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We define a higher-order generalisation of the CPM construction based on arbitrary finite abelian
group symmetries of symmetric monoidal categories. We show that our new construction is functorial,
and that its closure under iteration can be characterised by seeing the construction as an algebra for an
appropriate monad. We provide several examples of the construction, connecting to previous work
on the CPM construction and on categorical probabilistic theories, as well as upcoming work on
higher-order interference and hyper-decoherence.

1

Introduction

The CPM Construction [18] is of cardinal importance to the categorical study of quantum theory [2, 8],
where it provides the canonical model of mixed-state quantum behaviour. It has been extensively
studied, both axiomatically [6, 7, 9, 14] and concretely [10, 15, 16, 17]. Recently, applications of the
CPM construction in the context of compositional distributional models of meaning [4, 5, 15, 17] have
prompted renewed interest on iterated CPM constructions [3], with the discovery of new features due to
their additional degrees of freedom [19].
In this work, we define a theory of higher-order 1 CPM constructions, which we characterise as
Eilenberg-Moore algebras for a certain monad. We connect to the recent work on iterated CPM constructions [19]. We provide a very broad family of examples obtained from categories of free finite-dimensional
modules over commutative semirings [11], showing that they can all be understood within the framework
of categorical probabilistic theories [12].

2

The traditional CPM construction

In the traditional formulation of [18] and subsequent work, the CPM construction can be understood
in terms of two separate steps: doubling and discarding. By doubling, we mean the passage from a
dagger-compact category C to the corresponding doubled category DBL (C ). By discarding, we mean
the introduction of an environment structure ( A )A∈obj C into the doubled category.

2.1

Doubling

The doubling step of the traditional CPM construction can be understood as the passage from C to the
sub-category DBL (C ) of C obtained as the image of the following doubling functor:
dbl [A] := A ⊗ A∗
dbl [ f ] := f ⊗ f ∗
1 By higher-order we mean that the abelian symmetry groups associated with our CPM constructions can have any finite order,
as opposed to the order-2 symmetry group Z2 associated with the traditional CPM construction on dagger-compact categories.

Giulio Chiribella, Peter Selinger (Eds.): 15th International
Conference on Quantum Physics and Logic (QPL 2018).
EPTCS 287, 2019, pp. 145–162, doi:10.4204/EPTCS.287.8

c Stefano Gogioso
This work is licensed under the Creative Commons
Attribution-Noncommercial-Share Alike License.

146

Higher-order CPM Constructions

This work uses a conjugation
functor ( )∗ which is both strict monoidal—i.e. (A ⊗ B)∗ = (A∗ ⊗ B∗ )—and
∗
∗
involutive—i.e. ( )
= id. The dbl [ ] functor above respects the dagger, but if DBL (C ) is equipped
with the tensor product inherited from C then the functor is not strict monoidal:
dbl [A ⊗ B] = (A ⊗ B) ⊗ (A ⊗ B)∗ = (A ⊗ B) ⊗ (A∗ ⊗ B∗ ) 6= (A ⊗ A∗ ) ⊗ (B ⊗ B∗ ) = dbl [A] ⊗ dbl [B]
The functor dbl [ ] becomes strict monoidal if we equip the image with a different tensor product—
analogous to the one of [18] on morphisms—which respects the structure of objects/morphisms:
(A ⊗ A∗ )  (B ⊗ B∗ ) := (A ⊗ B) ⊗ (A∗ ⊗ B∗ ) = (A ⊗ B) ⊗ (A ⊗ B)∗
( f ⊗ f ∗ )  (g ⊗ g∗ ) := ( f ⊗ g) ⊗ ( f ∗ ⊗ g∗ ) = ( f ⊗ g) ⊗ ( f ⊗ g)∗
From this moment forward, when saying “monoidal” we will always mean “strict monoidal”. Under this
new tensor product, DBL (C ) is a dagger SMC, and the doubling functor is dagger monoidal .

2.2

Discarding

The discarding step of the traditional CPM construction can be understood as the introduction of a family
of effects ( A : A ⊗ A∗ → I)A∈obj C in C (the discarding maps) which respect the tensor product of
DBL (C ) in the following sense:
A⊗B
I

= (
= 1

A⊗

B ) ◦ (idA ⊗ σB,A∗

⊗ idB∗ )

where σA,B : A ⊗ B → B ⊗ A are the symmetry isomorphisms of C . Traditionally, the chosen family is
∗
∗
A := εA , where by ηA : I → A ⊗ A and εA : A ⊗ A → I we will denote the cups and caps for the compact
closed structure of C .
Given the above, the CPM category CPM [C ] can be defined as the smallest sub-category of C
containing the doubled category DBL (C ) and all the effects ( A )A∈obj C . 2 Because the effects are
required to respect the monoidal structure of DBL (C ), the CPM category is itself a symmetric monoidal
category with tensor product  extended as follows to arbitrary morphisms F : dbl [A] → dbl [C] and
G : dbl [B] → dbl [D]:
F  G := (idC ⊗ σC∗ ,D ⊗ idD∗ ) ◦ (F ⊗ G) ◦ (idA ⊗ σA−1
∗ ,B ⊗ idB∗ )
This makes ( A )A∈obj C an environment structure for CPM [C ]. Furthermore, the specific choice A :=
εA satisfies the following additional requirement, which makes CPM [C ] a dagger-compact category:
(

†
A)

=(

A∗

 dbl [idA ]) ◦ dbl [ηA ]

The condition above is in fact equivalent to requiring closure of the family under conjugation:
∗
A

=

A∗

In this work, we will keep the additional requirement above explicit, and not include it as part of the
definition of environment structure3 .
2 This

CPM category is equivalent to the one originally defined in [18], but not identical: the objects in the original CPM [C ]
are labelled by the objects A of C , while here CPM [C ] is defined directly as a sub-category of C with objects in the form A ⊗ A∗ .
3 This follows the convention set in [12] for environment structures in the context of Categorical Probabilistic Theories, where
dagger-compact structure is not necessarily of interest.
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A symmetry perspective

Previous literature on the CPM construction has focussed mostly on the connection with positive operators
and completely positive maps [7, 18] in presence of compact closed structure. States ρ : I → A ⊗ A∗ in
CPM [C ] correspond to positive morphisms in C :
f ◦ f† : A → A
where f : C → A is some morphism and C is some object. Morphisms in CPM [C ] then correspond to
super-operators in C , sending positive morphisms to positive morphisms:

