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This paper establishes the uniform interpolation theorem for basic tense logic, which is also known as
two-way modal logic or modal logic with converse. First introduced by Arthur Prior, basic tense logic
is a syntactic expansion of basic modal logic with a converse modality. Its corresponding accessibility
relation is defined as the converse of the standard accessibility relation in a given Kripke model.
Although basic tense logic has been widely studied since its introduction, its uniform interpolation
property has yet to be fully established. For basic modal logic K, Albert Visser (1996) provided a
semantic argument formulated in terms of layered (or bounded) bisimulation, explicitly attributing
the uniform interpolation property of K to Silvio Ghilardi. This paper extends Visser’s semantic
argument to demonstrate that basic tense logic also enjoys the uniform interpolation property.

1 Introduction

Since its introduction by Arthur Prior in the 1950s [35, 136} 37 138]], basic tense logic has been a subject of
intense study in logic, philosophy, formal semantics, and computer science, as evidenced by a vast body
of literature including [27, (32,10} 16,13, 24/ [21]]. Tense logic arises from a temporal interpretation of modal
logic, where the necessity operator [ is interpreted as a future necessity operator, read as “it will always
be the case that” (originally denoted by the symbol “G”). To obtain tense logic syntactically, a converse
modality M is added to basic modal logic. This modality is interpreted as a past necessity operator read
as “it has always been the case that” (originally denoted by the symbol “H”’). Key interaction axioms
between [ and M are p — L1 ¢ p and p — B p, which jointly mean that the accessibility relation of Wl is
the converse relation of the accessibility relation of [1. In this sense, basic tense logic is also sometimes
referred to as modal logic with converse or two-way modal logic.

The Craig interpolation property for a modal logic (possibly a tense logic or an intuitionistic logic)
states that a provable implication ¢ — y of the logic has a formula 0, called an interpolant, such that
¢ — 0 and 6 — y are provable in the logic and the propositional variables in 8 are contained in the
common vocabulary of ¢ and y (for a survey of interpolation in non-classical logic, the reader is referred
to [14]]). This property is strengthened to the uniform interpolation property of a modal logic, which
states that for a given formula ¢ and a propositional variable p, there exists a uniform interpolant 3p.¢
such that its propositional variables are a subset of the propositional variables of ¢ excluding p and the
following equivalence holds for all p-free formulas y: ¢ — y is provable if and only if dp.¢ — v
is provable. It is well known that the uniform interpolation property implies the Craig interpolation
property.

The Craig interpolation property has been studied proof-theoretically and semantically for basic tense
logic. For proof-theoretic studies, the reader is referred to Maruyama et al. [31]], ten Cate et al. [12],
Lyon et al. [29], and Sano and Yamasaki [40], all of which employ Maehara’s method [30]] to compute
an interpolant in a tableau or sequent calculus. For semantic studies, Wolter [44]] provided a theorem on
the failure of the Craig interpolation theorem for normal extensions of basic tense logic over unbounded
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linear transitive frames. It is also worth noting that we can apply a semantic sufficient condition given
in [[11, Theorem 2.5.3] by ten Cate for the Craig interpolation of normal tense logics of an elementary
(or first-order definable) frame class in terms of bisimulation products and generated subframes. This
establishes that the Craig interpolation of the minimal basic tense logic Kt (i.e., the bimodal K with
the two interaction axioms) holds, since the above two characteristic axioms relating the future and
past necessity operators define frame properties that are closed under the specified frame constructions.
However, as far as the author knows, the uniform interpolation property of the minimal basic tense logic
is still unknown. This is rather surprising, given the importance of basic tense logic in the literature of
philosophy, computer science, formal semantics, and mathematical logic.

As with the Craig interpolation property, there have been two main approaches to tackling the uni-
form interpolation property of the minimal modal logic K. In the proof-theoretic approach, Bilkova [3]]
adapted Pitts’s [34] argument for the uniform interpolation property of intuitionistic propositional logic to
the minimal modal logic K using sequent calculus, where the termination of the calculus is crucial to the
argument. This proof-theoretic approach has since been extended to various classical and non-classical
(possibly non-normal) modal logics, e.g., in [26, [1, [2, [18]].

Taking a semantic approach, Ghilardi and Zawadowski [22]] combined the notion of layered bisim-
ulation, also known as bounded bisimulation or n-bisimulation (cf. [7]), with algebraic and categori-
cal considerations, to provide a semantic proof of Pitts’s [34] result regarding the uniform interpola-
tion property of intuitionistic propositional logic. Their semantic argument is an improvement upon
Shavrukov’s [41]] semantic argument for the uniform interpolation property of the Godel-Lob logic GL.
As explicitly acknowledged by Visser [42], Ghilardi and Zawadowski’s [22] argument can be adapted
to prove the uniform interpolation property of K. In this sense, the uniform interpolation property of
K is attributed to Ghilardi and Zawadowski [22] (cf. [42, footnote 2]). Visser [42] also provided the
details of the model-theoretic argument in terms of layered bisimulations. It is worth noting that Ghilardi
and Zawadowski [23]] also established that the modal logic S4 lacks the uniform interpolation property
in terms of layered bisimulation (Visser [43]] also provided a version of the argument). More recently,
Visser’s model-theoretic argument given in [42] was extended by Kurahashi [28]] to prove the uniform
Lyndon interpolation property, which generalizes both the uniform interpolation property and the Lyn-
don interpolation property by additionally accounting for the polarity of propositional variables in an
interpolant. Kurahashi [28]] proved that the modal logics K, B, GL, and Grz possess the uniform Lyndon
interpolation property.

While the proof-theoretic approach provides an algorithm to compute a uniform interpolant, one of
the merits of the semantic approach is that it reveals that the uniform interpolant in the basic modal
logic K has a semantic clause as a bisimulation quantifier (cf. [20l [16]), as previously discussed by
Visser [42]]. This paper proves the uniform interpolation property of the basic tense logic Kt by em-
ploying Visser’s [42]] semantic argument in terms of femporal layered bisimulations. Consequently, we
also prove that a uniform interpolant has a semantic clause as a temporal version of a bisimulation quan-
tifier. Furthermore, we demonstrate that Ghilardi and Zawadowski’s [23]] semantic argument (and its
alternative reformulation given by Visser [43]) for the failure of the uniform interpolation property in S4
remains valid for the tense expansion of S4.

We proceed as follows. Section 2] reviews the syntax, Kripke semantics, and Hilbert system of basic
tense logic, and defines the notion of a normal tense logic. We then formulate the uniform interpola-
tion property for normal tense logics. Section [3]introduces bisimulations and layered bisimulations. In
Section ] we establish a sufficient condition for the uniform interpolation property of a normal tense
logic in terms of the bisimulation expansion property of a frame class. Section [5|shows that the class of
all frames possesses the bisimulation expansion property, and that the minimal basic tense logic has the
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uniform interpolation property. Section [f]discusses the transfer of the uniform interpolation property via
the mirror image, constant extension, and boxdot translation. Section |/|provides an example of a normal
tense logic that lacks the uniform interpolation property; specifically, we examine a tense expansion of
the modal logic S4. Finally, Section[§]concludes the paper with directions for future research.

