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There are by now various epistemic modal logics with intersection modalities for distributed knowl-
edge and intersection update modalities for dynamic phenomena like agents sharing (all their) infor-
mation, agents receiving information from other agents, and full information protocols. One of those
is the logic of Resolving Distributed Knowledge, by Agotnes and Wang. It has distributed knowledge
modalities for arbitrary subsets of the set of all agents and it also has so-called resolution modali-
ties for arbitrary subsets of agents sharing their knowledge. In that logic, the agents not involved in
the knowledge sharing are aware of the agents sharing knowledge, agents are memory-less, and the
kind of dynamics represents synchronous updates, where there is common awareness of the global
clock. In contrast, in this contribution we present a logic for Resolving Asynchronous Distributed
Knowledge. It is an asynchronous generalization of the synchronous logic of resolving distributed
knowledge. The logical semantics is history-based: truth is not only with respect to a given world
in a model, but also with respect to a given history of prior resolutions, of which each individual
agent can only observe a part. In particular, an agent is unaware of resolutions for groups of agents
not including her. As is to be expected, this comes with many technical complications, for example
concerning the axiomatization. The synchronous axioms relating resolution to distributed knowl-
edge are now invalid. The modelling advantages of such an asynchronous novel logic, for distributed
computing and similar areas, are however substantial and a major asset.

1 Introduction

If Anne (a) knows p and Bill (b) knows p — ¢ then neither knows ¢ but they still have distributed
knowledge of q. If they were to share their information, they would both know ¢. Distributed knowledge
modalities are intersection modalities: p is distributed knowledge for a and b in a world w, iff p is true in
all worlds v which are indistinguishable for a and for b from the actual world w. In this case, distributed
knowledge of p becomes common knowledge of p by sharing. However, as is well known, propositions
may be distributed knowledge even when the agents cannot share this information. For another scenario,
if p is true but a does not know this, and b knows that, then a and » have distributed knowledge of the
former, as it is true in all worlds which are indistinguishable for a and for . But when b informs a of
p, or even of p and that she does not know p, agent a learns that p which makes her ignorance false.
Modalities for sharing information are intersection updates (intersection update modalities): in a world
w proposition g is true after a and b share their knowledge iff ¢ is true in the model wherein we have
replaced the indistinguishability relations for a and b by the intersection of these two relations. Let now
Cath (c) enter the scene and let us replay the first of the above scenarios, where all three agents a,b,c
are initially aware that @ knows p and b knows p — g. Again Anne and Bill share their knowledge.
What does Cath learn from this? That depends. If we assume synchrony, then Cath learns that Anne
and Bill share their knowledge, so afterwards Cath knows that Anne and Bill now both know ¢. Also,
Anne and Bill know that Cath knows this. But if we assume asynchrony, Anne and Bill may have shared
their knowledge without Cath learning that. In which case Cath still considers it possible that Anne
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does not know ¢g. But also Anne and Bill now face more uncertainty. For example, if after Anne and
Bill share their knowledge, Anne and Cath share their knowledge, Cath now knows that Anne knows p.
But Bill, who was not involved in the second sharing, does not know that. And so on. Various logics
have been proposed to formalize distributed knowledge and sharing knowledge and their interaction, and
that should be seen as incorporating synchrony. Instead, we propose an asynchronous logic to formalize
distributed knowledge and sharing knowledge and their interaction.

The remainder of this introduction is a succinct survey of modal logics with intersection modalities,
modal logics with intersection updates, and modal logical approaches to asynchrony.

Intersection modalities. If we consider a modal language with modalities [, and [J,, interpreted
on Kripke models with binary relations R, and R, resp., the problem of intersection modalities boils
down to the observation that adding a novel modality (suggestively named) [, ,p is true in a world w
iff p is true in all worlds v which are R,-accessible or Rj-accessible does not create problems. This is
so because in such a case, R, = R, UR;, and one simply has that [, ;p is equivalent to Ul p A U p.
Whereas adding a modality [,~, such that U,~pp is true in a world w iff p is true in all worlds v
which are R,-accessible and Rj-accessible creates problems. One now has that R,~, = R, N R, and
we can no longer define [],~,p with the other modalities, the canonical model is not of the right kind.
One way to address this is to expand the logical language with nominals [46, 47] which led to the
development of hybrid logics [[13| 4] and related logics [29} [30, 49]]. Another way to address this led to
the development of modal logics with intersection modalities, where we highlight Propositional Dynamic
Logic (PDL) with intersection [19, 33]], and epistemic logics with distributed knowledge [24) 132} 2],
although there are many further approaches such as Boolean Modal Logic [26, 27]], and knowledge
representation logics [43}51]].

Propositional dynamic logic. In PDL we generalize from modalities [, to modalities [, where o
is a program and that are interpreted in models with recursively defined relations R, with the same basic
programs a, b, ... as above but apart from U operations of sequential execution and arbitrary iteration,
as well as another basic program called test [34]. By also adding intersection o N 3 of programs to
PDL, we obtain IPDL [19, [33]]. Here, a N f represents parallel execution of programs o and f8 as
Rynp = RaMRg, so again, similar to R, N Ry, above. Various works involving the complexity (38,139, 40]
and axiomatization [[6] of IPDL have appeared.

Distributed knowledge. The notion of distributed knowledge is rooted in sociology, economics, and
philosophy [35,136}50] under different terms; [35] is an admirable pamphlet against centralized planning
and in favour of distributed planning (and authority), [36] calls it ‘impersonal knowledge’, and [50]
‘undiscovered public knowledge’. The earliest epistemic logical source is [31]] (the later journal version
[32] also gives a logical semantics), wherein the notion was called ‘implicit knowledge’, followed on the
heals by [44] who proposes an axiomatization (without claiming completeness) in a temporal epistemic
logic. In fact their non-temporal fragment is the, yet somewhat later, complete axiomatization of [24}37],
where these publications achieved completeness by different methods. All such works interpret modalies
L, not on models with arbitrary relations R, but on models with equivalence relations. Among the
many issues of further interest concerning distributed knowledge, particularly in view of representing
multiple agents sharing knowledge given uncertainty about their own and each other’s knowledge, is a
certain discrepancy between syntactic and semantic intuitions of distributed knowledge, and what sharing
knowledge actually means. Such issues were already discussed in the original [24|37] and continue to
be investigated in more recent times [25]].

