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This paper investigates type isomorphism in a A-calculus with intersection and union types. It is
known that in A-calculus, the isomorphism between two types is realised by a pair of terms inverse
one each other. Notably, invertible terms are linear terms of a particular shape, called finite hereditary
permutators. Typing properties of finite hereditary permutators are then studied in a relevant type
inference system with intersection and union types for linear terms. In particular, an isomorphism
preserving reduction between types is defined. Reduction of types is confluent and terminating, and
induces a notion of normal form of types. The properties of normal types are a crucial step toward the
complete characterisation of type isomorphism. The main results of this paper are, on one hand, the
fact that two types with the same normal form are isomorphic, on the other hand, the characterisation
of the isomorphism between types in normal form, modulo isomorphism of arrow types.

1 Introduction

In a calculus with types, two types o and 7 are isomorphic if there exist two terms P of type o — 7 and
P’ of type T — o such that both their compositions Po P’ = Ax.P(P’x) and P’ o P = Ax.P’'(Px) give the
identity (at the proper type). The study of type isomorphism started in the 1980s with the aim of finding
all the type isomorphisms valid in every model of a given language [3]. If one looks at this problem
choosing as language a A-calculus with types, one can immediately note the close relation between type
isomorphism and A-term invertibility. Actually, in the untyped A-calculus a A-term P is invertible if there
exists a A-term P’ such that Po P’ =g, P’ o P =g, I (I = Ax.x). The problem of term invertibility has been
extensively studied for the untyped A-calculus since 1970 and the main result has been the complete
characterisation of the invertible A-terms in ABn-calculus [[6]: the invertible terms are all and only the
finite hereditary permutators.

Definition 1.1 (Finite Hereditary Permutator). A finite hereditary permutator (FHP for short) is a A-term
of the form (modulo B-conversion)

Axyr .. -yn-x(Plyn(l)) cee (Pnyn(n)) (n>=0)

where 7 is a permutation of 1,...,n, and P1,...,P, are FHPs.

Note that the identity is trivially an FHP (take n = 0). Another example of an FHP is

Axy1y2.xy2y1 = Axy1y2.x((A2.2) y2) ((A2.2) y1)-
It is easy to show that FHPs are closed by composition.

Theorem 1.2. A A -term is invertible iff it is a finite hereditary permutator.

This result, obtained in the framework of the untyped A-calculus, has been the basis for studying type
isomorphism in different type systems for the A-calculus. Note that every FHP has, modulo Sn-conversion,
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a unique inverse P~'. Even if in the type free A-calculus FHPs are defined in [6] modulo B;-conversion,
in this paper each FHP is considered only modulo S-conversion, because types are not invariant under
n-expansion. Taking into account these properties, the definition of type isomorphism in a A-calculus
with types can be stated as follows:

Definition 1.3 (Type isomorphism). Given a A-calculus with types, two types o and T are isomorphic
(o =~ 1) if there exists a pair < P, P!> of FHPs, inverse of each other, such that + P:o — 7 and Pl
7 — 0. The pair < P,P~" > proves the isomorphism.

When P = P~! one can simply write “P proves the isomorphism”.

The main approach used to characterise type isomorphism in a given system has been to provide
a suitable set of equations and to prove that these equations induce the type isomorphism w.r.t. Sn-
conversion, i.e. that the types of the FHps are all and only those induced by the set of equations.

The typed A-calculus studied first has been the simply typed A-calculus. For this calculus Bruce and
Longo proved in [3] that only one equation is needed, namely the swap equation:

CoTopRTDODP

Later, the study has been directed toward richer A-calculi, obtained from the simply typed A-calculus in
an incremental way, by adding some other type constructors (like product and unit types [[15[2,[14]) or by
allowing higher-order types (System F [3,8]). Di Cosmo summarised in [9] the equations characterising
type isomorphism; the set of equations grows incrementally in the sense that the set of equations for
a typed A-calculus, obtained by adding a primitive to a given A-calculus, is an extension of the set of
equations of the A-calculus without that primitive.

In the presence of intersection, this incremental approach does not work, as pointed out in [7]; in
particular with intersection types, the isomorphism is no longer a congruence and type equality in the
standard models of intersection types does not entail type isomorphism. These quite unexpected facts
required the introduction of a syntactical notion of type similarity in order to fully characterise the iso-
morphic types [7].

The study of isomorphism looks even harder for type systems with intersection and union types
because for these systems, in general, the Subject Reduction property does not hold [1]]. As in the case
of intersection types, the isomorphism of union types is not a congruence and it is not complete for type
equality in standard models. For example oV T — p and 7V o — p are isomorphic, while (cVT— p) Ve
and (7 Vo — p) V ¢ are not isomorphic, whenever ¢ is an atomic type.

This paper gives essential results for the characterisation of isomorphism of intersection and union
types. To this aim a relevant type system, defined as a slight modification of the standard one in [[11], has
been introduced. In this system, in particular, Subject Conversion holds for linear terms.

A main difficulty in studying types for FHPs is that intersection/union introduction and elimination
rules allow to write types in different, although isomorphic, ways. Since the standard distributive laws of
union and intersection correspond to provable isomorphisms, types can be considered both in disjunctive
and in conjunctive normal forms. This, besides providing a very useful technical tool, allows one to
define, together with other basic isomorphisms involving the — type constructor, a general notion of
normal form of types. A main result proved in this paper is that if o — 7 is a type of an FHP P, then:

o for all u in the disjunctive normal form of o, there is v in the disjunctive normal form of 7 such
that 4 — v is a type of P;

o for all « in the conjunctive normal form of 7, there is y in the conjunctive normal form of o such
that y — « is a type of P.
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Another crucial contribution is the introduction of normalisation rules which allow to split arrows
over intersections/unions and to erase “useless” types by preserving isomorphism. The proof of sound-
ness of these rules is done by building the pairs of FHPs witnessing isomorphism. Termination and
confluence of the normalisation rules are also shown. Two types with the same normal form are iso-
morphic. Normal types are intersections of unions of atomic and arrow types. A key property is that
two isomorphic normal types have the same number of intersections and unions and that the arrows and
atoms are pairwise isomorphic. The last step toward a complete characterisation of type isomorphism is
that of combining normal forms with the swap equation, and this is done in [4].

2 Type assignment system

(Ax) X:okFXx:0
(=1 Ix:ov-M:T (> E) INetM:oco—>1 IL+-N:o
I'rAxM:.oc—-1 I',Io-MN:t
I'eM:.oc T+M: I'eM:on I'eM:oN
(AD) o T (AE) TAT TAT
I'eM:.onT I'eM:.o I'eM:t
I'eM:o I'eM:o

(V1)

I'rM:ovrt I'etM:tvo

I'xion0-M:p Ti,x:tA0-M:p IoFN:(cVT)AG
I',Ib-M[N/x]:p

(VE)

Figure 1: Typing rules.

The syntax of intersection and union types is given by:
o = ¢ |o—>oc|ocAo|oVo
where ¢ denotes an atomic type. It is useful to distinguish between different kinds of types. So in the
following:
® 0,7,p0,0,9,,¢ range over arbitrary types;
e «a,f3,7,0,0 range over atomic and arrow types, definedas « ::= ¢ | o — 0;

o u,v,A,&,n range over intersections of atomic and arrow types (basic intersections), defined as
o= | u Al

® V,K,.,w range over unions of atomic and arrow types (basic unions), defined as y = a | ¥ Vx.
Note that no structural equivalence is assumed between types, for instance o V 7 is different from 7V .
As usual, parentheses are omitted according to the precedence rule “V and A over —” and — associates
to the right.

The union/intersection type system considered in this paper is a modified version of the basic one
introduced in the seminal paper [[11]], restricted to linear A-terms. A A-term is linear if each free or bound
variable occurs exactly once in it.

Figure [I] gives the typing rules. As usual, environments associate variables to types and contain at
most one type for each variable. The environments are relevant, i.e. they contain only the used premises.
When writing I';,I", one convenes that the sets of variables in I'; and I'; are disjoint.
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[y:onpl :onpl :tAp] :tAp]
(AE) (AE) (AE) (AE)
yip yio yip VT [x:pA(cVT)] [x:pA(oVT)]
(AD) (AD) (AE) (AE)
yipAOo YIPAT X:oVT x:p
(V1) (V) (AD)
yi(pAT)V(PAT) yi(eAT)V(PAT) x:(CcVT)Ap

(VE)
x:(pAO)V(PAT)

(=D
AXXpAOCVT) = (PAT)V(OAT)

Figure 2: A deduction of - Ax.x:pA(cVT) = (0AT)V(OAT).

The only non-standard rule is (VE). This rule takes into account the fact that, as it seems natural in a
system with intersection types, one variable can be used in a deduction with different types in different
occurrences (by applications of the (AE) rule). It should then be possible, in general, to apply the union
elimination only to the type of one of these occurrences. A paradigmatic example is the one in Figure
where one occurrence of the variable y is used (after an application of (AE)) with type o in one branch
of the (VE) rule and with type 7 in the other branch. Other occurrences of y are used instead with type
p in both branches. Rule (VE) is then the right way to formulate union elimination in a type system in
which union and intersection interact. It is indeed a generalisation of the (VE’) rule given in [11]. A
last observation is that, being M linear, in an application of the (VE) rule, exactly one occurrence of x is
replaced inside M.