2 Preliminaries

Given a countably infinite set Prop of propositional variables, we define the set Form of all formulas of
basic tense logic as follows:

Forms¢:=p|Ll|o—o|Te| Mo,

where p € Prop. Lo is read as “¢ holds for all future states” and B¢ as “¢ holds for all past states”.
In addition to the ordinary Boolean connectives such as A, V and —, we introduce ) @ and ¢ ¢ (they are
also denoted by F¢ and P¢ in the literature) as abbreviations for -[J-¢ and — M —¢ whose readings
are “¢ holds in some future state” and “¢ holds in some past state” respectively. Given a finite set A of
formulas, we use A A and \/ A to mean the conjunction and disjunction of all formulas in A respectively,
where A@ :=Tand /@ := L.

We define P(¢) as the set of all propositional variables in ¢. When P(¢) = @, we say that ¢ is a
constant formula. Given a set P C Prop, we say that @ is P-free if P(¢) NP = &. When P is a singleton
{p}, we simply say that ¢ is p-free. We define the modal depth d(¢) of a formula ¢ inductively as
follows:

d(p) = 0, a(L) := 0,
d(gr = ¢2) = max{d(g),d(p)}, dO¢) = d(e)+1,

where O € {(J,m}. For example, d(p — CJ4 p) = 2. Given a finite set P C Prop of propositional
variables and n € , we define Form(P) and Form(P;n) by

Form(P) := {¢ €Form|P(p)CP}, Form(P;n) := {¢@ € Form|P(p) CPandd(¢)<n}.

We move to Kripke semantics of basic tense logic. We say that a pair F = (W, R) is a frame if W is a
non-empty set of states (or moments) and R is a binary relationon W,i.e., RCW x W. We use I, G, etc.
to denote a class of frames. Define o171 as the class of all frames. A model is a pair M = (F,V) where
F = (W,R) is a frame and V is a valuation function V : Prop — (W) where @(W) is the powerset of
W. A pointed model (M,w) is a pair of a model M = (W,R,V) and a state w € W of M. We say that a
pointed model (M,w) is from a frame class F if (W,R) € F where M = (W,R,V). Given a model M =
(W,R,V), a state w € W and a formula ¢, we define the satisfaction relation M,w |= ¢ (read: “¢ holds
at w in M”’) inductively as follows:

M,wEp iff weV(p),

M,wl= L,

MwlE= @ — @ iff M,wl= @ orM,w = @,
M,wE=Oe iff wRv implies M,v |= ¢, forallve W,
M,wE=mRo iff vRw implies M,v |= ¢, forallv e W.

For a set I' of formulas, we write M,w |=I" to mean that M,w |= ¢ for all ¢ € I'. Given a frame F =
(W,R), we say that @ is valid on F (notation: F = @) if (F,V),w |= ¢ for all w € W and all valuation
functions V on F. Given a class [ of frames, we say that ¢ is valid on F (notation: F |= ¢) if F = ¢
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(Taut) All classical tautologies (MP) From ¢ and ¢ — y, we may derive y.
(UP) From ¢, we may derive 0, where o is a uniform substitution.
(ko) O(p—¢q) — (Op —Og) (Km) ®(p—q)— (Hp—Mq)
(O¢) p—D0ep (WO) p—MOp
(Nec) From @, we may derive J¢. (Necy) From ¢, we may derive B Q.

Table 1 Hilbert System H(Kt)

for all frames F € F. Given a frame class F, we define Ay := { @ € F|F |= ¢ }, the set of all the valid
formulas on the class . We say that a set I" of formulas is satisfiable in a frame class F if there exist a
frame F € IF, a valuation V on F, and a state w € W such that (F,V),w |=T". When I is a singleton { ¢ },
we simply say that ¢ is satisfiable in IF. Note that ¢ is satisfiable in I iff F' [~ —¢.

Table [T provides the axiomatization of the minimal basic tense logic. The underlying idea of the
axiomatization is to extend the minimal bimodal logic with two axioms ((J4) and (M ¢), which state
that the accessibility relation for M is the converse relation of the accessibility relation for L.

Definition 2.1. A set A of formulas is a normal tense logic if it contains all the axioms of Table [I|and
it is closed under all the inference rules of Table[I] We denote by Kt the smallest normal tense logic.
Given a normal tense logic A and a set A of formulas, we use A @® A to mean the smallest normal tense
logic that contains AUA.

Given a frame class I, we note that Ay := { @ € F|F = ¢ } is a normal tense logic. The following
holds e.g., by [[7, Corollary 4.36].

Fact 2.2. The axiomatization H(Kt) is sound and complete for the class Fa11 of all frames, i.e., Kt =
A]Fan - {(P € Form |Fa11 ’: (P}

Definition 2.3. A normal tense logic A has the Craig interpolation property if every ¢ — W € A has a
Craig interpolant 6 such that { ¢ — 6,0 — y} C Aand P(6) C P(¢) NP (y).

Both semantic and proof-theoretic proofs for the following are available; see, for example, [11, Theorem
2.5.3] and [29] 40], respectively.

Fact 2.4. The smallest normal tense logic Kt has the Craig interpolation property.

Definition 2.5. A normal tense logic A has the uniform interpolation property if every pair (@, p) €
Form x Prop has a (post-)uniform interpolant 3p.¢ in A such that the following three conditions are
satisfied:

(variable) P(3p.@) CP(p)\{p}.
(derivability) @ — dp.p € A.
(uniformity) if @ — w € Athen dp.¢ — y € A, for all p-free formulas y.
It is easy to see that the converse implication of (uniformity) follows from (derivability). We

note that when a normal tense logic A is inconsistent, i.e., L € A, then it trivially has the uniform
interpolation property, since A = Form.

Proposition 2.6. If a normal tense logic A has the uniform interpolation property, then it also has the

Craig interpolation property.

Proof. Suppose that A has the uniform interpolation property. Fix any ¢ — y € A. If P(¢) \ P(y) =
&, we obtain P(¢) C P(y) and so ¢ is a Craig interpolant (both { ¢ — ¢,¢ — w} C A and P(¢) C
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P(@) N P(y) hold). Suppose that P(¢)\ P(y) is non-empty. Put P(¢)\ P(y) := {pl, .yPn}. Our
desired Craig interpolant is I p;.---I p,.@. It is easy to see that P(Ip;.---Ip,.9) C P(¢)NP(y) by
the condition of (variable). By (derivability), we obtain ¢ — dp;.---Ip,.@ € A. Finally, the
condition of (uniformity) and @ — Wy € A jointly imply that 3p;.---3p,.¢ — ¥ € A, since Y is
{p1,...,pn }-free. O

3 Bisimulation and Layered Bisimulation

This section reviews the notions of (temporal) bisimulation and layered bisimulation, along with their
basic properties. First, we introduce the following notion of bisimulation (or temporal bisimulation, see,
e.g., [7, Remark 2.25]). Hereafter, for basic tense logic, we shall refer to this simply as bisimulation
throughout this paper.

Definition 3.1 ((Temporal) Bisimulation). Let M = (W,R,V) and M’ = (W/,R’,V’) be models and P C
Prop. We say that a non-empty relation Z C W x W' is a P-bisimulation between M and M’ if Z satisfies
the following five conditions:

(Atom) if wZw' then (w € V(p) iff w' € V/(p)) for all p € P;

(Forth) if wZw' and wRy then there exists v/ € W’ such that w'R'v and vZV'.
(Forth™!) if wZw’ and vRw then there exists v/ € W’ such that v'R'w' and vZV'.
(Back) if wZw' and w'R'V then there exists v € W such that wRy and vZV'.
(Back™!) if wZw' and v'R'w' then there exists v € W such that vRw and vZV'.

When the underlying P is clear from the context, we simply say that Z is a bisimulation. If there exists a
P-bisimulation between M and M’ such that wZw', we write (M,w) <P (M’,w') and say that (M,w) and
(M',w') are bisimilar.