Intersection updates. After the history of intersection modalities we now proceed with the history
of intersection updates, the history of sharing information. Given a Kripke model with two (typically)

equivalence relations R, and R, the intersection update modality nggate is such that D;ggatep is true



Philippe Balbiani et al. 77

in a world w of a model M iff p is true in the same world w but in the updated model M*"* wherein the
relations R, and R;, are replaced by the relation R, N R,. That is all. Note that when we interpret the
intersection modality we (may) change the point of evaluation in a given model but we do not change the
model wherein we evaluate the formula bound by the modality, whereas if we interpret the intersection
update modality we do not change the point of evaluation but we (may) change the model wherein we
evaluate the formula bound by the modality. Intersection update modalities are therefore interpreted as
updates of Kripke models and they can indeed be seen as a further development in dynamic epistemic
logics, such as public announcement logic [48]] and action model logic [8]] (for references see [22} 142]),
although these are updates with very different properties.

The first paper involving the intersection update to our knowledge was [12], in a mixed setting of
epistemic and inquisitive logic. The intersection update here is the resolve action, encoding the answer
to a question thus resolving an issue (intersecting an epistemic relation with an issue relation). On the
heals of [12] were a number of related publications [9} [15] 14} 28| [7]]. Here, [9] introduces intersection
updates on plausibility structures whereas [7]] further generalizes the inquisitive and epistemic setting
of [12]. Independently, slightly later again, [1]] focuses on intersection updates (called resolution) and
distributed knowledge for arbitrary sets of agents and their interaction. Further developments introduce
uncertainty even among agents who have shared information [10, [11]], which also relates to a different
strand of research coming out of distributed computing, and intersection updates incarnate the execution
of communication graphs or communication patterns [34, 16, 117, 152, |53]]. The operation of pooling or
basic intersection in [[18]] corresponds to a intersection (update) modality similar to what we call resolu-
tion here; this updates models with plausibility relations. An attempt to combine distributed knowledge
and intersection updates into a single modality for sharing knowledge is [3]].

Asynchrony. Intersection modalities like distributed knowledge and intersection updates such as
resolution and communication patterns assume synchrony (and even so in distributed computing, were
a round of asynchronous events represents a snapshot recording time). Things become more complex
with (full) asynchrony, in the absence of a global clock. This was already addressed in [32], and ‘full
information protocols’ in distributed computing [41]] correspond to intersection updates. In dynamic
epistemic logics such asynchrony requires a history-based semantics [45}20]]. Even with more restricted
information exchange such as in gossip protocols this leads to far more challenging axiomatizations (and
higher complexities) [23} 21} 3]

Overview of content. In Section[2] we review the logic of resolving (synchronous) distributed knowl-
edge. In Section[3|we introduce the logic of resolving asynchronous distributed knowledge, and compare
it to the logic of synchronous distributed knowledge. In Section f] we define an infinitary axiomatization
for the logic of resolving asynchronous distributed knowledge and prove its completeness. Section [3]lists
further research, on redundant resolutions, derivable rules, expressivity, and common knowledge.

2 Resolving distributed knowledge

We briefly present Agotnes and Wang’s logic for resolving distributed knowledge [1]]. Let A be a finite
non-empty set of agents, and P a countable set of propositional variables (atoms). The language Zpp is
definedby @ :=p | T | (@ A@) | —¢ | Dge | Rgp, where p € P and B C A. The sublanguage .¢p with
only modalities D@ is the language of distributed knowledge. For [J, we now write K, and it is defined
by abbreviation as Dy,y. Formula Rg@ is read as “after resolution for group of agents B, ¢ (is true)’.
The structures are multi-agent epistemic models (W,~,V) for the set A of agents (where (W,~) is
a multi-agent frame). We can see ~ as a set {~,},ca of binary indistinguishability relations (or as a
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(taut) all instantiations of propositional tautologies

Kp)  Dp(¢ — y) = (Dp¢ — Dpy)

(Tp) Dpp — ¢

(5p) —Dg@ — Dg—Dp@

(DG) D@ — Dco ifBCC

(RA)  Rgp<rp

(RN) Rp—@ < -Rpo

RC)  Rp(9Ay) <> (Rpp ARpY)

(RD1) RBDC(P <—)DBucR3¢ when BOC#(D
(RD2) RpDc@ <> DcRp@ when BNC =0
(NecD) From ¢, infer D¢

(NecR) From ¢, infer Rg¢

(MP) From ¢ and ¢ — v, infer y

Table 1: Axiomatisation RD for the logic of resolving distributed knowledge

function mapping each agent to such a relation ~,). Valuation V is a function from the set of atoms to
the powerset of W mapping each atom to the subset of worlds where it is true. We write ~p :=(\,cp ~a
for the epistemic relation of a group B (so that ~p =W X W).

If M= (W,~ V) and B C A then updated model MB := (W,~8 V) is the result of resolution for
group B, where ~8 := ", .5 ~p if a € B and ~8 := ~, otherwise. In updated model M the relations for
the agents a € B have been updated from ~, to NB Hence, in M? we have that ~8 = ~8 for all a € B,
unlike in M. Given these notations, we have that Nc = ~c if BNC = 0 and that Ng = ~puc if BNC # 0.
Note that M = M and that M® = M. For M{@-a} we write M% % and for (M?)€ we write MBC.

Let a vector G represent a sequence Bj...B,, where B; C A for 1 <i < n—the empty sequence is €.
By |G| we denote the length of G, and a ¢ G means that a ¢ B for any B C A such that B occurs in G. We
write NG for the accessibility relation of an agent a in M©. G

We now present the semantics. The satisfaction relation |= is defined by induction on ¢ € Zpp,
where p € P and G C A.

M,wkEp iff  weV(p)
MwET ifft  true
M.w = ¢ iff  M,wl=o

MwkEoeANy iff MwEeandMwgEy
M,w = Dpo iff  M,vE ¢ forallve W suchthatw ~pv
M,w = Rpo iff MBwko

A formula ¢ € Zpp is valid iff for all models M = (W,~,V) and for allw € W, M,w = ¢.

