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Higher-order constrained Horn clauses (HoCHC) are a semantically-invariant system of higher-order
logic modulo theories. With semi-decidable unsolvability over a semi-decidable background theory,
HoCHC is suitable for safety verification. Less is known about its relation to larger classes of higher-
order verification problems. Motivated by program equivalence, we introduce a coinductive version
of HoCHC that enjoys a greatest model property. We define an encoding of higher-order recursion
schemes (HoRS) into HoOCHC logic programs. Correctness of this encoding reduces decidability of
the open HoRS equivalence problem — and, thus, the AY-calculus Bohm tree equivalence problem —
to semi-decidability of coinductive HoOCHC over a complete and decidable theory of trees.

1 Introduction

Cathcart Burn et al. [6]] have proposed a promising logical framework for higher-order safety verification.
They frame the search for “safe” program invariants as a satisfiability problem for systems of HoCHC:
these higher-order constrained Horn clauses — which extend constrained Horn clauses to higher-order
logic with constraints from a first-order background theory — aim to act as a universal setting in which
disparate verification algorithms can be compared, independent of application or programming language.

Thanks to its higher-order predicates, the HoOCHC fragment expresses certain invariants of higher-
order programs quite directly. Even so, it retains many of the excellent algorithmic properties to which
first-order constrained Horn clauses owe their suitability for first-order model checking [3 2]. Given a
semi-decidable background theory, HOCHC unsolvability (unsatisfiability) is semi-decidable [24] [23]].

We study the relation between (the logic-program presentation of) HoCHC and higher-order recur-
sion schemes (HoRS). Whilst higher-order model checking has grown out of the decidability of HoRS
model checking [21}15]] and flourished, higher-order program equivalence is relatively underdeveloped;
decidability of HoRS equivalence is a long-standing open problem [7, [22]. Note that the HoRS model
checking safety problem can be solved via a decidable higher-order Datalog fragment of HoCHC [32]].

A HoRS of order 7 is essentially an nth-order tree grammar: the trees generated at orders 0, 1 and 2
are regular trees, algebraic trees (i.e. those generated by context-free tree grammars), and hyperalgebraic
trees, respectively [9]. These potentially infinite trees generated by HoRS correspond to (abstractions of)
computation trees of higher-order functional programs.

Let us consider (deterministic) HoRS G; and HoRS G, in Figure [1] that both generate an infinite
tree with the prefix on the right (by unfolding the rewrite rules ad infinitum, starting from S; and S,
respectively). To determine whether these HORS generate the same tree, we define a HoCHC logic
program that contains one predicate Ry (of arity n+ 1) for each nonterminal symbol N (of arity ») in the
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}i 1. Eliminate divergent _-labelled
S; = Gzero suec ons leaves from HoRS (Sec[2.2.2))
G = Ax.cons (succx) (G (succx)) \ PN 2. Encode HoRS into coinductive
zero succ ... HoCHC logic program (Sec[3))
32 = Fsuce su‘cc 3. Solve the two HoCHC instances
F = 2¢.cons(pzero) (F (B9 g)) | from Secd.2lconcurrently (outside
B=2Apyx.¢(yx) zero the scope of this paper)

(b) A common prefix of the (c) The “decision” procedure for HoRS

(a) Their respective rewrite rules trees generated by G; and G, equivalence, pending semi-decidability

Figure 1: Example order-1 HoRS G; and order-2 HoRS G, over tree constructors {cons,succ,zero}

input HoRS. In particular, we want Rg, (resp. Rs,) to be the characteristic function of the tree generated
from S| by G; (resp. from S, by G»), so we can query the existence of a tree ¢ such that Rg, t ARy, t.
Encoding HoRS into HoCHC (in “continuation-passing style”) is natural, as this program shows:

Rs, = Ar.3ri.Rgrir /A (zero=ry)

R = AX'r.3rirrs.(consriry = r) A (succx’ = r;) ARGgrsm A (succx’ = r3)

Rs, = Ar.Rp (Ayr .succy =1r')r

Rr =A@ r.3rirrs.(consriry =r)A@'r3ri A(zero=r3) ARp (Ayr .Rp@' @' yr' ) ry
Rp=A0' W XrIrim. o' rirAnynrnAX =nr)

Each HoRS subterm is represented by a conjunct whose arguments are r; bounded by a subsequent
conjunct (if a tree) or are inlined (if higher type). Unfortunately though, this HoCHC logic program
has no natural inductive interpretation. The empty assignment is a model (a fixpoint) of the program,
because the program contains no “base cases” to break out of the recursion. In fact, there does not exist
a HoCHC term such that the characteristic function of an infinite tree arises in its least fixpoint.

To tackle this disparity between HOCHC and HoRS, we define a coinductive HoOCHC framework that
enjoys a greatest model property (under the monotone interpretation). We interpret the above clauses
coinductively over a complete and decidable background theory of trees first introduced by Maher [20].

In our example, Rg, is assigned the characteristic function of the tree generated by G in the greatest
model (and Ry, of G»). We can (independently) query the existence of two identical and two distinct trees
11 and 1, such that Rg, t; A Rs, 2. Only two distinct such trees exist; after the common prefix in Figure[I]
the trees deviate. The left children of cons have shape succ” zero in #; and succ?' zero in 1, forn > 1.

This new framework allows us to characterise HoRS in HoOCHC logic programs and, thus, reduce de-
cidability of the HoRS equivalence problem to semi-decidability of coinductive HoOCHC over a decidable
background theory. This has implications for the A Y-calculus Bohm tree equivalence problem [7]], which
asks whether the B6hm trees of two given AY-terms are equal; this problem is recursively equivalent to
the HoRS equivalence problem and can also be reduced to semi-decidability of coinductive HoCHC.

Contributions. The (open) HoRS equivalence problem asks whether two given deterministic HoRS
generate the same tree. We prove that decidability of this problem can be reduced to the (open) semi-
decidability of coinductive HoOCHC over a decidable background theory (see Figure [Ic)).

First, we prove that there is an algorithm that, given a HoRS (which may contain “diverging” -
labelled nodes), returns its | -free transform — i.e. a HoRS that generates the same tree, except that every



38 Reducing HoRS Equivalence to Coinductive HoOCHC

1 -labelled node is replaced by the infinite linear tree b (b (b---)). The proof appeals to the logical
reflectivity of HoRS with respect to properties definable in monadic second-order logic, in the sense of
[S]. Notice that two HoRS are equivalent if and only if their respective _L-free transforms are equivalent.

Next, we exhibit a natural encoding of HoRS into constrained logic programs, with the sort of indi-
viduals interpreted as the set of finite and infinite trees. Given two L -free HoRS, we define two instances
of the coinductive HOCHC problem, call them positive and negative. We use Maher’s first-order theory of
equations of finite and infinite trees [20], which is complete and decidable, as the background theory. The
positive and the negative problem instance share a logic program: the union of the respective HoRS-to-
HoCHC encodings. The goal formulas of the problem instances are so designed that the two input HoRS
are equivalent (resp. inequivalent) iff the positive (resp. negative) instance is solvable. Provided that the
resulting coinductive HoOCHC instances are semi-decidable, we obtain two semi-decision procedures,
one for checking equivalence of the input HoRS and one for inequivalence. A decision procedure for the
equivalence of the input HoRS could then be obtained by dovetailing the two semi-decision procedures.

Outline. Building on Cathcart Burn et al.’s (inductive) HoOCHC [6], we introduce coinductive HoOCHC
in Section 2.1l We define HoRS and their denotational semantics in Section[2.2] where we also prove the
existence of an algorithm that generates the | -free transform of HoRS. We encode HoRS into constrained
logic programs in Section 3l Section 4 shows how to use these HoRS-to-HoCHC encodings to reduce
decidability of the HoRS equivalence problem to semi-decidability of coinductive HoOCHC over Maher’s
complete and decidable theory of trees. Finally, we consider implications and related work in Section [5l

2 Preliminaries

2.1 Higher-order constrained Horn clauses

Following [6], we work in higher-order logic presented as a typed (sorted) lambda calculus. We follow
their (monotone logic-program) definitions until we introduce the coinductive HoOCHC decision problem.

2.1.1 Syntax

Sorts. Given a sort 1 of individuals (for example int), and a sort o of (boolean) truth values, sorts are
just the simple types generated by 6::=1 | 0 | 0 — 0. Relational sorts (typically denoted by p) have the
following restricted form: p::=o |1 —p | p — p.

Background theory. Assume a fixed, first-order language over a first-order signature, consisting of
distinguished subsets of first-order terms Tm and first-order formulas (or constraints) (¢ €) Fm, and a
first-order theory Th in which to interpret those. We fix a standard model A of Th we often leave implicit.
We refer to this first-order language as the constraint language, and Th as the background theory.