 


f ◦ f † : A → A 7→ M ◦ ( f ◦ f † ) ⊗ idE ◦ M † : B → B
where M : A ⊗ E → B is some morphism and E is some object.
In this work, we will instead take a “symmetry” perspective on the CPM construction. To begin with,
we observe that the following defines a group homomorphism Φ from the finite abelian group Z2 to the
group of monoidal automorphisms Aut (C ) (i.e. monoidal endofunctors with monoidal bilateral inverse)
of the category C :
Φ : Z2 → Aut (C )
0 7→
idC
1 7→ con jC
where idC is the identity functor and con jC is the conjugation functor. The doubling functor can then be
re-cast as follows, in terms of the group homomorphism Φ:

N

Φ(g)[A] = A ⊗ A∗
A 7→
O
g∈Z2
dbl [ ] =
Φ(g)[ ] =
N

Φ(g)[ f ] = f ⊗ f ∗
 f 7→
g∈Z2
g∈Z2

The actual choice of ordering for the tensor product is essentially irrelevant, as any two choices will lead
to functors which are naturally isomorphic via conjugation by a permutation of the objects.
Out of all these natural permutation isomorphisms, we will in particular be interested in the ones
corresponding
 to the regular action of Z2 on the indices, i.e the natural transformations τ(g) : dbl [ ] ⇒

Φ(g) dbl [ ] for all g ∈ Z2 :
τA (0) := idA⊗A∗
τA (1) := σA,A∗
Using them, we can see that the autofunctors Φ(g) on DBL (C ) are all naturally isomorphic, via conjugation by the permutations τ(g), to the identity functor:


τB (0)−1 ◦ Φ(0) f ⊗ f ∗  ◦ τA (0) = idB⊗B∗ ◦ ( f ⊗ f ∗ ) ◦ idA⊗A∗ = f ⊗ f ∗
τB (1)−1 ◦ Φ(1) f ⊗ f ∗ ◦ τA (1) = σB∗ ,B ◦ ( f ∗ ⊗ f ) ◦ σA,A∗
= f ⊗ f∗
This means that the morphisms in DBL (C ) are essentially invariant under the Z2 -action given by the
autofunctors Φ(g).
In order to extend this invariance to the morphisms in CPM [C ], we need to make the following
assumption on the discarding maps:
∗
−1
A ◦ σA,A∗
A=
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Note that this assumption is different from the additional assumption ∗A = A∗ , but is equally satisfied
by the traditional choice A := εA . In terms of the autofunctors and natural transformation above, this
means that:
−1
Φ(0)[ A ] =
A =
A ◦ idA⊗A∗ =
A ◦ τA (0)
−1
∗ =
−1
=
Φ(1)[ A ] =
A ◦ σA,A∗
A ◦ τA (1)
A
As a consequence, we get that the autofunctors Φ(g) on CPM [C ] are all naturally isomorphic, via
conjugation by the permutations τ(g), to the identity functor (using the fact that the generic morphism in
CPM [C ] takes the form (idB ⊗ E ⊗ idB∗ ) ◦ ( f ⊗ f ∗ ) for some f : A → B ⊗ E in C ):

τB (0)−1 ◦ Φ(0) (idB ⊗

τB (1)−1 ◦ Φ(1) (idB ⊗


⊗ idB∗ ) ◦ ( f ⊗ f ∗ ) ◦ τA (0) =
=

∗
E ⊗ idB∗ ) ◦ ( f ⊗ f ) ◦ τA (1) =
=
E

(idB ⊗ (
(idB ⊗
(idB ⊗ (
(idB ⊗

◦ idE⊗E ∗ ) ⊗ idB∗ ) ◦ ( f ⊗ f ∗ )
∗
E ⊗ idB∗ ) ◦ ( f ⊗ f )
∗ ◦σ
∗
E,E ∗ ) ⊗ idB∗ ) ◦ ( f ⊗ f )
E
∗
E ⊗ idB∗ ) ◦ ( f ⊗ f )
E

Restricted to the monoid (K, ⊗, 1) of scalars for C , the autofunctors Φ(g) define a group homomorphism from Z2 to the group of monoid automorphisms of K. The invariance argument above shows that
the scalars of DBL (C ) and CPM [C ] always fall within the sub-set of elements of K which are left fixed
by the Z2 -action. Particularly interesting is the case where C is enriched in commutative monoids 4 as a
dagger symmetric monoidal category, so that the conjugation functor is automatically linear: this means
that K is naturally a commutative semiring (K, +, 0, ⊗, 1) with involution ∗ , and the action of Z2 coincides
with the action of the involution. If K is a field and conjugation is non-trivial, we can define R to be the
sub-field fixed by conjugation, and the doubling functor on scalars coincides with the field norm for the
quadratic Galois extension K/R:
dbl [x] = x ⊗ x∗ = NK/R (x)
For example, in the case of C = fHilb we have K = C and ∗ is complex conjugation, so that K/R is the
quadratic extension C/R. If A = ∑ni=1 dbl [han |] is any test made of product effects and dbl [|ψi] is a
product state on A ⊗ A∗ which is normalised 5 , then the above yields the Born rule for the (R-valued)
probabilities of test outcomes:
P(An |ψ) := dbl [han |] ◦ dbl [|ψi] = NK/R (han |ψi)
In the fHilb case of K/R = C/R we recover the familiar form NK/R (han |ψi) = |han |ψi|2 .

3

The higher-order CPM construction

3.1

The folded category

Consider a symmetric monoidal category (C , ⊗, I). Let G be a finite abelian group, and Φ be a group
homomorphism from G to the group of monoidal automorphisms Aut (C ). The following definition
generalises the construction of the doubled category from the symmetry perspective.
4 I.e.

homsets come equipped with an addition + and a zero morphism 0, satisfying appropriate compatibility conditions (e.g.
tensor, dagger, associator and unitors must all be linear).
5 I.e.
A ◦ dbl [|ψi] = 1.
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Definition 1. The Φ-folding functor is the endofunctor fldΦ on C defined as follows:

N

Φ(γ)[A]
A 7→
O
γ∈G
Φ(γ)[ ] =
fldΦ [ ] =
N

Φ(γ)[ f ]
 f 7→
γ∈G
γ∈G

From now on, we will require that C be chosen in such a way that the folding functor fldΦ is injective on
objects, i.e. that fldΦ [A] = fldΦ [B] implies A = B for all A, B ∈ obj C . The following is then well-defined.
Definition 2. The Φ-folded category FLDΦ (C ) is the image of the Φ-folding functor. The folding functor
is also a functor C → FLDΦ (C ) which is bijective on objects.
Lemma 3. The Φ-folded category is a symmetric monoidal category (FLDΦ (C ) , , fldΦ [I]), with tensor
product  defined as follows:
fldΦ [A]  fldΦ [B] := fldΦ [A ⊗ B]

fldΦ [ f ]  fldΦ [g] := fldΦ [ f ⊗ g]

