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Preface

The 15th International Workshop on Non-Classical Models of Automata and Applications (NCMA

2025) was held in Loughborough, UK, on July 21 and 22, 2025, organized by the Department of Com-

puter Science at Loughborough University and co-located with the 26th International Conference on

Descriptional Complexity of Formal Systems (DCFS 2025, 22-24 July).

The NCMA workshop series was established in 2009 as an annual event for researchers working on

non-classical and classical models of automata, grammars or related devices. Such models are investi-

gated both as theoretical models and as formal models for applications from various points of view. The

goal of the NCMA workshop series is to exchange and develop novel ideas in order to gain deeper and

interdisciplinary coverage of this particular area that may foster new insights and substantial progress.

The previous NCMA workshops took place in Wrocław, Poland (2009), Jena, Germany (2010),

Milano, Italy (2011), Fribourg, Switzerland (2012), Umeå, Sweden (2013), Kassel, Germany (2014),

Porto, Portugal (2015), Debrecen, Hungary (2016), Prague, Czech Republic (2017), Košice, Slovakia

(2018), Valencia, Spain (2019). Due to the Covid-19 pandemic there was no NCMA workshop in 2020

and 2021. After that, the series continued in Debrecen, Hungary (2022), Famagusta, North Cyprus

(2023), and Göttingen, Germany (2024).

The invited lectures at NCMA 2025 were the following:

• Laure Daviaud (University of East Anglia, Norwich, UK): Weighted Automata and Cost Register

Automata: (Un)Decidability

• Ian McQuillan (University of Saskatchewan, Saskatoon (SK), Canada): Inductive Inference of

Lindenmayer Systems: Computational and Descriptional Complexity (joint invited lecture with

DCFS 2025)

The 7 regular contributions were selected out of 13 submissions by a total of 26 authors from 9

different countries by the following members of the Program Committee:

• Marcella Anselmo (Salerno, Italy)

• Sabine Broda (Porto, Portugal)

• Cezar Câmpeanu (Charlottetown (PEI), Canada)

• Joel Day (Loughborough, UK)

• Frank Drewes (Umeå, Sweden)

• Zsolt Gazdag (Szeged, Hungary)

• Bruno Guillon (Clermont-Ferrand, France)

• Zbyněk Křivka (Brno, Czechia)

• Carlo Mereghetti (Milan, Italy)

• Nelma Moreira (Porto, Portugal, co-chair)

• František Mráz (Prague, Czechia)

http://dx.doi.org/10.4204/EPTCS.422.0
https://creativecommons.org
https://creativecommons.org/licenses/by/4.0/
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• Benedek Nagy (Famagusta, North Cyprus)

• Luca Prigioniero (Loughborough, UK, co-chair)

• Juraj Sebej (Kosice, Slovakia)

• Hellis Tamm (Tallin, Estonia)

• Stefan Siemer (Göttingen, Germany)

• Matthias Wendlandt (Giessen, Germany)

The following additional reviewers helped in the evaluation process:

• Silvio Capobianco

• Flavio D’Alessandro

• Guilherme Duarte

• Szilárd Zsolt Fazekas

• Jarkko Kari

• Martin Kutrib

• Hendrik Maarand

• Giovanni Pighizzini

• Priscilla Raucci

• Rocco Zaccagnino

In addition to the invited presentations and the regular contributions, NCMA 2025 featured 4 informal

presentations to emphasize its workshop character.

A special issue of RAIRO - Theoretical Informatics and Applications containing extended versions

of selected contributions to NCMA 2025 will also be edited after the workshop. The extended papers

will undergo the standard refereeing process of the journal.

We are grateful to the two invited speakers, all authors who submitted a paper to NCMA 2025, the

members of the Program Committee, and their sub-reviewers who helped evaluating the submissions. We

are deeply indebted to Robert Mercaş from the Department of Computer Science of Loughborough Uni-

versity for his outstanding efforts in the local organization of the workshop. We also greatly appreciated

the financial support of the Center of Mathematics of the University of Porto (CMUP).

July 2025 Nelma Moreira

Luca Prigioniero
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Idefix-Closed Languages and Their Application
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Bianca Truthe

Institut für Informatik, Universität Giessen
Arndtstr. 2, 35392 Giessen, Germany

bianca.truthe@informatik.uni-giessen.de

In this paper, we continue the research on the power of contextual grammars with selection lan-

guages from subfamilies of the family of regular languages. We investigate infix-, prefix-, and suffix-

closed languages (referred to as idefix-closed languages) and compare such language families to

some other subregular families of languages (finite, monoidal, nilpotent, combinational, (symmetric)

definite, ordered, non-counting, power-separating, commutative, circular, union-free, star, and comet

languages). Further, we compare the families of the hierarchies obtained for external and internal

contextual grammars with the language families defined by these new types for the selection. In

this way, we extend the existing hierarchies by new language families. Moreover, we solve an open

problem regarding internal contextual grammars with suffix-closed selection languages.

1 Introduction

Contextual grammars, first proposed by Solomon Marcus [19] provide a formal framework for modeling

the generation of natural languages. In this model, derivations proceed by adjoining pairs of ‘contexts’ –

that is, ordered pairs of words (u,v) – to existing well-formed sentences. Specifically, an external appli-

cation of a context (u,v) to a word x yields the word uxv, whereas an internal application produces every

word of the form x1 ux2 vx3 for which x1x2x3 = x. To regulate the derivational process, each context is

associated with a ‘selection’ language: a context (u,v) may only be applied around a word x if x be-

longs to its designated selection language. By constraining selection languages to belong to a prescribed

family F , one obtains contextual grammars with selection in F .

The initial investigations into external contextual grammars with regular selection languages were

conducted by Jürgen Dassow [6] and were subsequently extended – both for external and internal variants

by Jürgen Dassow, Florin Manea, and Bianca Truthe [8, 9]. These studies examined the impact of various

subregular restrictions on selection languages. In the present work, we further refine this hierarchy by

introducing families of ‘idefix-closed’ subregular languages and explore the generative power of both

external and internal contextual grammars whose selection languages lie in these newly defined families.

With ‘idefix-closed’, we mean prefix-, suffix-, or infix-closed.

Especially, in the present paper, we solve an open problem regarding internal contextual grammars

with suffix-closed selection languages which was raised already several years ago in [30].
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2 Preliminaries

Throughout the paper, we assume that the reader is familiar with the basic concepts of the theory of

automata and formal languages. For details, we refer to [25]. Here we only recall some notation, defini-

tions, and previous results which we need for the present research.

An alphabet is a non-empty finite set of symbols. For an alphabet V , we denote by V ∗ and V+ the

set of all words and the set of all non-empty words over V , respectively. The empty word is denoted

by λ . For a word w and a letter a, we denote the length of w by |w| and the number of occurrences of the

letter a in the word w by |w|a. For a set A, we denote its cardinality by |A|.
The family of the regular languages is denoted by REG. Any subfamily of this set is called a subreg-

ular language family.

For a language L over an alphabet V , we set

Inf (L) = { y | xyz ∈ L for some x,z ∈V ∗ },

Pre(L) = { x | xy ∈ L for some y ∈V ∗ },

Suf (L) = { y | xy ∈ L for some x ∈V ∗ }

as the infix-, prefix-, and suffix-closure of L, respectively. If the language L is regular, then also Inf (L)
and Suf (L) are regular.

2.1 Some Subregular Language Families

We consider the following restrictions for regular languages. In the following list of properties, we give

already the abbreviation which denotes the family of all languages with the respective property. Let L be

a regular language over an alphabet V . With respect to the alphabet V , the language L is said to be

• monoidal (MON) if and only if L =V ∗,

• nilpotent (NIL) if and only if it is finite or its complement V ∗ \L is finite,

• combinational (COMB) if and only if it has the form L =V ∗X for some subset X ⊆V ,

• definite (DEF) if and only if it can be represented in the form L = A∪V ∗B where A and B are finite

subsets of V ∗,

• symmetric definite (SYDEF) if and only if L = EV ∗H for some regular languages E and H ,

• infix-closed (INF) if and only if, for any three words over V , say x ∈ V ∗, y ∈ V ∗ and z ∈ V ∗, the

relation xyz ∈ L implies the relation y ∈ L,

• prefix-closed (PRE) if and only if, for any two words over V , say x ∈V ∗ and y ∈ V ∗, the relation

xy ∈ L implies the relation x ∈ L,

• suffix-closed (SUF) if and only if, for any two words over V , say x ∈ V ∗ and y ∈V ∗, the relation

xy ∈ L implies the relation y ∈ L,

• ordered (ORD) if and only if the language is accepted by some deterministic finite automaton

A= (V,Z,z0,F,δ )

with an input alphabet V , a finite set Z of states, a start state z0 ∈ Z, a set F ⊆ Z of accepting states

and a transition mapping δ where (Z,�) is a totally ordered set and, for any input symbol a ∈V ,

the relation z � z′ implies δ (z,a) � δ (z′,a),
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• commutative (COMM) if and only if it contains with each word also all permutations of this word,

• circular (CIRC) if and only if it contains with each word also all circular shifts of this word,

• non-counting (NC) if and only if there is a natural number k≥ 1 such that, for any three words x∈V ∗,

y ∈V ∗, and z ∈V ∗, it holds xykz ∈ L if and only if xyk+1z ∈ L,

• star-free (SF) if and only if L can be described by a regular expression which is built by concate-

nation, union, and complementation,

• power-separating (PS) if and only if, there is a natural number m≥ 1 such that for any word x∈V ∗,

either Jm
x ∩L = ∅ or Jm

x ⊆ L where Jm
x = { xn | n ≥ m },

• union-free (UF) if and only if L can be described by a regular expression which is only built by

concatenation and Kleene closure,

• star (STAR) if and only if L = H∗ for some regular language H ⊆V ∗,

• left-sided comet (LCOM) if and only if L = EG∗ for some regular language E and a regular lan-

guage G /∈ {∅,{λ}},

• right-sided comet (RCOM) if and only if L = G∗H for some regular language H and a regular

language G /∈ {∅,{λ}},

• two-sided comet (2COM) if and only if L=EG∗H for two regular languages E and H and a regular

language G /∈ {∅,{λ}}.

We group the language families SUF, PRE and INF under the term idefix-closed families. We remark

that monoidal, nilpotent, combinational, (symmetric) definite, ordered, star-free, union-free, star, and

(left-, right-, or two-sided) comet languages are regular, whereas non-regular languages of the other

types mentioned above exist. Here, we consider among the suffix-closed, commutative, circular, non-

counting, and power-separating languages only those which are also regular. By FIN, we denote the

family of languages with finitely many words. In [20], it was shown that the families of the regular

non-counting languages and the star-free languages are equivalent (NC = SF).

Some properties of the languages of the classes mentioned above can be found in [26] (monoids), [11]

(nilpotent languages), [14] (combinational and commutative languages), [24] (definite languages), [23]

(symmetric definite languages), [5] (prefix-closed languages), [12] and [5] (suffix-closed languages),

[27] (ordered languages), [18] (circular languages), [20] (non-counting and star free languages), [28]

(power-separating languages), [2] (union-free languages), [3] (star languages), [4] (comet languages).

2.2 Contextual Grammars

Let F be a family of languages. A contextual grammar with selection in F is a triple G = (V,S,A) with

the following components:

– V is an alphabet.

– S is a finite set of selection pairs (S,C) where S is called selection language and C is a set of

so-called contexts. Any selection language S is a language in the family F with respect to an

alphabet U ⊆V . Any set C of contexts is a finite set C ⊂V ∗×V ∗ where, for each context (u,v)∈C,

at least one side is not empty: uv 6= λ .