Goal terms. The class of well-sorted goal terms A= G : p is given by the sorting judgements defined
by the following rules, where o stands for the sort of individuals 1 or some relational sort.

(GConstr) WAF([)OGFWZ (Gvar) Al,XZp,Azl_XZp

Ax:oFG:o
x € {A\,V} (GEx) CETT XY c=1orp

AFG:o AFH:o
(GCSt) AFGx*H:o
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AFG:1—p
AFGN:p

AFG:p1—p2 AFH:p
AFGH:py

(GAppl) AFN:1€Tm (GAppR)
Ax:oFG:p

AFAx.G:0—p

(GAbs) x ¢ dom(A)
From now on, we use G and H (and variants thereof) to stand for arbitrary goal terms and disambiguate
as necessary, and use uppercase R to stand for relational variables (i.e. variables of a relational sort).

Constrained logic program. A higher-order constrained logic program, P, over a sort environment
A={Ry:p1,...,R: pr} is a finite system of (mutually) recursive definitions of shape R; : p; = G; for
some goal term G;. Such a program is well sorted when A - G; : p;, for each 1 <i < k. Since each R; is
distinct, we will sometimes regard a program P as a finite map from variables to terms, defined so that
P(R;) = G;. We write - P : A to mean that P is a well-sorted program over A.

2.1.2 Semantics

Motivated by the fact that unlike its first-order counterpart, HOCHC has no least model property for
standard semantics, Cathcart Burn et al. consider an equivalent monotone semantics that does have a
least model property. This interpretation suits us too, because it also has a greatest model property.

Monotone sort frame. We define the monotone sort frame M|[—] over the domain A, of the back-
ground theory recursively by:

Mi]:==A,  Mlo]:=B:={0<1}  Mlpi = po] := M[pi] =n M[p2]

where X =, Y is the monotone function space between X and Y w.r.t. a partial ordering C; this partial
order is the discrete ordering on A, satisfies O C 1, and is lifted to higher sorts in a pointwise manner. It
is easy to see that each M [p] is a complete lattice.

We extend this ordering to sort environments with M[A] := [[x € dom(A). M[A(x)], pointwise
over its elements, i.e., for B,y € M[A], B C yif and only if B(x) C y(x) forall x: p € A.

Denotation of goal terms. The meaning M[AF G: p]: M[A] — M[p] of a goal term A+ G : p is
defined as follows, for f € M[A]:

M[AE ¢ :0](
M[Ax:p, A x: p](
M[A+GAH :o](
M[A+GVH :o](
(

(

(

(

Thl@](B)

B (x)
min{ M[A+ G :0](B), M[A+H :0](B)}

max{M[AFG:0o](B),M[AFH :0](B)}
max{M[A,x: 0+ G:o](Blx— X)) |x € M[c]}
Ax e M[o]. M[A,x: 0+ G:p](Blx— x])
M[AEG:pr = po](B)(M[AFH : pi[[H](B))
=M[AEG:1— p[(B)(TRIN](B))

M[AF3Ix:0.G: 0]
M[AFAx:0.G: 0 — p]
M[A+GH : p5]
MJAFGN :p]

B):
B):
B):
B):
B):
B):
B):
B):

In the above, min and max denote the greatest lower bound and the least upper bound, resp., within
the complete lattice of booleans M o], and Th[—](fB) denotes the interpretation of — in the (standard)
model of the background theory. We write A, B F G : o, i.e. A, B satisfies G, just if M[AF G :0](B) =
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One-step consequence operator. Logic programs give rise to an endofunction Tf{?ﬁ : M[A] — M[A],
defined by T3 (B) (R;) ;= M[AF P(R;) : A(R)](B), called the one-step consequence operator. We call
B amodel of - P : A, written A, B = P for model A of the background theory, just if B = T34 (B).

2.1.3 Coinductive decision problem

Definition 2.1 (Coinductive HOCHC problem). A coinductive HoCHC problem (A,P,G), where A is a
sorting of relational variables, - P : A is a constrained logic program, and A& G : o is a constrained

goal formula, is solvable just if, for the standard model A of the background theory Th, there exists a
valuation B of the variables in A such that A,BF P and A, B F G.

Note that the problem triple (A, P,G) is identical to its inductive counterpart, but the definition of
“solvability” differs; in the original HOCHC problem, solvability requires the existence of prefixed point
B of P such that A, 3 ¥ G. The background theory Th could be any first-order theory — in which the
constraints in P and G can be interpreted — but in Section ] we fix a specific theory of trees.

Interpreting satisfaction w.r.t. standard and monotone semantics gives rise to two distinct but equiv-
alent HoOCHC decision problems. A dual argument to Cathcart Burn et al.’s Lemma 5 for inductive
HoCHC [6] shows that a coinductive HOCHC problem is solvable under the standard interpretation iff
it is solvable under the monotone interpretation. We consider the monotone interpretation.

By the Knaster-Tarski theorem and M [A] being a complete lattice for relational A, the set of fix-
points of the monotone one-step consequence operator T,{:\g forms a complete lattice. This guarantees the
existence of a greatest fixpoint of TP:/\/At. Thus, monotone HOCHC enjoys a greatest model property.

Theorem 2.2 (Greatest model property for monotone HoOCHC). Under the monotone interpretation,
HoCHC definite clauses possess greatest models.

Thus, a greatest model witnesses the solvability of a coinductive HoCHC problem in the monotone
setting, like a least model witnesses solvability for traditional HOCHC. Instead of building up a least
model from the least valuation, we start with the greatest valuation and work our way down. Intuitively,
we are taking the backwards closure of our logic program.

Theorem 2.3. A coinductive HoCHC problem (A, P,G) is solvable under the monotone interpretation if
and only if M[G](Mp) = 1 for greatest model Mp of P.

Proof. Recall that a coinductive HoOCHC problem (A, P,G) is solvable iff, for the standard model A of
the background theory Th, there exists a valuation 3 of the variables in A such that A, B F Pand A, B F G.

Clearly, M[G](Mp) = 1 for greatest model Mp of P implies solvability of (A, P,G). For the converse,
let B € MJ[A] be a valuation such that A, B F P and A, B £ G, for standard model A of the background
theory. By Knaster-Tarski, B = Mp. By monotonicity, A, B E G implies A,Mp E G, as required. O

HoCHC and coinductive HoCHC are not equivalent in the sense that the standard and the monotone
interpretation are, as the following example demonstrates; it is not the case that a HoOCHC problem
(A, P,G) is solvable if and only if the corresponding coinductive HOCHC problem (A, P, G) is solvable.

Example 2.4. Consider the HoCHC triples P, = ({Rs},P,Rsa®) and P, = ({Rs},P,Rsb®), where P
consists of Rg = Ar. (3ry.(ar; =r) ARgry) and a® is the infinite unary tree of only as (and b® of bs).
The logic program P has two models; relational variable Rs corresponds to the empty set in least model
My, and to the singleton set {a®} in greatest model Mo

When we consider these HoCHC triples as inductive HoCHC problems, we find both P, and Py
solvable, since My is a witness to the refutation of both goal clauses. If we consider them as coinductive
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problems, however, P, is solvable, while Py is unsolvable. This follows from M.\ witnessing the
satisfiability of goal clause Rga®, while neither M0y nor My witnesses the satisfiability of Rs b®.

Coinductive higher-order constrained Horn clauses allow us to reason about programs with datatypes
inhabited by infinite objects, notably the (potentially) infinite trees generated by HoRS. These clauses are
not merely an academic indulgence, though. There is a tradition of coinduction and corecursion in logic
programming (see e.g. [12} [11} 28} [17]). This is hardly surprising, given that some well-formed logic
programs do not have natural inductive interpretations, as we have seen in the introduction. Examples of
other infinite data types that arise in practice include infinite lists and streams.

2.2 Higher-order recursion schemes

We fix a ranked alphabet X of tree constructors and write £; = XU {_L}. The set of all finite and infinite
¥ | -labelled trees, written 7Ty, is a pointed poset with least element _L over the subtree ordering T, which
is the least partial order such that C[ L] C Clt] for every tree context C[.] € Ty s, and ¢ € Ty, .

Let G = (N,X,R,S) be a (deterministic) higher-order recursion scheme (HoRS). That is, A/ maps
a nonterminal symbol to its sort, ¥ maps a terminal symbol to its sort, S € A is the designated start
symbol, and there exists one rewrite rule in R for each F € N such that R(F) = Ax; ...x,.t, where ¢ : 1
is an applicative term over N UX U {xy,...,x,} for some distinct x,...,x,€ Vrs drawn from a finite set
of recursion scheme variables Vys.