The folding functor C → FLDΦ (C ) is a monoidal functor under this choice of monoidal structure.
The choice of ordering for the tensor product is essentially irrelevant—as was the case for the ordinary
doubling construction—since all possible choices lead to folding functors which are naturally isomorphic
via conjugation by permutations on objects. Once again, we are interested in the natural isomorphisms
arising from the regular action of G on the indices of the tensor product, i.e. the τ(γ) : fldΦ ⇒ Φ(γ) ◦ fldΦ
defined as follows for all γ ∈ G:
τA (γ) := the unique permutation

O

Φ(δ )[A] −→

δ ∈G

O

Φ(γδ )[A]

δ ∈G

For example, for G = Z3 we would have the following natural isomorphisms:
τA (0) := idA⊗Φ(1)[A]⊗Φ(2)[A]
τA (1) := (idΦ(1)[A] ⊗ σA,Φ(2)[A] ) ◦ (σA,Φ(1)[A] ⊗ idΦ(2)[A] )
τA (2) := (σA,Φ(2)[A] ⊗ idΦ(1)[A] ) ◦ (idA ⊗ σΦ(1)[A],Φ(2)[A] )
By using the natural isomorphisms τ(γ), we can see that the monoidal autofunctors Φ(γ) on FLDΦ (C )
are all naturally isomorphic, via conjugation by the permutations τ(γ), to the identity functor:
"
#
τB (γ)−1 ◦ Φ(γ)

O

Φ(δ )[ f ] ◦ τA (γ) = τB (γ)−1 ◦

δ ∈G

O
δ ∈G

Φ(γδ )[ f ] ◦ τA (γ) =

O

Φ(δ )[ f ]

δ ∈G

This means that the morphisms in FLDΦ (C ) are essentially invariant under the G-action given by the
monoidal autofunctors Φ(γ). If (K, ⊗, 1) is the commutative monoid of scalars for C , then Φ restricts to
an action of G on K by monoid isomorphisms, and we can consider the sub-monoid RΦ formed by the
G-invariant elements of K. The remarks above show that the scalars of the Φ-folded category are always a
sub-monoid of RΦ (since  and ⊗ are both the same monoid operation on scalars). If C is enriched in
commutative monoids, the Φ(γ) autofunctors are linear and K is a field, then the action of the folding
functor on scalars corresponds the field norm NK/RΦ (x) = ⊗γ∈G Φ(γ)[x] for the Galois extension K/RΦ .

3.2

The higher-order CPM construction

In the previous section, we have seen that an environment structure for the CPM category can be defined by
choosing a family of effects—the discarding maps—which respect the monoidal structure of the doubled
category. Here we will be interested in the more general context where we choose multiple, compatible
environment structures, which we use simultaneously to construct our generalised CPM categories.
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Before moving on to do so, recall that the tensor product of maps in the CPM category involved a
permutation in order to obtain a domain in the correct form. For the traditional second-order case, this
only involved a swap. To deal succinctly with the more general case, we define the following natural
isomorphism π = (πA,B )A,B∈obj C :
πA,B := the unique permutation

O
γ∈G

Φ(γ)[A] ⊗

O

Φ(γ)[B] −→

γ∈G

O

Φ(γ)[A ⊗ B]

γ∈G

For example, for G = Z3 we would have the following isomorphism:
πA,B = (idA ⊗ σΦ(1)[A],B ⊗ σΦ(2)[A],Φ(1)[B] ⊗ idΦ(2)[B] ) ◦ (idA ⊗ idΦ(1)[A] ⊗ σΦ(2)[A],B ⊗ idΦ(1)[B] ⊗ idΦ(2)[B] )
In particular, the symmetric monoidal structure of the Φ-folded category can be expressed in terms of π.
If f : A → C and g : B → D are morphisms in C , then we have that:
−1
fldΦ [ f ]  fldΦ [g] = πC,D ◦ (fldΦ [ f ] ⊗ fldΦ [g]) ◦ πA,B

Definition 4. A multi-environment structure for Φ is a family (ΞA )A∈obj C of sets ΞA of effects on fldΦ [A]
in C which satisfies the following three conditions:
−1
(i) for all ξA ∈ ΞA and all ξB ∈ ΞB we have that (ξA ⊗ ξB ) ◦ πA,B
∈ ΞA⊗B ;

(ii) we have that ΞI = {1};
(iii) for all ξA ∈ ΞA and all γ ∈ G we have that Φ(γ)[ξA ] = ξA ◦ τA (γ)−1 .
In particular, an environment structure for Φ is a multi-environment structure where each set ΞA contains
exactly one element, which we denote by A .
The multi-environment structures for a fixed Φ can be partially ordered by object-wise subset inclusion.
The partial order is in fact a lattice, with meet given by object-wise set intersection and join given by
suitable closure of object-wise set union.
Definition 5. Given a multi-environment structure Ξ = (ΞA )A∈obj C , the (Φ, Ξ)-CPM category, which we
denote by CPMΦ,Ξ (C ), is defined to be the smallest sub-category of C which contains FLDΦ (C ) as well
as all maps in the following form:
−1
(ξA ⊗ idfldΦ [B] ) ◦ πA,B
for all pairs of objects A, B ∈ obj C and all effects ξA ∈ ΞA in the multi-environment structure.
Lemma 6. We can extend the tensor product  of FLDΦ (C ) as follows to turn CPMΦ,Ξ (C ) into a
symmetric monoidal category, having FLDΦ (C ) as a monoidal subcategory:
−1
F  G := πC,D ◦ (F ⊗ G) ◦ πA,B

where F : fldΦ [A] → fldΦ [C] and G : fldΦ [B] → fldΦ [D] are generic morphisms in CPMΦ,Ξ (C ).
We refer to the SMC constructed above as a higher-order CPM construction. By analogy to the
traditional CPM construction, it is easy to see that the morphisms of CPMΦ,Ξ (C ) can always be put into
the following normal form—by sliding the multi-environment effects around, and using conditions (i) and
(ii) of Definition 4—where f : A → B ⊗ E is a morphism in C and ξE ∈ ΞE for some E ∈ obj C :
(idfldΦ [B]  ξE ) ◦ fldΦ [ f ]
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As a consequence of condition (iii) for the multi-environment structure Ξ, we get that the autofunctors
Φ(γ) on CPMΦ,Ξ (C ) are all naturally isomorphic, via conjugation by the permutations τ(γ), to the
identity functor:




−1
τB (γ) ◦ Φ(γ) (idfldΦ [B]  ξE ) ◦ fldΦ [ f ] ◦ τA (γ) =
idfldΦ [B]  Φ(γ)[ξE ] ◦ τE (γ) ◦ fldΦ [ f ]
= (idfldΦ [B]  ξE ) ◦ fldΦ [ f ]

