree (See ?? for some preliminaries on trees). Let
Al, ..., AFbe the distinct acceptability sets labeled in a pre-order traversal of the containment tree.
That s, if A; C Aj theni > j. The agents with acceptability set A' can be fed from a combination of
items across A’ or a combination of one child alone. Consequently, to find min sized menus, we
need to determine the best combination of agents being fed from each acceptability set. To this end,
for each internal node A’, we need to decide how many of the corresponding agents eat from A’
and how many eat from each child of A’.

To avoid going over all possible combinations here, we use the tree structure to build these
combinations sequentially. Each node v other than the root inherits a “debt" from either its previous
sibling (according to the label) or its parent (if no sibling comes earlier in the labeling), but not both.
Now v needs to decide how much of this debt it will keep for the subtree rooted at v, and how
much to pass of onto the next sibling, if any. Now the debt it retains plus n, is the number of agents
that need to be fed from the subtree rooted at v. Of this number, v now decides how many to feed
from the set A” and passes off the remaining to the first child (according to the labelling), if any.
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Algorithm 5: Minimum Sized Optimistically Valid Menus under Laminar Acceptability
Relations
Input: Menu Planning instance (N, O, (4;)ien, (S0 )oco) with laminar acceptability relations
Output: Minimum size of optimistically valid menu c
1 Let Al, - - - A¥ be the distinct acceptability sets s.t. sets are labeled in a pre-order traversal of
the associated containment tree where {1,2, ..., k} denote the acceptability sets ordered
according to the pre-order traversal

2 Letn, < |{i € N|A; = A"}
3 Letsib(v) < min{?'|v' > v AND ?¢’ is a sibling of v} if any, 0 otherwise
4 Let child(v) < min{?v’'|¢’ is a child of v} if any, 0 otherwise
5 Initialize k x n array LaminarOpt
6 forv =ktoldo
7 Lett =), jocpo Mo
8 for debt =t to 0 do
9 uy < 1(sib(v) > v)debt
10 up < 1(child(v) > v)(n, + debt)
1 8%« {ksolo € A%, k <[]}
12 LaminarOpt|v][debt] <
minogt]gul minOStzgmax(uz—tl,O) (IDENT(SU, ny + debt — t1 — tp, nm)
13
+1(sib(v) > v)LaminarOpt|[sib(v)][t1] + 1(child(v) > v)LaminarOpt[child(v)][t2]>

14 Return LaminarOpt[1][0]

Algorithm Overview. Algorithm 5 starts at the root of the laminar containment tree, A! that is
the largest acceptability set. Recall that we assume that the vertices of the tree are labeled in a
pre-order traversal, so each internal vertex is labeled before its children. We say that n; agents have
acceptability set A’. We use this ordering to run the dynamic program to sequentially decide, how
many agents must eat from each vertex of the tree and use the algorithm for identical acceptability
relations to find a minimum sized menu for these many agents.

We introduce the following notation: sib(v) is used to denote the next sibling of v according to
the labels, if any. If v has no siblings with a higher label, sib(v) is set to 0. Similarly, child(v) is used
to denote the child of v with the smallest label. If v has no children, the value of child(v) is set to 0.
Further, we use debt to denote the number of agents whose acceptability set is a superset, but must
eat from the subtree rooted at v or its siblings.

Each vertex v € [k], other than the root, receives a debt > 0. If v has a sibling, some of this
debt can be passed on to them. We set u; as equal to debt if sib(v) > 0. That is, u; is set to the
maximum debt that can be sent to sib(v). We choose t; between 0 and u; as the debt passed onto
sib(v). The remaining debt — t; agents must be fed from the subtree rooted at v. We now can pass
some off these agents on to the first child child(v), if any. We analogously set uy as n, + debt — t if
child(v) > 0 and choose t; as the debt passed on to child(v). We then use Algorithm 3 to find the
minimum sized menu to feed the remaining n, + debt — t; — t, agents from A°.

We make these decisions by using a dynamic program that we call LaminarOpt[v][debt] where
v € [k] and debt can take any integral value between 0 and Y_,.4,c A, Ny < n. We fill this from
v=k,---,1and forall values of debt € {0, -+, ¥ ys.a,c,, N }- Observe that v can only pass t; > 0

35



debt to sib(v) if sib(v) > v > 0. Similarly, as the vertices are labeled in a pre-order traversal of
the tree, each child’s entries would be filled before we reach their parent. As a result, we can fill
each entry of LaminarOpt[v][debt] by considering at most 7% other entries. We ultimately return
LaminarOpt|[1][0].