The HoRS equivalence problem asks whether two given HoRS generate the same tree (i.e. have the
same semantics). Decidability of this problem is perhaps the best known and most challenging open
problem in higher-order model checking.

2.2.1 Denotational semantics

The meaning of a HoRS can be given by a number of different formalisms. We introduce an infinite
“Herbrand” interpretation that treats the rewrite rules as definitional equality in the style of a HoOCHC
logic program. Models are built incrementally from the smallest tree L.
Our interpretation of HoRS is Herbrandesque in that constants and function symbols are assigned
very simple meanings. However, unlike typical Herbrand models, our models may contain infinite terms.
Let us define an interpretation of the sorts over t (i.e. the sorts of HoRS terms):

H[1]:=(Tz,,C) Hloy — oa] :=H[o1] = H]0o,]

where X =Y is the continuous function space between directed-complete partial orders (dcpos) X and
Y, ordered pointwise with respect to subtree ordering C on H[t].

Given the environment I' = {xj : 71,...,x; : T}, let N7 denote the extended environment N, T :=
N UT, which we view as a sort function whose domain is dom(N)U{x,...,x}, mapping each symbol
to its sort. Set H[N'] : [Tx € dom(N”). H[N'(x)] with typical element c¢t. Define

HIN' +1t:0]: H[N'] = H[o]
by cases and recursion on syntax:
HIN Fx: N'(x)] (@)
HIN - f 1) 1)) = Fy
HIN' Fst:t](o) =H[N Fs: 0 — 1] (o) (H[N +1: 0] ()
HIN'FAx:op.1:6](a) =Av € H[o1]. H[N,x: o1 F ] (otx — v])
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for I?f € H[1*/) — 1] the usual Herbrand interpretation of f : 1*() — 1 € X. We define H[G]n~ :
HIN'] = H[N'] pointwise by H[G] a7 () (x) :=H[N'F R(x) : N (x)](e).
Lemma 2.5. H[G]x : H[N] = H[N] is continuous for all deterministic HoRS G = (N, X, R, S).

We define the (denotational) semantics of G as Ifp(H[G] i), the least fixpoint of the continuous endo-
function #[G] o7, which is well-defined by Kleene’s Theorem. Henceforth we write [G] :=Ifp(H[G] A7) (S),
where S € N is the start symbol of G. Note that [G] is the X, -labelled tree generated by G.

2.2.2 Computability of | -free transform of HoRS

Intuitively, eliminating | from [G] allow us to distinguish “unfinished” trees from “finished” (but di-
verging) trees in e.g. the proofs in Section

As usual, let ¥, be a finite ranked alphabet X extended with (nullary) L. Letb:1 — 1 ¢ X, (for
“bottom”) be a fresh terminal symbol.

Definition 2.6. Given a X | -labelled tree, its 1 -free conversion is obtained by replacing every 1 -labelled
node by the infinite linear tree b (b (b ...)).

Lemma 2.7 (Computability of | -free transform of HoRS). There is an algorithm that, given a HoRS G,
returns a HoRS — call it the | -free transform of G — that generates the L-free conversion of [G].

For clarity, we convert trees, but transform HoRS (their generators).
It is clear from freshness of b: 1 — 1 ¢ X that the following holds.

Proposition 2.8. HoRS are equivalent if and only if their respective | -free transforms are equivalent.

Before we present a three-stage algorithm to transform a HoRS G = (N, £, R, S) to its L -free trans-
form and an example in Figure [2) we require some background on logical reflection.

Logical reflection of HoRS

Let R be a class of generators of X-labelled trees, and £ be a set of correctness properties of these trees.
Define the ranked alphabet ¥’ := { f:o | f: 0 €X}, which is a copy of X. Given a generator G € R and
property @ € L, we say that G, is a @-reflection of G just if

1. G and G, generate the same underlying tree, and
2. if node & of [G] has label f, then node & of [Gy] is labelled f if « satisfies ¢ and f otherwise.
We say that R is reflective w.r.t. £ just if there is an algorithm that transforms a given pair (G, @) to G,.

Theorem 2.9 ([S]). HoRS are reflective w.r.t. modal [-calculus and monadic second-order logic.

Stage 1: From X | -labelling G to X U {b}-labelling G;. The input HoRS G is first transformed to a
b-productive counterpart Gy := (N, XU {b},R’,S). The idea is that in the potentially infinite process of
generating the tree [G ] from the start nonterminal S by leftmost-outermost rewriting, each rewriting step
is witnessed by either a terminal symbol from X or by b. The set R’ of rewrite rules of G is defined as
follows. Forevery F : 6; — -+ — 0, > 1 €N

o if R(F)=Axy...x,. f1y ...ty for some f € ¥, then R'(F):=R(F)
e if R(F)=Axy...x,. 811 ...1,, for $ € N UVgs, then R'(F):=Ax;...x,.b($11...1,)

Notice that the tree [G], by construction, does not have any _L-labelled nodes. Intuitively we can get
[G] back from [G,] by erasing finite b*, and replacing infinite b by L.
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Stage 2: From XU {b}-labelling G; to XU {b,s}-labelling G,. We define a modal pt-calculus formula:

Q:=ppy NuX. <\/ <>1pf\/<>1X>

fex

where p;, (resp. py for f € X) is a propositional variable that denotes that a node is labelled with b
(resp. f € X). Refer to [4]] for the syntax and semantics of the modal p-calculus. Note that this formula
holds for b-labelled nodes that are not “part of some infinite 5%

Lets:1—1¢ZX, (for “step”) be another fresh arity-1 terminal symbol. Consider the following
operation on XU {b}-labelled trees.

For every node ¢, if a = @ then rewrite the label at & to s, otherwise do nothing.

This operation leaves exactly those occurrences of b in some infinite b® (which witnesses L) intact,
while rewriting finite paths b* to s*. We call this operation b-fo-s conversion.

Thanks to Theorem [2.9] the main result in [3]], there is an algorithm that, given Gy, returns a HoRS G,
over LU {b, s} that generates the b-to-s conversion of [G,]. In the language of [5]], G, is the @-reflection
of G| where ¢ (above) is a property definable in the modal p-calculus.

Stage 3: From XU {b,s}-labelling G, to XU {b}-labelling Gs;. Although the tree [G>] does not have
infinite paths exclusively labelled by s, it may still have nodes labelled by s. We construct a XU {b}-
labelling HoRS Gj that generates the tree [G,] but with these remaining s-labelled nodes cut out, which
is easily achieved by replacing every occurrence of the terminal symbol s in the rewrite rules of G, by
the identity nonterminal /. To be precise, if R, is the set of rewrite rules of G,, then the resultant HoRS

Gyi= (NUI},ZU b}, {F = A%t[I/s] | F = A% € Ry} U{I = Ax.x},S)

is the | -free transform of the input HoRS G.

cons — b — K — cons
S =D (F zero) o~ | |
w
F = Ax.cons (Gx) (F (succx)) = fﬁ }g }g b 2
G = Ax.b (G (succx)) Lo % cons b®  cons be ...
A~ A~
b® ... b®

Figure 2: Conversion [G] — [Gi] — [G2] — [G3], with HORS G on the left (w/o bs; G with bs)

3 Encoding HoRS-to-HoCHC logic program

In this section, we encode a (deterministic) HoRS G = (M, £, R,S) into a HoCHC logic program that
captures the meaning of the HoRS under the coinductive monotone interpretation. We assume [G] does
not contain | -labelled nodes, which is WLOG by Lemma[2.71

We define the HoRS-to-HoCHC encoding = Pg : Ag of HoRS G over the coinductive monotone
HoCHC interpretation where M[1] is interpreted as the underlying set of #[t], which is the set of
finite and infinite trees over X | . The constrained logic program F Pg : Ag is defined by:

Ag:={Rp:Rel™(0)|F:0 €N} Pg:={Rp:Rel™(0)="R(F)|F:0 €N}
where

Rel™(1):=1 Rel™(1):=1—o0 Rel™ (61 — 02):=Rel" (61 — 0,) :=Rel (07) — Rel™(02).
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In the HoRS-to-HoCHC encoding below, we annotate variables with superscripts of not merely sorts
but of interpreted sorts — H[o] or M[c] for sort ¢ — to distinguish HoRS and HoCHC variables.
Let the metavariable $ range over N'UX U Vgs. We define a transformation $ — $’ according to:

s $/
Variables x:1 Dy : Rel™ (1)
x:01— 0y | X :Relt(0] = 03)
Terminals f:1"=1 | Dg:Rel™ (1" —1)
Nonterminals | F : © Rp : Rel™ (o)

where
Df = 7Lx1 .o .xar(f)r. (fx1 .o .xar(f) = r).