Some useful admissible rules are:

x:orbx:t xiteM:p I',xt:ovtM:t Ih+rN:o

@ [,x:o+-M:p © [, - MIN/x]:T

Ixto+-M:p T',x:t+-M:p (VE') I'xtzotM:p T'i,x:t+M:p IoFN:oVT
Ix:ovtr-M:p I',Th-M[N/x]:p
To show (VI’) it is enough to apply rule (VE) with x:cV T+ x: (0 VT) A (0 V T) as third premise.

(vI)

The system of Figure [I]can be extended to non-linear terms simply by erasing the condition that, in
rules (— E) and (VE), the environments need to be disjoint. It is easy to check that this extended system
is conservative over the present one. Therefore the types that can be derived for FHPs are the same in the
two systems, so the present study of type isomorphism holds for the extended system too.

In order to show Subject Reduction one can follow the classical approach of [12] by considering a
sequent formulation of the type assignment system and showing cut elimination. This is done in [1] for
a system which differs from the present one for being not relevant, having the universal type and rule
(VE") instead of (VE). It is just routine to modify that proof by taking as left and right rules for the v
constructor:

Ix:on0+-M:p T,x:tAOFM:p I'e-M:on6 I'eM:tn0

(VL) (VR)
ILx:(cVT)AOFM:p I'eM:(cvt)A8 TrEM:(cVT)AG

Remark that, considering only linear terms, cut elimination corresponds to standard S-reduction, while
for arbitrary terms parallel reductions are needed; for details see [[1]. Therefore one can conclude:

Theorem 2.1 (SR). IfT'+ M:0 and M —>; N, thenT'+ N:o.

The Subject Reduction Theorem allows one to show the following corollary.
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Corollary 2.2. L IfTrAaxM:0—> 1, thenl',x:0+M:7.
2. If T,x:ovprM:t, thenl,x:c+-M:tand',x:p+ M:7.
. IfTrAxM:c—-pand T-Ax.M:1— 0, then T'FAx.M:0ANT—=pABand T+ Ax.M:oVT—pVe.
4. If TrAx.M:0 > 1, then T Ax.M:0Ap — TV 8 forall p,6.

Proof. (I). One gets I', x: 0" + (ly.M[y/x])x: T by rule (= E) and -renaming. So the Subject Reduction
Theorem (Theorem [2.1)) concludes the proof.

(). One gets ' + Ay.M[y/x]:0V p — 7 by rule (— I) and e-renaming, and I', x: o + (Ay.M[y/x])x:7 by
rules (V/) and (— E). So Theorem [2.1| concludes the proof.

(3). By Point (I)I',x:0-+ M:p and I, x:7+ M0, so by rules (V1) and (VI") one gets I, x:o VT + M:p V6,
which implies the result by rule (— 7). The proof of I' F Ax.M:0 AT — p A6 is similar.

(). Obvious because, by Point (1)), I, x:0+ M: 7. O

Also subject expansion holds.
Theorem 2.3 (SE). If M —>; NandT'v N:o, thenT' v M : 0.

Proof. 1t is enough to show: I' + M[N/x]: o0 implies I' + (Ax.M)N :o~. The proof is by induction on the
derivation of I' - M[N/x]: 0. The only interesting case is when the last applied rule is

I',x:pAOr-M:o Ti,x:tAOFM:0c TorN:(oVT)AEO
I'',Io, - M[N/x]:0o

(VE)

It is easy to derive x: (o VT)AO+ x: (0 AB)V (T A6). Rule (VI') applied to the first two premises gives
I',x:(eAO) V(T AO)+-M:o. Sorule (L) derives I'i,x:(oVT)AO+ M: o, and rule (— I) derives
I''FAx.M:(oVT)AE — 0. Rule (— E) gives the conclusion. O

The following basic isomorphisms are directly related to standard properties of functional types and
to set theoretic properties of union and intersection. It is interesting to remark that all these isomorphisms
are provable equalities in the system B.. of relevant logic [13]].

Lemma 2.4. The following isomorphisms hold:

idem. ONOC =0, OV x0T
comm. ONTRTAO, OVTRTVO
assoc. (cAT)ANp=OTA(TAP), (CVT)Vp=TV(TVP)

dist> A. oc>TAp=(CcoT)A(0C—p)
dist—»> V. oVvVt—opr(c—-p)A(T—p)
swap. COTOPRT TP
distAV. (cVT)Ap=(cAp)V(TAP)
distvA. (cAT)Vp=(oVP)A(TVP)

Proof. The n-expansion of the identity Axy.xy proves the fourth and the fifth isomorphisms, Axy;y>.xy2y;
proves the sixth one and the identity proves all the remaining ones. O

The isomorphisms idem, comm and assoc allow one to consider types, at top level, modulo idempo-
tence, commutativity and associativity of A and V. Then types, at top level, can be written as A ;c; o; and
Vie; o with finite /, where a single arrow or atomic type is seen both as an intersection and as a union (in
this case [ is a singleton). However, as noted in the introduction, these isomorphisms are not preserved
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by arbitrary contexts since, for example, c VT > p~1tVo - pbut (cVT > p)Agpand (Vo — p)Ae
are not isomorphic.

The isomorphisms of Lemma [2.4] naturally induce the notions of disjunctive and conjunctive forms.
In particular:

o the disjunctive weak normal form of a type o (notation dw(o)) is obtained by using (distAV) from
left to right at top level;

o the conjunctive weak normal form of a type o (notation cw(o)) is obtained by using (dist— A),
(dist— V), and (distV A) from left to right at top level.

Notice that the isomorphisms (dist— A) and (dist— V) are useful only to get conjunctive normal forms,
since they only generate intersections.

This section ends with some lemmas on derivability properties. Lemmas characterises the types
derivable for variables using disjunctive weak normal form, Corollary [2.6|considers three useful particu-
lar cases of previous lemma, while Lemma[2.7] gives typing properties of the application of a variable to
n A-terms.

Lemma 2.5. If dw(o) = Vie/(Anem, ag)), aw(t) = \/jej(/\keKj,Bgcj)) and x:0 + x:7, then for all i € I there
is j; € J such that {,BI(CJi) lkeK;}C {a/g) | h € H;}, which implies x: )\ pep, oz;:) b /\keKj_,Bij").

Proof. By induction on derivations. Assume dw(p) = \/jer. (A ywew, y%)) and dw(0) =/ ;ep( A ses, 62”) and

dw(®) = Ve (Avev, 04). Tf the last applied rule is (Ax) or (V1) it is easy.
If the deduction ends with (Al):

(AD) X:oFXx:p X:0FXx:60

X:okFXx:pAO

by definition dw(p A 0) = V/iep, V rer(Awew, y%)) A (/\Sesrég))). By induction for all i € I there is [; € L
such that {y\” |we W;,} C {o” | h € H;} and for all i € I there is r; € R such that {6\ | s€ S ,} C {a\” | h e Hy),

then for all i € I there are [; € L and r; € R such that {y%") |we W, U {(5&’” |seS,}C {ag) |heH;}.
If the deduction ends with (AE):

(AE) X:OFXTApP
X.OFX:.T
by definition dw( Ap) = \/ jes Viet (Asek, BY) A (Awew, Y- By induction for all i € I there are j; € J
and [; € L such that {8 | k€ K;}U{y\ |we Wy} C (o | h e Hy).
If the deduction ends with (VE):

VipAOrRy: T Y:OAOFy:T x:0Fx:(oVI)AED
X:OFXIT

By definition dw(p A6) = Ve Vrer((Awew, Yo A (Ases, 63)) and
dw® A 0) =\ uer Vrer(Aver, W) A (N ses, 89)) and dw((p V ) A 6) =
dw(p AV (I A ) = (Vier Vrek (Awew, YW A (Ases, 85V Ve Vrer((Aver, 5 A (Ases, 65))).

By induction:

(VE)

o on the first premise for all / € L and r € R there is j;, € J such that
B ke K, ) <y IweWu(sY | sesS,) and
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o on the second premise for all u € U and r € R there is j, , € J such that
B 1keK;, ) <Y [veVuis? [ses,)and

e on the third premise for all i € I either there are /; € L and r; € R such that
{yiﬁ") |we W, U {6@ |seS,}C {ag) | h € H;} or there are u; € U and r; € R such that
OV 1 ve v, ulel” |ses, el | heH).

So for all i € I there is j; € J such that (8" |k € K} C (o' | h e Hy). o

Corollary 2.6. [. Ifx:0c > 71rx:p—> 6, thenoc ->1t=p—> 0.
2. Ifxio—=>1tkx:(oVO)AD, then either x:0 > TFx:pANJorx:0 - TFX:0ND.

3. Let y be a union of atomic and arrow types pairwise different. Then x:x v x:k implies either k = y
or k = x Vi for some type L.