Proposition 5.5. Given a MENU SELECTION instance I with laminar acceptability relations, there exists a
polynomial-time algorithm that finds the minimum size of a optimistically valid menu M.

Proof. Fix a MENU SELECTION instance I = (N, O, (s,)oc0, (Ai)ien) with laminar acceptability
relations. Let Al, - - -, A¥ be the distinct acceptability sets across all agents in N. Further, assume
that these sets are labeled s.t. if A/ C A/, we have that j > j'. As these sets are laminar, we assume
that they are labeled in a pre-order traversal of the associated containment tree.’

Consider an agent i € N. Consider an optimistically valid menu M and a maximum sized
integral matching x. As M is optimistically valid, there must exist 0 € A; s.t. x;, = 1. Let A/ be
the smallest acceptability set that contains o. That is, A/ = argmax{t € [k]|o € A;}. Observe that
AJ must be the same as A; or a descendant of it in the laminar containment tree. In other words, i
must eat from A; or a descendant of it in the containment tree.

Consequently, in order to find min sized optimistic menus, we need to decide how many agents
eat from each set. We can find min sized menus for each set using the identical case (Algorithm 3) as
a subroutine. However, there may be exponentially many ways to divide agents among these sets.
We present a clever way of making this decision sequentially and using dynamic programming to
combine different independent subcases.

For each t € [k] net n; be the number of agents who have acceptability set A’. The agents eating
from A; can be agents with this exact acceptability set or with a superset (an ancestor of A;). These
agents can also eat from a descendant of A;, and those with strictly larger acceptability sets can
also eat from a sibling of A;. Consequently, Algorithm 5 uses a dynamic program in a top down
manner on the laminar containment tree as follows.

Correctness of Algorithm. We shall first show that every optimistically valid menu M can be
broken into a distribution of agents eating from each set A’ for t € [k] and thus be would be
considered by Algorithm 5.

Fix an arbitrary optimistically valid menu M. Choose a maximum cardinality optimistic
consumption matching x s.t. } ey oco Xio = 1. We shall now count the number of agents eating
from each set A” using the variables p,. Initialize p, to 0 for each variable v € [k].

For each option 0 € M s.t. Y; x;9 > 0, let A? be the smallest acceptability set containing o. That
is, foreach v’ #vs.t.0 € A”/, Ay C AY. We now increase Po by Y xi, to account for the number
of people eating 0. Now, having done this for all distinct options in M, we now must have that
Yvelk] Po = 1, as M is optimistically valid.

Further, for each v € [k], we only count the agents eating from it as those that are eating an
option not contained in one of its descendants. Thus, the acceptability set of all these agents must
be A” or a superset of A”. Consequently, it must hold that p, < 1y + 3 .4, a , . Additionally,
for each leaf v, it must be that p, > n, as agents with acceptability set A° cannot eat from any
other set. As a result, p, — n, is precisely the number of agents with strictly larger acceptability
sets. Thus, starting from the last leaf, we can calculate the debt inherited by each leaf in the tree.
This then helps us calculate the debt inherited by each vertex whose children are all leaves. In this
manner, we can calculate the debt inherited by each vertex and consequently the t; and ¢, values of

3A pre-order traversal of tree is one where each parent vertex is visited before its corresponding children. Given a
collection of laminar sets, we can construct a corresponding containment tree s.t. if S C T then the vertex corresponding
to T must be an ancestor of the vertex corresponding to S.
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Algorithm 6: Minimum Sized Pessimistically Valid Menus under Laminar Acceptability
Relations
Input: Menu Planning instance (N, O, (4;)ien, (S0 )oco) with laminar acceptability relations
Output: Minimum size of valid menu c
Let Al, - - - AF be the distinct acceptability sets
Let n, < |{i € N|A; = A"}|
Consider the set of leaf vertices £ < {v € [k]|vis aleaf }
Initialize ¢ <- 0
forv e Ldo
Lett =n, + Zv’:Ang”/ Ny
8%« {ksolo € A?, k <[]}
¢ < c+ IDENT(S?, t, nm)

®W 9 N Ul R W N

Return ¢

o

each vertex. As we solve each subcase optimally using Algorithm 3, for this sequence of t; and t,
values for each vertex, the menu size stored would be less than or equal to that of M but still feed
the same number of agents from each set A°.