– A is a finite subset of V ∗ (its elements are called axioms).
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We write a selection pair (S,C) also as S →C. In the case that C is a singleton set C = {(u,v)}, we also

write S → (u,v).

For a contextual grammar G = (V,{S1 →C1,S2 →C2, . . . ,Sn →Cn},A), we set

ℓA(G) = max{ |w| | w ∈ A} , ℓC(G) = max{ |uv| | (u,v) ∈Ci,1 ≤ i ≤ n} , ℓ(G) = ℓA(G)+ ℓC(G)+1.

We now define the derivation modes for contextual grammars with selection.

Let G = (V,S,A) be a contextual grammar with selection. A direct external derivation step in G is

defined as follows: a word x derives a word y (written as x =⇒ex y) if and only if there is a pair (S,C) ∈ S
such that x ∈ S and y = uxv for some pair (u,v) ∈C. Intuitively, one can only wrap a context (u,v) ∈C

around a word x if x belongs to the corresponding selection language S.

A direct internal derivation step in G is defined as follows: a word x derives a word y (written

as x=⇒in y) if and only if there are words x1, x2, x3 with x1x2x3 = x and there is a selection pair (S,C)∈S
such that x2 ∈ S and y = x1ux2vx3 for some pair (u,v) ∈ C. Intuitively, we can only wrap a con-

text (u,v) ∈C around a subword x2 of x if x2 belongs to the corresponding selection language S.

By =⇒∗

µ we denote the reflexive and transitive closure of the relation =⇒µ for µ ∈ {ex, in}. The

language generated by G is defined as

Lµ(G) = { z | x =⇒∗

µ z for some x ∈ A }.

We omit the index µ if the derivation mode is clear from the context.

By EC(F), we denote the family of all languages generated externally by contextual grammars with

selection in F . When a contextual grammar works in the external mode, we call it an external contextual

grammar. By IC(F), we denote the family of all languages generated internally by contextual grammars

with selection in F . When a contextual grammar works in the internal mode, we call it an internal

contextual grammar.

3 Results on families of idefix-closed languages

In this section, we investigate inclusion relations between various subregular languages classes. Figure 1

shows the results.

An arrow from a node X to a node Y stands for the proper inclusion X ⊂ Y . If two families are not

connected by a directed path, they are incomparable. An edge label refers to the paper where the proper

inclusion has been shown (in some cases, it might be that it is not the first paper where the respective

inclusion has been mentioned, since it is so obvious that it was not emphasized in a publication) or the

lemma of this paper where the proper inclusion will be shown.

In the literature, it is often said that two languages are equivalent if they are equal or differ at most

in the empty word. Similarly, two families can be regarded to be equivalent if they differ only in the

languages ∅ or {λ}. Therefore, the set STAR of all star languages is sometimes regarded as a proper

subset of the set COM of all (left-, right-, or two-sided) comet languages although {λ} belongs to the

family STAR but not to LCOM, RCOM or 2COM. We regard STAR and STAR\{{λ}} as different.

We now present some languages which will serve later as witness languages for proper inclusions or

incomparabilities.
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MON

FIN

NILCOMB

DEFSYDEF

ORD

INF

PRE SUF

NC
[20]
= SF

PS

RCOMLCOM

2COM

COMM

CIRC

UF

STAR

REG

[16]

[16]

[1][16]

[1]

[16]

[15]

[31]

[15]

[15]

[31]

[33]

[15]

[27]

[28]

[15]

7

[15]

[33]

[14][22]

[16] [22]

[22]

7
7

6

Figure 1: Resulting hierarchy of subregular language families.

Lemma 1 Let L = {ab,a,λ}. Then, it holds L ∈ (FIN ∩PRE)\SUF.

Proof. For the word ab, the prefixes a and λ are in the language. For the word a, the prefix λ is in the

language. Furthermore, L is finite. Therefore, L ∈ FIN ∩PRE. For the word ab, the suffix b is not in the

language. Therefore, L /∈ SUF holds. �

Lemma 2 Let L = {ab,b,λ} . Then, it holds L ∈ (FIN ∩SUF)\PRE.

Proof. For the word ab, the suffixes b and λ are in the language. For the word b, the suffix λ is in

the language. Furthermore, L is finite. Therefore, L ∈ SUF. For the word ab, the prefix a is not in the

language. Therefore, L /∈ PRE holds. �

Lemma 3 Let L = {ab,a,b,λ} . Then, it holds L ∈ INF \ (UF∪CIRC∪2COM).

Proof. For the word ab, all infixes ab, a, b and λ are in the language. For the word b, all infixes b and λ

are also in the language. For the word a, all infixes a and λ are in the language, and for the word λ ,

the infix λ is in the language. It therefore holds that for every word, all infixes are in the language L,

so L ∈ INF.

For the word ab, the circular permutation ba is not in the language. Therefore, L /∈ CIRC. According

to [21], a language has an infinite number of words or at most one word if it is union-free. However, this

language has four words and therefore L /∈ UF holds. Every non-empty language from the family 2COM

is infinite by [16]. Since L is non-empty but finite, we have L 6∈ 2COM. �
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Lemma 4 Let L = Inf ({ ab2na | n ≥ 1 }). Then, it holds L ∈ INF \NC.

Proof. Since L is the infix-closure of a language, we see L ∈ INF.

Assuming that L is non-counting, it follows from the definition that for all words x,y,z ∈ {a,b}∗ and

for a number k ≥ 1, the equivalence xykz ∈ L ⇐⇒ xyk+1z ∈ L applies. We now set x = z = a and y = b.

If k is even, abka ∈ L but abk+1a ∈ L, which is a contradiction. If k is odd, abk+1a ∈ L but abka ∈ L,

which is also a contradiction. It follows that L /∈ NC holds. �

Lemma 5 Let L = {a,b}∗{b}. Then, it holds L ∈ COMB\PRE.

Proof. With V = {a,b} and A = {b}, the language L has the structure L =V ∗A. Therefore, L ∈ COMB.

The word aab is in L but the prefix aa is not. Hence, L /∈ PRE holds. �

We now prove some inclusion relations.

Lemma 6 The proper inclusion PRE ⊂ PS holds.

Proof. The inclusion PRE ⊆ PS can be shown similarly to the inclusion SUF ⊂ PS which was proved

in [15]. The language L = {a,b}∗{b} from Lemma 5 is a witness language since it is in COMB\PRE

and therefore in PS\PRE. �

Lemma 7 The proper inclusions MON ⊂ INF ⊂ PRE and INF ⊂ SUF hold.

Proof. The inclusions MON ⊆ INF ⊆ PRE and INF ⊆ SUF follow from the definition. For their

properness, we have the following witness languages:

1. MON ⊂ INF: The language L = Inf
(

{ ab2na | n ≥ 1 }
)

from Lemma 4 is a witness language since

it is in INF \NC and therefore in INF \MON (because MON ⊂ NC).

2. INF ⊂ PRE: The language L = {ab,a,λ} from Lemma 1 is a witness language since it belongs to

the set PRE\SUF and therefore, it also belongs to the set PRE \ INF.

3. INF ⊂ SUF: The language L = {ab,b,λ} from Lemma 2 is a witness language since it belongs to

the set SUF \PRE and therefore, it also belongs to the set SUF \ INF. �

We now prove the incomparability relations mentioned in Figure 1 which have not been proved earlier.

These are the relations regarding the families PRE and INF. In most cases, we show the incomparability

of whole ‘strands’ in the hierarchy. For a strand consisting of language families F1,F2, . . . ,Fn where F1

is a subset of every family Fi with 1 ≤ i ≤ n and every such family is a subset of the family Fn and a

strand consisting of families F ′

1,F
′

2, . . . ,F
′

m where F ′

1 ⊆ F ′

j and F ′

j ⊆ F ′

m for 1 ≤ j ≤ m, it suffices to show

that there are a language L in F1 \F ′

m and a language L′ in F ′

1 \Fn in order to show that every family Fi is

incomparable to every family F ′

j with 1 ≤ i ≤ n and 1 ≤ j ≤ m (because L ∈ Fi \F ′

j and L′ ∈ F ′

j \Fi). So,

we give only two witness languages L and L′ for every pair of strands.

Lemma 8 The language families SUF and PRE are incomparable to each other.

Proof. Witness languages are given in Lemmas 1 and 2. �

Lemma 9 Let F = {COMB,DEF,SYDEF,ORD,NC}. Every family in F is incomparable to the fami-

lies PRE and INF.
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Proof. As witness languages, we have

L1 = Inf
(

{ ab2na | n ≥ 1 }
)

∈ INF \NC and L2 = {a,b}∗{b} ∈ COMB\PRE

from Lemma 4 and Lemma 5, respectively. �

Lemma 10 Let F = {FIN,NIL}. Every family in F is incomparable to the families PRE and INF.

Proof. As witness languages, we have

L1 = {ab,b,λ} ∈ FIN \PRE and L2 = Inf
(

{ ab2na | n ≥ 1 }
)

∈ INF \NC

from Lemma 2 and Lemma 4, respectively. �

Lemma 11 Let F = {SYDEF,RCOM,LCOM,2COM}. Every family in F is incomparable to the fami-

lies PRE and INF.

Proof. As witness languages, we have

L1 = {ab,a,b,λ} ∈ INF \2COM and L2 = {a,b}∗{b} ∈ COMB\PRE

from Lemma 3 and Lemma 5, respectively. �

Lemma 12 Let F = {STAR,UF}. Every family in F is incomparable to the families PRE and INF.

Proof. As witness languages, we have

L1 = {ab,a,b,λ} ∈ INF \UF and L2 = {aa}∗ ∈ STAR\PS

from Lemma 3 and [16, Lemma 11], respectively. �

Lemma 13 Let F = {COMM,CIRC}. Every family in F is incomparable to the families PRE and INF.

Proof. As witness languages, we have

L1 = {ab,a,b,λ} ∈ INF \CIRC and L2 = {aa}∗ ∈ COMM \PS

from Lemma 3 and [15, Lemma 4.9]. �

From all these relations, the hierarchy presented in Figure 1 follows. An edge label refers to the

paper or lemma in the present paper where the proper inclusion is shown. The incomparability results

are proved in Lemmas 8 through 13.

Theorem 14 (Resulting hierarchy for subregular families) The inclusion relations presented in Fig-

ure 1 hold. An arrow from an entry X to an entry Y depicts the proper inclusion X ⊂ Y ; if two families

are not connected by a directed path, they are incomparable.
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4 Results on subregular control in external contextual grammars

In this section, we include the families of languages generated by external contextual grammars with

selection languages from the subregular families under investigation into the existing hierarchy with

respect to external contextual grammars.

Lemma 15 (Monotonicity EC) For any two language classes X and Y with X ⊆ Y , we have the inclu-

sion EC(X)⊆ EC(Y ).

Figure 2 shows the inclusion relations between language families which are generated by external

contextual grammars where the selection languages belong to subregular classes investigated before.

The hierarchy contains results which were already known (marked by a reference to the literature) and

results which are new.

EC(MON)

EC(FIN)

EC(COMB) EC(NIL)

EC(DEF)

EC(ORD) EC(SYDEF)

EC(INF)

EC(SUF)EC(PRE) EC(COMM)

EC(STAR)

EC(NC)

EC(PS)

EC(CIRC)

EC(REG)
[8]
= EC(UF)

[16]
= EC(LCOM)

[16]
= EC(RCOM)

[16]
= EC(2COM)

[6]

[6]
[7]

[32]

[29] [16]

[10]

[32]

[32]

[16]

[16][16]

[6][6]

[8]

[8]

[32]

Figure 2: Resulting hierarchy of language families by external contextual grammars with special selec-

tion languages.