The axiomatization RD for the logic of resolving distributed knowledge in Table 1| extends that
of the logic of distributed knowledge with reduction axioms for resolution and a derivation rule for
necessitation of resolution. Completeness of this axiomatization is shown by reducing -#pg-formulas to
Zp-formulas, by which we mean that any formula with resolution and distributed knowledge modalities
is provably (and semantically) equivalent to a formula without resolution modalities. It can be shown
that Replacement of Equivalents (RE: from @ «+» y derive x[p/ @] <> x[p/y], where x[p/¢] is uniform
substitution of p in ¥ by @) is derivable in RD. This is needed to reduce formulas of form RzRy @ where
G # H, as there is no axiom of shape RGRy @ <> ...
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3 Resolving asynchronous distributed knowledge

We now propose a logical framework for resolving asynchronous distributed knowledge. The logical
language %pr is the same, whereas accessibility relations are now encoding asynchronous distributed
knowledge. Given asynchrony, we propose a history-based semantics. That is, insEead of interpreting
formulas ¢ in pointed models (M,w), where such an M could be an updated M, we now wish to
interpret formulas in pointed models (M, w, é), where the resolution sequence explicitly remains at our
disposition. This is necessary, because what an agent knows now may be different when she was involved
in the last resolution in G than from when she was not. In order to compare pairs (w, G) and (v, H) we not
only need the indistinguishability relation ~, between worlds w and v but also a novel resolution relation
~, between resolution sequences Gand H. Connecting both relations is the view by agent a of sequence
G, denoted seea(f}), that is the set of agents B with whom a has shared the equivalence relations (e.g.,
recalling the introduction, after resolution ab, she has shared it with b as the new ~, is now ~,~p). The
set seea(é) determines the knowledge gained by agent a after history G—or after any other history H
that she cannot distinguish from G. Let us begin by defining the resolution relation and the view, and
show some relevant results relating them.

Resolution relation. Let a € A, and G,H € 2(A)* be given. The resolution relation ~, between
resolution sequences is the equivalence closure of:

Er, € iff  true
GB~,H iff GryH when a ¢ B
GB~,HB iff Gy, HforallbeB when a € B

We further define ~p := (1,5 ~4. Note that ~ is the universal relation.
View. The view see,(G) of agent a of a resolution sequence G is the set B C A of agents such that

given any model M = (W,~, V), agent a’s current relation N((f 18 Npep ~p. Let B C A, then:
* seep(€) :=B;
« seep(G.C) := seep c(G) when BNC # 0;
« seep(G.C) := seep(G) when BNC = 0.

For seey,) (G) we write see,(G). Note that seeg(G) = C does not mean that the view of all agents in B is

C, but only that the union of the views of all agents in B is C. It is easy to see that seep(G) = Jpcp sees(G)
(induction on the length of G).

Before proceeding with the definition of the semantics, we state some properties of the resolution
relation and the view, that will later prove useful. Straightforward proofs have been omitted.

Lemma 3.1. Ifa &1, then G ~, H.I if. and only if. G ~, H.

Similarly, if € 22(A\ B)*, then G ~p H.I if, and only if, G ~p H.
Lemma 3.2. € ~3 G if. and only if. G € Z(A\ B)*.

Consequently, we also have as a corollary that whenever BNC = 0, then C ~p G iff G € Z(A\ B)*.
Lemma 3.3. Ifa € B, then G.B~,H iff there are H, H, e P(A)* such that H = H,.B.H> with G ~g H,
and a ¢ H,.

Lemma 3.4. If BNC # 0, then C ~p H iff there are H,, H, € P(A)* such that H = H,.C.H, with
H, € Z(A\(BUC))" and Hy € #(A\ B)*.



80 Resolving Asynchronous Distributed Knowledge

Lemma 3.5. If@ ~ seen() Tand H B f: then G.H ~p 1.J.

Proof. The proof proceeds by induction on the length of H IfH=¢, suppose Grpl (because seeB(s) =
B) and € ~p J. by Lemma L € ~p J =Je QZ(A\B) and then G ~p I implies €. G=GCGn~plJ If
H=H'C, suppose G~ ~ seen(iH'.C) Tand H'.C ~5J. We now distinguish case BNC = 0 from case BNC # 0.

« If BNC =0, seeB(H’ C) = seeB(H’) and H'.C~pJ=H' ~pJ (Corollary so, by inductive
hypothesis, G.H' ~g1.J. Hence G.H'.C ~gI.J by Corollary. 1|again.

« If BNC # 0, then seep(H'.C) = seeg,c(H'). Note that since B C BUC, G S I implies
G~ en(il) I (and respectively for C). Leta € BNC. By Lemma H'.Cr, fimplies J=N.C.h

se
where H’ ~c fl and a ¢ fz Then, we have G R seec(il) Tand H' ~c f] s0, by induction hypothesis,
G.H ~cLJ,. HenceGH’C~a1J1 CJZ—IJ LetnowaeB\C Then, H’CNaJ1ffH’~ J,
and we have G ~ S T (for see,(H'.C) = see,(H')). So, by induction hypothesis, G.H' ~, I.J

and hence G.H'.C ~, 7.f Therefore G.H'.C ~p IJ
O

Lemma 3.6. G ~, H implies see,(G) = see,(H).

Proof. The proof is by induction on the length of G.

Base case. We have: & ~, H implies a ¢ H (Lemma 50 see,(€) = {a} = see,(H).

Induction case. Now consider G.B. We distinguish a ¢ B from a € B. If a ¢ B we have: G. B
iff (by definition) G ~, H , which implies (induction) see,(G) = see,(H ) 50 seey(G. B) = see,(H If
now a € B the resolution sequence compared With must have shape H.B.I where a ¢ 7 (Lemma SO
that: G.B ~, H.B.I iff G. B ~, H.B (Lemma 3.1), which implies G~ H for all b € B. This implies (in-
duction) see,(G) = see, (H) for all b € B, Wthh 1mplres Upepsees(G) = Upepsees(H) so (by definition)
see,(G.B) = see,(H.B) = see,(H.B.I). O

Consequently, we also have that G~pH implies seeB(G) = seeB(H ). From [5]] we further recall that
for all models M = (S,~,V), g = ~geey(G)- 0 Other words, we might as well have stated that GrpH

implies ~§ = ~4 or that G ~ H implies ™ sees(G) =" see (i) And Will quote Lemmain such cases.