Definition 3.2. We write (M, w1) «~" (Ma,w) to mean that My, w; = ¢ iff My,w, |= @, for every
formula @ € Form(P), i.e., the set of all formulas ¢ such that P(¢) C P.

It is well-known that bisimilarity implies formula equivalence (for basic modal logic, the reader is
referred to [[7, Theorem 2.20]), while the converse does not hold in general (cf. [[7, Example 2.23]).

Proposition 3.3 (Formula Equivalence). Ler M = (W,R,V) and M’ = (W',R',V") be models and P C
Prop. If (M,w) P (M’ w') then (M,w) «~P (M’ w").

Definition 3.4. Let M = (W,R,V) and M’ = (W/,R", V') be models. We say that a function f: W — W'
is a P-bounded morphism from M to M’ if it satisfies the following four conditions:

(Atom) w € V(p) iff f(w) € V/(p) forall p € P.

(Forth) wRv implies f(w)R'f(v).

(Back) if f(w)R'V then there exists v € W such that f(v) =v' and wRv.
(Back™!) if V'R'f(w) then there exists v € W such that f(v) =V and vRw.

A mapping f: W — W’ is called a bounded morphism from (W,R) to (W’,R’) if it satisfies the two
conditions other than (Atom).

We note that f: W — W’ is a P-bounded morphism from M to M" iff Gr(f) = {(w, f(w))|w e W } is
a P-bisimulation. Therefore, for a P-bounded morphism f from M to M’, Proposition enables us to
obtain the equivalence: M,w |= ¢ ifft M’, f(w) |= ¢ for all formulas ¢ € Form(P).

The following definition is a temporal generalization of the notion of layered bisimulation (also
known as bounded bisimulation) introduced in [23), Section 1], [42, Section 3], and [41]].
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Definition 3.5 (Layered (Temporal) Bisimulation). Let M = (W,R,V) and M’ = (W', R',V’) be models
and P C Prop. We say that a non-empty relation Z C W x @ x W is a layered P-bisimulation between M
and M’ if Z satisfies the following five conditions, where we write wZ,w' to mean (w,n,w’) € Z below:

(Atom) if wZ,w' then (w € V(p) iff w' € V/(p)) forall p € P (n € o).

(Forth) if wZ, 1w and wRv then there exists v € W’/ such that w'R'Y and vZ,V' (n € ).
(Forth™') if wZ,, 1w’ and vRw then there exists v/ € W’ such that v'R'w' and vZ,V' (n € ).
(Back) if wZ,, 1w’ and w'R'V then there exists v € W such that wRv and vZ,V' (n € o).
(Back™!) if wZ,, 1w’ and v'R'W' then there exists v € W such that vRw and vZ,V' (n € o).

Let n € w. If there exists a layered P-bisimulation between M and M’ such that wZ,w’, we write
(M,w) =P (M’,w'). We say that a layered bisimulation Z between M and M’ is downward closed if,
for all n € ®, wZ,w' implies that wZ,w' for all m < n.

We can establish the following, similarly to [[7, Proposition 2.29] for basic modal logic. The following
can be also established in terms of normal forms 19, 33] with the cover modality or nabla modality. The
reader can find an outline of the argument in Appendix

Proposition 3.6. The quotient set Form(P;n)/ = is finite, where = is logical equivalence.

Definition 3.7. Let P C Prop. We define ®(P;n) as a finite set of all fixed representatives of the equiva-
lence classes in Form(P;n)/ = by Proposition[3.6] Given a pointed model (M,w), we define the charac-
teristic formula x(s"j,’fw) with respect to (P,n) by A{¢ € ®(P;n)|M,w = ¢ }. Let (M;,w;) be a pointed
model (i € {1,2}). We write (M}, w;) «~P (My,w,) to mean that My, w; = @ iff M>,w, |= @, for every
formula ¢ € Form(P;n).

Proposition 3.8. Let P C Prop be finite and n € . For every two pointed models (M, w1) and (Ma,w»),
the following are all equivalent: 1. (My,w1) e~ (Ma,w)); 2. My, w; = x&jgiwz); 3. There exists a down-

ward layered P-bisimulation Z between M| and M, such that (wy,n,wy) € Z; 4. (M1, w) ﬁ,'f (M, w7).

Proof. The equivalence between items andis immediate by definition of xng )" The direction from

item to item holds by defining (w,n,w') € Z iff (M, wy) «~F (Ma,w,). The direction from itemto
itemis trivial. Finally, the direction from itemE]to itemis proved by induction on ¢ € Form(P;n). O

4 Bisimulation Expansion Property

This section formulates the bisimulation expansion property of a frame class I, which provides a suf-
ficient condition for the uniform interpolation property of the normal tense logic Ar associated with
that class. Furthermore, we establish that the uniform interpolant in Ar coincides with a bisimulation
quantifier, provided that the frame class IF has the bisimulation expansion property.

While the following definition is based on [42, Lemma 6.1] and [28], Definition 11], we introduce
four improvements: first, we refine the number of sets of propositional variables (whereas [42, Lemma
6.1] requires three pairwise disjoint sets); second, we shift the focus from model classes to frame classes;
third, we prioritize bisimilarity over formula equivalences up to a given modal depth; and finally, we lift
the finiteness restriction on P, below (cf. [28]]).

Definition 4.1. A frame class IF has the bisimulation expansion property if, for all P{, P, C Prop such that
P is finite and for all pointed models (M, w) and (M, w,) from IF and n € @ such that (M}, w) ﬁrI?sz
(My,w»), there exists a pointed model (N, x) from IF such that (M, w;) <Pt (N, x) P2 (Ma,wy).
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Lemma 4.2. Ifa frame class F has the bisimulation expansion property, then Ap :={ ¢ € Form|F = ¢}
has the uniform interpolation property.

Proof. Suppose that a frame class [ has the bisimulation expansion property. Fix any pair (¢, p) €
Form x Prop. Put n := d(¢). Recall that ®(P(¢) \ { p };n) is a finite set of all fixed representatives of the
equivalence classes in Form(P(¢@)\{ p };n)/ =. Define Cn(¢) :={y € ®(P(¢)\{p}in)|FE o — v }.
Then we define 3p.¢@ := ACn(¢@). In what follows, we prove that 3p.¢@ (= A Cn(@)) satisfies all the
required conditions. The condition (variable) holds by definition. For (derivability), we show
that F = ¢ — ACn(¢). Fix any y € ®(P(¢)\ {p};n) such that F = ¢ — y. It suffices to show that
F = ¢ — v, which is immediate.