Proof. (I),(3). By Lemmal[2.5]
(). By rule (A E), Lemma[2.5|and rule (A ). m|

Note that Point (3] of previous corollary holds only under the given condition on type y, since for example
x(g—=@Vip—= @) kxip—e.

In the following, as usual, I' [ FV(M) denotes the set of premises in I whose subjects are the free
variable of M.

Lemma 2.7. LetT', =T, x:11 > ... o1, > 0candUy+xM;...M,:p. Then:
1 TxrxMy.. My:0candlU | FV(M)) - M;:t;for 1 <i<n;

2. y:otky:p.

Proof. A stronger statement is proved, i.e. that for all types ¢:
X1ty > ...o1,»0orx:¢ and I,x:¢rxM;...M,:p

imply Points (I)) and (2) above.
If m = 0 Point (T)) is immediate, Point (2)) follows by rule (L).
For m > 0 the proof is by induction on derivations. First note that the last applied rule can be neither (Ax)
nor (— ). If the last applied rule is (Al), (V1) or (AE) Points and (2) easily follow.

If the deduction ends with (— E):

I'MFV(xMy...My—1),x:¢+xMy.. My_1:06 >p T FV(M,)+M,:0
Ix:gk-xMy...M,_1M,:p

(= E)

By induction, Point (2) implies y:7, — o +y:0 — p, which gives 6 = 7, and p = o by Corollary [2.6(T).
This shows Point andI' [ FV(M,) - M,,:7,. By inductionI" [ FV(M;) - M;:7;for 1 <i<n-1 and
Ly TFV(xMy ... M) FxMy...M,_1:1, > 0,sorule (— E) gives ', - xM; ... M,,: 0 and this concludes
the proof of Point ().

If the deduction ends with (VE) two different cases are considered according to the subterms which
are the subjects of the premises. In the first case:

IN,z200ANCFzMgi1 ... My:p T1,2:0 AL Z2Mgyq ... My, p
I'TFV(My,...,M),x:ctxM...Ms: (61 V)AL
Ix:¢-xM;...M,:p

(VE)

where 'y =T [ FV(My1,...,M,) and O < s < n. By induction the third premise implies
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I, TFV(My,....M)rxM.. M7, > ... 5T, >0 (D)
and' | FV(M)+ M;:7;for1 <i<sand
iTsel = ... DTy o 0RO V)AL )
Corollary 2.6/2) applied to (2) gives
ZiTgel = .. DTy DO FZIOGANL 3)

where either i = 1 or i = 2. Let i = 1, then induction applied to (3)) and to the first premise gives
IF'TFV(Mgyq... M), 2:7T501 = ... > Ty, >0 ZMgy ..M, .0 4
andI' 1 FV(My)) - M;:t;fors+1<i<mandy:o+y:p (i.e. Point @).
Rule (C) applied to () and (I)) derives
IykxMy.. M, Ty > ... T, >0
and this completes the proof of Point (T).
In the second case:

I,z ANC-xMy ... Mg MM,y ...M,:p I,z:0ANCFxMy.. Mg MM, ...M,:p
I'TFVIN)EN:(O1VO)ANL

(VE)
'exMi...M,:p

where I' =T | FV(M,y,... .My {MMg,,...M,),x:¢ and My = M[N/z]. Induction on the first two
premises gives:

I'MFV(M),z:0i AN F M7y I MFV(M),z:0, AN F M7y 5)
so the application of rule (VE) to (5)) and to the third premise derives I' [ FV(M,) + M, :1,. The other
Points follow by induction. O

3 Types of finite hereditary permutators

Aim of this section is to characterise the types derivable for the FHPs. In particular, for an arbitrary FHP
P such that - P:0 — 7, two crucial properties of the disjunctive and conjunctive weak normal forms of
o and T are proved:

P1 if dw(o) = Vs i and dw(t) =\ je; v, then for all i € I there is j; € J such that - P:y; — v
P2 if ew(0) = Ajerxi and ew(7) = A\ jes &, then for all j € J there is i; € I such that F P:y;; — ;.
The content of this section can be summarised as follows:

e Lemma[3.1] gives all possible ways of getting an FHP, possibly with some missing abstractions, as
result of a substitution (this is useful to deal with rule (VE));

e Theorem characterises the types derivable for FHPs using disjunctive weak normal form: it
gives P1;
e Lemma [3.3] characterises the types derivable for FHPs, possibly with some missing abstractions,

using conjunctive weak normal form: it implies P2, i.e. Theorem 3.4

The proof of P1 is much simpler than that of P2. The reason is that Theorem uses the property of
union stated in Corollary [2.2](2), while there is no similar property for intersection.

Lemma 3.1. If Axy;...y,.x01...Q, (n>0) is an FHP and Ay,41...Y0.XQ1 ... On = M[N/z] with O <m <
rﬂ then the possible cases are:

Yfor m=n M[N/z] = xQ; ... On.
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1. M= yms1 ... Yn-20141-..Opwithl <mand N = xQ...Q;and FV(N) C{x,y1,...,Ym};
2. M=zand N = Ayys1...Yn-X01 ... 0y
3 M =it Ynx01...0j-12Qj41...0y and N = Q; and the head variable of Q; belongs to

{YI,- --’ym};
4. M= Aype1...90.x01 ...Qj_lQ;.QjH ...Q, and Q;. = Qjlz/yil and N =y;, where y; € {y1,...,ym} is
the head variable of Q;.
Proof. Easy observing that the variables yy,...,y, must be the head variables of Qy, ..., Q. O

Theorem 3.2 (Property P1). Let dw(o) = \/jejpti, dW(t) =\ je;vj and P be an FHP. Then+ P:o > 7
implies that for all i € I there is j; € J such that v P:p; — v ;.

Proof. If P = Ax.x the proof follows immediately from Lemma [2.5]
Otherwise let P = Axy ...y,.xQ1 ... Qn. By Corollary Z.2|[I) x:0 + Ay;...y,.xQ1 ... Oy : 7. The proof
is by induction on the derivation of x:0 + Ay ...y,.xQ1 ... Qn: 7. Assume dw(p) = \/ ey A and dw(0) =

Vikex &k and dw() = Viepmi. Let Q = Ayy ...y xQ1 ... O
If the last applied rule is (V) the proof is easy.

If the last applied rule is (— I), then 7 is an arrow type. Corollary 2.2|2) gives x:u; + Q: 7 forallie I.
Let the last applied rule be (AE):

X:oFQ:TAp

(AE) x:orQ:T

By definition dw(t Ap) =V je; V her(vj A Ap). By induction, for all i € I there are j; € J and h; € H such
that x:u; + Q:vj, A Ay, which gives x:u; + Q:v;j, for all i € I using rule (AE).
Let the last applied rule be (Al):

x:orFQ:p x:0oFQ:0

(AD x:oFQ:pAb

By definition dw(p A 0) = /e Ve (An A Ek)-
By induction, for all i € I there is #; € H such that x:y; - Q: Ay, and for all i € [ there is k; € K such that
x:pi+ Q:&,. Thenrule (AI) derives x:p; - Q: A, A€, foralliel.

If the last applied rule is (VE) by Lemma [3. 1| there are two cases to consider.
By definition, dw(p A 0) =\ ey V kex (An A &) and dw(@ A 0) = Vier V ek (i A €k) and dw((p V) A 0) =
(Vhert Vikex (A A&V (Vier V ek (1 A k). In the first case:

Z:pANOF Q' it 72OANOF QT x:o+Fx:(oVINAG

(VE) x:orQ:T

where Q' = Ay;...y,.201 ... Q. By induction:
e on the first premise for all 2 € H and k € K there is jix € J such that z: 4, Aé - Q' Vines
e on the second premise for all / € L and k € K there is jix € J such that z:p A&+ Q" i vy, 5

e on the third premise for all i € [ either there are #; € H and k; € K such that x:y; - x: Ap, A&, or
there are [; € L and k; € K such that x:p; b x:my, A&,.
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So rule (L) implies that for all i € I either there is jj, «, € J such that x:u; - Qv or there is jjx, € J
such that x:u; F Q:vj,, . The other possible case is given by:

ZpANOFzZiT Z2OAOFziT x:oFQ:(pVI)AG
x:orQ:T

(VE)

By induction:
e on the first premise for all 2 € H and k € K there is jux € J such that z: A, A& Fz:vj, 5
e on the second premise for all / € L and k € K there is jix € J such that z:m A&g - z:vj,, 3

o on the third premise for all i € [ either there are #; € H and k; € K such that x:y; - Q: Ay, A&y, or
there are /; € L and k; € K such that x:u; - Q:m;, A&,

So rule (C) implies that for all i € I either there is jj, x, € J such that x:u; + Q:v;, . or there is jjx, € J
such that x:u; + Q: Vi g =

Lemma 3.3. Let cw(0) = Nierxi> ew(T) = N jeskj and Axyy...yn.xQ1...Qy (n > 0) be an ¥upP. Then

XIOV1:PLseesYm:PmF Wmt1 - - Y X01...0,: 7 and dw(py) = \/keKhﬂ;{h) (1 £ h <m < n) imply that for
all j€ J and for all ky, € Kj, (1 < h <m) there is ijy, . i, €I such that

1
XXy s V1 :,ugq), s Vm :p]({':) F At - YnX01 ... QK.

Proof. By induction on derivations. If the last applied rule is (Ax) or (A) the proof is easy.