We now present some languages which serve as witness languages for proper inclusions or incompa-

rabilities.

Lemma 16 The language L = { anbn | n ≥ 1 }∪{ bn | n ≥ 1 } is in EC(PRE)\EC(SUF).

Proof. The contextual grammar G = ({a,b},{S1 →C1,S2 →C2},{ab,b}) with

S1 = Pre({ anbm | n,m ≥ 1 }), C1 = {(a,b)}, S2 = {b}∗, C2 = {(λ ,b)}

generates the language L as can be seen as follows.

The first rule can be applied to the axiom ab and then to every other word akbk for k ≥ 1. This allows

us to generate the language { anbn | n ≥ 1 }. From the axiom ab, no other word can be generated. The
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second rule can be applied to the axiom b and then to every other word bk for k ≥ 1. This allows us

to generate the language { bn | n ≥ 1 }. From the axiom b, no other word can be generated. Together,

we obtain that L(G) = L. Furthermore, all selection languages are prefix-closed. Hence, L ∈ EC(PRE).
From [6, Lemma 3.3], we know that the language L is not in EC(SUF). �

Lemma 17 The language L = { anbn | n ≥ 1 }∪{ an | n ≥ 1 } is in EC(SUF)\EC(PRE).

Proof. The proof is similar to the one for Lemma 16 due to the symmetry. �

Lemma 18 The language L = {a,b}∗{ anbm | n ≥ 1,m ≥ 1 }∪{ canbmc | n ≥ 1,m ≥ 1 } belongs to the

family EC(INF)\EC(STAR).

Proof. The contextual grammar G = ({a,b},{S1 →C1,S2 →C2},{ab}) with

S1 = Inf ({ anbm | n ≥ 1,m ≥ 1 }), C1 = {(c,c)}, S2 = Inf ({a,b}∗), C2 = {(a,λ ),(b,λ ),(λ ,b)}

generates the language L where all selection languages are infix-closed. With star languages as selection

languages, the structure of a word cannot be checked before adjoining the letter c. �

Lemma 19 Let L = { ambc2nbam | n ≥ 1,m ≥ 0 }∪{ cn | n ≥ 2 }∪{ bcnb | n ≥ 2 }∪{ acna | n ≥ 2 }.
Then, L ∈ EC(INF)\EC(NC).

Proof. The contextual grammar G = ({a,b,c},{S1 →C1,S2 →C2},{cc}) with

S1 = {c}∗, C1 = {(λ ,c),(b,b)}, S2 = Inf ({ ambc2nbam | n ≥ 1,m ≥ 0 }), C2 = {(a,a)}

generates the language L and all selection languages are infix-closed. With non-counting selection lan-

guages, one could also wrap letters a around a word bcnb ∈ L for an odd number n which is a contradic-

tion. �

Lemma 20 The language L = {a,b}∗ ∪{c}{λ ,b}{ab}∗{λ ,a}{c} is in EC(INF)\EC(SYDEF).

Proof. The language L is generated by the contextual grammar G = ({a,b,c},{S1 →C1,S2 →C2},{λ})
with

S1 = {a,b}∗, C1 = {(λ ,a),(λ ,b)}, S2 = Inf ({ab}∗), C2 = {(c,c)}

All selection languages are infix-closed; therefore, we have L ∈ EC(INF). With symmetric definite

selection languages, the alternation between a and b cannot be checked. �

Lemma 21 The language L = { anbn | n ≥ 1 }∪{ bnan | n ≥ 1 } is in EC(INF)\EC(CIRC).

Proof. The contextual grammar G = ({a,b},{S1 →C1,S2 →C2},{ab,ba}) with

S1 = Inf ({a}∗{b}∗), C1 = {(a,b)}, S2 = Inf ({b}∗{a}∗), C2 = {(b,a)}

generates L where all selection languages are infix-closed. With circular selection languages, a word of

the language {a}+{b}+{a}+{b}+ could be generated. �
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Lemma 22 The language L = { bna | n ≥ 0 }∪{λ} is in EC(COMB)\EC(PRE).

Proof. The contextual grammar G = ({a,b},{{a,b}∗{a} → (b,λ )},{λ ,a}) generates the language L

and all the selection languages are combinational. With prefix-closed selection languages, also words

without a could be generated. �

Lemma 23 The language L = { bbban | n ≥ 1 }∪{bb} is in EC(NIL)\EC(PRE).

Proof. The contextual grammar G = ({a,b},{{a,b}4{a,b}∗ → (λ ,a)},{bbba,bb}) generates the lan-

guage L, where all selection languages in S are nilpotent. With prefix-closed selection languages, also a

word bbam could be generated. �

With the languages from the previous lemmas, the inclusion relations and incomparabilities depicted

in Figure 2 can be shown.

Theorem 24 (Resulting hierarchy for EC) The inclusion relations presented in Figure 2 hold. An ar-

row from an entry X to an entry Y depicts the proper inclusion X ⊂ Y ; if two families are not connected

by a directed path, they are incomparable.

5 Results on subregular control in internal contextual grammars

In this section, we include the families of languages generated by internal contextual grammars with

selection languages from the subregular families under investigation into the existing hierarchy with

respect to internal contextual grammars.

Lemma 25 (Monotonicity IC) For any two language classes X and Y with X ⊆ Y , we have the inclu-

sion IC(X)⊆ IC(Y ).

Figure 3 shows a hierarchy of some language families which are generated by internal contextual

grammars where the selection languages belong to subregular classes investigated before. The hierarchy

contains results which were already known (marked by a reference to the literature) and results which

are new.

We now present some languages which serve as witness languages for proper inclusions or incompa-

rabilities.

Lemma 26 Let G = ({a,b,c,d},{{ab,b,λ} → (c,d)},{aab}) be a contextual grammar. Then, the lan-

guage L = L(G) is in IC(SUF)\IC(PRE).

Proof. Since the selection language of G is suffix-closed, the language L is in IC(SUF). Suppose that

the language L is also generated by a contextual grammar G′ = ({a,b,c,d},S ′ ,B′) where all selection

languages S ∈ S ′ are prefix-closed.

Let us consider a word w = acnabdn ∈ L for some natural number n ≥ ℓ(G′). Due to the choice of n,

the word w is derived in one step from some word z1z2z3 ∈ L for three words zi ∈V ∗ with 1 ≤ i ≤ 3 by

using a selection component (S,C) ∈ S with z2 ∈ S and a context (u,v) ∈ C: z1z2z3 =⇒ z1uz2vz3 = w.

By the structure of the language L, it holds (u,v) = (cm,dm) for a natural number m with 1 ≤ m < n

and z2 = cpabdq for two natural numbers p and q with m+ p ≤ n and q+m ≤ n. Since S is assumed
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IC(MON)IC(FIN)

IC(NIL) IC(COMB)

IC(DEF)

IC(ORD)

IC(NC)

IC(PS)

IC(REG)
[8]
= IC(UF)

[16]
= IC(LCOM)

[16]
= IC(RCOM)

[16]
= IC(2COM)

IC(SYDEF) IC(INF)

IC(SUF)IC(PRE) IC(STAR) IC(COMM)

IC(CIRC)

[16]

[8] [8] [8]

[8]

[16]

[8]

[29]

[32]

[32]

[16]

[16]

[32]

[8]

[8]

[8]

Figure 3: Resulting hierarchy of language families by internal contextual grammars with special selection

languages

to be prefix-closed, the word cpa is in S, too. Therefore, we can apply the context (u,v) to the sub-

word cpa of w. Hence, we can derive acnabdn ∈ L to acn+madmbdn /∈ L. This contradiction proves

that L /∈ IC(PRE). �

Lemma 27 Let G = ({a,b,c,d},{{ab,a,λ} → (c,d)},{abb}) be a contextual grammar. Then, the lan-

guage L = L(G) is in IC(PRE)\IC(SUF).

Proof. The argumentation is symmetrical to the previous proof. �

Lemma 28 Let V = {a,b,c,d,e, f ,g,h} be an alphabet, G = (V,{S1 → C1,S2 → C2},{cd}) be a con-

textual grammar with

S1 = Inf ({a,b}∗{cd}), C1 = {(aab,gh)}, S2 = Inf ({a}{bb}+{c}), C2 = {(e, f )},

and L = L(G) be its generated language. Then, L ∈ IC(INF)\IC(NC).

Proof. All selection languages are infix-closed, therefore, L ∈ IC(INF). With non-counting selection

languages, it could not be ensured that the number of letters b between e and f in a word is even. �

Lemma 29 Let V = {a,b,c} be an alphabet, G = (V,{Inf ({abca}) → (b,c)},{abcaaabca}) be a con-

textual grammar, and L = L(G) be its generated language. Then, L ∈ IC(INF)\IC(SYDEF).

Proof. The selection language of the given contextual grammar is infix-closed; therefore, L ∈ IC(INF).
With symmetric definite selection languages, letters b could be produced in the beginning of a word

whereas the corresponding letters c are produced at the very end of a word which is a contradiction. �
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Lemma 30 Let V = {a,b,c,d} be an alphabet, G = (V,{{ab,a,b,λ} → (c,d)},{aab,ba}) be a contex-

tual grammar, and L = L(G) be the language generated. Then, L ∈ IC(INF)\IC(CIRC).

Proof. The selection language of G is infix-closed. Hence, we have L ∈ IC(INF). In [9, Lemma 17], it

was proved that the language L is not in IC(CIRC). �

Lemma 31 Let L = { cnacmbcn+m | n ≥ 0,m ≥ 0 }. Then, L ∈ (IC(FIN)∩IC(COMB))\IC(PRE).

Proof. The relations L ∈ IC(FIN) and L ∈ IC(COMB) were proved in [9, Lemma 15]. The rela-

tion L /∈ IC(PRE) can be proved in the same way as L /∈ IC(SUF) is proved in [9, Lemma 15]. �

Lemma 32 Let V = {a,b,c,d} be an alphabet, G = (V,{S1 → C1,S2 → C2},{baab}) be a contextual

grammar with S1 = {a,λ}, C1 = {(c,d)}, S2 = {b,λ}, C2 = {(d,c)}, and L = L(G) its generated

language. Then, L ∈ IC(INF)\IC(STAR).

Proof. Since both selection languages of G are infix-closed, we have L ∈ IC(INF). In [17], it is proved

that L /∈ IC(STAR). �

With the languages from the previous lemmas, the inclusion relations and incomparabilities depicted

in Figure 3 can be shown.

Theorem 33 (Resulting hierarchy for IC) The inclusion relations presented in Figure 3 hold. An ar-

row from an entry X to an entry Y depicts the proper inclusion X ⊂ Y ; if two families are not connected

by a directed path, they are incomparable.

Please note that with the result in Theorem 33, we have answered the open question whether IC(SUF)
is incomparable to IC(NC) or IC(ORD) or whether it is a subset of one of the families IC(NC)
or IC(ORD) raised already several years ago in [30].

6 Conclusion and future work

In this paper, we have extended the previous hierarchies of subregular language families, of families

generated by external contextual grammars with selection in certain subregular language families, and of

families generated by internal contextual grammars with selection in such language families.

Various other subregular language families have also been investigated in the past (for instance,

in [1, 13, 22]). Future research will be on extending and unifying current hierarchies of subregular

language families (presented, for instance, in [10, 32]) by additional families and to use them as control

in contextual grammars.

The extension of the hierarchy with other families of definite-like languages (for instance, ultimate

definite, central definite, non-inital definite) has also already begun. Furthermore, it is also planned

to unify the hierarchy of subregular language families, extended by the mentioned language families,

with the hierarchies of the language families generated by contextual grammars defined by their limited

resources.