So, in what follows, we focus on establishing the condition (uniformity). Fix any p-free formula
v (i.e., p ¢ P(y)) and suppose that F = ¢ — y. We show that F |=3p.¢ — y. Let us fix any pointed
model (M;,w;) from [ such that M,,w, = I p.¢@. Our goal is to show that M, w; = y. Define y :=
x&;’wz) where Q := (P(¢)\{p}) NP(y) Then ¢ A is satisfiable in I, i.e., F [~ =(¢@ A x). This is
verified as follows: Suppose not, i.e., F = —(¢ A x). It follows that F = ¢ — —x. Since —y is p-free,
we obtain = € Cn(¢@) hence F = 3p.¢ — —x by Ip.¢ = ACn(¢@). Since Mp,w;, = Ip.@, we get
M, wy |= =), which is a contradiction with M, w, |= x. By the satisfiability of ¢ A x in F, we can find
a pointed model (M, w;) from F such that M;,w; = @ A x. We note that Q = (P(¢)\{p}) NP(y) =
P(o)NP(y), since y is p-free. It follows from M;,w; |= x that (M, w;) b (@NPWY) (M3, w,). By the
bisimulation expansion property of F, we can find a pointed model (N, x) from F such that (M;,w;) ﬁ,'? (9)
(N,x) «PW¥) (My,wy). It follows from M;,w| = ¢ and (M, w)) eh (@ (N,x) that N,x = ¢ (recall that
n = d(¢)). By the initial supposition F = ¢ — v, we obtain N,x = y. Therefore, we derive from
(N,x) «PW) (My,w,) that Ms, wy |= , as desired. O

Remark 4.3. Even if we restrict our focus to formula equivalences up to a given modal depth and retain
the finiteness restriction on P, in Deﬁnition we can still provide a sufficient condition for the uniform
interpolation property of Ag. In the proof of Corollary 4.4] however, it is crucial to allow the set P, of
propositional variables to be potentially infinite within the bisimulation expansion property. In this sense,
Lemma[.2] has broader applicability.

The following provides a generalization of Visser’s argument for the definability of bisimulation
quantifiers in the basic modal logic K (cf. [42, Theorem 6.2]) to a normal tense logic Ag.

Corollary 4.4. If a frame class F has the bisimulation expansion property, then the following equivalence
holds for a uniform interpolant 3p . for (@, p) € Form x Prop: for every (M,w) from T,

M,wl=3p.@ iff (M,w)<PoP\P} (N v)and N,v = @, for some (N,v) from F.

Proof. Suppose that a frame class F has the bisimulation expansion property. By Lemma [4.2] Ar has
the uniform interpolation property. Fix any pointed model (M,w). For the right-to-left direction, let us
suppose that we can find a pointed model (N, v) from F such that (M,w) <PP\r} (N v) and N,v = .
Our goal is to show that M,w |=3p.¢. Since Ip.¢ is a uniform interpolant for (¢, p), we obtain
FE ¢ — dp.¢ by (derivability). It follows from N,v |= ¢ that N,v = 3p.¢. By (variable)
condition, 3p.¢ is p-free. We derive from (M, w) <ProP\{7} (N, v) that M,w = 3 p. @, as desired.

For the left-to-right direction, assume that M,w |= 3 p.¢@. Put n := d(¢). We define

1= a7 = Np e d(P(@)\ {p}in) M w = p}.
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Note that  is p-free and M, w |= x hence (I p.@) A x is satisfiable in IF. We prove that ¢ A ¥ is satisfiable
inF,ie.,F = —(@A)). This is proved as follows: Suppose otherwise. Then F |= ¢ — —x. Since Ip.¢
is a uniform interpolant for (¢, p) and —y is p-free, we obtain F =3 p.¢ — —x by (uniformity). This
means that (3p.@) A x is not satisfiable in IF. A contradiction. Thus, ¢ A x is satisfiable in F.

We can find a pointed model (M, wg) from F such that My, wy = ¢ and My, wy |= x. By the latter, we

obtain (Mo, wo) =k @7} (a1, w). Since P(¢)\ {p}=P(¢)N(Prop\ {p}). the bisimulation expansion
property of IF enables us to find a pointed model (N,x) from [F such that

(Mo, wo) =h'?) (N, x) =PoP\MP} (M, ).

By My, wo = @, we obtain (N,x) = @. By (N,x) «PP\{r} (M w), we obtain our desired goal. O

S Uniform Interpolation Property of Basic Tense Logic

This section establishes that the class F,1; of all frames has the bisimulation expansion property hence
Kt (= { ¢ € Form|Fa11 = ¢ }) has the uniform interpolation property.

Lemma 5.1. The class Fa11 of all frames has the bisimulation expansion property.

Proof. Fix any P1,P, C Prop such that Py is finite and any n € @. Let us also fix any pointed models
(My,w1) and (Ma,w;) from Fapy with (My,wy) ©P10P2 (My wo). Let us put M; := (W;,R;,V;). Since
P1 NP, is finite, Proposition enables us to find a downward-closed layered P N P;-bisimulation
Z C W) X @ x Wy such that (wy,n,w;) € Z. We add a new state “T” to M; to define M| := (W], R, V[)
as follows:

Wh=wiU{T}; RT:=RU{(T,x),(x,T)|xeW,U{T}}; V{(p):=Vi(p) forall p € Prop.

By noting that {—1} U ® (= 1 + ®) and o are order-isomorphic as well-ordered sets, we revise Z into Z"
as follows: Z* :=ZU{(T,—1,y) |y € W» }. We also define the predecessor function pd : {—1}U® —
{-1}Uwbypd(a) :=a—1(fa>1); —1(ifxa € {—1,0}). Now we define our intended intermediate
model N = (Z*,8,U) as follows:

. (al,a,az)S(bl,B,bz) iff CllR'fbl, a>R>b, and (pd(a) = B or pd(ﬁ) =qQ).

e U:PiUP,; = o(Z7") is defined by

al€V1(p) iprPl\Pz;

ay,,ay) €U iff )
(a 2) () {azeVz(p) if p € P,.

In what follows, we establish (M, w1) Pt (N, (wi,n,w2)) ©P2 (My,w»). Define the projections 7; (i €
{1,2,3}) from Z* to each component by the following: for any (a1, ®,a;) € Z™,

m o (a,a,a2) = a;; me(a,ona) — Ay mi(a,ona) — o ap.

Given an element o € @, we define Z(«) := 7, '[{ @ }], the inverse image of { & } under the projection
m. Note that we do not need to consider —1 as an index in the next claim. Define Yy := Gr(m [ Z(a)
(a € w), where Gr(f) ={ (x,f(x))|x € X } is a graph of a mapping f: X — Y and f [ X' is the restriction
of fto X' CX.

Claim 1. (Yy)geo is a layered P;-bisimulation between N and M.
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(Proof of Claim) We establish (Atom), (Forth~!) and (Back™!) since (Forth) and (Back) are shown
similarly to (Forth™!) and (Back™!), respectively.

. Fix any o € @ and p € P;. Suppose that 7 (a;, o,a,) = a;. We show that 7y (a;, @, az) €
Vi(p) iff (a1,0,a2) € U(p). When p € P\ P2, the equivalence is immediate by definition. So,
we let p € Py NP,. Then (aj,®,a;) € U(p) iff a; € Vo(p) by definition. Since (a1, a,a3) € Z,
ap € Va(p) is equivalent with a; € Vi (p), as desired.

. Assume (a1, 0+ 1,a2)Yg1a1 and Z1 > (b, B,b2)S(ay, 00+ 1,az). 1t follows from the

definition of S that b1R¥a1 hence b1R1a; by a + 1,8 € @. In what follows, it suffices to establish
(by1,0,b2)Yeb;. By assumption, we obtain i) pd(c+ 1) = 8 or ii) pd(B) = oo+ 1. When i)
pd(a+ 1) = B holds, we get B = «. Since (by,0,b;) € Z(t), we obtain (by, &, by)Yeb1. When
ii) pd(B) = oc + 1 holds, we get B = a + 2. Thus, (b, 00 +2,b;) € Z by o € ®. By the downward
closure of Z, we obtain (b, @,b,) € Z. Therefore, we get (b1, @, by)Yob.

. Assume that (aj,a + 1,a;)Yg+1a1 and biRyay. By (aj,a+ 1,a;) € Z and biRya;, we
can find by € W, such that byRya; and (b1, «,by) € Z by (Forth™!) of Z. Then (b1, o, b)Yoby
and (b1, a,b7)S(aj,a+1,a2) by pd(a+1) = a.