However, see,(G) = see,(H) does not imply G ~, H. Typical counterexamples are that see,(G.a) =
see,(G) whereas G.a %, G and see, (ab.ab) = see,(ab) whereas ab.ab #, ab.
We proceed to define the semantics.

Definition 3.7 (Semantics). By induction on ¢ € %pg, where p € P, B C A and Ge P(A)*.

M,w,G Ep iff weV(p)

Mw,GET iff  true

Mw,GE-@  iff M,wG o

Mw,GEQAy iff MwGE@andM,w,GE vy

M,w,G=Dgo iff MvH=gforallve W, He Z(A)* suchthatw~§vandé%3ﬁ
M,w,G =R iff M,w,GBE @

As not uncommon in history-based semantics, two notions of validity emerge. A formula ¢ € %pp is
e-valid if M,w, € |= ¢ for all models M = (W,~,V) and for all w € W. A formula ¢ € #pg is *-valid (or
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always valid) if M,w,G = ¢ for all M = (W,~,V), w € W, and all G € 2 (A)*. We should acknowledge

that we are uncertain if €-validity and *-validity correspond. This is a question left for future research.
This asynchronous semantics looks very much like the synchronous semantics of the previous sec-

tion, except for the clause for distributed knowledge. Let us be explicit about some differences and

correspondences. First, Example shows that M, w,G = @ is not equivalent to (in the synchronous

semantics) Mé,w = . So there is a real difference.

Example 3.8. Consider three agents a,b,c and model M and updated M“* as in Figure Instead of

naming worlds by w, v, etcetera, we name them with their valuation, where p denotes —p. Reflexive
arrows are omitted. We also assume symmetry and transitivity.

_Pq Pq
_a
prq pPq
abc o abc _
b pq | pq
— —
rq prd

Figure 1: An epistemic model M (on the left) and its update M“? (on the right) with three agents.

We now have that M’ pg, e = K.K,,p but not that M, pq,ab [~ K.K,p. Agent c is unaware of agents
a and b resolving their knowledge in model M: resolution ab is indistinguishable from the empty se-
quence € for her. She therefore does not know agent a has learnt the truth about p as a consequence
of this resolution. Since M, pq,€ [~ K,p and ab =, €, therefore M, pq,ab \~ K.K,p. And therefore
also M, pq, € [~ R.,K.K,p. Now consider the prior synchronous semantics. Then M*, pq = K.K,p and
therefore M, pqg |= Ry KKy p-

But we can also look at this in another way, rather illustrating a correspondence. Let us for a vanish-
ing moment consider a synchronous distributed knowledge modahty Dp 30, interpreted as follows on our
history-based models, wherein we only have replaced G~pH by G=H.

M,w,G |=Dgo iff M,v,H|=qforallve W, He Z(A)* suchthatWNg;vandé:FI

Now write M,w,G E ¢ anywhere for the synchronous Mé,w = ¢ (while replacing all Dg by Dp).
This embeds the synchronous semantics into the asynchronous semantics. So, with respect to the above
example, indeed, M, pg,ab [~ K.K,p, but on the other hand we now have M, pg,ab = K .K,p, which
after all corresponds to M, pq |= K.K,p. Isn’t that neat?

However, let us now go back to one language and two different semantics again. A further maybe
somewhat curious observation is that resolution Rp has the same semantics either way, only the interpre-
tation of distributed knowledge Djp is different synchronously and asynchronously. Despite the identical
semantics, with asynchrony, resolution Rp encodes partial synchronization for group of agents B without
any agents not in B being aware of that, whereas, with synchrony, resolution Rp encodes full synchro-
nization for all agents however with aspects of partial observation: group of agents B jointly learn (all)
each other’s knowledge whereas all agents not in B learn that, but not what the agents in B learn. The
agents not in B only partially observed the resolution.

Preparing the ground for the asynchronous axiomatization presented in the next section, let us review
what parts of the synchronous axiomatization remain valid and what are now invalid. It is fairly simple.
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All axioms and rules of RD remain valid (or validity preserving), except (RD1) and (RD2); and maybe
(NecR). If g-valid and *-valid were the same (the open question), then we would have necessitation of
resolution. (It is easy to see why: assume |= ¢ and (NecR). Given arbitrary (M, w), from the first we get
that M, w, € |= @, and from that and the second M, w, € |= Rg@, so that M,w,B |= ¢. We therefore easily
show that ¢ is *-valid by induction on the length of resolution sequences.)

Example 3.9. Model M in Figure[3.9provides a counterexample to (RD1), and model M’ below provides
a counterexample to (RD2), where we have again named worlds with valuations of atoms.

o e
rq pPq b
de oo |
sl N a N

Figure 2: Epistemic models M (on the left) and M’ (on the right) with four agents.

We have that M, pq, € = DpcRap—Kaq but M, pg, € = RypDp.—K,g—after resolution ab, agents b
and ¢ can imagine a has further shared knowledge with d, thereby learning that g. Therefore (RD1) is
invalid.

Looking at M’, we have that M’, pq, € = K,Ry-K,p but M’ pq, € I~ Ry-K,Kp,p because a is not aware
of b and c sharing their knowledge so she does not know b has learnt that p. Therefore (RD2) is invalid.

On the other hand, there are now novel validities involving distributed knowledge and resolution.

Lemma 3.10.
(1) IfBNC#0, then |= RgDc@ — DpucRy 79 for all T € P(A\C)*.
(2)  IfBNC #0, then |= D cRy ;9 for all I € 2(A\ C)* implies = RpDc .
(3) If BOC =0, then |: ReDc@ < Dco.