Note that R is a relational variable, but Dy is merely a shorthand; Dy is not a symbol — and neither is
D,.. This shorthand allows us to present the relational lift " — " in a simpler way. Whenever D occurs
in some encoded HoRS term, it occurs in a fully applied term Dty ... %5 7, Which is B-equivalent to
St .ty(p) = r. Itis this latter term we use in practice (similarly for Dy).

For each F : 0 € N, we define "R(F)™ : Rel™ (o), called the relational lift, as follows. We write
¥’ : Rel™(7) for the HoCHC variable that is the relational clone of HoRS variable x : T € Vgg, such that:

'_kxi{[[olﬂ . .xz'f[[o'”ﬂ o= QLx’fM[[Rer(Gl)ﬂ PMIRel (On)] -y

X,
For HoRS term $e ...e;, we define the relational lift as:
ly{‘/l[[Rel’(Gl)}] - 'yr/l\/l[[Rel’(Gn)]] r

"$ei...e = SR < $’rr(el,r1)—”...‘T(el,rl)T‘yl...ynr)
U /\leProp(ei,ri)

for fresh HoOCHC variables y,...,y,, where $: 7y — ... = 7 — 01 — ... — 0, — t and

Te:o'r ifo=1
true o/w.

r ifo=1
Te:0' olw

T(e:o,r)M:= { Prop(e:o,r) = {

It is worth pointing out that "e : 6 : Rel™ (o), ™ (e : 6,7) ™ : Rel (o), and Prop(e : ©,7) : 0.

3.1 Correctness

Our HoRS-to-HoCHC encoding - Pg : Ag contains a relational variable for each nonterminal symbol in
the original HoRS G = (N ,Z, R, S). We claim that the HoOCHC rational variable Rs : 1 — o corresponding
to start symbol S valuates to the characteristic function of [G] in the greatest model of - Py : Ag:

Theorem 3.6 (Correctness). M[Ag - Rg] (gfp(Té’:‘Ag))t =1 ifand only ift = [G].

To prove the theorem, we establish a lockstep between iterations of the HoRS endofunction H[G] s
(in the ascending Kleene chain) and (descending) iterations of the HoOCHC one-step consequence opera-
tor TA/\g/‘: Py The proof consists of four parts, corresponding to the respective sections of Appendix [Al

First, we define two families of mappings between HoRS semantics and (coinductive) HoCHC se-
mantics. These mappings allow us to embed HoRS semantics into HoOCHC relations. Second, we
show that there exists a L-free tree ¢ such that M[Ag I—S_']](TP/;’:‘A”Q("I’Ag))t = 1, for every itera-
tion n of the one-step consequence operator (Lemma [3.4] “nonemptiness™). Third, we show that each



Jerome Jochems 45

M][Ag F FS—']](T;;/:‘A"Q (Tag)) is included in the embedding of H[N F SJ(H[G]}/(La7)) into HOCHC
(Corollary “inclusion”).

Finally, we prove that these “nonemptiness” and “inclusion” results suffice to show that Ry valuates
to the characteristic function of [G] in the greatest model of - Pg : Ag (Theorem [3.6).

Appendix [A] details the full proof. Although our results in this section pertain to ground sort 1, we
require logical relations and proofs lifted to higher-sorts to attain them. This starts with the families
of mappings is,js between HoRS semantics and HoCHC relations that are markedly simpler for sort 1
(Definition than the full mappings defined in Definition

Definition 3.1 (Embedding of trees into HoOCHC relations). We define a function i, : H[[1] — M[Rel™ (1)]
byi,(t) :=As.t Cs, forall t € H[1].
Note that the function i, allows us to embed HoRS trees into HOCHC relations; it is antitone and

injective. Because we are trying to relate a least fixpoint (HoRS semantics) to a greatest fixpoint (coin-
ductive HoCHC), the following lemma is key. Please refer to Appendix [Alfor the proofs.

Lemma 3.2. For all directed sets D C H[1], i, (L|D) =[ |{i.(d) | d € D}.
Greatest upper bounds of chains are preserved by the semantics of relationally lifted HoRS terms.

Lemma 3.3. For all typing judgements N \- e : 6 of the HORS G, and non-increasing chains of valuations
7 C M[Ag],

M[AgFTe: 6T (|_|I) = [MIagFre: a7]().
Iel
Let us write a” for H[G]'k,(Lar) and B" for T[{;‘KQ (Tag)» so that the following hold.
Lemma 3.4 (Nonemptiness). There exists a L-free tree t € M([1] such that M[Ag+"S7] ([1B") t.
Corollary 3.5 (Inclusion). For all n >0, M[Ag F"S7|(B") Ci,(H[N F S](a™)).
Theorem 3.6 (Correctness). M[Ag - Rs] (gfp(Tli;/:‘Ag))t = 1 ifand only if t = [G].
Proof.
M[Ag F Rsl(gfp(Titla, ) = [ [{AM[AG F"ST)(B") [n >0} LemB3
C[ Hi.(HINFS)(e") [n>0}  CorB3
—i, (|_|{H[[Nl— S)(a™) | n > o}) Lem[B32
=1 (H[[NI—S]] <|_|oc">> Lem[2.3]
=Ar([G]=r) | -freeness

Either M[Ag - Rg] (gfp(T,{;/:‘Ag)) is the constant false function, or it is Ar.([G] = r). By Lemma[3.4]
M{[Ag +- Rs] (gfp(Tf{;:‘Ag )) is not Ar.0, so we conclude that it is Ar. ([G] = r), instead.
It follows that M[Ag - Rs] (gfp(T[{;:‘Ag))t = 1 if and only if t = [G]. O

4 HoRS equivalence problem

The higher-order recursion scheme (HoRS) equivalence problem asks whether two given deterministic
recursion schemes Gj, G, generate the same tree (i.e. whether [G;] = [G2]., see e.g. [22]).

Here, we reduce the HoRS equivalence problem to coinductive HoOCHC. Our procedure formulates
a positive and negative instance of the coinductive monotone HoCHC problem over a decidable back-
ground theory. We present the background theory in Sectiond.1land the HoCHC instances in Section 4.2
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If coinductive HoCHC is semi-decidable over a decidable background theory — or our HoRS-to-
HoCHC encodings are semi-decidable over Maher’s theory of trees in particular [20] — then these two
instances can be solved concurrently for a full decision procedure for the HoRS equivalence problem.

4.1 Mabher’s theory of trees

A theory T is a set of sentences, which is complete if either T = ¢ or T = —¢, for every sentence ¢.
An axiomatisation of an algebra 2| is a recursive set of sentences which are true of 2. The theory of an
algebra 2 is a the set of all sentences true of 2.

Maher’s (equational) theory of trees 7y is complete for any finite or infinite alphabet X [20]. It is
axiomatised by three axioms:

VFES., VAV.fX=fy<X=V (1)
Vf,g€X.  [fFLVXY.fXFEY (2)
Vy.3x. x=t(x,y) (€))

where x = #(x,y) ranges over rational solved forms (see [20], p. 355).
In case X is finite, we need to add the Domain Closure Axiom to obtain completeness:

Vx. \/ dZ.x=fZ (DCA)
fEX

Fix a ranked alphabet ¥, viewed as tree constructors. We write Ty, for the first-order theory of equa-
tions of finite and infinite trees constructed from X. The theory Ty is complete and decidable, making
it an exceedingly appropriate choice of background theory for HoOCHC. The theory has several models,
including the set of finite and infinite trees over X that we are interested in.

Djelloul et al. have presented a full first-order constraint solver for (an augmented version of) the
theory 7y [10]. Questions of expressivity and complexity of the Maher theory are explored in [[8]. Recent
work by Zaiser and Ong has improved the performance of Djelloul et al.’s solver and adapted the theory
to algebraic (co)datatypes [34].

We are interested in the theory Ty over finite alphabet X | , for input HoRS G; = (N1,£,R1,S1) and
G» = (N2,Z,R»,S,). Note that the assumption that both HoRS have the same alphabet ¥ is WLOG; if
they have distinct alphabets, we can take X to be their union. In the Maher theory Ty , the “unfinished”
tree L is treated as any other nullary terminal symbol.