The research can be also extended to other mechanisms like tree-controlled grammars or networks

of evolutionary processors. Another possibility would be to check to what extent the different language

classes are closed under different operations.
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podár, Galina Jirásková & Stavros Konstantinidis, editors: Descriptional Complexity of Formal Systems,

21st IFIP WG 1.02 International Conference, DCFS 2019, Košice, Slovakia, July 17–19, 2019, Proceedings,
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Sturmian words form a family of one-sided infinite words over a binary alphabet that are obtained
as a discretization of a line with an irrational slope starting from the origin. A finite version of this
class of words called Christoffel words has been extensively studied for their interesting properties.
It is a class of words that has a geometric and an algebraic definition, making it an intriguing topic of
study for many mathematicians. Recently, a generalization of Christoffel words for an alphabet with
3 letters or more, called epichristoffel words, using episturmian morphisms has been studied, and
many of the properties of Christoffel words have been shown to carry over to epichristoffel words;
however, many properties are not shared by them as well. In this paper, we introduce the notion of an
epichristoffel tree, which proves to be a useful tool in determining a subclass of epichristoffel words
that share an important property of Christoffel words, which is the ability to factorize an epichristoffel
word as a product of smaller epichristoffel words. We also use the epichristoffel tree to present some
interesting results that help to better understand epichristoffel words.

1 Introduction

Sturmian sequences have appeared several times in history in the works of several mathematicians such
as Bernoulli, Christoffel and Markov. They are sequences over a 2-letters alphabet that code discrete
lines, due to which they appear in different fields of mathematics such as discrete geometry and number
theory. They also have the property of being balanced. Christoffel words are the finite version of these
sequences and have been studied extensively [1, 3, 6, 9, 10, 11]. For a comprehensive understanding of
Christoffel words, we refer the readers to [9],[13] and [14]. These are the smallest words with respect to
the lexicographic order which are conjugate to a finite standard Sturmian word.

Genevieve Paquin has studied a generalization of Christoffel words called epichristoffel words,
in which episturmian morphisms are used to determine if a word belongs to an epichristoffel class
[7]. Although epichristoffel words share many of the same properties as Christoffel words, Genevieve
raised some open problems regarding epichristoffel words. These include the ability to characterize
the epichristoffel word of each conjugacy class, whether epichristoffel words satisfy a type of balanced
property, and whether there is an epichristoffel word of any length over a k-letter alphabet for a fixed
k ≥ 3. In this paper, we have partially answered such questions by introducing infinite binary trees called
epichristoffel trees motivated by the definition of the Christoffel tree. We note that there can be differ-
ent epichristoffel trees based on the epichristoffel word that serves as the root of the tree. It has been
shown in [2] that every non-trivial Christoffel word can be factorized in a unique way into two words
where each one of them is a Christoffel word. This is called the standard factorization of the word. The
Christoffel tree is an infinite binary tree in which each Christoffel word appears exactly once in its stan-
dard factorization form. Although the epichristoffel trees that we introduce in this article do not contain

http://dx.doi.org/10.4204/EPTCS.422.2
https://creativecommons.org
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every epichristoffel word over a k-letter alphabet and not all epichristoffel words have a factorization
into smaller epichristoffel words, we show that the epichristoffel tree can be a useful tool in helping
to determine the existence of epichristoffel words of various lengths. This tree exhibits subclasses of
epichristoffel words that do or do not satisfy a factorization property, such as Christoffel words. Through
Theorem 5.1, we have shown that this tree provides a characterization of the epichristoffel word of a con-
jugacy class. The study of epichristoffel words is interesting because they seem to relate to the Fraenkel
conjecture which states that for a k-letter alphabet, there exists a unique infinite word up to letter per-
mutation and conjugation that is balanced and has pair-wise distinct letter frequencies. Thus, a better
understanding of epichristoffel words might help prove this conjecture.

2 Definitions and Notations

Throughout this paper, we use the notation A to denote a finite ordered alphabet. A finite word is an
element of the free monoid A∗ and if w = w[0]w[1] . . .w[n−1], with w[i] ∈ A then w is said to be a finite
word of length n. Unless specified otherwise every word discussed in this paper will be a finite word.
The notation |w| is used to denote the length of the word w and the notation |w|ai is used to determine the
number of occurrences of the letter ai in w, where ai ∈ A. By convention, the empty word is denoted by
λ and its length is 0.

The conjugacy class [w] of a finite word w of length n is the set of all words of the form w[i]w[i+
1] . . .w[n−1]w[0] . . .w[i−1], for 0 ≤ i ≤ n−1. If two words w1 and w2 are conjugate to each other, we
denote it by w1 ≡ w2. If w is primitive and the smallest word in its conjugacy class with respect to the
lexicographic order, then w is called a Lyndon word.

A word f is a factor of a word w if w = p f s for some p,s ∈ A∗. f is called a prefix or a suffix
respectively if p or s is the empty word. We refer the readers to [7] and [9] for most of the basic notations
and definitions used in this paper.

3 Christoffel Words and Epichristoffel Words

Definition 3.1. [9] The lower Christoffel path of slope a
b over the binary alphabet A = {x,y}, where a

and b are relatively prime positive integers is the path in the plane from (0, 0) to (b,a) in the integer
lattice Z ×Z that satisfies the following two conditions:

• The path lies below the line segment that begins at (0, 0) and ends at (b,a).

• The region in the plane enclosed by the path and the line segment contains no other part of Z ×Z
besides those of the path.

By encoding every horizontal step in the lower Christoffel path by the letter x and every vertical step in
the lower Christoffel path by the letter y we get word of length a+ b over a binary alphabet called the
Christoffel word of slope a

b .
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Figure 1: The Christoffel word of slope 4
7

Lemma 3.1. [6] A word w is a Christoffel word if and only if w is a balanced Lyndon word.

Definition 3.2. [9] The label of a point (i, j) on the lower Christoffel path of slope a
b is the number ia− jb

b
which represents the vertical distance from the point (i, j) to the line segment from (0, 0) to (b,a).

Figure 2: The labels of the points on the Christoffel path of slope 4
7

Definition 3.3. [9] The standard factorization of the Christoffel word w of slope a
b is the factorization

w = (w1,w2) where w1 encodes the portion of the Christoffel path from (0, 0) to the closest point C on
the path having label 1

b and w2 encodes the portion from C to (b,a).

Definition 3.4. [8] For a finite alphabet A and a1,a2 ∈ A, consider the following endomorphisms of A∗:

(i) ψa1(a1) = ψa1
(a1) = a1

(ii) ψa1(ak) = a1ak if ak ∈ A\{a1}
(iii) ψa1

(ak) = aka1 if ak ∈ A\{a1}
(iv) θa1a2(a1) = a2, θa1a2(a2) = a1, θa1a2(ak) = ak, ak ∈ A\{a1,a2}

Definition 3.5. [7] The set of episturmian morphisms is the monoid generated by the morphisms ψa1 ,ψa1
,

θa1a2 under composition. The set of pure episturmian morphisms is the submonoid generated by ψa1 and
ψa1

.

Definition 3.6. [7] A word w ∈ A∗ belongs to an epichristoffel class if it is the image of a letter by an
episturmian morphism.

Definition 3.7. [7] A word w ∈ A∗ is epichristoffel if it is the unique Lyndon word occurring in an
epichristoffel class. A word is called c-epichristoffel if it is conjugate to an epichristoffel word.
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Definition 3.8. [7] If w is an epichristoffel word over the alphabet A = {a0,a1, ...,ak−1} then the k-tuple
p = (p0, p1, . . . , pk−1) is called an epichristoffel k-tuple if pi = |w|ai for 0 ≤ i ≤ k−1.

It has been shown in [9] that for a given pair of positive integers a,b there exists a Christoffel word
having a number of x′s and b number of y′s if and only if a and b are relatively prime. For a k-letter
alphabet, k ≥ 3, Paquin presented an algorithm to determine the existence of an epichristoffel k-tuple
based on the following definition and results.

Definition 3.9. [7] Let p = (p0, p1, . . . , pk−1) be a k-tuple of non-negative integers. The operator T :
Nk → Zk is defined over the k-tuple p as

T (p) = T (p0, p1, . . . , pk−1) = (p0, p1, . . . , pi−1,(pi −
k−1
∑

j=0, j ̸=i
p j), pi+1, . . . , pk−1), where pi ≥ p j, ∀ j ̸= i.

Proposition 3.1. [7] Let p be a k-tuple. There exists an epichristoffel word with occurrence number of
letters p if and only if iterating T over p yields a k-tuple p′ with p′j = 0 for j ̸= m and p′m = 1, for a
unique m such that 0 ≤ m ≤ k−1.

Example 3.1. Consider the 3-tuple (2, 3, 7). Then, T (2,3,7) = (2,3,2), T 2(2,3,7) = T (2,3,2) =
(2,−1,2). Hence there exists no epichristoffel word corresponding to the 3-tuple (2, 3, 7).

On the other hand, there exists an epichristoffel word corresponding to the 3-tuple (1, 4, 2) since
T (1,4,2) = (1,1,2), T 2(1,4,2) = T (1,1,2) = (1,1,0), T 3(1,4,2) = T (1,1,0) = (1,0,0).

Lemma 3.2. [7] Let w ∈ A∗ be a c-epichristoffel word. Then, there exists a c-epichristoffel word u ∈ A∗,
|u| > 1 and an episturmian morphism φ ∈ {ψa0 ,ψa0

}, with a0 ∈ A, such that w = φ(u) if and only if
|w|a0 > |w|ai for all ai ∈ A, i ̸= 0.

We refer the readers to the iteration found in the proof of Lemma 3.2, as the algorithm used to
determine the epichristoffel word is based on this iteration. Given below is an example of constructing
the epichristoffel word based on the mentioned iteration.

Example 3.2. If A = {x,y,z}, then, for the 3-tuple (1, 4, 2) describing the occurrence numbers of x,y
and z respectively, the construction of the epichristoffel word is as follows:
(1,4,2)→y (1,1,2)→z (1,1,0)→y (1,0,0)
ψyψzψy(x) = ψyψz(yx) = ψy(zyzx) = yzyyzyx
Since this is obtained by a standard episturmian morphism to a letter, this standard episturmian word is
a representative of the epichristoffel conjugacy class. The word yzyyzyx is thus a c-epichristoffel word
and the smallest word with respect to the lexicographic order in its conjugacy class that is, xyzyyzy is the
epichristoffel word, assuming x < y < z.

Lemma 3.3. [12] A Christoffel word can always be written as the product of two Christoffel words.

Lemma 3.4. [7] An epichristoffel word cannot always be written as the product of two epichristoffel
words.

Example 3.3. Consider the epichristoffel word xzyzzyz over the alphabet A = {x,y,z}. There are no
factorizations of this word into epichristoffel words.

Lemma 3.5. [7] Any c-epichristoffel word w of length n > 1, can be non-uniquely written as the product
of two c-epichristoffel words.

Example 3.4. A factorization of the c-epichristoffel word yzyyzyx is yzy,yzyx obtained by considering
the iteration in Example 3.2 in the following way: ψyψzψy(x) = ψyψz(yx) = ψyψz(y),ψyψz(x)
= ψy(zy),ψy(zx) = yzy,yzyx.
This factorization is used in the later part of the paper to construct an epichristoffel tree.
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4 The Christoffel and Stern-Brocot trees

Definition 4.1. [9] The Christoffel tree is an infinite binary tree where each node is of the form (u,v)
which represents a Christoffel word occurring in its standard factorization form and the left, right de-
scendants of which are (u,uv) and (uv,v) respectively. The root of this tree is the Christoffel word of
slope 1

1 , i.e. (x,y).