We recall once more, comparing to the first and second items jointly, (RD1) = RgDc @ <> Dp cRp®
when BNC # 0, and, comparing to the third item (RD2) = RgD¢ ¢ <+ DcRp@ when BNC = (. The proofs
of the above are fairly straightforward but are omitted, as we will present a complete axiomatization RAD
in the next section. Then, the third item is (in one direction) an instantiation of the later axiom (RD) for
the case that G = B and H = €, whereas for the first item we have G = B as well as H = B.I. The second
item instantiates derivation rule (RDI) of RAD.

Even for fairly simple (‘small’) models given a set of agents A, and even when everyone’s view
is A (for all a, seea(é) = A) there is no bound to uncertainty caused by asynchrony (see the example
below). This is different from synchrony, where once everyone’s view is A, this is commonly known.
Two notes: with synchrony, we can also have arbitrary higher-order uncertainty, but at the price of large
models (with enchained equivalence classes for different agents); and with asynchrony, we can also have
common knowledge that everyone’s view is A, namely after resolution with A (full synchronization).

Example 3.11. Let |[A| > 3. Consider a resolution sequence G without @ and without singleton sets
(irrelevant), and without A. Suppose towards a contradiction that there is bound to the length \é[ of G
after which a further resolution is no longer informative. Let I C A with 1 < |I| < |A|. Below we define a
(unique) model M and a (unique) formula ¥ € Zpp that distinguishes G from G.I. Consider the formula
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® = Auca KaP NKa Npen (o) ~(Kop V Ko=p)

and a model M consisting of 2n + 1 states namely {s'} U {s2 | a € A} U {2 | a € A}, where the relations
~, are the reflexive closure of the conditions: for all a,b € A with a # b, s> ~; t2, and for all a € A,
52 ~g s, and where valuation V(p) = {s'}U{s2 | a € A}. We now have that M,s' & = ¢ (namely,
already in standard epistemic logic, M,s' |= @). Let X be the sequence of length |é| of agents a € A such
that the last is a member of / but not of B preceding I, the before last is a member of B but not of B’
preceding B, and so on. Let the first B in G.I apart from the selected member a in X also contain an agent
b # a. Now consider
v = Ky (K.Kpp NKpK,p)

where Ky abbreviates the stack K...K, listing all the members of ¥. Then M s'.G K~ v whereas
M,s' G.I=y.

For four agents a,b,c,d, (so-called ‘windmill’) model M is depicted in Figure |3| In such a model
we have that, for example, M,s' ab.bc = K.(K,Kpp A KpK,p) but M,s' ab = K.(K,Kpp A KpK,p).
For an example where everyone’s view is A but uncertainty still remains, consider the sequence of
resolutions abc.bcd.abd after which all four agents have accessibility relation ~4. We however have
M,s' abc.bcd.abd i KKK p, but now M,s' abc.bed.abd.abe |= K K, Kyp.

P
acd™ p
-p
b /ycd
a
P—; p(sh) p
abd/ d
\
abc™ —p

Figure 3: “Windmill’ model M with four agents.

4 Axiomatization

In this section we show soundness and completeness of the axiomatization RAD, that is composed of the
axioms and rules given in Table 2] That ¢ € Zpp is derivable in RAD is denoted F ¢. Axiomatization
RAD contains an infinitary derivation rule (RDI) using admissible forms, defined below. As we have
an infinitary derivation rule, in the completeness part of the proof we proceed by maximal consistent
theories, also defined below, instead of the usual maximal consistent sets. Showing completeness in-
volves ‘unravelling’ a canonical model, in order to get it into the right shape. Before we proceed, let us
comment on the differences between axiomatizations RD and RAD. First, as R @ is ¢ by definition, the
RD axioms (Kp) ... (DG) involving distributed knowledge are derivable from (in fact, instantiations of)
the RAD axioms (RKp) ...(RDG). Second, as resolutions R for a singleton sequence G are simply Rp
for some B C A, we can also equate the RD axioms (RA), (RN) and (RC) with the similarly named RAD
axioms (where the RAD axiom RT is derivable in RD using (NecR)). So the only difference is that the
RD axioms (RD1) and (RD2) are missing (and they are not theorems, because we have shown through



84 Resolving Asynchronous Distributed Knowledge

(taut) all instantiations of propositional tautologies
(RKp)  RzDp(¢ — w) — Rz(Dp — D)

(RTp)  RzDp® — Rz

(RSD) RG_‘DB(P — REDB_‘DB(P

(RDG)  RzDp¢ — RzDc¢ ifBCC
(RA) Rzp < p
(RT)  RzT

(RN) Rz—¢ <> —Rz¢

(RC)  Rz(9AY) < (Rz@ ARzY) o
(RD) R(;DB(P — Dseeg(é)Rl:l‘(p forall H ~g G
(NecD) From ¢, infer D¢

(MP) From ¢ and ¢ — v, infer y

(RDD)  From &(D,,, & R;9) forall H ~ G, infer o(RzDp¢)

Table 2: Axiomatization RAD for the logic of resolving asynchronous distributed knowledge

counterexample that they are invalid), instead of which we now have axiom (RD) and rule (RDI) (that
allow to derive the validities listed in Lemma [3.10). Finally, RD has (NecR) but not RAD, where an
open question is whether (NecR) is derivable in RAD. Let us now proceed.

An admissible form o is defined by a ::==4 | (¢ — a) | Dga where ¢ € £pr and B C A. The
set of admissible forms is denoted AForm. An admissible form contains a unique occurrence of . For
o € AForm and ¢ € Zpg, o(@) is the formula obtained by replacing £ in « by ¢.

Lemma 4.1. If- ¢ — y, thent a (@) — a(y).
Proof. The proof proceeds by straightforward induction on «. 0
Theorem 4.2 (Soundness). If - @ then = .

Proof. 1t needs to be shown that all axioms are valid and all rules preserve validity. As for the axioms,
their validity is obvious, except for (RD). Let us then show = RzDp¢ — D, (E)Rﬁ(p forall H e Z(A)*
such that G ~p H. Suppose there are G, H,B and M = (W,~,V), w e W such that M,w, € = RzDp¢@ and
M,w,e =D (&R @, where G ~p H. Then, there are v € W and I € Z(A)* such that w ~

seep seeB(é) Vie

w~Sy, e R seen(C) Tand M, v,T - Rj0, so v,I.H [~ ¢. Since € R seen(@) Tand G ~p H, by Lemma
e.G = G ~g I.H. Hence from M,v,I.H K~ @ we can conclude M,w,G = Dp@ i.e. M,w,€ [~ RzDp@.
This contradicts the hypothesis.