This finishes establishing (Yy)gece is a layered Py-bisimulation between N and M. -
Claim 2. 73 is a P-bounded morphism from N to M5.

(Proof of Claim) By Definition 3.4, we check the following four conditions.

. Fix any p € P and (a1, a,a;) € Z+. We show that m3(a1, @, ay) € Va(p) iff (ay,o,az) €
U(p). This is immediate by definition of U.

. Assume (al, OC,az)S(bl,ﬁ,bz). It follows that a; R, b, hence ;3 (a1 , Ot,ag)Rgﬂg (bl , ﬁ,bg).

. Fix any (aj,0,a2) € Z". Assume that ay = m3(ay, ®,a2)Roby. We divide our argument
into the following two cases: i) & > 1;ii) a € { —1,0 }. For the case i), we proceed as follows: By
o > 1, we obtain (a;,,ay) € Z. By aaR,b; and (Back) of Z, we can find some b; € W such that
aiR by and (b1, — 1,by) € Z. So, (ay,0,a2)S(by, ¢ — 1,by) and 73(by,a — 1,by) = b,. Finally,
we consider the case ii): o € { —1,0}. By definition of S, (a;, ¢t,a2)S(T,—1,b) and 73(T, —1,b3)
= by, as required.

. Fix any (a1, 0, a) € Z*. Assume that boR,m3 (a1, @, ay) = a;. We divide our argument
into the following two cases: i) o > 1; ii) o € { —1,0}. For the case i), we proceed as follows:
By o > 1, we obtain (a;,®,ay) € Z. By byRrap and (Back™!) of Z, we can find some b; € W,
such that bjRja; and (b, — 1,by) € Z. So, (by,o0 — 1,b3)S(ay,0,az) and m3(by,a — 1,by) =
b,. Finally, we consider the case ii): a € { —1,0}. By definition of S, (T,—1,b,)S(a;, @,az) and
m3(T,—1,by) = by, as required.

This finishes establishing that 73 is a P;-bounded morphism from N to M5. =

It is easy to see that ((wy,n,w2),w;) € Gr(m | Z(n)) and that 73 : (wy,n,w;) — wy. By Claims
and we have established (M1, w;) 21 (N, (wi,n,w2)) 2P (My, wy). O

By Lemmas[4.2]and [5.1] we obtain our main theorem of this paper as follows:

Theorem 5.2. The smallest normal tense logic Kt has the uniform interpolation property.
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6 Uniform Interpolation Property of Normal Tense Extensions

This section begins with several examples of frame definability to introduce various extensions of Kt.
We first discuss the notion of mirror images and prove that for a normal tense logic A invariant under
the mirror image, the uniform interpolation property of A & A implies that of A extended by the mirror
image of A. Subsequently, we demonstrate that the uniform interpolation property is preserved under
the addition of constant axioms. Finally, we establish that this preservation also holds for the reflexive
counterpart of a normal tense logic under certain assumptions.

Let us say that a formula set I" defines a frame class F if for all frames F, the following equivalence
holds: F € F iff F |= ¢ for all ¢ € I'. Table 2| presents examples of frame class definability. The
formulas LM and FM of Table [2] express the existence of a last and a first moment (cf. [10]), respectively.
On the other hand, the formulas Do and Dg of Table @] express the absence of a last and a first moment,
respectively. We can say that LM and D are mirror images of FM and Dg, respectively, in the following
sense.

Definition 6.1. Given a formula ¢, the mirror image m(¢) of @ is defined as the formula obtained by
simultaneously replacing all occurrences of Bl with [J and vice versa. For a formula set A, define m[A] :=
{n(@)|pecA}.

Given a normal modal logic A and a set A of formulas, recall that A & A is the smallest normal modal
logics containing AUA. The following proposition is easy to obtain.

Proposition 6.2. I. Let A be a normal tense logic. Then Up — p € A iff Bp — p € A. Moreover,
Op—0O0pcAiffp—EBp <A 2. Forany AC {To,40}, n[Kt®A] = Kt®A. 3. Let A be a
normal tense logic such that m[A] = A and A a formula set. Then @ € A®A iff m(@) € ADm[A].

(Do) OT Vx.3y.xRy (Dm) T Vx.dy.yRx

(To) Op—p Vx.xRx (40) Op—00p Vx,y,z.(xRy ANyRz — xRz)
(LM) OLvoOL Vx.(3y.(xRy) — Jz.(xRzAVw.(—zRw)))

(FM) mLVeémL Vx.(3y.(yRx)— Jz.(zRxA\Vw.(—wRz)))

Table 2 Examples of Frame Definability

We note that the mirror image m does not change the set of propositional variables in a formula.

Proposition 6.3. Let A be a set of formulas and A be a normal tense logic such thatm[A] = A. If A® A
has the uniform interpolation property, then A ®m[A] also has the uniform interpolation property.

Proof. Suppose that A @ A has the uniform interpolation property. For the uniform interpolation property
of A@m[A], let us fix any (@, p) € Form x Prop. By the supposition, let 3 p .m(¢) be a uniform interpolant
for (m(¢), p) in A®A. We show thatm(3 p.m(¢)) is our desired uniform interpolant for (@, p) in A@m[A].
First, we show (variable): P(m(3p.m(¢))) =P(3p.m(¢)) CP(m(@))\{p} =P(@)\{p}, as desired.
Next, we move to (derivability). We prove that ¢ — m(3p.m(¢)) € A@m[A]. Since Ip.m(@) is a
uniform interpolant for (m(¢), p) in AG A, we obtainm(@) — 3 p.m(¢@) € A@Ahence ¢ > m(Ip.m(@)) €
A®mn[A] by item[3|of Proposition[6.2] Finally, we establish (uniformity). Fix any p-free formula y and
suppose that ¢ — y € A®m[A]. Thenm(¢) — m(y) € ADA by item 3]of Proposition[6.2] Since 3p.m(¢)
is a uniform interpolant for (m(¢),p) in A® A and m(y) is still p-free, we obtain Ip.m(¢@) — m(y) €
A® A. We conclude from item [3| of Proposition[6.2]that m(3 p m(¢)) — ¥ € ADm[A], as required. [

By Theorem [5.2] and Propositions[6.2]and[6.3] we can establish the following.
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Corollary 6.4. If Kt ® A has the uniform interpolation property, then Kt ©m[A] has the uniform interpo-
lation property.

Recall that a formula ¢ is constant if P(¢) = @. The following extends Rautenberg’s result on Craig
interpolation [39, Theorem 3] and Kurahashi’s results on uniform (Lyndon) interpolation [28], Proposition
3] for basic modal logic to the case of basic tense logic.

Proposition 6.5. Let A be a set of constant formulas. If A has the uniform interpolation property, then
A® A also has the uniform interpolation property.

Proof. Let A be a set of constant formulas and suppose that A has the uniform interpolation property.
To show that A @ A has the uniform interpolation property, let us fix any formula ¢ and p € Prop.
By supposition, there exists a uniform interpolant 3p.¢ in A such that it satisfies the specified three
conditions. We show that the same Jp.¢ is a (post-) uniform interpolant for (¢, p) in A®A. The
conditions (variable) and (derivability) are easy to verify, so we focus on the final condition of
(uniformity). Fix any formula y such that p ¢ P(y) (p-freeness) and ¢ — y € A@ A. Our goal is
to show that 3p.¢ — ¥ € AGA. Tt follows from ¢ — ¥ € AP A that there exists a finite multiset A’
constructed from a finite subset of A and a family (Ls)sca € {TJ, B} < such that A {Lsé|d € A’} —
(¢ — w) € A (since A is a set of constant formulas). Put ALA" := A{Lsd|6 € A’}. Then ¢ — (ALA' —
v) € A. Since A is a set of constant formulas, ALA’ is also constant. So ALA" — y is p-free. By
supposition, we get 3p.¢@ — (ALA' = v) e AC A®A hence ALA" — (3p.¢ — v) € A®A. Since
ALA" € A@ A, this enables us to conclude that 3p.¢ — v € ADA, as desired. O

By Theorem [5.2] and Proposition[6.5] we can establish the following.