Assume ew(0) = Ajepu and ew(F) = Ayes Us and ew(d) = \jer wr. Then ew(OAD) = Njep i A N\ ses Us
and cw(E A D) = Njer Wi A Nses Us and ew((OV O AD) = Njer, Ner(u VY we) A A ses Us.

Assume dw(0) =\ iep vi and dw(d) = g5 A5 and dw(Q) = Ve & Then dw(@A D) = Ve V ses i A

As) and dw(E A D) = Vyer Vises (E A As) and dwW(OV O AD) = Viep Vses VIAAD NV Vet V ses (& A Ay).
Let the last applied rule be (— I):

Iﬂaym+l Pm+1 F R:0

(=D
't Ams1-R:pme1 — 0

where I' = x:0,y1:015-. s Ym :Pm and R = Ay12 ... Y. X071 ... Oy.
By definition cw(oms1 — 6) = Aser. Akex,,., (""" — ). By induction, for all / € L and for all k; € K,
(1<h<m+1)thereisiyg,, x,., €1suchthat XXy g o) :,uzll), ooy Ymtl :,ug{’::]) F R:y;, so the application
of rule (— I) concludes the proof.

Let the last applied rule be (— E):

IF'bR:0 =T Yar):ipry b Or:6
I'rRQO,:T

(= E)

where I' = X10,Yr(1) - Pr(l)s -« > Yr(r—1) - Pr(r-1) and R = le N Qr—l- Ifdw(@) = \/ueU Vu, then CW(@ g T) =
Auev N jes(vu — ;). By induction for all u € U, j € J and for all ky(5) € Ky(s) (1 <5 <r—1) there is

.....

. ., (@(1) ., (@(r=1)) .
X2 Xy Y1 ,...,y,r(,_l).,uk”(; FR:vy — K. (6)

By Theorem 3.2]for all kx() € Kx() there is uy,,, € U such that

Yn(ry: /1,((:((;)) FOr vy -
Choosing u = uy,,, in (6) the application of rule (— E) to (6) and (7) gives the result.

)
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Let the last applied rule be (AE):
I'R:TAO

I'tR:7
where I' = x:0,y1:01,...,Vm :Pm and R = Ayyi1 ... V0. X071 ... Qn. Since cw(t A 6) = cw(T) A cw(6), this
case easily follows by induction.
Let the last applied rule be (VI):

(AE)

I'-R:0
IF'FR:0VY
where I' = x:0,y1:01,-- > Ym :Pm and R = Aypi1 ... Y. X01 ... Q. Since ew(@V ) = Njer Nses WV Us),
this case easily follows by induction.
If the last applied rule is (VE) there are four different cases as prescribed by Lemma3.1]
In the first case:

(VD)

I',z:0AN9rR: 7 T1,22{ ANOFR:T T kx0p...0,: (VO ADY
1"1,1"2 I-/lym+1...yn.xQ1...Qn:T

where R = Ayp+1-- - Yn2Qu+1--- Ons L1 = {01015+ s Y 1 om} T FV(R),
Iy = X0, Yr(1) 1 Pr(1)s - - s Yrr(w) * Pre(u) and (O <u<m). Letl'} = Yy Pwisee s Yomes - PWinu

(VE)

For all j € J and for all k,,, € K,,,, (1 £v <m—u) by induction :

e on the first premise either there is [k, ... k,,_, € L such that

W) (Win—u)

b2 Y01 g, s Yo Ly F R:k; or there is

2+ Ujg,,

Wm—u
. ., w1 )
S ik s, €S such that Vs YW g e Y m-u

SRwp s Rwm—y

FR:kj;
Wm—u
e on the second premise either there is 7.,

. ., v Wim—)
<. wtj,kwl [ —— ’ywl 'l’lkwl L ’ywm—u l’[k

,,,,, k, € T such that
F R:k; or there is

Wm—u

Yy :,u,(::), e Y :,Lt,EWm“‘) FR:k;.

Therefore for all j € J and for all k,,, € K,,, (1 <v<m—u):

S jkyseomr €S such that z: VS ik oo o

e cither there is / o sk € L such that

) ., wr) o Winey) .
<. Ll_/',/\'wl sk ’ywl 'ﬂkwl 0 ’ywm—u ﬂkW27: F R : KJ (8)
and there is 7, ..k, , € I such that

. ., (wr) o Win—u) .

< a)tj’kwl """ Kwm—u 7yW1 "ukW] > ’ywmﬂ’ .Mkwm—u a R ) Kj, (9)
e orthereis s, k, €S such that

. . (w1) . (Wm—u) cp.

Z. Usj,kwl N ,)’w| .Mkwl yeene ’me—u .,lewmiu +R: Kj. (10)

By induction the third premise implies that for all [ € L, t € T and for all k) € Kxn) (1 < h < u) there is

.....

1
X ittty Y70 B (1) 55Vt s X Q1 . Qi V @y (1D
and for all s € S and for all kxp) € Kn(ny (1 < h < u) there is isk, ... ky, €I such that
1
X :Xi“"kn(l) ,,,,, kﬂ(u) 7y7'((1) #]({:((li)a e ,)’n(u) ﬂg!.((:))) F le e Qu : US‘ (12)

If (8) and (9) hold, then the conclusion follows from the application of rule (VE) to (8), (9) and (T1) by
choosing [ =1 Sk, ek andt =1k, ..k, Otherwise 1' must hold, and the conclusion follows from