We now turn to the rules. That (MP) and (Nec) preserve validity can be standardly shown. Let us
consider (RDI). For clarity, we only consider the case where o = f}, whilst others can be treated similarly.
Suppose = DseeB(é)Rﬁ‘p for all H € 2 (A)* such that G ~p H. Suppose also, towards a contradiction,
¥ RzDp¢@. Then there are M = (W,~,V),w € W such that M,w, € [~ RzD30, i.e. M,w,G - Dgpo.
Hence, there are v € W, H € P(A)* such that w ~§ v, G ~p H and M,v,H ¥~ @, s0 M,v,€ [~ R;¢. But
now, since w Ng v, alsow ~ seen(@) V- Moreover, € ~
get M,w, e =D

seen(@) € by definition. Hence, from M, v, € [= R; ¢ we

(é)RH ¢, where G ~p H. This contradicts the hypothesis. Therefore, |= RzDgo. ]

seep

Standard frames and semi-standard frames. Instead of models wherein ~p is equal to Npep ~p
(and even by definition) we need models wherein ~g may be a proper subset of Nycp ~p. The first we
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name standard models, based on standard frames, whereas the second are semi-standard models based
semi-standard frames. More precisely, a semi-standard frame is a structure (W,~) where W is a non-
empty set and, for all B C A, ~p is an equivalence relation on W such that for all B,C C A, if BCC
then ~cC~p. The completeness proofs involving distributed knowledge often involve ‘unravelling’ a
canonical model based on a semi-standard frame into one that is based on a standard frame with the
same information content [24,[1]. In our completeness proof we employ the results relating standard and
semi-standard frames obtained in [5, Section 6] and in particular [5, Proposition 6.10] that the validities
on standard frames and semi-standard frames correspond. Here, we merely adapt this to our setting,
where the result to use is that from any model M = (W,~,V) based on a semi-standard frame we can
construct a model M’ = (W', ~' V') based on a standard frame; in M’ the worlds consist of pairs (w, f)
where w € W and f is a function of the set .# of such functions of type Z(A) x A — Z(W). One can
then show that (i) if (w, f) ~C (v,g), then w ~§ v, and that (i) if w ~$ v, then there is g € .Z such that
(w, f) ~G (v,g), forall G € P(A)*.

Providing a procedure to transform each model based on a semi-standard frame into another modally
equivalent model that is based on a standard frame requires the following notions. For all B C A and for all
w € W, [w]p is the equivalence class of w modulo ~p. Forall X,Y € 2(W),letX +Y = (X \Y)U (¥ \X [}
We recall that .# is the set of all functions of type f : Z(A) xA — Z(W).

Let now M = (W,~,V) be a model based on a semi-standard frame. We define the model M’ =
(W, ~ V) by W =W x Z, (w,f) € V/(p) iff we V(p) and for all B C A, ~} is the binary relation
on W' such that for all (w, f), (v,g) € W', (w, f)~}(v,g) iff, for all C C A, the two following conditions
hold:

— Wl +Zuecf(C,a) = [V]c + Luecg(C,a)

— ifa € BNC, then f(C,a) = g(C,a) foralla € A.

Obviously, all ~ are equivalence relations, so (W’,~') is a frame. We now show that it is a standard
frame.

Lemma 4.3. The frame (W', ~') is semi-standard.

Proof. Let B,B' C A. Suppose B C B'. Suppose ~}, Z ~p. Hence, there exist (w, f), (v,g) € W’ such
that (w, f)~p (w,g) and (w, f)¢5(v,g). Thus, either there exists C C A such that w|c + Xsecf(C,a) #
[Vlc + Z4ecg(C,a), or there exist C C A and a € BNC such that f(C,a) # g(C,a). In the former case,
since (w, f)~p (v,g), therefore [w]c + Zaccf(C,a) = [V]c + Laccg(C,a): a contradiction. In the latter
case, since B C B, also a € B NC. Since (w, f)~5 (v,g), therefore f(C,a) = g(C,a): a contradiction.
Therefore ~, C ~f. O

Lemma 4.4. The semi-standard frame (W', ~') is standard.

Proof. Let B,B' C A. Suppose ~p p 2 ~p N ~5. Hence, there exist (w,f),(v,g) € W’ such that
(W, f) e (n,8)s (W, f)~5(v,g) and (w, f)~7 (v,g). Thus, for all C C A, [w]c + Zpec f(C,b) = [v]c +
Ypecg(C,b). Moreover, for all C C A and for all b € BNC, f(C,b) = g(C,b) and for all C C A and for all
be B NC, f(C,b) = g(C,b). Since (w, )ty p(v,8), there exist E C A and a € (BUB') N E such that
f(E,a) # g(E,a). But, since a € BUB/, either a € B, or a € B'. In the former case, since for all C C A
and for all b € BNC, f(C,b) = g(C,b), therefore f(E,a) = g(E,a): a contradiction. In the latter case,
since for all C C A and for all b € B'NC, f(C,b) = g(C,b), therefore f(E,a) = g(E,a): a contradiction.

/ / /
Therefore ~p g D~p N ~p. O

Note that (Z(W),0,W,+,N) is a Boolean ring.
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Lemma 4.5. Forallw,v €W, f,g € .7 and B C A, if (w, f) ~ (v,g), then w ~p v.

Proof. Let BC A and (w, f),(v,g) € W' be such that (w, f) ~% (v,g). Hence, for all C C A, [w]c +
Yoecf(C,a) = [v]c + Laecg(C,a). Moreover, for all a € BNC, f(C,a) = g(C,a). Thus, for C =B we
get [(W]p + Xuepf(B,a) = [v|p + Xuecpg(B,a). Moreover, for all a € B, f(B,a) = g(B,a). Consequently,
[w]g = [v]s. Hence, w ~p v. O

Corollary 4.6. For all w,v €W, f,g € F and G € P(A)*,BCA, if (w, f) ~ (vg) thenWNgv
Lemma4.7. Forallw,yv e W, f € .F and BC A, ifw ~p v, then there is g € .F such that (w, f) ~p (v,8).