Corollary 6.6. Let A be a set of constant formulas. Then Kt & A has the uniform interpolation property.
Therefore, for every A C {LM,FM,D,Dg } of Table 2| Kt ® A has the uniform interpolation property.

Definition 6.7. We define the boxdot translation (-)® : Form — Form as follows:

pY 2 18 = 1, (e —=y)¥ = oY —yH,

Hp)® = ¢"AD(e%), (M)® = ¢ZAM(PY).
Given any normal tense logic A, we define @~ (A) :={ ¢ |pP € A }.

Proposition 6.8. Let A be a normal tense logic. 1. If Op — p € A, then ¢ <+ @2 € A. 2. @ '(A) is
a normal tense logic. 3. Op —pe @ Y(A). 4 @3 Y A) CAa{Op—p}. 5 IfFACE Y(A) then
B (A)=Aa{0p—p}

Proof. 1. We proceed by induction on ¢. We only comment on the case where ¢ is of the form
B y. We establish By < (y® AB(y™)). By the induction hypothesis, it suffices to establish that
By — y € A, which is obtained from item 1] of Proposition

2. We only check axiom ((J 4),i.e., p— O p €@ (A). We show that (p — (14 p)® € A. We note
that (p — T #p)= < (p = (pVep)AO(pV #p)) €A. But (p— (pVep)AO(pV #p)) €A
by axiom ((J¢).

3. It suffices to prove that (p — p)® € A. But (Op — p)¥ := (Op A p) — p is an instance of
tautologies, which is in A.

4. Fix any formula @ such that @™ € A. We show that ¢ € A& {Up — p}. By item |1} we obtain
0+ oY e Ae{0p — p}. So it suffices to show that ' € A¢ {p — p}. But this is clear
from @™ € A.
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5. Suppose that A C @~ !(A). By item and the supposition, we obtain A® {p — p} C @ 1(A).
It follows from item 4] that @' (A) = A@ {0p — p}, as desired. O

The following provides an extension of Kurahashi’s result [28, Proposition 3] on the boxdot transla-
tion from normal modal logics to normal tense logics.

Proposition 6.9. Let A be a normal tense logic such that A C @~ (A). If A has the uniform interpolation
property, then @' (A) (= A®{0p — p}) also has the uniform interpolation property.

Proof. Let A be anormal tense logic such that A C @~ !(A) and that A has the uniform interpolation prop-
erty. By item 5| of Proposition we obtain @' (A) = A@ {0p — p}. For the uniform interpolation
property of @1 (A), let us fix any (@, p) € Form x Prop. Let 3 p.@" be a uniform interpolant for (¢, p)
in A. We show that 3p.¢@" is a uniform interpolant for (¢, p) in @~!(A). Since the boxdot translation
does not change the set of propositional variables in a formula, P(3p.@¥) CP(e™)\{p}=P(@)\{p}.
So (variable) condition holds. For (derivability), we prove that ¢ — 3p.@= € @ !(A). Since
oP — Ip.eP € A and ¢ « ¢ € @ !(A) (by items and [3| of Proposition , ACE (A
implies that ¢ — 3p.@" € @' (A), as required. For (uniformity), fix any p-free formula y with
@ — ye@m ' (A). Weshow that 3p.¢0= — w e @ 1(A). By ¢ — w € @ (A), we obtain ¢ — y& € A
by definition. Since W= is p-free, we obtain Ip.¢= — y& € A. By A C @ !(A), it holds that
p.oY — y& c @ (A). Since p <+ p= € @ '(A) for all formulas p, we obtain ¥ < w= € @~ 1(A).
We conclude that 3p.¢% — w € @~ !(A), as desired. O

By Proposition we obtain the following specific results on normal tense logics.

Corollary 6.10. 1. Kt® T has the uniform interpolation property.

2. Let AC {D,Dm }. If Kt® 45 @ A has the uniform interpolation property, then Kt ® {40, T }
also has the uniform interpolation property.

7 Failure of Uniform Interpolation Property of Tense S4

This section demonstrates that the tense expansion of modal logic S4 lacks the uniform interpolation
property. To establish this, we first characterize the uniform interpolation property for the normal tense
logic of a frame class in terms of the bisimulation expansion property, under the assumption that the
logic of the frame class is compact and the frame class satisfies the following Hennessy-Milner property.

Definition 7.1. A frame class [F has the Hennessy-Milner property if, for every two pointed models
(My,w1) and (Ma,w,) from F, (M}, w;) e~ (M, w,) implies (M1, w;) <P (M, w») for every P C Prop.
It is easy to see that a class of finite frames always has the Hennessy-Milner property.

Definition 7.2. Given a class of frames [F, we say that the normal tense logic Ay is compact if, whenever
every finite subset I" C I' is satisfiable in IF, the set I itself is also satisfiable in F.

Proposition 7.3. Let F be a frame class satisfying the Hennessy-Milner property such that Ay is compact.
The frame class Ax has the uniform interpolation property iff F has the bisimulation expansion property.

Proof. Let IF be a frame class such that it has the Hennessy-Milner property. The right-to-left direction
is already established in Lemma £.2] So, we establish the left-to-right direction. Assume that Ar has
the uniform interpolation property. To establish the bisimulation expansion property of F, let us fix
any subsets P;,P> C Prop such that P; is finite, any pointed models (M;,w;) and (M, w;) from F
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and any n € . Suppose that (My,w;) «~P17P2 (M wy). Put Py \ Py == {p1,...,p, }. Recall x&inwl)

= N{x € ®(Py;n)|M;,w; = x}. By our supposition, we can construct a uniform interpolant 6 :=
Api.---3p, 'x(ljl/lli’:lwl)' We have P (0) =P (%P“" )> \{p1,--,pn } =P1\ (P \P2) =P NP;. It follows

(My,wy
from F |: %&TWI) — 0, (M],W]) }: X(Ij‘znwl) and M, w,; W,‘?'HPZ (Mz,Wz) that M>,w» ): 0. Define
Th(Ma,w2) == {p € Form(P2) |Ma,wz |=p }. Then {0 } UTh(M,w>) is satisfiable in F. We can also

establish that { X(FI)V]ITM) }UTh(M,,w») is satisfiable in F. Suppose otherwise. Since Th(M,,w>) is closed
' Pin

under conjunctions and Ay is compact, we can find a formula p € Th(M,,w,) such that F = Xt )

—p holds. By P(p)N{p1,...,pn} =9, pis{pi,...,p, }-free. So, we obtain F = 6 — —p, which means
that { 0 } UTh(M,,w,) is not satisfiable in F. However, { 8 } UTh(M,,w,) is satisfiable in F. We obtain a
desired contradiction. By the satisfiability of { x|,/ }UTh(M,,w,) in F, we can find a pointed model

(My,w1)
(N,x) from F such that N,x |= x&i"wl) and N, x |= Th(My,w,). It follows that (M;,w;) 2P (N,x) and
(N,x) «~F2 (Ms,wy) hence (N,x) «P2 (My,w,) by the Hennessy-Milner property of F. This finishes

showing the bisimulation expansion property of [F. 0

By Lemma[4.2] Corollary 4.4and Proposition we can also obtain the following.