3.3

Functoriality of the higher-order CPM construction

In order to understand the functorial and iterative properties of the higher-order CPM construction, we
introduce the notion of a “universe of symmetric monoidal structures”.
Definition 7. Let SMCs be the category of (suitably small) symmetric monoidal categories and monoidal
functors between them. By a SMC-universe we mean a category Θ equipped with a faithful functor
J KΘ : Θ → SMCs with image JΘKΘ forming a sub-category of SMCs. We refer to J KΘ as the underlying
SMC functor.
SMC-universes are essentially categories where the objects are symmetric monoidal categories and the
morphisms are monoidal functors between them, where the categories can be thought to have been
equipped with some additional information, and the morphisms between them restricted based upon that
information. Some interesting examples of SMC-universes include the following:
• the category SMCs of symmetric monoidal categories and monoidal functors (equipped with the
identity J KSMCs = idSMCs );
• the category DagSMCs of dagger symmetric monoidal categories and dagger monoidal functors
(equipped with the sub-category inclusion J KDagSMCs into SMCs);

• the category DagCompSMCs of dagger-compact categories with chosen duals and dagger monoidal
functors preserving chosen duals (equipped again with the sub-category inclusion into SMCs).
The reason to introduce the additional layer of abstraction given by the underlying SMC functor, rather
than simply considering sub-categories of SMCs as in the examples above, can be summarised as follows:
in order to characterise the higher-order CPM construction as a functor, we need to equip symmetric
monoidal categories with additional data (the action Φ and the multi-environment structure Ξ), and we
need to restrict the functors allowed between them based on that data (i.e. we will require that our functors
be G-equivariant and respect the multi-environment structure).
Definition 8. By a morphism of SMC-universes (ζ , nζ ) : Θ → Θ0 we mean a functor ζ : Θ → Θ0 together
with a natural transformation nζ : J KΘ ⇒ Jζ ( )KΘ0 . We denote the category of SMC-universes and
morphisms between them by SMCUnivs.
One interesting example of morphism between SMC universes is given by the traditional CPM construction,
which we can write as CPM [ ] : DagCompSMCs → DagCompSMCs in the following way:
• the functor ζ : DagCompSMCs → DagCompSMCs is ζ = CPM [ ], sending a dagger-compact
category C to CPM [C ] and a dagger monoidal functor F : C → D to its restriction CPM [C ] →
CPM [D] (recalling that CPM [C ] is defined as a sub-category of C in this work);
• the natural transformation J KDagCompSMCs ⇒ JCPM [ ]KDagCompSMCs is given by the doubling
functor dbl [ ] : C → CPM [C ], where we have used the fact that DagCompSMCs is a sub-category
of SMCs, so that we have C = JC KDagCompSMCs and CPM [C ] = JCPM [C ]KDagCompSMCs .
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Definition 9. Let Θ be a SMC-universe. Then the category PreCPM [Θ] is defined as follows.
(i) The objects of PreCPM [Θ] are in the form (C , Φ, Ξ), where;
•
•
•
•
•
•

C is an object in Θ;
Φ is a group homomorphism from a finite abelian group G to the automorphisms AutΘ (C );
Ξ is a multi-environment structure for JΦKΘ ;
the (JΦKΘ , Ξ)-CPM category CPMJΦKΘ ,Ξ (JC KΘ ) is an object of JΘKΘ ;
the JΦKΘ -folding functor fldJΦKΘ : JC KΘ → CPMJΦKΘ ,Ξ (JC KΘ ) is a morphism of JΘKΘ ;
the JΦKΘ -folding functor fldJΦKΘ is injective on objects;

(ii) The morphisms (C , Φ, Ξ) → (C 0 , Φ0 , Ξ0 ) in PreCPM [Θ], where Φ and Φ0 are both actions for the
same finite abelian group G, are the morphisms F : C → C 0 in Θ which satisfy the following:
• F is G-equivariant, in the sense that for all γ ∈ G we have:
F ◦ Φ(γ) = Φ0 (γ) ◦ F
• JFKΘ respects the multi-environment structure, in the sense that for all A ∈ obj JC KΘ we have:
n
o
JFKΘ (ξA ) ξA ∈ ΞA ⊆ Ξ0JFKΘ (A)
If Φ and Φ0 are not actions for the same finite abelian group G, then there are no morphisms
between (C , Φ, Ξ) and (C 0 , Φ0 , Ξ0 ).
Lemma 10. There is a faithful and surjective functor J KPreCPM[Θ]→Θ : PreCPM [Θ] → Θ which sends
(C , Φ, Ξ) to C and is the identity on morphisms. The category PreCPM [Θ] is an SMC-universe with
underlying SMC functor J KPreCPM[Θ] defined by J KPreCPM[Θ] := JJ KPreCPM[Θ]→Θ KΘ .
The definition of the SMC-universe PreCPM [Θ] allows us to detail the functorial properties of the
higher-order CPM construction in full generality.

Lemma 11. Let Θ be a sub-category of SMCs, seen as a SMC-universe where J KΘ is the sub-category
inclusion (so that JΘKΘ = Θ). Then the higher-order CPM construction can be used to define a morphism
of SMC-universes (CPM, nCPM ) : PreCPM [Θ] → Θ as follows:
• the functor CPM : PreCPM [Θ] → Θ is the one sending an object (C , Φ, Ξ) of PreCPM [Θ] to the
object CPMΦ,Ξ (C ) of Θ, and acting as the identity on morphisms;
• the natural transformation nCPM is given by the Φ-folding functor fldΦ : C → CPMΦ,Ξ (C ).
In particular, the result above shows that the higher-order CPM construction is functorial over monoidal
functors which are G-equivariant and respect the multi-environment structure.

3.4

The higher-order CPM construction as an Eilenberg-Moore algebra

The traditional CPM construction can be iterated, but the combined result of multiple iterations is not
itself a CPM construction: this is because traditional CPM construction is defined to be second-order
(i.e. it corresponds to a Z2 symmetry), while its iterations are higher-order (i.e. they correspond to Zn2
symmetries). The higher-order CPM construction does not have this restriction, and its behaviour under
iteration can be easily understood in terms of a monad. The entire construction is essentially predicated
on the following observations.
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If we have two actions Φ : G → AutΘ (C ) and Φ0 : G0 → AutΘ (C ) which commute, i.e. which
satisfy Φ(γ)Φ0 (γ 0 ) = Φ0 (γ 0 )Φ(γ) for all (γ, γ 0 ) ∈ G × G0 , then we can combine them into a new action
Φ Φ0 : (G × G0 ) → AutΘ (C ) as follows:
(Φ

Φ0 )(γ, γ 0 ) := Φ(γ)Φ0 (γ 0 )