4.2 Decision procedure

Let G; = (M1,2,R1,81) and G, = (N;,X,R»,S,) be deterministic HORS. Assume the trees they generate
are | -free, which is WLOG due to Section[2.2.2] Consider these HoOCHC goal formulas:

qu = 31”1 . (RSl r /\RS2 1”2) A\ (I’l = 1"2) qu = 31”1 . (RSl r /\RS2 1”2) A\ (I’l 75 1"2)

Using the definitions from Section 3] we define HOCHC problems P; := (Ag, UAg,, Pg, U Pg,,Eq;), for
i € {0, 1}, with the Maher theory 75, as the constraint language and the set 7y of finite and infinite trees
as the designated model.
Thanks to Theorem [3.6] we have: [G;]] = [G.] iff P is solvable, and [G] # [G2] iff Py is solvable.
Recall that the Maher theory Ty is decidable — to be exact, the question Ty, F ¢ for first-order tree
constraints ¢ like r; = r, and r; # r, above. Note, however, that P; and Py are coinductive HoOCHC
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problems. It is an open question whether coinductive HOCHC problems over a (semi-)decidable back-
ground theory — like the Maher theory Ty, — can be semi-decided via a reduction to a first-order problem,
like inductive HOCHC can [24} [23]]. If there exists a such semi-decision procedure for solving (mono-
tone) coinductive HOCHC over Ty, then we can decide [G,] = [G.] by dovetailing our two HoCHC
problems.

The full “decision” procedure for the HoRS equivalence problem is outlined in Figure[lc| so that:

Theorem 4.1. The HoRS equivalence problem is decidable if the HoRS-to-HoCHC encoding lives in a
semi-decidable fragment of coinductive HoCHC over Maher’s complete and decidable theory of trees.

5 Conclusion and related work

Higher-order recursion scheme equivalence problem. To the best of our knowledge, the HoRS
equivalence problem [7]] remains open. We obtain a full decision procedure for this problem if: (a) coin-
ductive HOCHC over Maher’s theory of trees [20] is semi-decidable, or (b) the image of our HoRS-
to-HoCHC encoding over Maher’s theory lives in a semi-decidable fragment of coinductive HoCHC.

Restricted to order 1, the HoRS equivalence problem is equivalent to the DPDA equivalence problem
[9]. Thus, the fundamental result of [26]], and subsequent refinements by [30], [27], and [13]] provide a
decision procedure for the equivalence of first-order HoRS.

AY-calculus Bohm tree equivalence problem. The HoRS equivalence problem is recursively equiv-
alent to AY-calculus Bohm tree equivalence problem, which asks whether the Bohm trees of two given
AY-terms are equal [7]. The question of the decidability “has been there from the beginning of the
subject” [33]]. Semi-decidability of coinductive HOCHC would also allow us to decide this problem.
Note that the closely related A Y-calculus word problem (are two closed A Y-terms f1Y-equivalent?)
is undecidable [29]. Although HoRS are programs of a simply-typed AY-calculus, constructed from
uninterpreted function symbols, they define a strict subsystem of the AY-calculus: the same set of trees
as ground-type A Y-terms with free variables (corresponding to terminal symbols) of order at most 1 [23].

Semi-decidability of coinductive HoOCHC. Existing semi-decidability results for inductive HoOCHC
[24] 23] do not carry over to coinductive HOCHC, because proofs for coinductive programs may have
infinite length.

For first-order Horn clauses, Coinductive Logic Programming (CoLP, [11}[28]) provides an approach
to computing solutions for infinite sequences of reductions. Resolution proof systems for coinductive
logic programs rely on loop detection in infinite proofs, see e.g. [[19} [18] and refinements [17, [1]]. Intu-
itively, our characterisation of HoRS in HoOCHC has not necessarily made such loop detection computa-
tionally simpler.

Our best hope is that our HoRS-to-HoCHC encodings live in a semi-decidable fragment of coinduc-
tive HoOCHC. There are some indications that this could be the case, e.g. Lemma[3.3]shows the semantics
of encoded HoRS behaves better than (monotone) coinductive HoOCHC as a whole.

Relation to HFL. In recent years, HFL model checking — where properties are expressed in higher-
order modal fixpoint logic [31]] — has gained traction [14,16]. HoOCHC roughly corresponds to a fragment
of HFL7z without modal operators and fixpoint alternations. HoCHC unsolvability captures HFL non-
reachability [16]. It seems that coinductive HoCHC unsolvability corresponds to must-reachability.
Clarifying this relation may help us understand the complexity of coinductive HoCHC.
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A Correctness proofs from Section [3]

A.1 Mappings between HoRS and HoCHC semantics

We define a relaxation of the monotone HoCHC sort frame that we call relatively monotone. This new
sort frame coincides with our trusted monotone sort frame for sorts 1 and 1 — o.

Definition A.1 (Relatively monotone sort frame). For each sort ¢ over 1, we define
Img:={0 € D[Rel” (0)] | 3h € H[o].iy(h) = 6}
where iy is defined as in Definition and D[—] denotes the relatively monotone frame:
D[] :=M[1]
D[Rel™ (1)] :=M[1 — 0]
D[Rel" (01 — 02)] := | D[Rel™ (01)] = (im,,,] D[Rel"(02)]

The latter denotes the space of functions that are monotone with respect to Img,, i.e. f: D[Rel™ (0})] —
D[Rel*(0,)] is an element of D[Rel™ (01 — 0,)] just if: z1 T zp implies fz1 C fzp for all 7,25 € Imy,.

For relational sorts p larger than 1 — o, D[p] captures a strictly larger set of functions than M[p].
The following definition extends Definition [3.1]to higher sorts.

Definition A.2. For all sorts ¢ over 1, we define two pairs of mappings:

D[Rel* (5)] <J:> Hlo]  DIRel (0)] &= H[o]

Jo
For sort 1, all t € H[1] and p € D[Rel™ (1)], we define:
. . L if p=2As.0
— |: [
i()=AstCs Julp): { choice min{t | pt}  otherwise

where choice denotes an arbitrary choice function, which exists by the Axiom of Choice.
For 6 = 01 — -+ — Oy — L with m > 0, we define the following for all h € H[o]:

igh = Axp IR O DIROIL 5 (g, x1) - i, %n))

with

iz : D[Rel~(6)] - H[o] = { l.'lzclusion D[] — H[1] ifo=1

otherwise.
Similarly, for all 8 € D[Rel™ (0)]:

jo 6 := choice max{h € H[o] | 6 Cish}
with

inclusion H[[1] — DJ[1] ifo=1
i otherwise.

iy : H[o] — D[Rel” (0)] := {

The top case of j, will not used in practice.

Lemma A.3. For all sorts ¢ over 1,
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(1) is (Lyo) = TD[Rel* (0] (4) joois = idy[q]
(2) ig is injective (5) Jo oy = idye]
(3) i is antitone

Lemma 3.2. For all directed sets D C H[1], i, (LID) =[ |{i,(d) | d € D}.

Proof. Recall that H[1] is a dcpo and M[[Rel™ (1)] a complete lattice, so that the bounds are defined.

il<|_|D>:)Ls.<|_|DEs) As.[ {dCTs|deDy=[]{As.(dTs)|d e D}y =[ [{i(d)|d €D}

To see that the second equality holds: suppose that | |D C s for some s € D[] = H[t]. By transitivity,
d C | |D C s for all d € D. Since the greatest lower bound on M o] is conjunction, this implies that
[ {d C s | d € D}. For the converse, suppose [ |{d C s | d € D}. This means that d C s, for all d € D.
Thus, s is an upper bound on D. However, | | D is the least upper bound on this set, so | |[D C s. O

A.2 Nonemptiness

We aim to show there exists a tree ¢ that does not contain L such that M[Ag F"S7] (Tli\/‘A"g (Tag))t=1,
for every n > 0 (Corollary [A.7). To this end, we define a family of logical relations in Definition [A.4] to
capture this notion at higher sorts and for larger sort environments, as proved in Lemmal[A.6l

Intuitively, such a relation holds whenever a predicate maps nonempty inputs to nonempty outputs,
where “nonempty” is taken to mean with respect to _L-free trees.
Definition A.4. We define a family of logical relations | -freec C M[0]:

L -free,(t) :=t has no L-labelled leaves
L-freegert () (p) :==3s € M[1]. L-free,(s) Aps =1
L-freege (6,50, (P) 1= Vs € M[Rel™ (01)]. L-freege-(4,)(s) = L-freeges+ (o, (P5)
L-freege-(r (0) om("T") =dom(6) A /\ J_—freeRer(G)(O(x’))
x':Rel™ ()T
Alternatively, we can define, for all s from the appropriate domains:
L-freegeit (g, 1) (P) = V5. /\ L-freege- () (81) | = L-freegere()(Ps1-.-sm)
i€[m]

Lemma A.5. For all p1,p, € M[Rel™(1)], if p1 C p2 and L-freege+ (1) (P1), then L-freegg i+, (p2).
Proof. Trivial, using that witness # € M[1] of L-freegy+(,)(p1) also witnesses L-freeg+(,)(p2)- O

Lemma A.6. For all n > 0, all typing judgements N',T"\- e : & of the HoRS G where U = {x| : T1,...,x; :
T}, and valuations 6 € M[T7],

N.Tke:on Lfreegy-r)(0) = L-Areepys(q) (M[Ag,"TF"e™[(B"))
where
7= {x| :Rel (11),...,x; : Rel (%)}
B" 1= (T4, (Tag)) = 8(¥)] € M[Ag, T,
Notice that N',T' - e : ¢ implies Ag,"T "¢ : Rel" (o).
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Proof. We proceed by induction on » > 0 within which (both in the base case and the induction step)
we use structural induction on HoRS term e. Some parts of the proof are presented out of order to avoid
duplication. Figure 3| outlines the structure of the proof. We assume WLOG that e contains no As.