Proof. Let w,v € W. Suppose w ~p v, i.e. [w]g = [v]g. Since (W’',~') is semi-standard, for all C C A,
if C C B, then w ~¢ v and [w]|c = [v]¢. To construct g : Z(A) x A — Z(W), consider an enumeration
{ai,ay,...,a;} of the agents in A. For all C C A and for all a € A, we define g(C,a) as follows:

—ifae BNC then g(C,a) := f(C,a)

— ifa e C\B, let 1 <i<kbe such that a = a;. Now, if i =min{l < j <k |a; € C\B}, then
g(C,a) := [wlc + [Vlc + Lpec\s f(C,b); otherwise g(C,a) := 0.

—ifa ¢ Cthen g(C,a) :=0.

The reader may easily verify that (w, )~} (v, g). O

Corollary 4.8. Forallw,veW,f € .Z and G € P(A)*\BCA, ifw~§ v then there is g € % such that
(. f) ~5 (v,8).
We can now prove the following lemma that allows one to transform any semi-standard model into a

standard model while preserving the satisfaction relation.

Lemma 4.9. Let semi-standard M = (W,~,V) be given and standard M' = (W',~', V') be constructed
from M as above. Forall p € $pr, we W, f € .F and G € P(A)*: M,w,G E @ iff M',(w,f),G E ¢.

Proof. The proof proceeds by induction on @. Letw € W, f € % and G € 2 (A)*.
« If ¢ = p, then obviously M,w,G = p = M', (w, f),G = p.
« If = T, then obviously M,w,G = T and M’, (w, f),G = T.
e If o =—-y, o =y Ay or ¢ =Rpy, we conclude by applying the inductive hypothesis. This is
straightforward.
« If ¢ = Dy, suppose M,w,G ): Dpy and M’ (w f),G W~ Dpy. Then, there are (v,g) € W’ and
H € P(A)* such that (w, f) ~ (v g), G~p Hand M',(v,g), H ¥~ y. By induction hypothesis,

then M,v,H - y. Since (w, f) ~ ’G (v,g), by Corollary | w ~$ v. Moreover, G ~ H. Therefore
M,w,G £~ Dg@. This contradicts the hypothesis.

Suppose now M,w,G = D@ and M', (w, f),G |= Dgy. Then, there are v € W,H € Z2(A)* such
that w ~§ v, G ~p H and M,v,H [~ y. Now, by Corollary , there is g € .% such that (w, f) ~
(v, g) By induction hypothesis, from M, v, H [ y we get M’, (v, g), H i~ v, where (w, f) ~ Bé (v, g)
and G ~p H. Hence M’, (w, f),G = Dpy: a contradiction.

O

Proposition 4.10. For all ¢ € Lpg, if ¢ is valid on standard frames then @ is valid on semi-standard
frames.
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Proof. By Lemmad.9 O

We now move to the proof of the completeness of RAD. This requires further terminology.

A theory T is a set of formulas ¢ € Zpg such that T contains all formulas derivable in RAD; T
is closed under (MP) and T is closed under (RDI). A theory T is consistent if it does not contain L.
Furthermore, T is maximal consistent if T is consistent and, for all theories 7, if T C T’, then T’ is not
consistent. Note that the only inconsistent theory is the theory containing all formulas. For T a theory,
x € Sprand BCAwedefineT+y:={¢|x —>¢@cT}and DgT :={¢ | Dpp € T}.

Lemma 4.11. Let T be a theory, x € ZLpr and B C A. Then, T + ) and DgT are also theories. Moreover,
TCT+yxandy €T+ x. Finally, if ~x ¢ T, T + x is consistent, and if x ¢ T, T + —) is consistent.

Proof. This is standard. O

Lemma 4.12. Let G € 2(A)*,BC A and ¢ € Lpg. If T is a theory and a(RzDpQ) ¢ T, then there is
H e P(A) such that G ~p H and (X(DmB(@)RFI(p) ¢T.

Proof. This is straightforward, since T is closed under (RDI). ]

Lemma 4.13 (Lindenbaum’s Lemma). If T is a consistent theory, then there is a maximal consistent
theory ¥ such that T C ¥.

Proof. Let T be a consistent theory and { ¢y, @1, -- } an enumeration of formulas in %pg. For all k € N,
we define the theory 7; as follows (from the construction and Lemma [4.11] it follows that these 7; are
theories, because 7T is a theory):

To =T
T if =@ € Tj,
T + o if ~¢y ¢ Ti and @ does not have the shape —a(RzDpY)

R

Tiy1 := .
- Ti+-a(D,,,, @) V) if 2@ ¢ Tj and @ does have the shape ~a(RzDpY),

for some H ~ G such that O‘(DseeB(G)Rﬁ v) ¢ T

Note that in the third case of the inductive step, such a sequence H is known to exist by Lemma

Let now X := (g~ Tr. It needs to be shown that ¥ is a maximal consistent theory. First note that, by
construction, for all (ﬁ € Zpr, either p € L or ~@ € X.

We first show that X is a theory. That ¥ contains RAD and is closed by modus ponens is straightfor-
ward. Suppose now there are G € Z(A)*,Be P (A), € Zpr and o € AForm such that a(D,, (@Rﬁ(p) €

€B
¥ for all H ~3 G. Suppose also RzDp¢ ¢ X. Then ~RzDp¢ € X. Let k € N such that ¢, = ~RzDp¢.
Then, since ¢, € X, ~¢ ¢ X so in particular —¢ ¢ T;. Since T is a theory and RzDp¢ ¢ Ty, by
Lemma there is H g G such that o (Dseeg(é)Rﬁ(P) ¢ T;. Hence, by construction, T = Ty +
—o(Dy,,. (é)RFI(P)' Therefore (D, @& Ra @) ¢ ¥, which contradicts the hypothesis.
Furthermore, X is consistent because so is each 7. We now show that X is maximal consistent. Let
A be a theory strictly containing X. Then, there is @ € Zpg such that ¢ ¢ X and ¢ € A. Since @, ¢ ¥,

- € £ C A. Hence, = ¢ € A, so A is not consistent. O

We now (re)introduce the relation ~p. Let X, A be two maximal consistent theories, B C A. Then
Y ~p Aiff Dg¥ C A. Note that by definition ~g_c C ~p N ~¢, but equality is not guaranteed.
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Lemma 4.14 (Existence Lemma). Let X be a maximal consistent theory, BC A, @ € Zpr. If Dp € X,
then there is a maximal consistent theory A such that ¥ ~p A and ¢ € A.