This way, can be taken to define a commutative monoid operation on the actions of finite abelian groups
over a fixed object C of a fixed SMC-universe Θ, where the unit is the trivial action 1 : Z1 → AutΘ (C )
given by the identity automorphism.
If Ξ is a multi-environment structure
we can define a multi-environment structure
n for JΦKΘ , then o
fldΦ0 [Ξ] for JΦ Φ0 KΘ as fldΦ0 [Ξ]A := fldΦ0 [ξA ] ξA ∈ ΞA . Similarly, if Ξ0 is a multi-environment struc0
ture
we can define a multi-environment structure fldΦ [Ξ0 ] for JΦ Φ0 KΘ as fldΦ [Ξ0 ]A :=
n for JΦ KΘ then o
fldΦ [ξA0 ] ξA0 ∈ Ξ0A . Given both Ξ and Ξ0 , we use the lattice operations on multi-environment structures

to define the product Ξ

Ξ0 as a multi-environment structure for JΦ
_
 
Ξ Ξ0 := fldΦ0 [Ξ] fldΦ Ξ0

Φ0 KΘ :

We also define the trivial multi-environment structure 1 for J1KΘ as follows:
(
{1} if A ∼
=I
1A :=
0/
otherwise
This way, can be taken to define a commutative monoid operation on multi-environment structures,
compatible with the commutative monoid operation previously defined on the underlying actions.
Theorem 12. The map PreCPM [ ] can be extended to an endofunctor of SMCUnivs by defining its
action on morphisms (ζ , nζ ) : Θ → Θ0 of SMCUnivs as follows:
• the functor PreCPM [Θ] → PreCPM [Θ0 ] is given by:
(C , Φ, Ξ) →
7
(ζ (C ), ζ (Φ), nζ (Ξ))
F →
7
ζ (F)
where ζ (Φ) is the group homomorphism γ 7→ ζ (Φ(γ)), and we define the multi-environment
ζ
structure nζ (Ξ)A := {nC (ξA )|ξA ∈ ΞA };
ζ

• the natural transformation JC KΘ → Jζ (C )KΘ0 is given by nC .
The endofunctor PreCPM [ ] is a monad with the following multiplication µΘ : PreCPM [PreCPM [Θ]] →
PreCPM [Θ] and unit ηΘ : Θ → PreCPM [Θ]:
• the functor PreCPM [PreCPM [Θ]] → PreCPM [Θ] for the multiplication µ is given by:
((C , Φ, Ξ), Φ0 , Ξ0 ) →
7
(C , Φ
F →
7
F

Φ0 , Ξ

Ξ0 )

• the functor Θ → PreCPM [Θ] for the unit η is given by:
C →
7
(C , 1, 1)
F →
7
F
• the natural transformations for both the multiplication µ and the unit η are identity functors:
idJC KΘ : JC KΘ → JC KΘ

If Θ is a sub-category of SMCs, then CPM : PreCPM [Θ] → Θ is an Eilenberg-Moore algebra for the
monad PreCPM [ ].
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4.1

Higher-order CPM Constructions

Examples
Iterated CPM construction

The simplest example of higher-order CPM construction is given by iterating the traditional second-order
CPM construction on a dagger-compact category C . At the first level, this means choosing the following
monoidal Z2 action Φ on C :
Φ : Z2 → Aut (C )
0 7→
idC
1 7→ con jC
together with the environment structure ΞA := {εA } given by the caps. The n-th iteration of the secondJ
order construction is captured by the higher-order construction with Zn2 action nj=1 Φ and associated
J
J
multi-environment structure nj=1 Ξ. Explicitly, the group action nj=1 Φ takes the following form:
n
K

b ⊕...⊕bn
Φ (b1 , ..., bn ) = Φ(bn )...Φ(b1 ) = con jC 1
=
j=1

(
idC
con jC

if b1 ⊕ ... ⊕ bn = 0
if b1 ⊕ ... ⊕ bn = 1

Explicitly, the effects in the multi-environment structure nj=1 Ξ are generated by the following effects,
for all i = 1, ..., n and all A ∈ obj C :


(i)
J
εA := fld nj=i+1 Φ εfldJi−1 [A]
J

j=1 Φ

In particular, the double-dilation construction of Zwart and Coecke [19] arises as the fourth-order CPM
construction with Z2 × Z2 group action and effects in the multi-environment structure generated by:
(1)

(2)

εA := εA ⊗ εA∗ = fldΦ [εA ]

εA := εA⊗A∗ = εfldΦ [A]

A handy way of visualising the Zn2 symmetry of the iterated CPM construction theory is to imagine
N
the objects in the tensor product (b1 ,...,bn )∈Zn2 Φ(b1 , ..., bn )[A] to be arranged on the vertices of an ndimensional hypercube, centred at the origin and aligned with Cartesian axes in n-dimensional space.
We take the i-th generator g(i) := (0, ..., 0, 1, 0, ..., 0) of Zn2 to act on the hypercube as the reflection r(i)
about the (n − 1)-dimensional hyperplane orthogonal to the i-th Cartesian axis, sending each A vertex
(i)
to the corresponding A∗ vertex under Φ(g(i) ). This way, the i-th level generating effect εA for the
multi-environment structure is exactly the one given by caps connecting each A vertex of the hypercube
with the A∗ vertex obtained via the reflection r(i) . In the double-dilation case, this gives the following
square diagrams for the generating effects:
A

(1)
εA

(2)
εA

:=
A∗

4.2

A∗

A

A

A∗

A∗

A

:=

Categories of free finite-dimensional modules

Iteration of the traditional CPM construction only yields higher-order examples corresponding Zn2 conjugating symmetries. In order to construct more interesting examples, we focus on a family of dagger-compact
categories with much richer structure, namely the categories S -Mat of free finite-dimensional modules
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over a commutative involutive semiring S. In [11], these categories have been shown to capture a number
of well-studied toy models of quantum theory, including real quantum theory, hyperbolic quantum theory,
modal quantum theories and the category fRel of finite sets and relations.
We define S -Mat to have natural numbers N as objects, and the m-by-n S-valued matrices as morphisms
n → m. The category has tensor product given by the Kronecker product of matrices, S-linear structure
given by the S-linear structure of matrices and each object n comes with a standard orthonormal basis
|iii=1,...,n . Point-wise conjugation of matrices is defined in the standard orthonormal basis using the
involution of S: dagger, cups and caps are then constructed as in fHilb. From now on, we work in the
SMC-universe Θ of SMCs enriched in commutative monoids with linear functors between them.
A fairly standard way of making higher-order CPM constructions on S-Mat is to consider a homomorphism ϕ : G → Aut (S) from some finite abelian group G into the semiring automorphisms of S. The
action Φ : G → AutΘ (S -Mat) can then be defined as the identity Φ(γ)[n] = n on objects and as follows
on morphisms:
!
m n
m n