We use the following shorthand, for e: 6 = 0 — --- — 0,, — 1 and z; € M[Rel™ (0;)] such that
L-freegel- (o) (i), for all i € [m]:

A= M[Ag, T F e: 6(B")z

Our proof strategy is to rewrite [Aland provide a witness to L-freegg+ () (M[Ag," T "e: 67](B")2),
which proves L-freegg+ (o) (M[Ag, T "e: 0] (B")).
We present the following base cases w.r.t. the structure of e (also denoted b for base case expression).
Case e=x:1 € Vgs. Forall n > 0, the tree 6(x') is a witness thanks to L-freegg- 1) (60):

A= M[Ag, TTE"xT(B") = M[Ag, T Arx' =r](B") = As. (B"(¥) =5) =As.(0(X) =)
Casee=f:.:0y — -+ — 0, — 1 €X. Forall n > 0, the | -free tree I?fZ 1S a witness:
A= M[Ag, T (B")2 = M[Ag, T+ A3r. f5 = r)(B") 2 = As. (Frz =)
Casee=x:01 =+ — Oy — 1 € Vgs and m > 0. For all n > 0, it holds that L -freege+(,)(0(x')2):
A= M[Ag, T x| (B"z=M[Ag, T FAyr.Xyr](B")z = As.B"(xX)Zs = 0(¥)Z
Casee=F :0y— - — 0, — 1€ N andn=0. Any L-free tree (e.g. [G]) is a witness:
A= M[Ag, T FF(B%)z=M[Ag, T Ayr.Re¥r|(B%) 2= As. B°(RF)Zs = T pyrar* (o) 2

This covers n = 0 for all base case expressions. We distinguish three induction hypotheses, where
S(n,e) denotes that the claim holds for n and expression e. The proof consists of four parts (in a logical
sense but not a physical, to prevent duplication) which are related as in Figure Bl Thus, we have now
proved S(0,b) for all base case expressions b. Next, we use [HIl to show S (O,e) for all expressions e.

IHI  S(0,¢') for all expressions ¢’ simpler than e vb.5(0,b) Ve.S5(0,e)
IH2  S(n,e"”) for n and all ¢” %
IH3  S(n+1,€) for all expressions ¢’ simpler than e Vb.S(n+1,b) Ve.S(n+1,e)

Figure 3: The inductive structure of the correctness proof of the HoRS-to-HoCHC encoding.

In this inductive case, we consider expressions e =$e;...¢;: 6y — -+ — G, — 1 for some £ > 0. As
before, let z; € M[Rel™ (0;)] such that L-freeg,- (4, (zi), for each i € [m]. We introduce some shorthands:

A/g ::Ag7|—l—‘—l7y7r Ag ::Ag7,_r‘—|7y7 r77 ﬁn7z7s::ﬁnW|—>er|—> S]
Note that the sort T of $ is of the form
T=T = =T =0 —0p—1

where e : T1,...,ep : Ty, for some £ > 0. Sometimes we abbreviate 6; — -+ — G,;, — 1 to ©.
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In the sequel, steps marked with 1 use [HIIfor n = 0, and [H3| for n > 0.
For all n > 0 and expressions ¢ = $¢, we can rewrite [AL
A= M[Ag, T+ $27(B")z

= M[Ag, T Ayr.37.8 ™ (er,r1) ... (eg,r¢) "YFA /\ Prop(e;,r;)](B")zZ
€[]

= As. MIAG b 37.8 T (er,r) ™ e, ) A A Proplen, )] (")
ic[l]

= As. max{
min{
MIAG EST(B[F = PN (M[AG E T (er,r) TNB™[F 7))
coo (M [[A/g/ T (ep,re) (B S [F > 7])) Zs,
min{ M[AG b Prop(e;,r;))|(B"**[F— r]) |i € [¢(]}
}
\Vie (.7 e M[[Rer(r,.)]]}

We now distinguish two cases for each subexpression e; : 7;, namely 7; =1 and 7; = T{ — ’L’é.
If ¢; is of sort 1, then the following holds.

MIAS F Prop(e; : 1,1) ] (B [F 7]
MG e 1) T (B 7

= M[Ag, T H e (B r;

We know from [i] that L-freegy+(,)(M[Ag, T I "e¢; "[(B")). This means that there exists r’ € M[i]
such that L -free,(r"") and M[Ag, " T+ e, (B")r" = 1.
Otherwise, in case ¢; : T, = 7| — T3, the following holds:

M[AG = Prop(e; : T, r) | (B> [F— r]) = 1
MIAG = (ei 2 7,ri) TI(B"*[F = r']) = M[Ag, T =" [(B")

We know from[f] that L-freegg+ (o) (M[Ag, T "e; [(B")).
As “semantic equivalents” of the above terms, let us write

M[[Ag,[—r‘_' F '_ei_']] (ﬁ”) 7 if,=1
P :o:= ! . p ,
1 if, =17 -1

and
/

Bal— (. ) T if5=1
Ti:Rel™ (%) '—{ M[A, T F e (Y if 5=, — 7
for all i € [¢]. Additionally, we define:

r ifTi:l

Si:Rel™ (1) := { M[Ag, TT="e (") ifti=1—1

where 7}’ is an arbitrary (L-free) witness to L-freegq+(,)(M[Ag, T F "¢; T[(B")), which exists by [i}
This gives us L-freegy-(;(S;) for all i € [m].
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We derive by abuse of notation, using the above:

A= A5 37. | MIAGST(B" P T 2sA A\ B
ield]

We continue by case analysis on $.
Casee= fey...eqwith f € X. For all n > 0, the L -free tree Fy 7”7 is a witness:

A= As.37. | M[ALF DB [F s PP zs A \ MIAg, T F e (B ]
€[]

=2As.37. | Fpr z=sA \ M[Ag,"T7F e, ) (B") 7,
i€l

I As. <FA}-WZ:S>
Case e = xe; ...eq with x € Vgs. For all n > 0, it holds that | -freeg-(,)(6(x’) S7) and:

A= As.3r. [ M[AG EX](B" > [F—r))Tz /\/\P
€[]

=As. 37 | B [F )X )T zsA \ P,
i€[l]

=As. 37 [ 6()TzsA \ P,
i€ll]

JAs.0(X)Szs  [fl
=0(x)Sz

Casee=Fey...eqwithF :0 € N, and n =0. Any L-free tree (e.g. [G]) is a witness:

A=2As.3r. | M[AGERE) (B [F— )T zsA J\ P
i€l

= As.37. [ BO*[F = ¥)(RF)T Z /\/\P
:A‘SHF TMHReﬁ(T)]]TZS/\ /\ R

€[]
=2As.37. | 1A /\ P,

ic[l]

=As. 1 M1

55
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We have now established that S(0,¢”) holds for expressions all ¢”. The following case is the last
remaining case to prove S(n+ 1,b) for all base case expressions b:
Casee=F :0 €N, for n+ 1. Thanks to[H2 L-freeg+(,)(M[Ag, T F"R(F)7](B")Z) and:

A= M[Ag, T FF(B" )z
= M[Ag, T Ayr.Rpyr](B")z
:ls.B"H’Z’S(RF)ZS
= As. BN (Rp)Zs
=As. M[Ag," T F"R(F)T(B")zs
= M[Ag, T7"R(F)(B")z

Finally, we present the remaining case to prove that S(n’,¢”) for all n’ > 0 and all expressions ¢”.
Casee=Fey...epwithF € N and { > 0, forn+ 1.