Kwm—y LN RRELIT

the application of rule (C) to (I0) and (I2) by choosing s = s;,.,....k

~~~~~ m*°
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In the second case:

(VE) 220Nzt ARz TR et Y001 ... 0 (VO AND
' Ymsr.o 0 x01...05:7

where I' = x:0,y1:01,-»Vm:Om-
For all j € J by induction:

e the first premise implies that either there is /; € L such that z:¢; + z:k; or there is 5s; € S such that
ZiUs; F 2IK);
e the second premise implies that either there is 7; € T such that z:wy; F z:k; or there is 5; € S such
that Z1Us; F 21K
Therefore for all j € J:
e cither there are /; € L and ¢; € T such that
TN S Ziwy F 2K (13)

e or there is s; € S such that Z:ug, F 20K (14)

By induction on the third premise forall /e L,te€ T énd for all ky € Kj, (1 <h <m) thereis ijg,,. .k, €1
such that n -
X Xipgy ot YU 5o Ym My F At Yn-X01...0niy V wy (15)
and for all s € § and k;, € K, (1 < h <m) there is isx,,. «, € I such that
x:XSl,kl AAAAA km’)’liﬂ,g),-.-,ymiﬂ(k:) |_/lym+l---yn-xQ1 . Onius. (16)

If (I3) holds, then the conclusion follows from the application of rule (VE) to (I3) and (I3) by choosing
[=1; and r =t;. Otherwise must hold, and the conclusion follows from the application of rule (C) to
(T4) and (16) by choosing s = .
As for the third case:
Iz:OAGFR: T 1,22l ANOFR:T y,:pu+F Oy:(BVADY
't Amer .o Y0 x01...05: T

where I' = x:0,¥1 101, s Yu=1:Pu—1>Yut1 : Putls-+sYm:Pm>» R = Wms1 o Y X01...O-120y+1 ... Oy, and
u=rmn).

By induction on the first premise for all je J,l€ L, s€ S, and for all k;, € K;, (1 < h <m,h # u), there is
i(j»[,s)gkl»maku—l’ku+1 .... knm € I such that

(VE)

1 -1 1
i ,ylzul(q), S :,u,(::_l ),yu+1:u§€':: ). ,ym:ugz),z: Vi A Ask Rk, (17)

By induction on the second premise for all je J,reT,seS,and forall k€ Ky (1 <h<m+1,h+# u),

XX G159k ey

there 18 i(j1,5)ky ...kt kus1.km € 1 SUCh that
1
XX i1 ks ok > Y1 uﬁq), ce s Yu—1Pu=15Yut 1 Put 15+ - - ,ymiuﬁ{'z),z:& A s F Rkj. (18)
By Theorem [3.2] applied to the third premise for all k, € K,,:
either there are [y, € L, sz, €S such that y,: ,ui’” Oy, Ay, (19)
or there are , € T, sy, € S such that y,: ,u]((”) FOv:&y, AN s,- (20)

If holds, then the conclusion follows from the application of rule (C) to and by choosing
=1, and s = s5;,. Otherwise (I8) must hold, and the conclusion follows from the application of rule (C)

to and (20) by choosing 7 =, and s = sy,
The proof for the last case is similar and simpler than that one of the third case. O

Theorem 3.4 (Property P2). If P is an FHP, cw(0) = Njerxi> cW(T) = A\ jeskj, and + P:o — 1, then for
all j€ J thereisij €l suchthatt+ P:y;, — K;.
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4 Normalisation of types

To investigate type isomorphism it is necessary to consider the basic laws introduced in Lemma [2.4]
for finding conditions allowing to apply them also at the level of subtypes and to exploit some provable
properties of type inclusion. To this aim, following a common approach [2, [7], a notion of normal form
of types is introduced. Normal type is short for type in normal form.

Normal types are obtained by applying as far as possible a set of isomorphism preserving transfor-
mations, that are all realised by suitable n-expansions of the identity. The transformations applied to
obtain normal types are essentially:

o the distribution of intersections over unions or vice versa, in such a way that all types to the right
of an arrow are in conjunctive normal form and all types to the left of an arrow are in disjunctive
normal form. This is obtained by using (distV A) and (distAV) (distribution);

o the elimination of intersections to the right of arrows and of unions to the left of arrows using the
isomorphisms (dist— A) and (dist— V) from left to right (splitting);

e the elimination of redundant intersections and unions, corresponding roughly to intersections and
unions performed on types provably included in one another, as (oo — 7) A (0 V p — 1), that can be
reduced to oV p — T; similarly (oo — p V 7) A (00 — 7) can be reduced to o — 7 (erasure);

o the transformation of types at top level in conjunctive normal form.

For example the type ((¢1 A2 = @2V @3) V(02 = ¢5)) A((92 A3 = @5) V (94 — @3V @s)) is normal.

The normalisation process, although rather intuitive, needs some care when performed inside a type
context since the used transformations must be isomorphism preserving.

The following subsection defines the normalisation rules. In Subsection the soundness and ter-
mination of the normalisation rules and the unicity of normal forms are proved. The notion of normal
form is effective since an algorithm to find the normal form of an arbitrary type can be given. Lastly
Subsection |4.3| presents interesting properties of normal types, in particular Theorem characterises
the isomorphic normal types.

4.1 Normalisation rules

Since the normalisation rules have to be applied (whenever possible) also to subtypes, the (standard)
notion of type context is introduced.

Cll==1[11Cll»o|loc—-Cll1|oACl]]|CllAnc | oVvC[]|Cl[]lVo.

The possibility of applying transformations to subtypes strongly depends on the context in which they
occur. An example of this problem was already given at page[59] Also the types (V7T — p) A (0 — p)
and oV T — p, are isomorphic in the context [ ], with Axy.xy showing the isomorphism. But the same
types are not isomorphic in the context [ ] A ¢, because no n-expansion of the identity can map an atomic
type into itself.

To formalise this notion, paths of type contexts are useful (Definition 4.2)). The path of a context
describes which arrows need to be traversed in order to reach the hole, if it is possible, i.e. when there
are no atoms on the way. It is handy to have a notion of agreement of a type with a path (Definition
K.1J[3)), in order to assure that the types which are composed by intersection or union with the type
context do not block the transformation. An intersection or a union agrees with a path only if all types
belonging to the intersection or to the union agree with that path.
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In paths the symbol / represents going down to the left of an arrow and the symbol “\ represents
going down to the right of an arrow. For distribution rules it is enough to reach the hole, while for
splitting rules one more arrow needs to be traversed. So two kinds of paths are useful. They are dubbed
d-paths and s-paths, being used in distribution and splitting rules, respectively. An s-path is a d-path
terminated by the symbol O0.

The agreement of a type with a set of d-paths (Definition [4.1j{4)) and the concatenation of d-paths
(Definition [4.1|[5)) are useful for defining the erasure rules (Definition §.5).

Definition 4.1. 1. A d-path p is a possibly empty string on the alphabet { /", \,}.
2. An s-path p is a d-path followed by O.

3. The agreement of a type o with a d-path or an s-path p (notation o o« p) is the smallest relation
between types and d-paths (s-paths) such that:

o« € for all o; T — poOforall T,p;
T oc p implies T — p o<,/ P; p o pimplies T — p o\ P;
Tocpand p o« p imply T Ap o p; Tocpandpocpimply TVp xp.

4. A type o agrees with a set of d-paths P (notation o oc P) if it agrees with all the d-paths in P, i.e.
oopforallpe®P.

5. Ifpand p’ are d-paths, p-p’ denotes their concatenation, if P is a set of d-paths, p- P denotes the
set {p-p’ | p’ € PLU{p}.
For example the type o1 — (02 = p1 Ap2) A(03 Vo — T1) — Ty agrees with the d-path N,/ and
with the s-path N,/ O, while the type o1 — (02 = p1 Ap2) A(03V o1 = T1) A — T, agrees with the
d-path N,/ and with the s-path \, O, but it does not agree with the d-path /. nor with the s-path
N\ O, since ¢ does not agree with ,/ nor with O0.

The d-paths and s-paths of contexts can be formalised using the agreement between types and paths.

Definition 4.2. The d-path and the s-path of a type context C[ ] (notations d(C[ 1) and s(C[ ]), respec-
tively) are defined by induction on CJ |:
dClD=€ifCl1=11 sCCIDh=0ifCl1=[1;
#(C'[ D) =pimplies =« (C[ )=/ pifC[1=C'[1> o and «([C[N)=\pifCl1=0c->CT]
oo« x(C'[]) implies *(C[ ) =+(C'[DifCl]1=C[]ATorC[]=0AC[]or
C[1=C[]VoorC[l=0oVC]].
where * holds for d and s.
For example the d-path and the s-path of the context oy = [ ]A (02 = 71 V12) = 13 are \/ and \,,/ 0O,

respectively, while the d-path and the s-path of the context o — ([ ] Ao — 71) V ¢ — 77 are undefined,
since ¢ ¢,/ and ¢ « O0.