Φ(γ) ∑ ∑ Mi j |iih j| := ∑ ∑ ϕ(γ) Mi j |iih j|
i=1 j=1

i=1 j=1

z∗

In particular, picking G := Z2 and ϕ(1) := z 7→ will yield a Φ-folded category which is isomorphic to
the one obtained from the traditional second-order CPM construction.
Because all objects n > 1 can be uniquely decomposed (up to permutation) as a product of primes, a
multi-environment structure Ξ can be defined by taking sets Ξ p of effects for all primes p, and then closing
them under tensor product . As a special case, an environment structure generalising the one from the
traditional CPM construction can be defined by taking Ξn := { n } to be the singleton containing the
following effect:
n
n :=

∑ fldΦ [h j|]

j=1

(1)

In the Z2 × Z2 case of double-dilation, we might consider replacing the εn effects with the n effects
defined above, and doing so results in the double-mixing construction.
If |ψi := ∑nj=1 ψ j | ji is any vector on n, then we define its norm N (|ψi) to be the following higherorder generalisation of the quadratic trace Tr |ψihψ| for pure states in quantum theory:
n

N (|ψi) :=

n ◦ fldΦ [|ψi] =

∑ N (ψ j )

where

j=1

N (ψ j ) :=

∏ ϕ(γ)(ψ j )
γ∈G

Normalisation of a pure state fldΦ [|ψi] in the higher-order CPM category CPMΦ,Ξ (S -Mat) has nothing
to do with inner products, and is instead the same as having coordinates with norms N (ψ j ) adding to 1.6
By using the traces n , it is not hard to show that the scalars in CPMΦ,Ξ (S -Mat) are exactly the
closure under addition of the subset {N (x) |x ∈ S} ⊆ S:
"
#
n

∑ N (x j ) =

j=1

n

n ◦ fldΦ

∑ x j | ji

j=1

As a consequence, the scalars of CPMΦ,Ξ (S -Mat) form a sub-semiring R of S. The same trick can be
used to show that arbitrary morphisms are closed under addition, so that CPMΦ,Ξ (S -Mat) is enriched in
R-modules.
6 When

S is a field, the norm on scalars N (z) = ∏γ∈G ϕ(γ)(z) establishes a direct connection between higher-order CPM
constructions and Galois theory. Specifically, if K is the sub-field of S which is fixed by all field automorphisms ϕ(γ), then the
norm N (z) is exactly the field norm for the finite Galois extension S/K.
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We now show that a categorical R-probabilistic theory [12] can be constructed inside the Karoubi
envelope for CPMΦ,Ξ (S -Mat): this allows one to study the natural interface between “quantum” systems
in CPMΦ,Ξ (S -Mat) and “classical” systems with a notion of non-determinism defined by the semiring R.
This includes natural definitions of tests and controlled preparation, as well as the possibility of studying
non-locality using no-signalling empirical models from the sheaf-theoretic framework of [1]. When
ϕ(1) := z 7→ z∗ , the construction presented here reduces to the one originally detailed in [11].
On every object n of S -Mat, we can consider the copy map n := ∑nj=1 (| ji ⊗ | ji) ◦ h j| for the special
commutative †-Frobenius algebra n associated with the standard orthonormal basis. Combining these
maps with the environment structure, we can construct idempotent decoherence maps as follows:
h
i
n
dec n := (idn ⊗ n ) ◦ fldΦ
n = ∑ fldΦ [| jih j|]
j=1

Lemma 13. The full subcategory of the Karoubi envelope for CPMΦ,Ξ (S -Mat) spanned by objects in the
form (n, dec n ) is isomorphic to R -Mat, i.e. it behaves as the category of R-probabilistic classical systems.
As a consequence, the full sub-SMC of the Karoubi envelope spanned by objects in the form (n, idn )—the
“quantum” systems—and the objects in the form (n, dec n )—the “classical” systems—defines a categorical
R-probabilistic theory in the sense of [12].
In the categorical R-probabilistic theory defined above, a generic normalised quantum-to-classical
process A : (n, idn ) → (m, dec m )—the generalisation of a POVM, if you will—is defined by a classicallyindexed family (Ai )i=1,...,m of effects Ai : n → 1 in CPMΦ,Ξ (S -Mat) such that ∑m
n . In the sharp
i=1 Ai =
case where Ai = fldΦ [hai |] for some orthonormal family |ai i of states in n, the Born rule determining the
R-valued probability of outcome i on pure state |ψi takes the following higher-order form:
P(i|ψ) = Ai ◦ fldΦ [|ψi] = fldΦ [hai |ψi] = N (hai |ψi)
The non-quadratic nature of the Born rule suggests that categorical R-probabilistic theories obtained using
the higher-order CPM construction might display higher-order interference phenomena, and this indeed
turns out to be the case: in recent work by [13], a variation on the double-mixing construction was used to
construct a probabilistic theory of “density hypercubes”, displaying interference of order up to four and
possessing hyper-decoherence maps.

5

Conclusions and future work

We have shown that the CPM construction can be generalised from the traditional Z2 conjugating
symmetry to arbitrary finite abelian group symmetries, in a completely functorial way. We have provided a
categorical description of the closure of our higher-order CPM constructions under iteration, characterising
it via the definition of an Eilenberg-Moore algebra for a suitable monad.
We have constructed a broad family of semiring-based examples generalising the traditional secondorder ones, and we have proved that they can all be studied using the operational framework of categorical
probabilistic theories. As shown by recent work on higher-order interference and hyper-decoherence,
these new examples have real potential to provide a wealth of previously unknown exotic models, and we
look forward to studying them in detail as part of future work.
Finally, this work defines generalised CPM constructions in such a way that they are embedded into the
original SMC, for mathematical ease of definitions and proofs. This leads to the technical requirement that
the folding functor be injective on objects, which could be avoided by adopting a construction analogous
to [18]. Such a modification is conceptually simple but technically convoluted, and is left to future work.
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A