Lemma 4.1. [9] Every Christoffel word appears exactly once on the Christoffel tree.

Definition 4.2. [9] The mediant of two fractions a
b and c

d , denoted by a
b ⊕

c
d is a+c

b+d . This operation gives
rise to the Stern-Brocot sequence as follows:
Let S0 denote the sequence 0

1 , 1
0 (we view 1

0 as a formal fraction for the purpose of the construction
of the successive terms of the sequence). For i > 0, Si is constructed from Si−1 by inserting between
consecutive elements of the sequence their mediant. The first few iterations of this process yields the
following sequence:
0
1 ,

1
1 ,

1
0 (S1)

0
1 ,

1
2 ,

1
1 ,

2
1 ,

1
0 (S2)

0
1 ,

1
3 ,

1
2 ,

2
3 ,

1
1 ,

3
2 ,

2
1 ,

3
1 ,

1
0 (S3)

0
1 ,

1
4 ,

1
3 ,

2
5 ,

1
2 ,

3
5 ,

2
3 ,

3
4 ,

1
1 ,

4
3 ,

3
2 ,

5
3 ,

2
1 ,

5
2 ,

3
1 ,

4
1 ,

1
0 (S4)

We have indicated the mediants obtained in each iteration in bold.

Definition 4.3. [9] The Stern-Brocot tree is an infinite binary tree in which the vertices of the ith (i > 0)
level are the mediants obtained in the ith iteration of the Stern-Brocot sequence.

Figure 3: The Christoffel and Stern-Brocot trees

Theorem 4.1. [9] The Christoffel tree is isomorphic to the Stern-Brocot tree via the map that associates
to the vertex (u,v) of the Christoffel tree, the fraction |uv|y

|uv|x . The inverse map associates to a fraction a
b

the pair (u,v) where (u,v) is the standard factorization of the Christoffel word of slope a
b .

Definition 4.4. [5] For a natural number k, the kth left diagonal of the Stern-Brocot tree Lk is the sequence
made up of each kth term from each level beginning at the first level and the kth right diagonal of the Stern-
Brocot tree Rk is the sequence made up of each kth term taken from the end of each level beginning at
the first level.

The first few left and right diagonals are mentioned below:
L1 =

{1
1 ,

1
2 ,

1
3 , . . .

}
, L2 =

{2
1 ,

2
3 ,

2
5 , . . .

}
, L3 =

{3
2 ,

3
5 ,

3
8 , . . .

}
. . .

R1 =
{1

1 ,
2
1 ,

3
1 , . . .

}
, R2 =

{1
2 ,

3
2 ,

5
2 , . . .

}
, R3 =

{2
3 ,

5
3 ,

8
3 , . . .

)
. . .

Note: If a particular level of the Stern-Brocot tree does not have a kth term, we omit that level and begin
from the first level which has the kth term. For example, the left diagonal L4 is obtained by taking the 4th
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term from each row begining at the first level, but since the first and second levels of the tree do not have
a 4th term, we begin with the 4th term of the 3rd level.
Notation: If Lk = {Lk,1,Lk,2,Lk,3, . . .} and Lm = {Lm,1,Lm,2,Lm,3, . . .} then the sum of Lk and Lm is
denoted by Lk ⊕Lm and represents the left diagonal {Lk,1 ⊕Lm,1,Lk,2 ⊕Lm,2, . . .}.

Lemma 4.2. [5] If k = 2i(2 j+1) where i, j ∈ N, then

i) L2k =

{
Lk ⊕L1+ , if j = 0
Lk ⊕L j+1, if j > 0

where L1+ =
{1

0 ,
1
1 ,

1
2 , . . .

}
ii) L2k+1 = Lk+1 ⊕L j+1.

Remark 4.1. The goal of Lemma 4.2 is to show that any left diagonal in the Stern-Brocot tree is obtained
by the mediant sum operation "⊕" of some previous two left diagonals. For example, the left diagonal L6
is obtained by L3 ⊕L2. This is the motivation for the Stern-Brocot trees that we construct corresponding
to our epichristoffel trees, which is shown in Theorem 5.2,as it follows the same rules of construction.
The only difference is instead of adding two fractions with the mediant operation we add two tuples with
the mediant operation. Therefore, the left diagonals of the Stern-Brocot trees that correspond to our
epichristoffel trees also share the same property that any left diagonal can be obtained by the mediant
sum of some previous two left diagonals.

Theorem 4.2. [5] If a
b is the kth entry of the nth row of the Stern-Brocot tree where n > 1, then the kth

entry of the (n+1)th row is a
a+b .

Theorem 4.3. [5] If a
b is the kth entry of the nth row of the Stern-Brocot tree where n > 1, then the kth

entry of the (n+1)th row is a+b
b .

From the Stern-Brocot tree we can thus deduce that if there exists a Christoffel word of slope a
b then

there will always exist a Christoffel word of slope a
b+na and a Christoffel word of slope a+nb

b for any
natural number n. More results on the Stern-Brocot tree can be found in [4] and [5].

5 Epichristoffel Trees

In this section, we introduce infinite binary trees for epichristoffel words similar to the Christoffel tree.
Consider any c-epichristoffel word w over the ordered alphabet A = {a0,a1, ...,ak−1} of length n > 1.

Since w can be nonuniquely written as the product of two c-epichristoffel words, as shown in Example
3.4. Consider such a factorization of (u,v) of w where u and v are c-epichristoffel.

Lemma 5.1. If w = uv is a c-epichristoffel word whose factorization is obtained as explained above,
then the words w1 = uuv and w2 = uvv are also c-epichristoffel words.

Proof. Since w is a c-epichristoffel word, it is obtained by the application of a sequence of episturmian
morphisms to some letter, say a j ∈ A, where 0 ≤ j ≤ k−1.
Therefore,
w = ψai1

ψai2
...ψail

(a j), where 0 ≤ i1, i2, ..., il ≤ k−1 and il ̸= j.
= ψai1

ψai2
...ψail−1

(ail a j)

= ψai1
ψai2

...ψail−1
(ail )ψai1

ψai2
...ψail−1

(a j)

Thus, w = uv, where u = ψai1
ψai2

...ψail−1
(ail ) and v = ψai1

ψai2
...ψail−1

(a j)
Consider now the word w1 formed by the application of the following episturmian morphisms to the
lettera j:
w1 = ψai1

ψai2
...ψail−1

ψa j ψail
(a j)
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= ψai1
ψai2

...ψail−1
ψa j(ail a j)

= ψai1
ψai2

...ψail−1
ψa j(ail )ψai1

ψai2
...ψail−1

ψa j(a j)

= ψai1
ψai2

...ψail−1
(a jail )ψai1

ψai2
...ψail−1

(a j)

= ψai1
ψai2

...ψail−1
(a j)ψai1

ψai2
...ψail−1

(ail )ψai1
ψai2

...ψail−1
(a j)

= vuv
≡ uvv
Therefore, w2 is also c-epichristoffel.
Similarly, it can be seen that w1 is obtained by computing ψai1

ψai2
...ψail

ψail
(a j) and is also

c-epichristoffel.

5.1 The construction of an epichristoffel tree

We construct the epichristoffel tree as follows: Let w be an arbitrary epichristoffel word of length n cor-
responding to the k-tuple (x1,x2, . . . ,xk). The word w is obtained by applying a sequence of episturmian
morphisms on a letter a j ∈ A, after which the smallest word in its conjugacy class is considered. In the
process of doing so we factorize w into two c-epichristoffel words say, u and v as shown in the proof of
Lemma 5.1.
Let (l1, l2, . . . , lk) and (m1,m2, . . . ,mk) denote the corresponding k-tuples for the words u and v respec-
tively.

The epichristoffel word w = w[1]w[2] . . .w[n] is the smallest word in the conjugacy class obtained
after the above episturmian morphims are applied. Due to this construction either w[1]w[2] . . .w[|u|] or
w[1]w[2] . . .w[|v|] will be the epichristoffel word corresponding to u or v. We use the word w as the
root of the tree. Suppose, without loss of generality that if w[1]w[2] . . .w[|v|] is the epichristoffel word
corresponding to v, then the root of the tree is (u′,v′) where
u′ = w[1]w[2] . . .w[|v|] and v′ = w[|v|+1]w[|v|+2] . . .w[|v|+ |u|]
The left and right descendants of this tree, as in the case of the Christoffel tree are (u′,u′v′) and (u′v′,v′)
respectively. These in turn are once again epichristoffel due to Lemma 5.1 and the fact that u′v′ is the
smallest with respect to the lexicographic ordering. Suppose, if w[1]w[2] . . .w[|u|] is the epichristoffel
word corresponding to u, then the root of the tree is (u′,v′) where u′ = w[1]w[2] . . .w[|u|] and v′ = w[|u|+
1]w[|u|+2] . . .w[|u|+ |v|] This construction is illustrated in the example below:

Example 5.1. Let A= {x,y,z}. Consider the 3-tuple (1,2,4). To find u and v, we consider the episturmian
morphisms applied to construct the word zyzzyzx.
(1,2,4)→z (1,2,1)→y (1,0,1)→z (1,0,0)
ψzψyψz(x) = ψzψy(zx) = ψzψy(z)ψzψy(x) = ψz(yz)ψz(yx) = zyz zyzx
Thus, u = zyz and v = zyzx, whose corresponding tuples are (0,1,2) and (1,1,2). The epichristoffel word
corresponding to zyzzyzx is w = xzyzzyz and w[1]w[2]w[3]w[4] = xzyz which is the epichristoffel word
corresponding to the tuple (1,1,2).

The epichristoffel tree is obtained by considering w as the root with the factorization (xzyz,zyz) and
the left and right descendants of each node follows the rule mentioned above.

Similar to the Stern-Brocot tree that is isomorphic to the Christoffel tree via the map that associates
to each Christoffel word w = (u,v) to the fraction |w|a

|w|b , we construct an infinite binary tree of k-tuples
that can be associated to the epichristoffel tree via the map that associates each c-epichristoffel word
w = (u,v) to the k-tuple (x1,x2, . . . ,xk) where xi = |w|ai .
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Figure 4: The epichristoffel tree with the root word (xzyz,zyz)

Definition 5.1. The mediant of two k-tuples (y1,y2, . . . ,yk) and (z1,z2, . . . ,zk) is the be k-tuple
(y1 + z1,y2 + z2, . . . ,yk + zk).
Let (u′1,u

′
2, . . . ,u

′
k) and (v′1,v

′
2, . . . ,v

′
k) be two k-tuples corresponding to the words u′ and v′.

Define the sequence Si as follows:
S0 = (u′1,u

′
2, . . . ,u

′
k),(v

′
1,v

′
2, . . . ,v

′
k) and

Si for i > 1 is obtained from Si−1 by inserting between two consecutive elements of the sequence, their
mediants. The mediants constructed in the i-th iteration of the above process for i > 0 are the vertices in
the i-th level of this tree. We call this as the Stern-Brocot tree corresponding to the epichristoffel tree.

The Stern-Brocot sequence and tree corresponding to the epichristoffel tree of Example 5.1 is shown
below:

S0 = (1,1,2),(0,1,2)

S1 = (1,1,2),(1,2,4),(0,1,2)
S2 = (1,1, ,2),(2,3,6),(1,2,4),(1,3,6),(1,1,2)

and so on.

Figure 5: The Stern-Brocot tree for Example 5.1

Example 5.2. Let A = {x,y,z}. Consider the 3-tuple (3,2,1). The c-epichristoffel word corresponding
to this tuple is xy xyxz. Here u = xy and v = xyxz, whose corresponding tuples are (1,1,0) and (2,1,1)
respectively. Hence, the epichristoffel word corresponding to this word is itself, that is w = xyxyxz. The
respective epichristoffel and Stern-Brocot trees are shown in Figures 7 and 8.