A= As.3r. | M[AGERE](B" T F =) T zsA \ P,

ic[l]

= As. 3. | B"TYS[F s P)(RE)T 2 /\/\P
i€l
=As. 37 | B"T(Rp)T Zs A /\P
=As.3r. | M[Ag," T F"R(F) Tz A/\P
iell]

JAs. M[Ag, TTF"R(F)](B")Szs
= M[Ag, T ="R(F)"](B")Sz

By[H2l L-freege+ () (M[Ag, TH"R(F)T(B")). All arguments S and 7 are also | -free, so it follows
)S

that L-freege+(, (M [Ag," T F"R(F)(B")S Z), as required. O

Corollary A.7. For alln > 0 and HoRS G, L-freegg(,)(M[Ag = "ST[(B")). Le. there exists a L-free
tree t € M[1] such that M[Ag F"S7](B")t.

Lemma 3.4 (Nonemptiness). There exists a L-free tree t € M([1] such that M[Agt+"S7] ([1B") t.

Proof sketch. Note that the constructed HoCHC logic program F Pg : Ag is incremental in the sense
that each iteration of the one-step consequence operator (further) constrains a finite prefix of the trees
it generates. For sort 1 — o, this means that either a contradiction occurs in finite time (e.g. Iry.ar; =
r Abry =r where a,b are distinct unary alphabet symbols) or no contradiction occurs and the program
is strictly incremental.

By Corollary no contradiction occurs after finite time. This means that no contradiction occurs
at all and - Pg : Ag is strictly incremental. It follows that there exists a L-free tree r € M[1] such that
M[Ag ETST(T1B") 8. O
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A.3 Inclusion

We aim to show that M[Ag - "S7] (TP/;’:‘A”Q (Tag)) is included in i, (H[N F SJ((H[G]A\-(La))), for every
n > 0 (Corollary 3.3). To this end, we define a family of logical relations in Definition to capture
this notion at higher sorts and for larger sort environments, as proved in Lemmal[A.10l

The intuition is that the relation comprises pairs that preserve order on order-preserving arguments.

Definition A.8. We define a family of logical relations Incls C M[o] x D[o]:

Incl,(t1,2):=t1 =1,
Inclger+ (1) (P1,P2) :==p1 C p2
InClRert (6,56, (P15 P2) :==VWw € M[Rel™ (01)].Vz € H[a1].
InClRel-(6y) (Wi, (2)) = InClger+ () (P1 W, P21, (2))
Inclr(6g,6¢) :=dom("T"") = dom(6g) A dom(I") = dom(6g) A

A Inclge- () (85 ('), i (6 (%))

x:oel

Alternatively, Inclgy+ (g, ...y, 1) (P1, P2) can be defined as

Vw. Vz. /\IncIRel w,7 ()) :>IncIRe|+(l)(pw1...wm,pzigl(Z1)...igm(zm))

i€[m]

for all W and 7 from the appropriate domains.

Note that in general M[o] differs from D[o], and the arguments of Incls do not necessarily live
in the same set. However, for the sort we are interested in, namely Rel+(l) =1 — o, the denotations
M[t — o] and D[t — o] coincide (idem for 1), so that the relations are well-defined.

LemmaA.9. For F e H[o| — - = 0r = T — - = T = 1], t; € H[0i] for alli € [k], and zj € H[7]
forall j e[,

As.FFFrz=sN \t:Cri | C [ As.Fr.FFZCsA \Cri | C(As.FizCys)
i€[k] i€[k]

where7=r)...1n, =t ...y, andZ =2y ...2.

Lemma A.10. For all n >0, all typing judgements N',T' e : © of the HORS G where T = {x1 : T1,...,x;
T}, and valuations 8y € H[I']| and 65 € M[' T,

N, T'te:oNInclp(6g,6,) =
Inclger+ () (M[Ag, T (B"),ic (KN, I ] ("))

where

T :={x} :Rel (11),...,% : Rel (%)}
"= (HIGIA(La)) [E = Ba(x)] € HIN.TT]

B" 1= (T4, (Tag) ) 7 > 8509)] € M[Ag, T,

Notice that N',T' - e : ¢ implies Ag,"T "¢ : Rel" (o).
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Proof. We proceed by induction on » > 0 within which (both in the base case and the induction step)
we use structural induction on HoRS term e. Some parts of the proof are presented out of order to
avoid duplication. In fact, the structure of this proof and order of presentation correspond to the proof of
LemmalA.6 the structure of which is outlined in Figure 3l We again assume WLOG e contains no As.

We use the following shorthands fore: 6 =6y — -+ — 0, — 1, w; € M[Rel™ (0;)], and z; € H[o;]
such that Inclge- (o) (Wi, g, (2:)), for all i € [m]:

B=M][Ag, T F"e)(B")W C=is(HN,TFe](a")i(z)

Thus, both[Bland [Clare both elements of M1 — o] = D[t — o], and it suffices to show that[BIC [Cl
We present the following base cases w.r.t. the structure of e (also denoted b for base case expression).
Case e = x:1 € Vgs. Foralln > 0, Inclp(6g, 6, ) implies B"(x') = a" (x) and:

B— M[Ag, T F ¥ (B")
= M[Ag, T+ Arx =r](B")
=Ase M[1]. (B"(¥') =5)
=Ase M[1].(a"(x) =)
C i (o (x))
=i,(H[N,TFx](a"))
=

Casee=$%:0y — -+ — 0, — 1€ XUVgs. Forall n > 0, we rely on LemmalA.3] If $ € dom(Vgs),
let m > 0. Then, Inclgy- () (B"(¥'),ig (" (x))) and Inclger- (o) (Wjsig, (27)), for all j € [m], such that:

B=M[Ag," T = fT(B")w B=M[Ag," T =X (B")w
= M[Ag," TTETf(B")Z = M[Ag, T Ayr.x'yr](B")w
=M[Ag," T Ayr.fy=r](B")z =As e M[1].B"(x)ws
:kseM[[l]].(ﬁ}Zzs> = p"(x)w L
. i (@ (0)F

= ig(H[N,TFx](a")i~(z)

— (KN f1(@)3) g

=ig(H[N,TF f](a")i (z)
g

This remaining base case expression is where we start needing induction on n > 0.
Case e =F : 6 € N, and n = 0. We rely on Lemmal[A_.3|to prove [Bland [Clare the universal relation:

Bl= M[Ag, T +"FT(B")w
= M[Ag, T+ Ayr.Rpyr](B%)w
=As € M[1].B*(Rr)Ws
= TMIRel*(1)]
= TD[[ReI*(G)}]m
=io(Lyge))i—(2)
= io(H[N,T+ F(a”)i (2)
=
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This covers n = 0 for base case expressions. Recall our proof follows the structure of Lemma [A.6]
which is outlined in Figure [3l We distinguish three induction hypotheses, where S(n,e) denotes that the
claim holds for n and expression e. Thus, we have now proved S(0,b) for all base case expressions b.

In this inductive case, we consider expressions ¢ = $e;...¢;: 61 — -+ — 0, — 1 for some £ > 0.
For this, we introduce some more shorthands:

/ — " - = WS . — L —
g::Aga'—Fj,y,” Ag::Ag7[—F—|7y7r7r Bn’WJ‘:ﬁn[y'_)er'_)s]
Note that the sort T of $ is of the form
T=T =T —>0] = — Cp—1

where e; : T1,...,ep : Ty, for some £ > 0. Sometimes we abbreviate 6; — -+ — 0,, —> 1 to ©.

In the sequel, steps marked with 1 use [HIl for n = 0, and [H3] for n > 0.

Because [Bl is A from Lemma with w substituted for (their) z, we simply rewrite [B] like A is
rewritten for all n > 0 and expressions e = $&, we can rewrite [Blto obtain:

Bl= As. max{
min{
MIS F SB[ o P MIAG- Ter,n) TN (B[ - )
o (MIAGE T (eg,re) TNHBM R F)) W,
min{ M[AG & Prop(e;,r;))|(B"™[F—¥]) |i € [€]}
}
IVie[).r e M[[Rel‘(ri)]]}

We now distinguish two cases for each subexpression e; : 7;, namely 7; =1 and 7; = T{ — Té.
If ¢; is of sort t, then the following holds:

MIAS - Prop(e; : 1,r) [ (B [F = 7]) = M[Ag, T+ "e; [ (B") 7}
MIAG FT (e = 1,r) TN(B" ™ [F > F]) =7
We know fr.om[_f]that Inclger+ () (M[Ag, T '—ei—_']] (B"), i, (H[N, T Fe](am)).
Otherwise, in case ¢; : T, = 7| — T3, the following holds:
MIAG E Prop(e; : t,r;) [ (B""*[F > r]) = 1
MAGE T (e 7yr) TI(B™ [Frs F]) = M[Ag, T E e (B)