As a result, we have that each valid menu will be considered or something that feeds the
same number of people with a smaller size. It is straightforward to see that the algorithm does
not consider any invalid division of agents across the sets. Hence, as the algorithm returns the
minimum size encountered, it must find a minimum sized optimistically valid menu for I.

Running Time. Observe that the size of the LaminarOpt is at most n%. The laminar tree can contain
at most n vertices, and the debt to each agent can be at most n. To fill each entry, Algorithm 3 is called
at most n? times and combined with other existing entries of LaminarOpt. Further Algorithm 3
runs in time O(nm?). Consequently, LaminarOpt runs in time O(n’m?). O

Pessimistically Valid Menus for Laminar Acceptability Relations.

We now build pessimistically valid menus for the laminar setting. To this end, we first give a
necessary and sufficient condition for pessimistic validity under laminarity.

Lemma D.2. Given a MENU SELECTION instance I with laminar acceptability relations and menu M. Let
vy, -+, U be the leaf nodes of the laminar containment tree. M is pessimistically valid if and only if for any
v € {vy, -, v}, wehave that Yo 4o qui(0)So = Mo + Loy, poic pv Mo

Proof. Fix a MENU SELECTION instance I = (N, O, (sy)oco, (Ai)icn) with laminar acceptability
relations and a menu M. Let A™,--., A% be the t distinct minimal acceptability sets. That is,
these sets are all pairwise disjoint and for all agents i € N, there must exist at least one j € [t] s.t.
A% C A,. Itis straightforward to see that these must be the leaves of the laminar containment tree.

Let M be a pessimistically valid menu. Recall from Theorem 3.2 that for a menu M to be
pessimistically valid, for each agent i € N it must hold that size(M|4,) = Y,ca, qo(M)s, >
14 pi(M), where M is the maximum cardinality matching from N\ {i} to M|,4,. Consider an agent
i€ Ns.t. A; = AV forsomev € {vy,- -+, 0t}

Consider the graph that determines p;. One side of the bipartition will have M|4, and the
other has the set N' = {j € N\ {i}|A; N A; # @}. Observe that due to laminarity and the fact
that A; = A is a minimal acceptability set, every agent j € N\ {i} s.t. A;NA; # @ satisfies
A; C Aj. Asaresult, every such agent j will have an edge to every option in A;. Consequently,
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pi(M) = min(n, — 1+ Y, joc 4o’ Mo, 5ize(M]|4,)). As M is pessimistically valid, it must hold that
ZoeAU qO(M)SO > Ny + Zv’:A”/;Av/ Ny

The remaining case is to show that when Y ,c 40 qm(0)so > 1o + 1. avc ¢ Mo holds for each
v € {o1,--+, 01}, M must be pessimistically valid. Let Y, a0 qm(0)So = 1o + Xy goc g 11 hold
for each v € {vq,---,v;}. Consider an arbitrary agent i € N and minimal acceptability sets
i, ,0j s.t. for each v € {vi, - ,v;}, we have that A’ C A;. As I has laminar acceptability
relations, we have that for every agentj € N\ {i} st A;NA; # @, either A; C Ajor A; C A;. Let
N, ={j e N\ {i}|A; CA}andletNl—{]GN\{}]A] A}

Observe that for each j € N, we have that A C A; for every v € {v;,---,v;}. On the
other hand, for each j € N, we have that there must exist v € {vi, 0} st A” C A;
As a result, we have that the number of agents who find an option in A; acceptable is exactly
|N}F| + |Ni| = (Zy/;Av/ﬁAﬁé@ 7’10) -1

Recall that for every v € {v;,- - - ,v;,}, we have that }_yc 40 gm(0)so > 1, + Ly avc 4o Moy - Conse-
quently, forevery v € {vj,,---,v; }, we have that ¥, 40 qm(0)so > 1+ [N |+ [{j € N.|A” C Aj}|.
Thus, M is pessimistically valid.

O

Proposition 5.6. Given a MENU SELECTION instance I with laminar acceptability relations, there exists a
polynomial-time algorithm that finds the minimum size of a pessimistically valid menu M.

Proof. Fix a MENU SELECTION instance I = (N, O, (s,)oc0, (Ai)ien) with laminar acceptability
relations. We shall prove that Algorithm 6 returns the minimum possible size of a pessimistically
valid menu under I. We first begin with an algorithm overview.