In giving the normalisation rules one can consider types in holes modulo idempotence, commutativity
and associativity, when the d-paths of contexts are defined. This is assured by the following lemma, that
can be easily proved by induction on d-paths.

Lemma 4.3. If o = T holds the isomorphisms (idem), (comm), (assoc), and d(C[ ]) is defined, then
Clo] = C[1].

Distribution and splitting rules can now be defined.
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Definition 4.4 (Distribution and Splitting). 1. The two distribution rules are:
Cl(cAT)Vp]l = Cl(cVp)A(TVp)] ifd(C[]) =€ord(Cl]) =p- \\ for some path p;
CllovnApl = Cl(cAp)V(tAp)] ifd(C[ 1) = p- / for some path p.
2. The two splitting rules are:

Clo = 1Ap]l = Cl(c = 1) A (00— p)] if s(C[]) is defined;
Clovt—p]l = Cl(c = p)A(T — p)] if s(C[)) is defined.

The conditions for erasure rules use two preorders on types, defined in Figure [3|between basic inter-
sections and between basic unions (see page [60), respectively. This is enough since the distribution and
splitting rules (when applicable) give arrow types with basic intersections as left-hand-sides and basic
unions as right-hand-sides. The symbol <®stands for either <"or <". It easy to verify that @ <"g if and
only if & <V3, so comparing two arrows or two atomic types one can write @ <°p. For example uAv <\u
and y <y Vkimply u — y <®uAv— yVkand WAV =y VK) > 1 <@ — x) —> L

It is easy to show that <"and <" are preorders since transitivity holds. The presence, at top level, of
an atomic type on both sides of <®forces atomic and arrow types to be only erased or added. In relating
types one can exploit also idempotence. For instance two copies of (u — y) are needed in deriving
U=y <MUAV = Y)A(u— xy Vi) toshow u— y <CuAv—yandu — xy <°u— y V.

\

pn x<x o eapste p<Yovy
GAUANAL oA eVx <VpVx Vi
vi <", xi <Yk foralli € I = Njeg(ui = x)IA <M Nigr(vi — i)
vi <", xi <Yk foralli € 1 = Vi (i = xi) <V Vit (vi = k) Vil
where the notation [AA] ([V¢]) means that A4 (Vt) can either occur or not.

Figure 3: Preorders on types.

e(u <) = ey <Vx) ={}
elprp <o) =elp<’oVy)=e(@Aund<"pAp) =elpVx <VeVx Vi) = (e}

{e} if A or ¢ is present and
e(vi <uj) = e(yi <k;) = {} forallie I,
Uier(” -e(vi £ u)U N\ -e(x; <Vk;)) otherwise

e(Nier(ui = XA <" Niet(vi = k7)) _
e(Vier(i = xi) <V Viet(vi = k)[Ve])

if vi <My, xi <Vk;foralliel
Figure 4: Set of d-paths of a preorder derivation.

These preorders are crucial for the definition of the erasure rules. In fact some types in an intersection
can be erased only if the remaining types are smaller or equal to the erased ones. Dually some types in a
union can be erased only if the remaining types are bigger or equal to the erased ones. Another necessary
condition for erasing types is that the FHPs can reach the subtypes in which the types related by the
preorder differ. In order to formalise this, one d-path is not enough, since there can be many subtypes in
which the types differ, so sets of d-paths are needed. Sets of d-paths are then associated with derivations
of preorders between types, so that one can check when a type can be erased in a type context. The set of
d-paths of o <“7 (notation e(o- <°7)) represents the set of paths that make accessible the points in which
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o and 7 differ. For this reason, e(u <"u) and e(y <" y) are defined as the empty set and the sets:

e(p A <), e(p <VoV x), e(p AuAA< o Ap), and e(pVy <VoVx Vi)
contain only €; in the other cases this set must be built from the sets of paths associated with the subtypes
using ,~ and \,. This definition is given in Figure 4l Notice that the condition e(o- <) = {} implies
o=T.
For example e(u — y <®unv—x Vi) ={/,\Jand e((uAv = xVKk) =1 <°(u—x) =) ={/,. \J}.

Finally one can define erasure rules.

Definition 4.5 (Erasure). The three erasure rules are:
Nierxi = NjesX; ifJClandVielAji el y;, < xiandVjeJ. xyjxP,
where P = jer e(xj, <V xi);
ClAierail = Cl\jesa;l ifJClandVieldjieJ aj <®a;andVje J. Cla;] <P,
where P = d(C[]) - Ujes e, <°q));
ClVierail = ClVjesa;l  ifJClandVieldji el a; <%aj andVjeJ. Cla,] <P,
where P = d(CI]) - U e(a; Soafj,.).

In the first erasure rule the absence of the context indicates that it can be applied only at top level, i.e. in
the empty context.

By applying the erasure rules, it is essential to allow to remove more than one type in a single step.
For example (u = ¢ > Y)A(u = (@ AV = ) VYDA = (@AY = x) Vi) = i — ¢ — y, but this
type does not reduce to (U = ¢ = Y)A(u = (@Av = x)V ;) fori=1or i =2. The problem is that
U= (@ Av— x) Vi does not agree with e(u — ¢ — x <u— (9 Av — x) Vi) = {\./} and dually
exchanging | with ;.

Normalisation can create redexes, for example the first distribution rule applied to o — (tr Ap) VO
gives o — (T V) A (p V 6), which can be reduced to (o — 7V 0) A (0 — p V 0) by the first splitting rule.
The second splitting rule applied to (V¢ — @) A(@ Ay — @) gives (T = @) A (@ = @) A AY — @),
which can be reduced to (o — ¢) A (¢ — ¢) by the first or second erasure rule. A more interesting
example is (0 A = ) = YY) A (W = ¥) = ¥) A(((0VT)Ap — p) — p): this type can only be reduced
to (W = ¢¥) > ¥)AN({((cVT)Ap — p) = p) by the first or second erasure rule and then the second
distribution rule becomes applicable.

4.2 Soundness, confluence and termination of type normalisation

The soundness of the normalisation rules, i.e. that o = 7 implies o ~ 7, uses n-expansions of the
identity, called finite hereditarily identities (FH1s). More precisely for each rule 0 = 7 two FHis Id, Id’
such that + Id:0- — 7 and + |d’" : 7 — ¢ are built. FHis can be associated with d-paths, s-paths and sets of
d-paths.

Definition 4.6. 1. The FHI induced by the s-path p (notation Idp) is defined by induction on p:
Idy = Axy.xy Idp pe— Axy.x(Idpy) ld\ p p— Axy.ldp(xy)

2. The ¥HI induced by the set of d-paths P (notation |dp) is defined by induction on the d-paths in P:

ldjy = Idig; = Ax.x Idp g Axy.ldgep)(x(Id gp)y)) if P # { }.{€}
where L(P)={pl/ pePland R(P)={pI\npEP).

3. The FHl induced by the d-path p (notation Idp) is Idp = Idyp).

For example ld\ 5 ge— Ax1y1.1d o(x1y1) ge— Ax1y1.(Ax2y2.x2(1day2))(x1y1) ge—
Ax1y1.(Ax2y2.22((Ax3y3.X3y3)y2))(x1y1), 0 ld\ 0 = Ax1y1y2.x1y1(Ay3.y2)3).
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The following lemma shows that the FHI associated with a d-path, an s-path or a set of d-paths maps
to itself each type that agrees with it.

Lemma4.7. 1. Letp be a d-path or an s-path, then o « p implies +- |dp:0- — 0.
2. Let P be a set of d-paths, then o o< P implies + |dp:00 — 0.

Proof. Only Point (2) is proved, being the proof of Point (I similar and simpler. The proof is by
induction on o and P. If o = 7 — p, then by definition 7 oc L(#) and p oc R(P). By induction + ld pp):r — 7
and + ldgp):p — p, which imply + Axy.ldge)(x(ldgp)y)):00 — 0. If o =1V p or o =71 Ap, then by
definition 7 oc P and p o« P. These cases easily follow by induction using Corollary [2.2](3). O

To prove the soundness of erasure one needs to show that the FHI associated with a set of d-paths
“respects” the preorder relation, in the sense that, if the set of d-paths of the derivation o <7 is contained
in a set P and either o or T agrees with %, then the FHI |[dp maps o to 7.

Lemma 4.8. If e(o <°1) C P and either o < P or T < P, then + ldp:0- — 7.

Proof. By induction on the proof of o <®7. The cases u <"u and y <"y follow immediately by Lemma
Incases p A <0, <VoVy,p AUAA< oA and oV y <V¢V x Vi one has e(o- <°1) = {€}. Since
o o P or 7o P implies ¢ o< P, P = {e} and by Definition @.6|2), one gets ldp = Ax.x.

Consider the case: v; <"u;, yi <Vk;iforallie I = A ;(tti = x)IAA] <" Aie;(vi = k;). By definition:

o e(Nier(i = XA <M N\ier (Vi = &) € P implies e(v; <ui) € LP) and e(y; <'x;) € R(P) for all
iel;
o cither A;c;(ii = xDIAA] < P or A\;c;(vi = k;) o« P implies either v; o« L(P) or u; o« L(P) and either
Xi < R(P) or k; cc R(P) for all i € 1.
This gives by induction + |d gp):v; = p; and + ldgp):x; — k; for all i € I. By definition
ldp ge— Axy.ldgp)(x(ld gp)y)). It can be easily shown that:

F Axy.ldgee)(x(1d gpyy)): (i = xi) = vi = k; forall i e I.
The Subject Reduction (Theorem [2.T)) implies + Idp:(u; — xi) = vi = «; for all i € I, and so by Corol-

lary [2.2(3) and
Fldp: \jer(ui = xD)IA = Nigi(vi = ).
For the case: v; <"u;, xi <"k forallie I = /(i = xi) <V Vies(vi = «;)[V¢] a similar argument gives