Higher-order CPM Constructions

Proofs

Lemma 3. The Φ-folded category is a symmetric monoidal category (FLDΦ (C ) , , fldΦ [I]), with tensor
product  defined as follows:
fldΦ [A]  fldΦ [B] := fldΦ [A ⊗ B]
fldΦ [ f ]  fldΦ [g] := fldΦ [ f ⊗ g]
The folding functor C → FLDΦ (C ) is a monoidal functor under this choice of monoidal structure.
Proof. The proof is entirely straightforward.
Lemma 6. We can extend the tensor product  of FLDΦ (C ) as follows to turn CPMΦ,Ξ (C ) into a
symmetric monoidal category, having FLDΦ (C ) as a monoidal subcategory:
−1
F  G := πC,D ◦ (F ⊗ G) ◦ πA,B

where F : fldΦ [A] → fldΦ [C] and G : fldΦ [B] → fldΦ [D] are generic morphisms in CPMΦ,Ξ (C ).
Proof. note that CPMΦ,Ξ (C ) is defined by composing all maps from FLDΦ (C ), where  is already
well-defined, with all maps in the following form, for all effects ξA ∈ ΞA in the multi-environment
structure:
−1
(ξA ⊗ idfldΦ [B] ) ◦ πA,B
Note that by the way we have extended the definition of  from FLDΦ (C ) to CPMΦ,Ξ (C ), the maps
above can be equivalently written in the following form:
ξA  idfldΦ [B]
By picking a suitable composite system for B and using the symmetry isomorphisms from FLDΦ (C ), we
can place the effect ξA on any output of type fldΦ [A] of any map in FLDΦ (C ). It is therefore enough to
show that things work out in the case of ξA  ξB , for any choice of ξA ∈ ΞA and ξB ∈ ΞB . But this follows
from condition (i) of the definition of multi-environment structure, since the  product of two effects in
the multi-environment structure is again in the multi-environment structure:
−1
ξA  ξB = (ξA ⊗ ξB ) ◦ πA,B
∈ ΞA⊗B

Remark. One may wonder why we didn’t simply define CPMΦ,Ξ (C ) as generated by FLDΦ (C ),  and
the effects in Ξ. The reasons for this is technical: the product  is not defined on the entirety of C , so
such a definition would be mathematically imprecise. The reader should however feel free to reason about
CPMΦ,Ξ (C ) “as if” that was its definition.
Remark. One may also wonder why we had to consider maps in the form ξA  idfldΦ [B] , rather than
going directly for ξA  ξB . This is because CPMΦ,Ξ (C ) had to be defined—for the reasons explained
in the previous Remark—as a sub-category of C spanned by certain maps, and not as a sub-SMC of C .
This means that the existence of maps in the form ξA  idfldΦ [B] would not automatically follow from the
existence of effects in the form ξA  ξB .
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Lemma 10. There is a faithful and surjective functor J KPreCPM[Θ]→Θ : PreCPM [Θ] → Θ which sends
(C , Φ, Ξ) to C and is the identity on morphisms. The category PreCPM [Θ] is an SMC-universe with
underlying SMC functor J KPreCPM[Θ] defined by J KPreCPM[Θ] := JJ KPreCPM[Θ]→Θ KΘ .
Proof. The proof is entirely straightforward.
Lemma 11. Let Θ be a sub-category of SMCs, seen as a SMC-universe where J KΘ is the sub-category
inclusion (so that JΘKΘ = Θ). Then the higher-order CPM construction can be used to define a morphism
of SMC-universes (CPM, nCPM ) : PreCPM [Θ] → Θ as follows:
• the functor CPM : PreCPM [Θ] → Θ is the one sending an object (C , Φ, Ξ) of PreCPM [Θ] to the
object CPMΦ,Ξ (C ) of Θ, and acting as the identity on morphisms;
• the natural transformation nCPM is given by the Φ-folding functor fldΦ : C → CPMΦ,Ξ (C ).
Proof. First we show that the functor CPM : PreCPM [Θ] → Θ is well-defined. Condition (ii) in the
definition of PreCPM [Θ] requires the following things for a morphism F : (C , Φ, Ξ) → (C 0 , Φ0 , Ξ0 ) to be
in PreCPM [Θ]:
• F : C → C 0 is in Θ, and in particular it is monoidal;
• Φ and Φ0 are actions of the same G, and the functor F is G-equivariant: Φ0 (γ) ◦ F = F ◦ Φ(γ);
• F respects the multi-environment structure: {F(ξA )|ξA ∈ ΞA } ⊆ Ξ0F(A) .
By monoidality and G-equivariance, we must have that F(fldΦ [A]) = fldΦ0 [F(A)] on objects and F(fldΦ [ f ]) =
fldΦ0 [F( f )] on morphisms, so F restricts to a well-defined monoidal functor F : FLDΦ (C ) → FLDΦ0 (C 0 ).
Respect of the multi-environment structure implies that F further extends to a well-defined monoidal
functor F : CPMΦ,Ξ (C ) → CPMΦ0 ,Ξ0 (C 0 ).
We now show that the natural transformation nCPM is well-defined. We know that fldΦ [C ] : C →
FLDΦ (C ) is a morphism in Θ, as part of condition (i) in the definition of PreCPM [Θ], so all we need to
show is that the functors fldΦ [C ] : C → FLDΦ (C ) and fldΦ0 [C 0 ] : C 0 → FLDΦ0 (C 0 ) satisfy:
 
fldΦ0 C 0 ◦ F = F ◦ fldΦ [C ]
for every morphism F : (C , Φ, Ξ) → (C 0 , Φ0 , Ξ0 ) in PreCPM [Θ]. Note that on the LHS of the equation we
are using F : C → C 0 , while on the RHS of the equation we are using F : CPMΦ,Ξ (C ) → CPMΦ0 ,Ξ0 (C 0 ).
The equation above then holds as a consequence of monoidality, G-equivariance and respect of multienvironment structure on part of F.
Theorem 12. The map PreCPM [ ] can be extended to an endofunctor of SMCUnivs by defining its
action on morphisms (ζ , nζ ) : Θ → Θ0 of SMCUnivs as follows:
• the functor PreCPM [Θ] → PreCPM [Θ0 ] is given by:
(C , Φ, Ξ) →
7
(ζ (C ), ζ (Φ), nζ (Ξ))
F →
7
ζ (F)
where ζ (Φ) is the group homomorphism γ 7→ ζ (Φ(γ)), and we define the multi-environment
ζ
structure nζ (Ξ)A := {nC (ξA )|ξA ∈ ΞA };
ζ

• the natural transformation JC KΘ → Jζ (C )KΘ0 is given by nC .
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The endofunctor PreCPM [ ] is a monad with the following multiplication µΘ : PreCPM [PreCPM [Θ]] →
PreCPM [Θ] and unit ηΘ : Θ → PreCPM [Θ]:
• the functor PreCPM [PreCPM [Θ]] → PreCPM [Θ] for the multiplication µ is given by:
((C , Φ, Ξ), Φ0 , Ξ0 ) →
7
(C , Φ
F →
7
F

Φ0 , Ξ

Ξ0 )