Algorithm Overview. Algorithm 6 proceeds by considering the laminar containment tree and
the t leaves A", - - -, A”. For each leaf v; it adds the minimum size pessimistic menu for feeding
Mo + Loy At po o from A" using the algorithm for identical acceptability relations as a subroutine.
The combined sizes for each leaf is returned.

Correctness. Firstly, it is straightforward to see that the menu constructed by Algorithm 6 would
satisfy Lemma D.2, thus it is clearly pessimistically valid.

Let M’ be a minimum sized pessimistically valid menu. From Lemma D.2, we have that for each
minimal acceptability set A%, Y- _ 1o qar (0)so > 1o, + 1,4 v g0 - NOW as Algorithm 3 always
returns the minimum menu size to feed a given number of (identical) agents from a given set, it
must be that ) _ 4o g (0)s0 > IDENT(A”, Jny; + 1, 4 % 4o o~ If this is not so, either Algorithm 3
would not be optimal or the condition }- cai q M (0)so > Ny, + YA i a0 Mo must not hold. This
would be a contradiction.

Consequently, we have that the size of M’ must be greater than or equal to the size returned
by Algorithm 6. Consequently, we have that Algorithm 6 returns the minimum possible size of a
pessimistically valid menu under I.

Running Time. Algorithm 6 invokes IDENT (Algorithm 4) |£| < n — 1 times and IDENT takes
time O(n®m?). Consequently, Algorithm 6 runs in time O (n*m?). O

E Omitted Material from Section 6

Proof. Fix a MENU SELECTION instance I = (N, O, (s5)oc0, (Ai)ieN)-
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Laminar. We first consider the laminar case. Given instance I, we shall create an alternate
instance I’, also with laminar acceptability relations with the same number of agents and minimal
acceptability sets, but which will always satisfy WoP(I) < WoP(I') and then reason about its
maximum possible waste of pessimism value. We will prove this bound as follows:

i. Create an alternate instance I’ with laminar acceptability relations, with the same number of
agents and same number of minimal acceptability sets.

ii. Prove that WoP(I) < WoP(I").
iii. Find a worst case choice of serving sizes and number of minimal acceptability sets for WoP

iv. Demonstrate an instance where this bound is tight.

Creating I'. Given I, construct instance I’ s.t. the laminar containment tree of I’ is a star graph

that has the same number of leaves as that of I. Let A!,- - -, A¥ be the distinct acceptability sets
under I where Al is the root of the containment tree. Let £ = {A",... , A"} be the leaves of the
containment tree in I.

We set the distinct acceptability sets under I’ as AlUo*, A", ..., A%, Here, we add an addi-
tional option 0* with s, = 1 to the root of the tree. Further, we set the number of agents with
acceptability set A’ as n, = 1if v € L and n; = n — t where is n is the number of agents in I.

Observe that any menu that under I’ each agent find the same set acceptable as under I or
finds a superset of it acceptable. This means that any menu that is optimistically valid under
I will continue to be optimistically valid under I'.  Consequently, minyca (1) Yoco qm(0)so >
minyiea 1y Loeo 4m(0)So-

Further, for pessimistically valid menus, from Lemma D.2, the number of agents that need
to be fed by any minimal set under I’ is at least as much as that under I. As a result, any
menu that is pessimistically valid under I’ will be pessimistically valid under I. Consequently,

minyier(r) Loco dM(0)8o < minyrer(rny Loco gm(0)s,- Thus, we have that

MiNyrer(1) Yoo IMSo < MiNyrer(1) oo MSo < minyer(ry Yoeo IMSo

WoP(I) = — < — < —
@) MiNyep(r) Loco GMSo — MiNprep(r) Loco qMSo — MiNprep(r) Loco TMSo

= WoP(I").

Worst Case WoP(I'). We now compute the worst case value for the waste of pessimism for I’.
Firstly, given an acceptability set A” if &« = min,c 4v s, then the minimum possible menu size to
feed n' agents from A” would be at most [ 2 ]. That is, in order to feed all n" agents who find A”

acceptable, we can simply order the item with the smallest serving size [%’1 times in order to find
a valid menu. Consequently, the minimum sized pessimistic menu size to feed n agents under I’
would involve feeding n — t 4 1 agents from each leaf vertex A% for j € [t]. Thus, the size of the

e . . n—t+1 .
smallest pessimistic menu will be at most YJjc &;[ v | where a; = min__ v so.