Corollary 7.4. Let F be a frame class satisfying the Hennessy-Milner property such that Ar is compact.
Then if Ay has the uniform interpolation property, the uniform interpolant 3p.¢@ for (¢,p) € Form x
Prop in Ay is a bisimulation quantifier in the sense of Corollary

Definition 7.5. Let S4t be the smallest normal tense logic that contains T and 4 in Table 2] Let Féin
be the class of all reflexive and transitive finite frames (W, R), i.e., all quasi-orders (W,R).

The following can be readily shown via the canonical model construction and filtration technique. The
finite model property of S4t was also established in [40, Theorem 3.6] using an analytic sequent calculus.

Proposition 7.6. The normal tense logic S4t is sound and complete for the class F{™ of all finite reflexive
and transitive frames, i.e., S4t = AFg‘fin. Moreover, S4t = Angn is compact.

The lemma below extends Visser’s theorem for the modal logic S4 [43 Theorem 16.3] to a tense-

logic setting. The inclusion of the additional conditions (Forth™') and (Back™!) does not alter the
original line of reasoning. Given a model M := (W,R,V). we use V[s := X] to denote the same valu-
ation as V except that it sends a propositional variable s to a set X C W, and we define M[s := X] :=
(W,R,V[s :=X]).
Lemma 7.7. Define ¢(p,q,r) as ¢(p,q,r) :=pAO(p — O0q) AO(g — O p) AO(p — r) AO(q — —r).
Suppose that S4t has the uniform interpolation property. Let (M,w) be a pointed model from ngn, where
M = (W,R,V). Then M,w =3 p.3q.9(p,q,r) iff there exists an infinite R-sequence (Wp)ncw C W such
that wo = w, wgRWy11, M,wyy = r and M, wyi [~ 1 hold, for all k € o.

Proof. Suppose that S4t has the uniform interpolation property. For the right-to-left direction, as-
sume there exists an infinite R-sequence (wy),c C W satisfying the stated conditions. Define E :=
{wylke o} and O := {waii|k€ @} By r¢ {p.q}. we have Mlp := E]lg := O, w k= ¢(p,q.).
Moreover, the following hold:

(M, w) <PoPNPY (M[p = E],w) <P (M[p := E][g := O], w).

Therefore, we obtain M,w = 3p.3q.¢(p,q,r) by Proposition and Corollary
For the left-to-right direction, suppose M,w = 3p.3¢.¢(p,q,r). By Proposition [7.6/and Corollary
there exist two pointed models (M7, w;) and (M2, w) such that (M, w) €ProP\{P} (M) w)) <Pror\la}
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(My,wy) and My, wy = @(p,q,r). The latter implies that there exists an infinite R-path in M, along
which the truth value of r alternates at every step. By the transitivity of bisimulation, it follows that
(M, w) <Prop\{P4a} (M, wy). Since r ¢ { p,q}, the valuation of r is preserved between M and M,. There-
fore, by the (Back) condition, we can construct a corresponding infinite R-path in M along which r

alternates between being true and false at every step, as desired. 0
r r r r
[ [ ] [ ] s [ ] [ [ ]
2n+2 2n+1 2n 2 1 0

Figure 1: A model M in the proof of Lemma with reflexive loops and transitive compositions omitted.

The following result extends Ghilardi and Zawadowski’s [23]] theorem on the failure of the uniform
interpolation property in S4 to a tense-logical setting. Our proof builds upon the one given in [43]
Theorem 16.4], which provides an alternative proof of their theorem. The model used in our proof
(see Figure|l) is identical to the one presented in [23. p. 269] and [43, Theorem 16.4]. Furthermore, the
addition of the conditions (Forth™!) and (Back ™) to the notion of (non-temporal) layered bisimulations
(e.g., from [42]) remains consistent with the model construction in [43]].

Lemma 7.8. There is no formula y(r) € Form({r}) such that, for all pointed models (M,w) from
FE3™ such that M = (W,R.,V), the following equivalence holds: M,w = y/(r) iff there exists an infinite
R-sequence (wWy)new C W such that wy = w, wiRwy 1, M,woi = r and M,wory1 - r hold, for all k € @.

Proof. Suppose for contradiction that we can find a formula y(r) such that the stated equivalence
holds for all pointed models (M,w) from FL{". Fix some n € ® such that d(y(r)) < 2n. Define a
model M = (W,R,V) as follows (see Figure : W :={0,1,...,2n,2n+ 1,2n+ 2}, xRy iff x >y or
xe{2n+1,2n+2};x € V(r)iff xis even. The set {2n+ 1,2n+2} forms a cluster in terms of R. It is
noted that M,2n+2 = y(r) but M,2n [~ y(r). Let us define Z C W x @ x W by

(x,n,x') € Ziff x=x" or (x=x" (mod 2) and n < min(x,x")).
By definition, we obtain (2n,2n,2n+2) € Z.
Claim 1. Z is a layered (temporal) { r }-bisimulation between M and M.

(Proof of Claim) It is immediate to see that (Atom) holds by definition. In what follows, we check
the remaining conditions. Suppose that (x,k+ 1,x") € Z. If x = x/, then all four required conditions hold
immediately. For example, (Forth) holds as follows: Assume xRy. Then (y,k,y) € Z holds by definition.
So, we can find y’ € W such that x = X'Ry’ and (y,k,)") € Z, as desired.

Let us suppose that x # x’. Since (x,k+ 1,x') € Z, it holds that (x = x’ (mod 2) and k+ 1 <
min(x,x’)). Now we assume without loss of generality that x < x’. Since our definition of Z is sym-
metric with respect to x and X/, it suffices to prove the four remaining conditions under this assumption
x < x'. First, we establish that x ¢ {2n+ 1,2n+ 2 }. Suppose otherwise, i.e., x € {2n+1,2n+2}. Ifx =
2n—+1, then X’ = 2n+ 2, which is a contradiction with x =x" (mod 2). If x = 2n+ 2, then it is impossible
to have x < x. So, we have shown that x ¢ {2n+1,2n+2} hence x < 2n.

It is noted that arguments below for (Forth) and (Back) are the same as those in the proof of [43]
Theorem 16.4].

. Suppose that xRy, i.e., y <x by x ¢ {2n+1,2n+2}. We show that there exists y € W
such that x'Ry’" and (y,k,)y’) € Z. We define y' :=y. Since y < x < x/, we obtain x’Ry. We get
(y,k,y) € Z immediately by definition.
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. Suppose that x'Ry’. We show that there exists y € W such that xRy and (y,k,y’) € Z. We
divide our argument into the following two cases: i) y’ < x and ii) y’ > x.

— For case i) of y' < x, we proceed as follows: Define y :=y'. It follows from y" < x that xRy
by definition. Moreover, (y',k,y") € Z holds immediately.

— For case ii) of y' > x, we define our candidate y as follows:

)x ifyy=x (mod 2);
S P ifyy2x (mod 2).
It is noted that k+ 1 < min(x,x’) = x implies x > 1 and so x— 1 is well-defined. By definition,
we obtain xRy. For both cases of y, it suffices to show that (y,k,y’) € Z. We note from y’ > x
that y/ > y hence y # y. It is easy to see that y =y (mod 2). So, it remains to establish
k < min(y,y’). This is verified as follows: Since k+ 1 < min(x,x") = x (by x < x), we obtain
k<x—1<y=min(y,y) (byy >y), as desired.