We know from [f]that Inclgey+ () (M[Ag, T "e; T(B"),ie, (KN, T e (a")).
As “semantic equivalents” of the above terms, let us write

P:o= M[[Ag7'_r‘"l|_l_ei‘l]](ﬁn)rl{ ift,=1
UL ifn =1 -1

and

/ ift,=1

_ )T
T; : Rel (T,-).—{ M[Ag, T+ e (B ift, =1 —1
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for all i € [¢]. Additionally, we define

/ il(”H[[N,Fl—e,-]](a"))rf iffi:l
P :o:= i , )
l 1 if ;=1 = 1)

and
v, if T, =1

U (7)) — i
T Rel () { i, (LN, TEe](a) ifr=1—1
for all i € [¢], to be used after applying the induction hypothesis [f And finally, for all i € [¢],

/ ift,=1

o Rel— () -—J i
Si: Rel™(7): { HIN TEe](a") ifn=1—1
We derive by abuse of notation, using the above:
Bl=As. 3. | M[Ag," T ES)(B)T wsA \ P,
ie[l]
We continue by case analysis on $.
Casee= fey...eqwith f € X Foralln>0:
Bl=As.37. | M[Ag, T =D (B F wsA \ M[Ag, T+ e, [(B")r
ic[l]

= As. 37 | B w=sA \ M[Ag, T+ e, )(B") ]
ic[l]

CAs.3r. [ Frw=sA N\ L(HIN,TFe](am)r, il
ic[l]

= As.3r. F}FW:s/\ /\ (’H[[N,Fl—e,-]](oc”) C i‘f)
ic[l]

=As. 3. | Fprz=sA N\ (HIN.,TFe](a") C 7))
€[]

C As. (ﬁfﬂ[w,w el](a").. HIN,TF e (a")z C s) Lem[AQ]

=i, (FHIN, T e ](a") .. . H[N, Tk ef] (o™)Z)

— io(H[N, Tk f](a)i; (KN, TF el](a)...i (HIN.T - e (a))z
-Q
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Case e =xeq ..

Bl= As.3r.
= As.3r.
C As.3r.
C As.3r.
= As.3r.
= As.3r.
CAs. (H[N,TExe](a™)z

=L (R[N THxe[(a")z
=i (H[N.T+xef(a"))i"(z)
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.ey with x € Vgs of sort T =1, — To. Foralln > 0:

(M[[Ag,rl“7 - X](B") T ws

(B”(x’)Tws/\ A P,-)
€[]
i (" ()T (z)sA N\ B-) i

ic[f]

AN P
i€l

ir(o"(x)) T i~ sA/\P’) [l

i€[l)

x)S7Z)sA /\P,-’) Lem[A.J]

ic[l]
sA\ P
i€ll]

Cs) Lem

HIN,TFx](a")Sz

)

Lem

Recall that Inclgy- (o) (B"(¥'),i7 (" (x))). The TH[{] gives us Inclge-(4(7i,T;). Because we also have

Inclge- (o )(wh
Case e = Fel ..

Bl= As.3r. (M [Ag," T Re] (BT w

C As.1
=i(L) Lem[Ad

=i (Lypop HIN. T F e ().
=i (@’ (F)H[N,TFe](a)...
=i,(H[N,TFF](a

=i (H[N,TFF](a®
=

We have now established that S(0,¢”) holds for expressions all €”.

) H[N T e ](a?)...

(z)), we derive the first inclusion.
eqwithF:0eN,andn=0.

sA \ P
i€l

LHIN, T Fe](a®)7)
HIN, T Fe](a®)2)
HIN T+ ef](a®
i, (HINV,TFe](a%)...

)?)

i;[(H[[/\/',Fl—eg]](ocO))m

The following case is the last

remaining case to prove that S(n+ 1,b) for all base case expressions b:
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Casee=F :0c €N, forn+1.
ZM[[Ag,'—F—'l—'_F—']](ﬁ"H)W
= M[Ag, T Ayr.Rpyr](B" )W
= As. BTN (Rp)Ws
=As. M[Ag, T ="R(F)](B")ws
C As.ig(H[N,TER(F)](a")i~(z)s
= As.ig ("N (F))i~(2)s
=ic(H[N.TFF](a"")i~(2)
=

Finally, we present the remaining case to prove that S(n’,¢”) for all n’ > 0 and all expressions e’
Casee=Fey...epwithF € N and { > 0, forn+ 1.

Bl=As.3r. (M[[Ag,rl“"'l—R (BT wsA /\P)

ic[f]

i€l

= As.3r. (ﬁ”“ )T wsA /\ P)

=As.3r. [ M[Ag, TF"R(F)T(BT wsA /\ E)
C As. 3. | ic(HINV. TERF)[(a")T i () sA N\ E) H2L [

ie[l]

C As. 3. [ i(HINV. THRE)(@"))T i (2)sA )\ P,.’)

=As. 3. | ,(H[N, T R(F)](a")SZ)s A /\Pi') Lem[A3]

€[]

= As. 3. | @"TN(F)SZT s A A P,-’)

ic[f]

= As. 37 | HIN, T F F](a™) /\/\P)

Ci,(H[N.TFFe](a")
=i (H[N. T+ Fe](a"™)
=Id

) Lem[A.9

z
)i~ (2) Lem[Adl
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Corollary 3.5 (Inclusion). For all n >0, M[Ag F"S7|(B") Ci,(H[N F S](a™)).

A.4 Main result: equality

Lemma 3.3. For all typing judgements N - e : 6 of the HORS G, and non-increasing chains of valuations
7 S M[Ag],

M[AgFTe: 6] (|_|I) =[Mlag+"e: a]().

1€

Proof. Recall that M[Ag] and M[p] are complete lattices for each relational sort environment Ag and
relational sort p. Thus, we know that the greatest lower bounds exist.

To perform induction on the structure of e : ¢, we strengthen the claim to the following.

For all typing judgements N,I" ¢ : ¢ of the HORS G where I' = {x; : 7y,...,x; : T}, for all de-
scending chains of valuations Z C M[Ag], and valuations 6 € M[T],

M[Ag, T+ Te: o7 ((|_|z) ¥ G(x’)])

=[IM[Ag, T+ "e: oI — BIY))).
IeT

where "I = {x} : Rel (11),...,x} : Rel” (1) }. We abbreviate /[x' — 6(x')] to I'. Note that

(Mz) ¥ = 80)] = [ 1 = 80)] = []7

1€ IeT

so that we shorten the above equation to

M[Ag, T Te: 0T <|_| 1’) =[ |Mlag, TF"e: a1

IeT IeT
Case e = f 1 1¥ — 1 € X. The meaning of " 7 is independent of the valuation, as demonstrated by:
“f1=Ayi e (fyre =)
Case x : 6 € Vgs. The meaning of "x ' relies only on the 6 part of the valuation, as evident from:

oA Ar.(xX' =) ifo=1
X.0 = .
Ayi..oykrXyi...oyr  ifo=01—--—or—1fork>0



64 Reducing HoRS Equivalence to Coinductive HoOCHC

Case Fo, — - = o, —>1EN.
M[Ag, TT=TFT] <|—|I’> =M[Ag, T FAy1... k" REy1 ... k7] <|_|I/>

1eT 1eT
=Ay1...yF <|—|I’> (RF)y1...yxr

1eT

=Ay1... % F <|—|1> (RF)y1...ykr

1eT

=Ay1...%F <|—|I(RF)> Y1 Ykt
1eT
=[ 11(Rrr)

1T
=[]/ (®r)
e
= [ Mg, T+ R ()
1T
= |_|M[[Ag,rf—' FAyL .y REY Ly (1)
1T
=[ |Mlag, T F"F(I)
e

For the fourth equality, we rely on the codomain of Z being a complete lattice (namely, a finite product
of complete lattices M[p]).

Case e =$e withe = ey ...eq for £ > 0. This case follows from applying the induction hypothesis in
a straightforward though laborious unfolding of the relational lift and the semantics. Recall that:

M[Ag, TTF$27] <|_| 1’)

1T

= M[Ag, T = AFr.3r.8' T (er,r1) ... (er,re) "yr A )\ Prop(ei,ri)] (l—l I’)
i€l IeT

The previous cases show that the greatest lower bound is preserved by M[$']. Observe that ™ (e;,r;) ™ is
ri or "e; . Either way, the greatest lower bound is preserved by M[™ (e;,r;) ™]. Similarly, Prop(e;,r;) is
either "e; 'r; or true, and the greatest lower bound is thus preserved by M[Prop(e;,r;)]. This concludes
the proof. U

Theorem 3.6 (Correctness). M[Ag - Rs] (gfp(TP/;/:‘Ag))t =1 ifand only if t = [G].
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