Now recall that under I’ exactly one agent has A; = A% for each j € [t]. To feed this agent
under an optimistically valid menu, exactly one option needs to be selected from A?/. Specifically,
this should be the item with the smallest serving size, i.e. it must have size «;. Thus, the minimum
sized optimistically valid menu must have size at least }_;c () a;. If for some j € [t], &; > 1, this can
additionally feed some agents at the root. Further, we had added option o* to A! with size s, = 1.
If ) ;aj < n, we can order n — }; a; quantities of 0*. Consequently, a minimum sized optimistic
menu will have size max(n, Y jc(j «;). We now give a bound on WoP(I') based on which term
comes in the denominator.

Case 1: Zje[t] aj > n. Recall that the size of the minimum sized pessimistic menu is
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This gives us that WoP(I') =

<

Observe that this bound would be tight only when min;«; = &;. However, we still need
Yjej @j = n. Thus, in order to maximize the waste of pessimism, we need a; = § forall j € [t].
Thus, to maximize WoP(I'), we need that }Jjc [ «; = n. This brings us to the next case.

Case 2: Zje[t] aj < n. In this case, we have that the denominator in the Waste of Pessimism
bound will be n. For the numerator we have that

n—t+1
min gm(0)s, < { -‘
Mer(I' og) ]ezt:] a;
<Y (n—t+a)
j€lt]
=tn—t)+ ) a;

jelt]

Again, to maximize WoP(I), we set }_; a; = n. Consequently, it remains to choose a value of ¢
that maximizes the function #(n — t). By some straightforward calculus, we get that we need t = %,
in order to maximize WoP(I"). Recall that we assume Y jet & = 1. By definition, for each j € [£], it
must be that aj > 1.

For this case, in order to ensure that the upper bound is tight, we require that } ;c; #; = n and

Yiel & [ g W Yie(n —t+ zx]-) To this end, we need that for every j € [t], a; divides n — ¢.
This includes the choice of a; = %, which gave the tight bound for Case 1, which in this setting

gives us a; = 2 for all j. To simplify our analysis for the upper bound, we assume a; = 2.
To this end, we get that for any MENU SELECTION instance [ with n agents,

(n/2)(n/2+2) n+4

n 4
Tight example. Consider the following instance where this bound is tight: set n = 4t/, O =
{01,-++ ,00p 11} wheres, =2 forall o € O. Further, set A; = {0;} fort <2t'and A; = O fori > 2¢t'.
Here, the minimum sized optimistic menu would have to order at least one quantity of o; to feed
agent i for each i < 2t'. Each o; can also simultaneously feed agent 2¢' + i for i < 2t'. Consequently,
we have that the minimum optimistically valid menu has size n.

Meanwhile, in order to ensure pessimistic validity, each of n/2 minimal sets need to feed
n/2+ 1 people. As n = 4t', we need enough of o; to feed 2t' + 1 agents. As s,, = 2, we need to
order t' + 1 quantities of o;, for each i € [2¢']. Thus, the minimum pessimistic menu would have
size (%)(% +2). This exactly matches the upper bound obtained.

WoP(I) <
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Chained. We now consider the case where the laminar tree is simply a path. That is, for the
distinct acceptability sets Al ... A¥ we have that they form a chain of subsets Ak C ... C AL

Observe that under a pessimistically valid menu must be able to feed everyone from A, while
an optimistically valid menu need not. As we argued in the case for laminar, the minimum sized
menu to feed 1 agents from A* would have size at most & [2] < n+a—1where a = min, 4 S,.
Consequently, in order to maximize the waste of pessimism under I, we need « to be suitably large.

If « > n, clearly, there would be no waste of pessimism, as even in the minimum sized optimistic
menu, to feed the agents with acceptability set A¥, we need a size of at least « which will allow
us to feed all other agents as well. Thus, the maximum possible waste of pessimism would come
when o« = n — 1. As a result, we have that

n+n-—1 :211—1 <

WoP(I) < <2
n n
A tight example would come when we have n agents with two options O = {01,0,} where
Soy =n—1lands, =1 Weset A1 =Ay=---=A,_1={01}and A, = {01,02}.
Identical. Observe that under identical acceptability relations every optimistically valid menu is
pessimistically valid. Hence there would be no waste of pessimism. O
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