Remark 5.1. To construct an epichristoffel tree we first begin with an epichristoffel word of length n,
which serves as the root of the tree. To obtain an epichristoffel word we apply a set of episturmian
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Figure 6: The epichristoffel tree with the root word (xy,xyxz)

Figure 7: The Stern-Brocot tree for Example 5.2

morphisms to a letter. Once this is done, we may or may not have the epichristoffel word depending on
whether the word is the smallest according to the lexicographic ordering in its conjugacy class. If the
word obtained is not the smallest in its conjugacy class, we have obtained a c-epichristoffel word. This
has been explained in Lemma 5.1. While applying the set of episturmian morphisms to the letter, we also
factorize the word as shown in proof of Lemma 5.1 and write it as (u,v), adhering to the notation of the
construction of the Christoffel tree. If w = w[1]w[2] . . .w[n] is the smallest word in the conjugacy class
of (u,v), then either w[1]w[2] . . .w[|u|] or w[1]w[2] . . .w[|v|] is the epichristoffel word corresponding to
the c-epichristoffel word u or the c-epichristoffel word v. This has been illustrated in Example 5.1 and
Example 5.2. If without loss of generality, w[1]w[2] . . .w[|u|] is the epichristoffel word corresponding to
the c-epichristoffel word u, then w[u+ 1]w[u+ 2] . . .w[|u+ v|] is the epichristoffel word corresponding
to the c-epichristoffel word v. We now begin the construction of our epichristoffel tree taking (u′,v′) as
the root of our tree where u′ = w[1]w[2] . . .w[|u|] and v′ = w[u+ 1]w[u+ 2] . . .w[|u+ v|]. The left and
right descendants of this tree, as in the case of the Christoffel tree are (u′,u′v′) and (u′v′,v′) respectively.
Since (u′,v′) is an epichristoffel word, it is the smallest word with respect to the lexicographic order in
its conjugacy class. Therefore, u′ < v′ in the lexicographic ordering. From which we can conclude that
the word (u′,u′v′) is also smallest in its conjugacy class as we have only added the epichristoffel word
u’ that is smaller as a prefix. Similarly, we can deal with the case of (u′v′,v′) where we have added the
epichristoffel word v′ which is larger as a suffix. Lemma 5.1 has already established that whenever (u,v)
is c-epichristoffel then (uv,v) and (u,uv) are also c-epichristoffel. Since epichristoffel words are words
in the conjugacy class, they are c-epichristoffel. As they are the smallest in the conjugacy class, they are
epichristoffel words.

Theorem 5.1. Every word appearing in the epichristoffel tree is obtained by the application of a finite
number of episturmian morphisms to a letter and is lexicographically smallest in its respective conjugacy
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class making it an epichristoffel word.

Proof. The root of the epichristoffel tree is a word w = w[1]w[2]...w[n] of length n that is the smallest
word in the conjugacy class of a word w′ obtained by an application of a sequence of episturmian mor-
phisms as shown in the construction and is thus an epichristoffel word.
This root word w is factorized as
w[1]w[2]...w[|u|],w[|u|+1]w[|u|+2]...w[|u|+ |v|] or w[1]w[2]...w[|v|],w[|v|+1]w[v+2]...w[|v|+ |u|]
where |u|+ |v| = n, depending on whether w[1]w[2]...w[|u|] is the epichristoffel word corresponding to
the word u or w[1]w[2]...w[|v|] is the epichristoffel word corresponding to the word v respectively, where
u,v is the factorisation of w′ as the product of two c− epichristoffel words as shown in Example 3.3.
Without loss of generality, if w[1]w[2]...w[|u|],w[|u|+ 1]w[|u|+ 2]...w[|u|+ |v|] is the factorization of w
then the left and right descendants in the tree, respectively, are
w[1]w[2]...w[|u|],w[1]w[2]...w[|u|]w[|u|+1]w[|u|+2]...w[|u|+ |v|] and
w[1]w[2]...w[|u|]w[|u|+1]w[|u|+2]...w[|u|+ |v|],w[|u|+1]w[|u|+2]...w[|u|+ |v|].
Since w[1]w[2]...w[n] is the smallest in its conjugacy class, we have
w[1]w[2]...w[|u|]< w[|u|+1]w[|u|+2]...w[|u|+ |v|].
Thus, the left and right descendants are also the smallest in their respective conjugacy classes and by
Lemma 5.1 they are c− epichristoffel due to which these descendants are also epichristoffel words. This
pattern continues for all the words appearing in the epichristoffel tree and thus every word in this tree is
an epichristoffel word.

Thus, using an arbitrary epichristoffel word, the epichristoffel tree can be used to determine the
existence of epichristoffel words of various lengths. Although a characterization of the epichristoffel
word for each conjugacy class was not found in [7], the epichristoffel tree can give us the characterization
of an epichristoffel word corresponding to a tuple present in the tree. This is illustrated below:

Example 5.3. To determine the epichristoffel word in the conjugacy class of the c-epichristoffel word
of the tuple, (3,8,16) we need only to trace the path from the root of the epichristoffel tree to the node
that represents the tuple (3,8,16). The root of this tree, as seen in Example 5.1 is the word (xzyz,zyz). To
find the word corresponding to the tuple (3,8,16), we must proceed to the right child given by the node,
(xzyzzyz,zyz) followed by its left child given by the node (xzyzzyz,xzyzzyzzyz), which is followed by its
right child given by the node (xzyzzyzxzyzzyzzyz,xzyzzyzzyz). Thus, the epichristoffel for the conjugacy
class of the epichristoffel tuple (3,8,16) is given by the word xzyzzyzxzyzzyzzyzxzyzzyzzyz.

Remark 5.2. We are using the epichristoffel tree to give a characterization of each epichristoffel word of
its conjugacy class that appears on the tree as this was the question raised by Paquin in [7]. For example,
the c-epichristoffel word corresponding to the tuple (3,8,16) is determined by applying the episturmian
morphisms ψzψyψzψxψzψz to the letter x since, (3,8,16) →z (3,8,5) →y (3,0,5) →z (3,0,2) →x (1,0,2)
→z (1,01) →z (1,0,0) . Doing so we obtain ψzψyψzψxψzψz(x) = ψzψyψzψxψz(zx) = ψzψyψzψx(zzx) =
ψzψyψz(xzxzx) = ψzψy(zxzzxzzx) = ψz(yzyxyzyzyxyzyzyx) = zyzzyzxzyzzyzzyzxzyzzyzzyzx. The question
raised by Paquin was to determine, given any c-epichristoffel word, such as the one above, a charac-
terization of the epichristoffel word in its conjugacy class. We have shown that by locating the word on
the epichristoffel tree, we receive the desired word in the conjugacy class. This has been explained in
Example 5.3. Thus, by constructing an epichristoffel tree and its corresponding Stern-Brocot tree, we
have successfully determined the epichristoffel word in the conjugacy class of each word on the tree. In
Example 5.3, the tree gives us a characterization of the epichristoffel word in the conjugacy class of all
the tuples occurring in it such as (2,3,6),(1,3,6),(3,4,8),(3,5,10),(2,5,10),(1,4,8),(3,8,16) etc.
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The following result is obtained by ordering the epichristoffel tree using the definition of left and
right diagonals of Section 4.

Theorem 5.2. If w is an epichristoffel word corresponding to the tuple (x1,x2, . . .xk), then there ex-
ist epichristoffel words for tuples of the form (x1 + d1,x2 + d2, . . .xk + dk), for some positive integers
d1,d2, . . . ,dk.

Proof. Since the mediant operation used for two fractions in the Stern-Brocot tree is extended for the
case of k-tuples, Lemma 4.2 can be applied analogously for the case of the epichristoffel tree.
Hence, each left diagonal of the Stern-Brocot tree corresponding to the epichristoffel tree is the sum of
some previous left diagonals of the tree. Now, if L and L′ are any two left diagonals that satisfy the
hypothesis then their sum also satisfies the hypothesis. Since
L = {(x1,x2, . . . ,xk),(x1 +d1,x2 +d2, . . .xk +dk),(x1 +2d1,x2 +2d2, . . .xk +2dk), . . .} and
L′ = {(y1,y2, . . . ,yk),(y1 + e1,y2 + e2, . . .yk + ek),(y1 +2e1,y2 +2e2, . . .yk +2ek), . . .},
then,
L⊕L′ = {(x1 + y1,x2 + y2, . . . ,xk + yk),(x1 + y1 +d1 + e1,x2 + y2 +d2 + e2, . . . ,xk + yk +dk + ek), . . .}
Thus, each left diagonal of the Stern-Brocot tree corresponding to an epichristoffel tree satisfies the
result.

Remark 5.3. The Stern-Brocot trees corresponding to the epichristoffel trees follows the same construc-
tion but for tuples rather than fractions. That is, (a,b,c)⊕ (d,e, f ) = (a+d,b+e,c+ f ). Therefore, the
result can be extended analogously.

Remark 5.4. Theorem 5.2, is an extension of Lemma 4.2 for the case of tuples, that is, every left diagonal
is the mediant sum of some previous two left diagonals. We are using this to show the existence of
epichristoffel words of various lengths in the latter part of the paper. We use L and L′ as an example
to show that if they are any two left diagonals that satisfy the hypothesis then their mediant sum also
satisfies the hypothesis. Since every left diagonal is the mediant sum of previous two left diagonals and
if those two left diagonals satisfy the hypothesis then their sum must also satisfy the hypothesis.

The above result helps to answer the question raised by Paquin in [7] on the existence of epichristoffel
words of various lengths. This is illustrated in the example below.

Example 5.4. The first three left diagonals of the epichristoffel tree in Example 5.1 produce epichristoffel
words of lengths 4n+3,8n+2 and 12n+5 for n = 1,2,3 . . .

L1 = {(1,2,4),(2,3,6), . . . ,(n,n+1,2n+2), . . .}
L2 = {(1,3,6),(3,5,10), . . . ,(2n−1,2n+1,4n+2), . . .}
L3 = {(2,5,10),(5,8,16), . . . ,(3n−1,3n+2,6n+4), . . .}

The first three right diagonals of the epichristoffel tree in Example 5.1 produce epichristoffel words of
lengths 3n+4,6n+5 and 9n+9 for n = 1,2,3 . . .

R1 = {(1,2,4),(1,3,6), . . . ,(1,n+1,2n+2), . . .}
R2 = {(2,3,6),(2,5,10), . . . ,(2,2n+1,4n+2), . . .}
R3 = {(3,5,10),(3,8,16), . . . ,(3,3n+2,6n+4), . . .}
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Remark 5.5. The computation of the left diagonals L1,L2,L3, . . . and the right diagonals R1,R2,R3, . . .
follow from Definition 4.4. Consider the Stern-Brocot tree in Example 5.1. Here L1 denotes the 1st
term from each level beginning at the first level, that is, (1,2,4),(2,3,6),(3,4,8), . . .. L2 denotes the
2nd term from each level. Since the first level has only one term, we begin at the next level, that is,
(1,3,6),(3,5,10),(5,7,14), . . . and so on. R1 denotes the 1st term taken from the end of each level,
that is (1,2,4),(1,3,6),(1,4,8), . . .. R2 denotes the 2nd term taken from the end of each level, that is,
(2,3,6),(2,5,10), . . . and so on.

Theorem 5.3. For a 3-letter alphabet, A = {x,y,z}, there exist epichristoffel words having occurences
of each letter at least once of every length n ≥ 4 except for n = 5.