Proof. Suppose Dgp € X. Then —~Dp—¢@ € ¥ so Dg—¢ ¢ X. Hence ~¢ ¢ DpX. So, by Lemma
DpX + ¢ is consistent. Now, by Lindenbaum’s Lemma, we can extend DgX + ¢ to a maximal consistent
theory A such that DgX+ ¢ C A. By Lemma4.11]again, DgX C DX+ ¢ so DgX C A. Hence £ ~p A.
Moreover, @ € DX+ @, so ¢ € A. O

Definition 4.15 (Canonical model). The canonical model M = (W, {~p}pca,V) is defined by
— W = {X | £ is a maximal consistent theory };
— X ~p Aif, and only if, DgX C A;
—V(p)={XeW|peX}.

Notice the canonical model is defined on a semi-standard frame.

Lemma 4.16 (Truth Lemma). For all ¢ € Zpg, G € P(A)* and £ € W: RzpcX iffZ,G = o.
Proof. The proof proceeds by induction on ¢.

« Ifo=p: by (RA)weget: RzpEL & pel LG Ep.

«Ifo=T:%,G T and, by (RT),RsT €.

If @ = ~y: by (RN) we get: Rs~y €L 4 -RyW €L & Ray ¢ 2D 5 G ity 3,6 = .

(IH)

s Ifo=yAx: by (RC)we get Re(WAY) €L RzWARzx €L RzycXandRzy € X 4
56EyandL,G=y oGl yAy.

(IH)

« If Q=Rpy: RzRpy €L Ry ,W €X Ay GBEyeL,GERpy.

* If ¢ = Dpy: suppose first RzDpy € ¥ and X, G ¥~ Dpy. Then there are A, H such that ¥ Ng A,
G ~p H and A, H [~ y. By induction hypothesis, then, Ry ¢ A. Now, since RzDp¢@ € ¥ and,
by (RD) RzDpy — DseeB(é)Rﬁw € ¥ (because G ~p H), s0 Dseeg(é)RFIW € X. Moreover, since
> Ng A, also X ™~ seen(G) A, SO DseeB(é)E C A. Then Ry € A, which contradicts Ry ¢ A.

Suppose now RzDpy ¢ Zand X, G = DgVy. Since RzDpy ¢ X and L is closed under (RDI), there is
H e 2(A)* such that G ~p H and Doy RaV ¢ X. Then, D, RV €L, s0 ﬁmB(é) “Ryy €
Y. By the Existence Lemma, there is a maximal consistent theory A such that ¥ ~_ A and

seep(G)
“R;y € A, so Ry ¢ A. By induction hypothesis then, A,H - y. But since T ~ 5(G) A also

see,

by Ng; Aand G ~g H, so A,H [~ v implies £, G [~ Dpy, which contradicts the hypothesis.
O

Theorem 4.17 (Completeness). For all ¢ € Zpg, if = ¢, thent @ .

Proof. Let ¢ € £pr. We show the contrapositive: if t# @, then = ¢. Suppose then I/ ¢. Then ¢ ¢ RAD
so RAD+—¢ is consistent: we extend it to a maximal consistent theory X, by Lindenbaum’s Lemma.
Therefore, =@ = R,—¢ € X. By the Truth Lemma, X,€ &= —¢ so X, & [~ ¢. Hence ¢ is not valid on
semi-standard frames. By Proposition[4.10} then, ¢ is not valid on standard frames. Therefore [~ ¢. [
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5 Conclusion and further research

We presented a logic of resolving asynchronous distributed knowledge, compared it to the logic of re-
solving (synchronous) distributed knowledge known from the literature, and provided an infinitary ax-
iomatization for our asynchronous logic. There are a fair number of open questions about this novel
logic. (i) We defined two notions of validity, with respect to the empty resolution sequence and with
respect to arbitrary resolution sequences, but we do not know whether these define the same set of validi-
ties. (ii) We gave an infinitary axiomatization, but we have no proof that a finitary axiomatization does
not exist. (iii) Is necessitation of resolution validity preserving (resp. an admissible derivation rule)?
(iv) Is satisfiability decidable, and if so, what is the complexity? (v) Given the embedding of the syn-
chronous into the asynchronous semantics, what is the expressivity hierarchy comparing the language
fragments with synchronous and with asynchronous distributed knowledge, and with or without resolu-
tion? It seems fairly straightforward to show that resolving asynchronous distributed knowledge is more
expressive than resolving synchronous distributed knowledge, or at least on the level of so-called update
expressivity that describes relations between pointed epistemic models instead of properties of pointed
epistemic models in the case of formula expressivity. Concerning the latter, clearly, a sequence of two
resolutions ab.bc does not correspond to a single resolution B for some B C A, wherein all agents in B
are equally well informed. A more interesting question is whether resolving asynchronous distributed
knowledge is more expressive than logical semantics of synchronous distributed knowledge with more
involved dynamics than resolution, such as [10} [11} [16]. For example, a sequence of resolutions ab.bc
corresponds to a single communication graph (as in [[L6]) namely were b and c receive information from
a,b,c whereas a only receives information from a, b, and, for a more involved example, the uncertainty
of an agent d between resolutions ab and ab.bc can be simulated as non-public information exchange as
n [11]. We wish to investigate that in the future. (vi) Can we determine when a resolution in a given
sequence is redundant (because uninformative), such as (immediately) repeating the same resolution?
(vii) We wish to extend the language and semantics with common knowledge.

Acknowledgements. We thank the referees for their reviews: their useful suggestions have been es-
sential for improving the readability of a preliminary version of this paper.
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