• the functor Θ → PreCPM [Θ] for the unit η is given by:
C →
7
(C , 1, 1)
F →
7
F
• the natural transformations for both the multiplication µ and the unit η are identity functors:
idJC KΘ : JC KΘ → JC KΘ
If Θ is a sub-category of SMCs, then CPM : PreCPM [Θ] → Θ is an Eilenberg-Moore algebra for the
monad PreCPM [ ].
Proof. There are a number of claims to check: we need to show that the action on morphisms is welldefined, we need to show that the monad laws hold, and we need to show that the algebra laws hold.
Given a morphism (ζ , nζ ) : Θ → Θ0 of SMCUnivs, we need to check that the following gives a
well-defined functor PreCPM [Θ] → PreCPM [Θ0 ]:
(C , Φ, Ξ) →
7
(ζ (C ), ζ (Φ), nζ (Ξ))
F →
7
ζ (F)
Firstly, we need to check that (ζ (C ), ζ (Φ), nζ (Ξ)) is an object of PreCPM [Θ0 ] whenever (C , Φ, Ξ) is an
object of PreCPM [Θ]. Because ζ : Θ → Θ0 is a functor, ζ (C ) is necessarily in Θ0 and the morphisms
ζ
ζ (Φ(γ)) : ζ (C ) → ζ (C ) define an action of G on ζ (C ) in Θ0 . Monoidality of nC furthermore ensures
that conditions (i) and (ii) in the definition of multi-environment structure are satisfied for nζ (Ξ), while
condition (iii) follows from naturality:


ζ
ζ
ζ
ζ
ζ (Φ(γ))[nC (ξA )] = nC Φ(γ)[ξA ] = nC ξA ◦ τA (γ)−1 = nC (ξA ) ◦ τnζ (A) (γ)−1
C

Secondly, we need to check that F 7→ ζ (F) provides a well-defined action of the functor PreCPM [Θ] →
PreCPM [Θ0 ] on morphisms F : (C , Φ, Ξ) → (C 0 , Φ0 , Ξ0 ). The G-equivariance requirement on ζ (F)
follows from functoriality:
ζ (Φ0 (γ)) ◦ ζ (F) = ζ (Φ0 (γ) ◦ F) = ζ (F ◦ Φ(γ)) = ζ (F) ◦ ζ (Φ(γ))
Respect of the multi-environment structure follows form naturality of nζ :


ζ
ζ
Jζ (F)KΘ0 nC (ξA ) = nC 0 JFKΘ (ξA )
ζ

Finally, we need to check that nC provides a suitable natural transformation. But this is obvious.
Having shown that PreCPM [ ] is an endofunctor, we move on to establishing that axioms for
a monad are satisfied by the given multiplication µΘ : PreCPM [PreCPM [Θ]] → PreCPM [Θ] and unit
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ηΘ : Θ → PreCPM [Θ]. In fact, we don’t have to do any work here: all necessary commuting diagrams
follows from associativity and unitality of the monoids ( , 1) formed by the group actions and the
multi-environment structures. The only thing to check is that the product Φ Φ0 is well-defined, i.e. that
the actions Φ and Φ0 commute: this is an immediate consequence of the fact that the automorphisms
Φ0 (γ) : (C , Φ, Ξ) → (C , Φ, Ξ) live in PreCPM [Θ], and hence are G-equivariant with respect to Φ.
The only thing remaining to be shown is that CPM : PreCPM [Θ] → Θ is an Eilenberg-Moore algebra
for the monad PreCPM [Θ], whenever Θ is a sub-category of SMCs: the actual definition of the monoid
operations ( , 1) on group actions and multi-environment structures comes into play here.
We begin by checking the triangle law for algebras. Recall that the unit for group actions is defined
by the trivial action 1 : Z1 → AutΘ (C ) given by the identity automorphism, and that the unit for multienvironment structures is defined by:
(
{1} if A ∼
=I
1A :=
0/
otherwise
The category CPM1,1 (C ) = CPM [(C , 1, 1)] is simply C , and we have CPM [F] = F on functors F : C →
C 0 , so the triangle law CPM ◦ηΘ = idΘ is satisfied as desired.
Recall now that the product Φ Φ0 : (G ⊗ G0 ) → AutΘ (C ) between commuting actions Φ : G →
AutΘ (C ) and Φ0 : G0 → AutΘ (C ) is defined by:
(Φ
Also recall that the product Ξ

Φ0 )(γ, γ 0 ) := Φ0 (γ 0 )Φ(γ)

Ξ0 between multi-environment structures is defined by:
Ξ0 := fldΦ0 [Ξ]

Ξ

_

 
fldΦ Ξ0

n
o
n
o
where we have taken fldΦ0 [Ξ]A := fldΦ0 [ξA ] ξA ∈ ΞA and fldΦ [Ξ0 ]A := fldΦ [ξA0 ] ξA0 ∈ Ξ0A . We make
the following observations:
• by construction, the product Φ

Φ0 yields the same folding as Φ followed by Φ0 :
"
#
Φ0 (γ 0 )Φ(γ)[ ] =

O

γ 0 ∈G0

(γ,γ 0 )∈G×G0

• by construction, the product Ξ
O

O

Φ0 (γ 0 )

O

Φ(γ)[ ]

γ∈G

Ξ0 is generated by the following effects:
Φ0 (γ 0 )[ξ ]

γ 0 ∈G0

O

Φ(γ)[ξ 0 ]

γ∈G

The former are the effects ξ ∈ Ξ after Φ0 -folding, while the latter are the effects ξ 0 ∈ Ξ0 to which
the natural transformation nCPM
= fldΦ : C → CPMΦ,Ξ (C ) has been applied as part of the action
C
of the monad PreCPM [ ]
This means that the iterated construction

CPMΦ0 ,Ξ0 (CPMΦ,Ξ (C )) = CPM ◦ PreCPM [CPM] (C , Φ

0

Φ ,Ξ


Ξ)
0
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results in the same exact sub-category of C as the one-shot construction



CPMΦ Φ0 ,Ξ Ξ0 (C ) = CPM ◦µΘ (C , Φ, Ξ), Φ0 , Ξ0
Similar considerations can be made on the action of the CPM construction on morphisms, showing that
the square law CPM ◦ PreCPM [CPM] = CPM ◦µΘ is satisfied, as desired.
Lemma 13. The full subcategory of the Karoubi envelope for CPMΦ,Ξ (S -Mat) spanned by objects in the
form (n, dec n ) is isomorphic to R -Mat, i.e. it behaves as the category of R-probabilistic classical systems.
As a consequence, the full sub-SMC of the Karoubi envelope spanned by objects in the form (n, idn )—the
“quantum” systems—and the objects in the form (n, dec n )—the “classical” systems—defines a categorical
R-probabilistic theory in the sense of [12].
Proof. The proof is entirely straightforward, analogous to the proof given in [11] for the second-order
case of “conjugation” in involutive semirings.