Proof. We first begin by observing that for any given even number n≥ 4, one can determine an epichristof-
fel word by simply considering a tuple of the form (1,1,2m) where m = 1,2,3, . . .
It is easy to see that a tuple of the above form satisfies the condition of Proposition 3.1.
The right diagonal R1 in Example 5.4 shows the existence of epichristoffel words of length 3n+4. Since
we have already established the existence of words of even length, we can ignore the words of even
length from words with length of the form 3n+4 obtaining words with lengths 7,13,19, . . . ,6n+1, for
n = 1,2,3, . . .
Constructing an epichristoffel tree with the root node as the word (xzz,yzz) which corresponds the tuple
(1, 1, 4), the left-diagonal L1 yields tuples of the form (n,1,2n+ 2) that guarantees the existence of
epichristoffel words of length, 3n+ 3 from which we can conclude that there exist epichristoffel words
of length 6n+3.
The right diagonal R2 in Example 5.4 yields epichristoffel words of length 6n+5. Thus, the existence of
epichristoffel words of lengths 6n+1,6n+3,6n+5 are established and since any epichristoffel word of
even length also exists, the result is established.

Another way that Christoffel and epichristoffel words differ from one another is that, as seen in
Lemma 3.4, epichristoffel words are not necessarily factorizable as a product of two epichristoffel words,
in contrast to Christoffel words, which can always be factorized as a product of two Christoffel words.
The epichristoffel tree can be used to identify some subclasses of epichristoffel words that can or cannot
be factorized as a product of epichristoffel words, as we demonstrate below.

To see this, we start with an arbitrary epichristoffel word that cannot be factorized as the product of
two other epichristoffel words. For instance, the epichristoffel word xzyzzyz, which appears as the root
of the epichristoffel tree with the factorization (xzyz,zyz), corresponding to the tuple (1,2,4). Here, the
word zyz is not epichristoffel. Consider the path that starts at the tree’s root and descends to its right
child, namely (xzyzzyz,zyz). Concatenating the word zyz to the word xzyzzyz ensures that the word is
still not factorizable as two epichristoffel words since zyz is not an epichristoffel word. In a similar
vein, the epichristoffel word (xzyzzyz,zyz), when we take into consideration has its right child to be
(xzyzzyzzyz,zyz), which likewise cannot be factorized as the product of two epichristoffel words. As
a result, a subclass of epichristoffel words that lack the ability to be factorized as the product of two
epichristoffel words can be identified with the aid of the epichristoffel tree.

Continuing with the above example it is seen that the set:
{(1,2,4),(1,3,6),(1,4,8), . . .(1,n+1,2n+2), . . .} has examples of tuples that cannot yield the prod-

uct of two epichristoffel words. These tuples are precisely the right diagonal R1 of the epichristoffel tree
in Figure 5.

On the other hand, if we begin with a word that can be factorized as the product of two epichristoffel
words, then all its descendants on the epichristoffel tree will possess a factorization as two epichristoffel
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words since if (u,v) is such a node, with both u and v as epichristoffel, then (u,uv) and (uv,v) are
factorizations of epichristoffel words as a product of epichristoffel words. We thus get the following
results:

Theorem 5.4. If w is an epichristoffel word that cannot be factorized as the product of two epichristoffel
words then the right diagonal R1 of the epichristoffel tree formed using w as the root contains epichristof-
fel words that cannot be factorized as the product of two epichristoffel words.

Proof. Since w cannot be factorized as the product of two epichristoffel words, constructing the
epichristoffel word using w gives us the root node of the form (u,v) where v is not an epichristoffel word.
The right diagonal R1 will then consist of words of the form (u,v),(uv,v),(uvv,v)... and thus provides us
with an infinite subclass of epichristoffel words that cannot be factorized as a product of two epichristoffel
words.

Theorem 5.5. If w is an epichristoffel word that can be factorized as the product of two epichristoffel
words then every word of the epichristoffel tree formed using w as the root can be factorized as the
product of two epichristoffel words.

Proof. If w is an epichristoffel word that can be factorized as the product of two epichristoffel words
then it appears in the epichristoffel tree in the form (u,v) where u and v are both epichristoffel words.
The left and right descendants respectively are (u,uv) and (uv,v) and thus possess a factorization as the
product of two epichristoffel words.

Remark 5.6. A related question is the following: Given a tuple, is there a unique c-epichristoffel word
associated to it? Proposition 3.1 gives us the method to determine for a given tuple, if there exists a
c-epichristoffel word associated to it. This word is unique up to conjugation or circular shifts as the
method of applying the iterations may vary. For example, the tuple (1,2,4) is a tuple corresponding to a
c-epichristoffel word. The c-epichristoffel word can be obtained by applying the episturmian morphisms
ψzψyψz to the letter x or the episturmian morphisms ψzψyψx to the letter z. The first case yields the word
zyzzyzx, the second case yields the word zyzxzyz. Although they are different, they are both conjugate to
each other, that is, one can be obtained from the other by circular shifts of the letters.

6 Conclusion

In this paper, we have continued Paquin’s study in [7] on epichristoffel words by extending the defi-
nition of the Christoffel tree to accommodate epichristoffel words. In doing so, we can answer some
of the questions raised, such as the existence of epichristoffel words of various lengths and provide a
characterization for the conjugacy class of every word appearing on the tree. The epichristoffel tree
can be a useful tool in determining epichristoffel words that possess a factorization property as smaller
epichristoffel words and those that do not. Further studying these trees may help provide insights into
the Fraenkel conjecture, which states that there exists a unique infinite word up to letter permutation and
conjugation that is balanced and has pair-wise distinct letter frequencies over a k-letter alphabet, which
is periodic and of the form ppp . . . where p is an epichristoffel word.
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Input-driven pushdown automata with translucent input letters are investigated. Here, the use of
translucent input letters means that the input is processed in several sweeps and that, depending on
the current state of the automaton, some input symbols are visible and can be processed, whereas
some other symbols are invisible, and may be processed in another sweep. Additionally, the re-
turning mode as well as the non-returning mode are considered, where in the former mode a new
sweep must start after processing a visible input symbol. Input-driven pushdown automata differ
from traditional pushdown automata by the fact that the actions on the pushdown store (push, pop,
nothing) are dictated by the input symbols. We obtain the result that the input-driven nondeterminis-
tic model is computationally stronger than the deterministic model both in the returning mode and in
the non-returning mode, whereas it is known that the deterministic and the nondeterministic model
are equivalent for input-driven pushdown automata without translucency. It also turns out that the
non-returning model is computationally stronger than the returning model both in the deterministic
and nondeterministic case. Furthermore, we investigate the closure properties of the language fam-
ilies introduced under the Boolean operations. We obtain a complete picture in the deterministic
case, whereas in the nondeterministic case the language families are shown to be not closed under
complementation. Finally, we look at decidability questions and obtain the non-semidecidability of
the questions of universality, inclusion, equivalence, and regularity in the nondeterministic case.

1 Introduction

The usual way of processing input on language recognition devices is by reading input strings from left
to right, one symbol at a time, and finally providing an accept or reject decision when arriving at the end
of the input. This “standard” input mode has been extended in the literature in several directions. For
example, two-way motion of the input head, stationary moves of the input head, rotating the input head,
or restarting modes have been considered for a wide variety of machines (the reader is referred to, e.g., [2,
6, 7, 23] for an overview of these and other models). In all these cases, the extensions have consequences
on the computational and descriptional power of the machines. Thus, the way of processing the input can
be considered as a computational resource that then can be used to tune computational and descriptional
power.

Of particular interest in recent literature have been discontinuous ways of input processing, where
one of them is the “jumping” paradigm which means that jumping to any position inside the input string
is allowed at any move. This paradigm has been investigated for finite automata in [11], where it is
shown that this discontinuous input processing may increase the computational power since some non-
context-free languages can be accepted. On the other hand, the discontinuous input mode may also
limit the computational power since some regular languages cannot be accepted. A restricted variant,
called “right one-way jumping” automata, has been considered in [1, 4]. Another way to discontinuously
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process the input is to use translucent letters. This concept has been introduced by Nagy and Otto in [15]
for deterministic and nondeterministic finite automata and the basic idea for translucent devices is to
provide a translucency function that defines in which states which letters of the input are translucent. At
each move, the device skips (by looking through) the translucent portion of the input, from the current
input head position up to the first non-translucent letter (thus realizing a jump). After processing the
non-translucent symbol, in the returning mode the input head returns to the left end of the input while,
in the non-returning mode, the input head continues to process the input according to its updated current
state and the corresponding translucent symbols. In both modes, the input head returns to the left end
when the right end of the input is reached.

Deterministic and nondeterministic finite automata with translucent letters have deeply been inves-
tigated in the literature (see, e.g., [13, 16, 22]). However, many questions are still open. Some recently
studied variants are finite automata with translucent words [19], finite automata with translucent letters
and two-way motion of the input head [8], and returning and non-returning deterministic pushdown au-
tomata with translucent letters [9, 10]. It should be noted that returning pushdown automata with translu-
cent letters have been studied by Nagy and Otto in [14, 17] in terms of certain cooperating distributed
systems of restarting automata with additional pushdown store. However, in their model λ -transitions
are not allowed and acceptance is defined by empty pushdown. In [21] the paradigm of input-driven
languages was imposed to certain cooperating distributed systems of restarting automata with additional
pushdown store with regard to characterizing certain trace languages. In input-driven pushdown au-
tomata [3, 12] the next action on the pushdown store (push, pop, nothing) is solely governed by the input
symbol and to this end the input alphabet is split into three subsets. Input-driven pushdown automata
possess nice features (see, e.g., the survey given in [20]) such as the equivalence of nondeterministic and
deterministic models, the positive decidability of the inclusion problem and the positive closure under
union, intersection, complementation, concatenation, and iteration. It should be noted that the positive
decidability result as well as the positive closures only hold if both given automata have a compatible
splitting of their input alphabets. In this paper, we study input-driven deterministic and nondeterministic
pushdown automata with translucent letters both in the returning and non-returning mode and, therefore,
extend the results from [21]. We also study the closure properties of the four corresponding language
families under the Boolean operations as well as the status of their decidability questions.

The paper is organized as follows. After giving the necessary definitions and two illustrating exam-
ples in the next section, we study in Section 3 the impact of nondeterminism in our models and it turns
out that the nondeterministic model is computationally stronger in the returning mode as well as in the
non-returning mode. In Section 4 we compare returning and non-returning models. We yield proper
inclusions of the returning language families in the non-returning language families in the deterministic
as well as in the nondeterministic case. Moreover, the combination deterministic and non-returning ver-
sus the combination nondeterministic and returning leads to incomparability results. The closure under
the Boolean operations is studied in Section 5 and we obtain the closure under complementation, but
non-closure under union and intersection in the returning and non-returning deterministic case. In the
nondeterministic case, we obtain non-closure under complementation for both variants and non-closure
under intersection (even with regular languages) in the returning case. Finally, we consider the usu-
ally studied decidability questions in Section 6. In the returning case we have the decidability of the
emptiness problem as well as of the finiteness problem both in the nondeterministic and deterministic
case. In addition, universality is decidable in the deterministic case. On the other hand, we get the
non-semidecidability of the questions of universality, equivalence, inclusion, and regularity in case of
input-driven nondeterministic pushdown automata with translucent letters working in the returning as
well as in the non-returning mode. This extends some results partially known for nondeterministic finite
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automata with translucent input letters working in the returning mode (see [16]).