Fldp: Ve (ui = xi) = Viet(vi = k)[Vil. o

The soundness of the normalisation rules can now be proved.

Theorem 4.9. 1. If d(C[ ]) is defined, then for arbitrary o, 7, and p, the FHI |dyc| 1) proves the
isomorphisms: C[(cVT)Ap]l=Cl(cAp)V(TAp)] and Cl[(cAT)Vp]=Cl(ocVp)ATVp)l

2. If s(Cl ]) is defined, then for arbitrary o, T, and p, the FHI |d[ 1) proves the isomorphisms:
Clo - 1tAp]l=Cl(c > 1)A(0c—p)] and CloVTt—p]=~Cl(c—p) AT —p)]

3. Let Nietxi = Njesxjpie. JClandVieldjieJ. x;, <'xiandVje J y;«< P,
where P = Ujere(xj, <" xi). Then Idp proves NjesXj = Nier Xi-

4. Let C[A\jesail = C[\jesajl ie. JClandVieldji€ J.aj, <®a;and ¥ j€ J. Cla;] < P,
where P = d(C[]) - Ujere(aj, <®;). Then Idp proves ClAjesjl = Cl \ier ail-

5. LetC[Vigrail = Cl[Vjeya;] ie. JClandViel. dji€J. a; <®aj andVje J Cla;] <P,
where P = d(C[]) - Ujere(@i <®aj,). Then ldp proves C[\ icj il ~ CLV jesajl.
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Proof. (I). By induction on C[ ]. If C[ ] = [ ] by Definition.2]d([ ]) = € and Id. = Ax.x.

If C[]1=C’[ ] — 0, then by induction

Fldger ):C'l(ocVT)Ap]l = C'[(cAp)V(TAP)]
Fldacrr 1):C' [0 Ap)V (T Ap)] = C'[(0 V1) Ap].
Since by definition ldycy 1) g Axy.x(Idgc'[ 1)y) the result follows.
If C[ 1 =6 — C’[ ] the proof is similar to that one of previous case.
If C[ 1=C’[ ] A6, then by induction
Fldacr):C'l(ecVT)Ap] = C'[(0Ap) V(T AP)]
Fldacr 1):C' (0 Ap) V(T Ap)]l = C'[(0 V1) Ap].
Moreover d(C[ 1) = d(C’[ 1) and 6 « d(C’[ 1), so from Lemma |4.7(1) + ldgc[ 1):60 — 6 and by Corol-
lary 2.2)(3)) the proof is done.
IfC[1=C’[]V#, the proof is similar.

. Similar to the proof of Point . The only difference is case C[ | = [ ], in which by Definition
M.2]s([ 1) = o and ldg = Axy.xy.

(3). Lemmaimplies Fldpiyj, — xi, since yj, cc P forall i € I, and P = (J;ese(xj; <" xi). Lemma
gives k ldpiy; — xj for all j € J, since yj oc P for all j € J. So, by Corollary[2.2|(3), Idp has both the
types NierXj; = Nierxi and A jes xj = A jes x j- Finally, Corollary implies - 1dp: A\ jes xj = NierXi-

(F_f[). By induction on C[ ]. If C[ ] = [ ], the proof is immediate from Point (E])

Let P = d(C'[)) - Ujer elaj, <%a)).
IfC[1=C'[]— o, thend(C[]) = -d(C’[ ]). By induction
Fldp:C'[Ajesajl = C'[Nigrail and +1dp:C'[Ajerail = C'[Njesajl
Since by definition ldp g<— Axy.x(Idp y), the result follows.
If C[ ] = 0 — C’[ ] the proof is similar to that one of previous case.
If C[ 1 =C’[ ] A o, then by induction
Fldp:C'[Ajesajl = C'[Nierail and +1dp :C'[Ajerail = C'[N\jesajl :
In this case # =P’ and o « P. Lemma gives + Idp:0- — o and Corollary concludes the
proof.
IfC[1=C'[]V o, the proof is similar.
(3). Similar to the proof of Point (). O

This subsection ends with the proof of the existence and unicity of normal forms, i.e. that the nor-
malisation rules are terminating and confluent.

Theorem 4.10 (Normal Forms). The rewriting system of Definitions and is terminating and
confluent.

Proof. The termination follows from an easy adaptation of the recursive path ordering method [3]. The
partial order on operators is defined by: — > V > A for holes at top level or in the right-hand-sites of
arrow types and - > A > V for holes in the left-hand-sites of arrow types. Notice that the induced
recursive path ordering >* has the subterm property. This solves the case of erasure rules. For the first
distributive rule, since V > A for holes at top level or in the right-hand-sites of arrow types, it is enough
to observe that (c AT)Vp >* oVpand (c AT)Vp > 7V p. For the first splitting rule, since —» > A,
it is enough to observe that c = 7Ap >* o0 = tand o0 - T Ap >* o — p. The proof for the remaining
rules are similar.

For confluence, following the Knuth-Bendix algorithm [[10] it is sufficient to prove the convergence of
the critical pairs, that are generated (modulo commutativity and associativity of union and intersection)
by:

Nierad Vo, o= (NigadVt,  Viga)Ao -,
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o= (Vigai) AT, oV (Nier@i) 27, 0 N\igr@i AT, oV Vi ai =T,
(cAT)VpV(OAD), (cVT)APAOVY) =,
ovVTVp—0, o> TAPAG,

Nier Xi» Nier @i Vier @i
when A jeja; <" Aierain Vier@i <V jesjaj, J C I and all the conditions required by the normalisation
rules are satisfied. The types of the last line generate critical pairs when, for some L C I, L # J, one has,
for the first type Vi € I 3j; € J [; € L such that y;, <"y; and x;, <" x; and, for the second and the third
types, in addition to the above conditions, A @; <" Aes@i and \/jep ;i <VV/ jes @, respectively.

The types in the first line can be reduced by distribution and erasure rules, the types in the second line
can be reduced by splitting and erasure rules, the types in the third line can be reduced by distribution
rules, the types in the forth line can be reduced by splitting rules, the types in the last line can be
reduced by erasure rules. Notice that distribution and splitting rules do not generate critical pairs, since
they require respectively unions and intersections for holes in the right-hand-sites of arrow types and
intersections and unions for holes in the left-hand-sites of arrow types.

The proof is given only for a top level occurrence of the type (A;c;a;i) V o, the proof for the other
cases being similar. In this case (\;e; @) Vo= (A je;@;) V o by erasure since J C I and Yie I 4j; € J
such that @, <®@; and (A\;e; @) V o « e e(j, <®;). Moreover

(Nier@) vV o = (Nie, @iV O) A (Niep, @i V 0)
with Iy Ul, =1 and I} NI, = @ by distribution. Let A, x; be the conjunctive normal form of o, then
0 =" Ajerxi- This implies (A jey@i) Vo =" Njep A jes(@i V x1) and
(Nier, @iV O) AN (Njep, @iV 0) =% Njer (Nier, @i VXD A (Nier, @V X1 = Nier Nier(@iV x1)
by the first distribution rule. Since @, <“; implies a;, V x; <Va; V y;, and (Njeraj)VoocUerela; <®a;)
implies A\ A jes(@;V xn) < Uer Uiere(@;; V xi <Va; V x)), the first erasure rule gives
Nier Nier(@i V x0) = Nier N jes(@;V x). O

4.3 Properties of normal types

It is interesting to show that normal types do not contain “superfluous” subtypes, in particular that:
1. if y Ak is a normal type, then there is no |d such that + |d: y — «;
2. if @ vV Bis a normal type, then there is no Id such that + Id: o — 3;

Theorem [4.14] shows Points (1)) and (2).
The more interesting result is Theorem [4.15] which assures that isomorphic normal types have the
same number of intersections and unions and that the atomic and arrow types are pairwise isomorphic.

It is easy to verify that each FHI Id different from the identity is such that Id ge— Axy.ld;(x(ld2y))
for unique Id;,ld;. A key result is a relation between the arrow types that can be derived for Id,Id, Id;.
Lemma @ TT(#) gives this relation, by exploiting the constraints on typings of variables and FHis, shown
in the first three points of the same lemma.

Building on Definition .6|[2)) a non-empty set of d-paths is associated with each Fu1 (Definition[4.12).
This association is based on the natural correspondence between lambda abstractions and arrow types.

A last Lemma (Lemma [4.13)) relates basic intersections and unions in normal form (when they can
be mapped by FHIs) to preorders and to sets of d-paths.

Lemma4.11. /. IfT x:0c—>1y:p+x(My):6, thenT + ly.My:p — 0.

2. Let M be either a FHI or a free variable. ThenT',x:0 — 1,y:p + M(xy):0 implies T + AzMz:1 — 6
andz7:p+z:0.
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3. Let M|, M; be either FHIs or free variables and FV(M;) be the set of variables in T'; for i =1,2.
ThenT'1,Ih,x:0 = 1,y:p+ M{(x(M2y)):6 implies Ty v AzMz:7 —> 8 and ', + Az.M»z:p — 0.

4. If rld:(u — x) = v — kand |d ge— Axy.ld|(x(ld2y)), then + Idy : xy — k and + 1dy:v — p.

Proof. (I)). Lemma[2.7)(T)) implies I',y:p + My: o, and rule (— I) derives '+ y.My:p — o
(2). The proof is similar and simpler than that of (3).
(3). A stronger statement, i.e.

x:o—-trx:cand U, Ty, x:6,y:pF M{(x(M2y)):0 imply 'y v AzMz:T — 0 and 'y - Az.Mbz:p — 0,

is proved by induction on the derivation of I'1,I5,x:¢,y: 0+ M (x(M3y)):6.
Let the last applied rule be (— E):

IeM:9—60 Tax:6y:pr-x(Myy):d
I, xi6y:pr Mi(x(May)): 60

(= E)

The second premise and x:0 — 7+ x:¢ imply 5, x:0 = 7,y:p F x(M>y) : 9 by rule (L). Point gives
Iy + Ay.Myy:p — o and Lemmal[2.7)(2) gives z:7+ z:¢. The application of (— E) to the first premise and
toz:7kz:v derives I'1,z:7+ M z:6, and then I'y F Az.Mz:7 — 0 by using (— I).

If the last applied rule is (Al), (AE), or (V1) the proof easily follows by induction.