. Suppose that yRx. Whether y € {2n+1,2n+2} holds or not, we obtain x <y (by
x ¢ {2n+1,2n+2}). We show that there exists y’ € W such that yRx" and (y,k,y’) € Z. We

divide our argument into the following two cases: i) x' < y and ii) x’ > y.
— 1) Assume x’ < y. Then yRx'. Together with (y,k,y) € Z, we have obtained our goal.
— ii) Assume X’ > y. Let us define suc : W — W by suc(z) :=z+ 1 (if z < 2n+ 1); suc(z) :=
2n+1 (if z =2n+2). We also define y’ as follows:
. x ify=x(mod 2);
© | suc() ify#x (mod2).
For both choices of y’, we obtain y'Rx’. By definition, it is clear that y =y’ (mod 2).
x Lety=x" (mod 2). To show that (y,k,y’) € Z, it suffices to establish k < min(y,y’) =y
as follows: k < k+ 1 < min(x,x’) =x < y, as desired.
x Lety Zx' (mod 2). If y € {2n+1,2n+2}, then (¥',y) = (2n+2,2n+1) by X’ > y.
It follows that y' = suc(x’) = 2n+ 1 =y hence (y,k,)y’) € Z. In what follows, we let
yé¢{2n+1,2n+2},ie., y<2n Byx >y, we gety #y by definition of y’ (this also

holds when X' = 2n+2 and so y’ = 2n+ 1). To show that (y,k,y’) € Z, it suffices to
establish kK < min(y,y’) =y as follows: k < k+ 1 < min(x,x’) = x <y, as desired.

. Suppose that yRx'. We show that there exists y € W such that yRx and (y,k,y’) € Z.
Assume y' € {2n+1,2n+2}. Then we obtain y'Rx and (y',k,y’) € Z. So it suffices to define
y:=)'. Assume otherwise, i.e., y ¢ {2n+1,2n+2}. Then it follows from y'Rx’ that x’ <y’ by
definition of R. By x < x’, we obtain x < y’ hence y'Rx. Since (y',k,y") € Z holds immediately, it
suffices to define y := /.

This finishes establishing that Z is a layered { r }-bisimulation between M and M. —

By Claim [l and Proposition it follows from M,2n+2 |= @(r) that M,2n = @(r), which is a
contradiction with M,2n £~ ¢(r). O

Theorem 7.9. The normal tense logic S4t does not have the uniform interpolation property.
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Proof. Suppose for contradiction that S4t has the uniform interpolation property. For the formula
@(p.q,r) in the statement of Lemma[7.7and p, g € Prop, we can construct the formula 3 p.3g.¢(p,q,r)
in terms of uniform interpolants, whose semantic clause at (M,w) from F§;* means that there exists an
infinite R-path along which the propositional variable r alternates between being true and false at every
step. However, by noting that P(3p.3¢.9(p,q,r)) C {r}, this is impossible by Lemma([7.8] O

By Corollary and Theorem[7.9] we can also derive the following.

Corollary 7.10. For every A C {Dp,Dm }, Kt ® 45 @ A lacks the uniform interpolation property.

8 Further Directions

We have established that the basic tense logic Kt has the uniform interpolation property. It is straight-
forward to extend our argument to the multimodal (or indexed) version of Kt with modalities [a] and
[a~] (a € Mod), as the addition of indices does not alter the outline of the argument. This extension also
allows us to establish the uniform interpolation property for star-free propositional dynamic logic with
converse [25], as there exists a translation from this logic into the indexed version of Kt that preserves
the set of propositional variables occurring in a formulaE]

There are several directions for future research. First, an intriguing open question arising from this
work concerns the extension of nabla (V) normal forms to a tense-logical setting (see also Appendix
[A). In basic modal logic, V-based normal forms (or disjunctive forms characterized by non-interacting
conjunctive components) share deep structural links with both uniform interpolation and bisimulation
quantifiers (cf. [4} Section 5]). A natural next step is to determine whether an analogous normal form can
be formulated for Kt to prove its uniform interpolation property, which remains an open problem in [4,
Section 5].

Second, we may investigate whether a Pitts—Bilkova-style proof-theoretic approach (cf. [34} 5]]) can
be applied to the uniform interpolation property of Kt (even for modal logic B).

Third, we could provide further examples of normal tense logics with the uniform interpolation
property. For example, we have not considered the axiom 55 ($ p — ¢ p) and its mirror image 5g
(¢ p — W@ p) in this paper. In the context of basic modal logics, it is well known, e.g., in [45], that
every normal modal logic containing 5 is locally tabular (i.e., the number of non-equivalent formulas
generated from a finite set of propositional variables is finite, cf. [13], p.19]). Since local tabularity and
the Craig interpolation property jointly imply the uniform interpolation property, it would be interesting
to investigate the uniform interpolation property of the normal tense extension containing { 57, 5g }

Fourth, we may extend our argument to establish the uniform Lyndon interpolation property of Kt,
which further requires considering the polarities of propositional variables. As demonstrated by Kura-
hashi [28]], this can be accomplished by introducing a polarized variant of layered bisimulation.

Finally, basic tense logic was pioneered by Arthur Prior [35, 36} 137, 138]], who subsequently extended
Kt into a hybrid logic equipped with nominals, the global modality, and a universal quantifier over
nominals (cf. [9, 8]]). In light of recent studies on propositionally quantified hybrid logic, exploring the
philosophical implications of the uniform interpolation property for Kt becomes pertinent, given that
it enables the definition of a bisimulation quantifier [[16, [15], which is a distinct form of propositional
quantification.

IThe author would like to thank Yde Venema for this observation.
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A Proof of Proposition

This section provides an outline of a proof of Proposition [3.6| in terms of canonical formulas defined
in [33]] (see also [[17]).

Definition A.1. Given a finite set P C Prop and Q C P of propositional variables, we define an abbre-
viation 7(Q,P) := AQAA—-(P\ Q). Given a finite set ¥ of formulas, we also introduce the cover (or
nabla) modalities VW and YW as follows:

V¥ = AOPYAOVY, YV¥ = Ae¥YARVVY.

We note that [J¢ and ¢ ¢ can be written as V&V V{ ¢} and V{ T, ¢ }, respectively.

Definition A.2. For a finite subset P C Prop and n € w, we define a finite set C(P;n) of canonical
formulas with respect to (P;n) as follows:

C(P;0) = {n(QP)|QCP};
C(P;n+1) = {aAVYAVYY |71 e C(P;0)and ¥, C C(P;n)}.
It is noted that C(P;n) is finite for each n and so C(P;n) is well-defined.
Proposition A.3. Let P C Prop be a finite subset and n € ®.
1. Given a pointed model (M,w), there exists a unique Y € C(P;n) such that M,w = ¥.
2. Let x € C(P;n). For every ¢ € Form(P;n), it holds that Fa11 = X — @ or Fa11 = X — —6.
3. For all formulas @ € Form(P;n), there exists ® C C(P;n) such that Fa11 = @ < \/ .

Proof. (Outline) Items 1 and 2 can be established similarly to [33l Lemma 2.6] and [33, Lemma 2.7],
respectively. Item 3 follows from item 2 (see also [17, Proposition 6]). ]

Proposition [A.3| (3) implies Proposition 3.6} i.e., the quotient set Form(P;n)/ = of Form(P;n) in terms
of logical equivalence = is finite.
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