For rule (VE) there are seven cases, which differ for the subjects of the premises. IL.e. if 7 is
the replaced variable the subjects of the first two premises can be: #(x(M3y)), M(t(M>y)), M1(x(ty)),
M (x(M31)), Mt, M1(xt) and t. The proof is given for all the cases but the last one, which easily follows
by induction. Notice that the proof of the sixth case needs Point (2).

In the first case:

Do x:6,y:0,t: 0 AL Ht(x(M2y)):0 To,x:6,y:p,t:92 AL+ H(x(M2y)): 60
Iy I—Mli(ﬁl\/ﬂz)/\g
[0, x:6,y:0F Mi(x(M2y)): 0

(VE)

By induction t: 9 A+ Aztz:t = 0 and t: I AL Aztz:t — Gand L F ly.May:p — o. By rule (VL)
t: (0 V)AL F Az.tz:T — 6, so the application of rule (C) to the third premise derives I'y - Az.Mz:T7 — 6.
In the second case:

[0 y:p i AL Mi(E(May)): 0 Ty, To,y:p,t:02 AL M (8(M2y)): 0
X:gkx:( V)AL
In,xigyipr Mi(x(May)): 60

(VE)

Rule (L) applied to x:0 — 7+ x:¢ and to the third premise derives x:0 — 7+ x: (% V) A . Corollary
2.6/[2) gives either x:0 — T+ x:9 Al or x:0 — T+ x:9% A. This implies either t:0- — 7+ 1:9 A or
t:0 — TFt:9% AL By induction on the first premise in the first case and on the second premise in the
second case I'} F Az.Mz:T > 0and ', + Az.Mpz:p — 0.

In the third case:

IL,x:¢,y:p,t: M AL-Mi(x(ty):60 Ti,x:6,y:0,t:9 A Mi(x(ty)): 0
ok My: (9 V)AL

(VE)
[',12,x:6,y:pF Mi(x(M2y)): 0

By inductionI'y F Az M z:T1 — 0and t:9, Al + Az.tz:p — o and t:9, AL+ Az.tz:p — 0. Rule (VL) derives
t: (9 Vi) AL F Az.tz:p — o, so the application of rule (C) to the third premise gives I F Ay.Moy:p — 0.
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In the fourth case:
I, Dy, xig,t: M ACFM{(x(Mat):0 T, I, x:q,t: 0 AL M(x(Mat)): 0
yipry:(h Vi) AL
[0, x:6,y:p0F Mi(x(M2y)): 6

(VE)

By induction on one of the first two premises I'y - Az.Mz:7 — @ and [, + Az.M>z:p — O
In the fifth case:
It:h ALEMt:0 Tt ACFMt:0 To,x:6,y:pFx(May): (31 Vi) AL

(VE)
[y, 12, x:6,y:0F Mi(x(M2y)): 6

The third premise with x:0 — 7+ x:¢ give I'),x:0 = 1,y:p F X(May): (91 V 2) A, so by Point (T))
ok AzMoz:p — 0. By Lemma 272) Io,x:0 = 1,y:p F x(May): (9 V) A implies z: 7 F z: (9 V
92) A L. The application of rule (VE) to the first two premises and to z:7 + z: (¢ V ) A { derives
I'i,z:7F Myz:6, which implies I'y + Az.Mz:7 — 8 by rule (— I).

In the sixth case:

ILx:gt:ACFM(xt):0 T,x:6,t:9 AL+ M(xt):0
Do, y:pbk Moy: (9 Vi) AL

(VE)
[, 12, x:6,y: 0 F Mi(x(M2y)): 6

The first and the second premise with x:0 —» 7+ x:¢ give ', x:0 = 1,t: 91 AL+ Mi(xt): 6 and
I',x:0o—>1,t:9AL - M(xt):60. So Point (2) implies ') F Az.Mz:t—= 6, t: 9 Al t:oand t: I AL - t:0.
The application of rule (VE) to the last two statements and to the third premise derives [5,y:p+ Mpy: o,
so rule (— 1) concludes the proof.

(). The Subject Expansion (Theorem [2.3)) gives F Axy.ld;(x(Id2y)): (u = x) = v — «. Corollary
implies

X —x,y:vEIdi(x(Idyy)): k.

Point (3) and Subject Reduction conclude the proof. O

Definition 4.12 (Set of d-paths of an FHI). The set of d-paths of the FH1 |d (notation #(1d)) is defined by:

#(Ax.x) ={e} #(Axy.ldi(x(Id2y))) ={/ pIp e #(Id)}U{\ p|p € #(ld)}.

Lemma 4.13. 1. If v Id:0 — 1, where o,T are both basic intersections or basic unions in normal
form, then o <°t and #(1d) 2 e(o- <°1), with & = A if 0,7 are intersections and & = V if o, T are
unions.

2. Ifv1d:0 — o where o is either a basic intersection or a basic union in normal form, then o o #(Id).

Proof. (I)). By induction on Id. If Id = Ax.x, then x:0 + x:7 by Corollary 2.2|(I). This implies either
o=toroc=uAvandt=puoro=yand7t=yVkby Lemma By definition either e(o- <®7) = { } or
e(o <°7) = {€}. If Id # Ax.x, the following stronger statement is proved:

If+1d:0; — 1), where 0,71 are normal types and either intersections of arrows or unions of arrows for
all 1 € L, then o) <°1; and #(1d) 2 ;e e(o; <°1)) for all | € L, with & = A if 0, 7; are intersections and
O =V if 0,7 are unions.

If 1d g e— Axy.ldi (x(102y), Tet 07 = Ajer (1" = i), 71 = A jes, 0 = ) (the proof for the case the
types are basic unions is similar). Theorem [3.4] and Corollary [2.2{(I imﬁ;y forall / € L and j € J; there

is i; € I; such that x:u(l) —>)(l(.?,y:v§.l) F Idl(x(ldzy)):KE.l). Lemma 4.11(4)) implies + Id; :Xl('i) - Ky) and

Lj
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Fldy: vi.l) — ugl_) forall /€ L and j € J;. By induction for all /€ L and j € J;:
J
I ! I I

xi) <YKl and #(d1) 2 User Ujes, exf) <V

D <M and #(1d2) 2 User Ujes, e/ <4y
By definition of e (Figure ) User. e(07 <)) = Uie Ujes (e < ) U N e <Vi)) c #(1d).
(2). By induction on Id. If Id = Ax.x, then #(Id) = {€} and the proof is immediate.
If Id ge— Axy.ld;(x(Id2y)) let o = A;e;(1; — x;i) (the proof for the case of the union is similar). Let
I=JUH ,with JNH =0, and J be the maximum subset of / such that + Id:(u; — x;) — u; — x; for all
JjeEJ.
The proof starts by showing that J can not be empty. Theorem [3.4] assures that for all i €  there is j; €
such that + Id:(u;, — x;;) — p; — x;. If there are iy,...,i, such that - Id:(u;, — x;,) — i, — xi,, for
1 </<n-1and*rId:(u;, = xi,) = i, = Xi,> then also F Id:(u;, = xi,) = i, = xi, for 1 <1< n, since
Id ge—Idold.
From + Id:(u; — x ;) — p; — x; Corollary 2.2)(T) and Lemma[#.TT|3) give Idy:u; — u; and Id; :x; — x ;.
By induction p; o #(1dz) and y; o #(Idy) for all j € J, which imply A jc;(u; — x ;) o #(Id). Moreover by
assumption for all & € H there is jj, € J such that 1d: (u, — x,) — un — x». Point (I) implies wu;, —
Xy <%un = xn and #(1d) 2 e(u, — xj, <®pn = xn)- The second erasure rule gives o = A jes(j = x ).
Therefore o would not be a normal type. So H must be empty. O

Theorem 4.14.  [. Ifr1d: \je;xj = Aierxi and J C I, then \epxi is not a normal type.

2. Ifrld:Vigrai = Vjeyajand J C 1, then \/i; @; is not a normal type.

Proof. (I)). Assume ad absurdum that /\;c; x; is a normal type. Let [ = KU H, with KN H =0, and H be
the maximum subset of / such that for all 4 € H there is k; € K such that Id: (ux, — xx,) = tn — xn. Notice
that by construction H 2 I — J, therefore H can not be empty. By Lemma li Mi, = Xk, <Cup — xn

and #(Id) 2 e(uk, — xi, <®u — xn). Moreover by assumption + Id: yx — x for all k € K. Lemma

4.13((2) implies Ageg xx o #(Id). The first erasure rule gives A;e;¥i = Akex Xk proving that Aoy is
not a normal type.

(2). Similar to the proof of (I, using the last erasure rule. O

Theorgm 4.15. Let Nie/(V nen, a/g)) ~ /\jej(\/keKjﬁzj)) and both types be normal. Then I = J, H; = K;

and a/;ll) zﬁg)for allheH;andie€l.

Proof. Let < P,P~! > prove the isomorphism and let y; = \/).c H; a/g) and k;j = \/jek; ﬂ;{j ),

Assume ad absurdum that / c J. By Theorem @ for all j € J there is i; € I such that - P: y;; — k;

and for i; € I there is j,-j € J such that + P! :Kj, = xi;- This implies + Po P! :Kj, — kj and, for
ij J ij

cardinality reasons, there are i, j such that j;; # j. This, together with + Po Pl Njeskj = N jeskj> gives

FPoP ' \jeykj = A jesk; for some J C I. By Theorem 4.14(1) A jc;; is not a normal type. Then

I=J and j;; = j. Therefore the indexes can be chosen to get y; ~ k; for all i € I.

Assume ad absurdum that K; C H;. By Theoremfor all 1 € H; there is k;, € K; such that + P:aﬁf) — ,85{2

and for all k, € K; there is hy, € H; such that + P! :B,(Jh) - a/g]zh. This implies + Plop: az’) — a/;’k)h

and there are h, k such that hy, # h. This fact, together with + P~1 o P: V hem,; a/g) = Vhen, az’), gives

FP o P ey @ = Ve @ for some H' C K;. By Theorem4.14(2) \/ ). @ is not a normal type.
i h h i h

Then H; = K; and hy, = h. Therefore the indexes can be chosen to get ah’) ~ ﬁ;:) forallhe H;andiel. O
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Toward Isomorphism of Intersection and Union types

Conclusion

This paper introduces a system with intersection and union types for linear A-terms. The system enjoys
subject conversion owing to the linearity restriction. The types that can be derived for the A-terms proving
type isomorphism are studied. A main achievement of this paper is the definition of rules to reduce types
to normal form, while preserving isomorphism. These rules are the building blocks for characterising
type isomorphism by means of a syntactic equivalence relation between types. This characterisation is
the content of [4], where all proofs given in the present paper are omitted. The present paper and [4] can
be considered as the first and the second part of a unique work.
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