2 Definitions and Preliminaries

We denote by Σ∗ the set of all words on the finite alphabet Σ, including the empty word λ , and let
Σ+ = Σ∗ \{λ}. For any word w ∈ Σ∗, we let |w| denote its length, wR its reversal, and |w|a the number
of occurrences of the symbol a ∈ Σ in w. We use ⊆ for inclusions, and ⊂ for proper inclusion. Given
a set S, we denote by 2S its power set, and by |S| its cardinality. We write Sx to denote the set S∪{x},
for a given element x ̸∈ S. A language on Σ is any subset L ⊆ Σ∗. The complement of L is the language
L = Σ∗ \ L, its reversal is LR = {wR | w ∈ L}. The shuffle L1� L2 of two languages L1,L2 ⊆ Σ∗ is
defined as L1�L2 = {x1y1x2y2 · · ·xnyn | x1x2 · · ·xn ∈ L1,y1y2 · · ·yn ∈ L2 with xi,yi ∈ Σ∗ and 1 ≤ i ≤ n}.
Let Σ = {a1,a2, . . . ,an} and Ψ : Σ∗ → Nn

0 be a mapping such that Ψ(w) = (|w|a1 , |w|a2 , . . . , |w|an). Let
L ⊆ Σ∗ be a language. Then, Ψ(L) = {Ψ(w) | w ∈ L} is the Parikh image of L. We say that two languages
L1,L2 ⊆ Σ∗ are letter-equivalent if Ψ(L1) = Ψ(L2). Two language families L1 and L2 are said to be
incomparable whenever L1 is not a subset of L2 and vice versa.

A classical pushdown automaton is called input-driven if the current input symbol defines the next
action on the pushdown store, that is, pushing a symbol onto the pushdown store, popping a symbol from
the pushdown store, or changing the state without modifying the pushdown store. To this end, the input
alphabet Σ is partitioned into the sets ΣD, ΣR, and ΣN , that control the actions push (D), pop (R), and state
change only (N).

Input-driven pushdown automata with translucent input letters are extensions of input-driven push-
down automata that do not necessarily have to read the current input symbol. Instead, depending on the
current state of such devices, some of the input letters may be translucent (invisible). Accordingly, an
input-driven pushdown automaton with translucent input letters either reads and processes (by deleting,
if not the endmarker) the first visible input letter.

Formally, an input-driven pushdown automaton with translucent input letters (NIDPDAwtl) is a
system M = ⟨Q,Σ,Γ,q0,◁,⊥,τ,δD,δR,δN⟩, where Q is the finite set of internal states, Σ is the fi-
nite set of input symbols partitioned into the sets ΣD, ΣR, and ΣN , with Σ ∩ Q = /0, Γ is the fi-
nite set of pushdown symbols, q0 ∈ Q is the initial state, ◁ /∈ Σ is the endmarker, ⊥ /∈ Γ is the
bottom-of-pushdown symbol, τ : Q → 2Σ is the translucency mapping, and δD is the partial transi-
tion function mapping Q×ΣD × (Γ∪{⊥}) to 2Q×Γ ∪ {accept}, δR is the partial transition function
mapping Q × ΣR × (Γ ∪ {⊥}) to 2Q ∪ {accept}, and δN is the partial transition function mapping
Q× (ΣN ∪{◁})× (Γ∪{⊥}) to 2Q ∪{accept}.

The translucency mapping τ bears the following meaning: for any state q ∈ Q, the letters from the set
τ(q) are translucent (invisible) for q, that is, whenever in q, the automaton M does not see these letters
(or equivalently, M sees through such letters).

A configuration of M is a pair (qw◁,γ) or accept, where q ∈ Q is the current state, w ∈ Σ∗ is the
part of the input left to be processed, and γ ∈ Γ∗⊥ denotes the current pushdown content, the leftmost
symbol being the top of the pushdown store. The initial configuration for an input w is set to (q0w◁,⊥).

Being in some configuration (qw◁,zγ) with z ∈ Γ∪{⊥} and zγ ∈ Γ∗⊥, first M determines the next
symbol to scan. Precisely, if w◁ = xy◁ with x ∈ τ(q)∗, y ∈ Σ∗, and a /∈ τ(q) is the first symbol of y◁,
then M processes a. One step from a configuration to its successor configuration is denoted by ⊢.

Let q,q′ ∈ Q, x ∈ τ(q)∗, a /∈ τ(q), y ∈ Σ∗, and z ∈ Γ, γ ∈ Γ∗⊥. We set

1. (qxay◁,zγ) ⊢ (q′xy◁,z′zγ), if a ∈ ΣD and (q′,z′) ∈ δD(q,a,z),

2. (qxay◁,⊥) ⊢ (q′xy◁,z′⊥), if a ∈ ΣD and (q′,z′) ∈ δD(q,a,⊥),
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3. (qxay◁,zγ) ⊢ (q′xy◁,γ), if a ∈ ΣR and q′ ∈ δR(q,a,z),

4. (qxay◁,⊥) ⊢ (q′xy◁,⊥), if a ∈ ΣR and q′ ∈ δR(q,a,⊥),

5. (qxay◁,zγ) ⊢ (q′xy◁,zγ), if a ∈ ΣN and q′ ∈ δN(q,a,z),

6. (qxay◁,⊥) ⊢ (q′xy◁,⊥), if a ∈ ΣN and q′ ∈ δN(q,a,⊥),

7. (qx◁,zγ) ⊢ (q′x◁,zγ), if q′ ∈ δN(q,◁,z),

8. (qx◁,⊥) ⊢ (q′x◁,⊥), if q′ ∈ δN(q,◁,⊥).

In addition, whenever, the transition function yields accept for the current configuration, the successor
configuration is accept.

So, on the endmarker only δN is defined. Whenever the pushdown store is empty, the successor
configuration is computed by the transition functions with the special bottom-of-pushdown symbol ⊥
which is never removed from the pushdown. As usual, we define the reflexive and transitive closure of ⊢
by ⊢∗.

An input-driven pushdown automaton with translucent letters is said to be deterministic
(DIDPDAwtl) if |δx(q,a,z)| ≤ 1 for x ∈ {D,N,R} and all q ∈ Q, a ∈ Σx, and z ∈ Γ∪{⊥}.

A word w is accepted by M if there is a computation on input w that ends with accept. The language
accepted by M is L(M)= {w∈Σ∗ |w is accepted by M }. In general, the family of all languages accepted
by automata of some type X will be denoted by L (X).

Some properties of language families implied by classes of input-driven pushdown automata may
depend on whether all automata involved share the same partition of the input alphabet. For easier
writing, we call the partition of an input alphabet a signature.

In order to clarify these notions, we continue with an example.

Example 1. Let Σ= {a,b,#} be an alphabet. The language Lrep ⊆Σ∗ is defined as Lrep = {bn(#bn)k
�an |

n≥ 1,k ≥ 0}. Its complement Lrep belongs to the family L (NIDPDAwtl). It can be represented as union
L∪L′ where L′ is the complement of the regular language {b+(#b+)k

� a+ | k ≥ 0} with respect to Σ,
and

L = {bn1#bn2# · · ·#bnk
�an | k ≥ 0,n,ni ≥ 1 for 1 ≤ i ≤ k, and there exists 1 ≤ i ≤ k such that ni ̸= n}.

An NIDPDAwtl accepting Lrep can initially guess whether it wants to accept L or L′. Since L′ is
regular it is accepted by some NIDPDAwtl that does not utilize its pushdow store. So, it does not care
about what actually happens on the pushdown store. This means that it may have an arbitrary signature.

Now, we construct an NIDPDAwtl M = ⟨Q,Σ,Γ,q0,◁,⊥,τ,δD,δR,δN⟩ accepting L as follows.

• Q = {q0,q1, p,r},

• ΣD = {b}, ΣR = {a}, ΣN = {#},

• Γ = {•,B},

• τ(q0) = τ(q1) = τ(p) = {a}, τ(r) = {#,b}.

In a first phase, M reads the input symbols b and # from left to right with symbols a translucent.
At the beginning and whenever a # is read, M guesses whether the length of the next b-block has to be
matched with the number of a’s in the input. If not, M scans the b-block and pushes •’s in state q1. If
yes, M enters state p and scans the b-block as well but now pushing B’s. If M never guesses yes, the
computation is rejected on the endmarker. Otherwise, on reading the next # or the endmarker, M enters
state r. In this situation, the number of B’s on top of the pushdown corresponds to the length of the
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b-block guessed to be matched. Finally, for state r the symbols b and # are translucent. Now M reads the
a’s from left to right. For each a read, one B is popped. If and only if there are more a’s than B’s or vice
versa then M accepts. So, we set:

(1) δD(q0,b,⊥) = {(q1,•),(p,B)},
(2) δD(q1,b,•) = {(q1,•)},
(3) δN(q1,#,•) = {q1, p},
(4) δD(p,b,•) = {(p,B)},
(5) δD(p,b,B) = {(p,B)},
(6) δN(p,#,B) = {r},

(7) δN(p,◁,B) = {r},
(8) δR(r,a,B) = {r},
(9) δR(r,a,•) = accept,

(10) δR(r,a,⊥) = accept,
(11) δR(r,◁,B) = accept.

■

Deterministic pushdown automata with translucent letters have been defined in [9] also for the non-
returning mode. In this mode, after a visible letter is processed, the input head does not return to the left
end of the input, but it continues reading from the position of the visible letter just processed. Whenever
the endmarker is reached and the transition on the endmarker yields a new state, the computation is con-
tinued in this state, with the input head placed at the left end of the remaining input. Such deterministic
pushdown automata with translucent letters working in the non-returning mode generalize non-returning
finite state automata with translucent letters [13]. Here, we also consider input-driven pushdown au-
tomata with translucent letters working in the non-returning mode (nrNIDPDAwtl,nrDIDPDAwtl).

Let M = ⟨Q,Σ,Γ,q0,◁,⊥,τ,δD,δR,δN⟩, be an nrNIDPDAwtl. Now, a configuration of M is a pair
(uqw◁,γ) or accept, where q ∈ Q is the current state, uw ∈ Σ∗ is the remaining part of the input with w
being to the right and u to the left of the input head, and γ ∈ Γ∗⊥ is the current pushdown content. The
successor configuration yielded by ⊢ is now specified as follows. Let Let q,q′ ∈ Q, x ∈ τ(q)∗, a /∈ τ(q),
u,y ∈ Σ∗, and z ∈ Γ, γ ∈ Γ∗⊥. Then:

1. (uqxay◁,zγ) ⊢ (uxq′y◁,z′zγ), if a ∈ ΣD and (q′,z′) ∈ δD(q,a,z),

2. (uqxay◁,⊥) ⊢ (uxq′y◁,z′⊥), if a ∈ ΣD and (q′,z′) ∈ δD(q,a,⊥),

3. (uqxay◁,zγ) ⊢ (uxq′y◁,γ), if a ∈ ΣR and q′ ∈ δR(q,a,z),

4. (uqxay◁,⊥) ⊢ (uxq′y◁,⊥), if a ∈ ΣR and q′ ∈ δR(q,a,⊥),

5. (uqxay◁,zγ) ⊢ (uxq′y◁,zγ), if a ∈ ΣN and q′ ∈ δN(q,a,z),

6. (uqxay◁,⊥) ⊢ (uxq′y◁,⊥), if a ∈ ΣN and q′ ∈ δN(q,a,⊥),

7. (uqx◁,zγ) ⊢ (q′ux◁,zγ), if q′ ∈ δN(q,◁,z),

8. (uqx◁,⊥) ⊢ (q′ux◁,⊥), if q′ ∈ δN(q,◁,⊥).
In addition, whenever, the transition function yields accept for the current configuration, the successor
configuration is accept.

The accepted language L(M) can be easily defined. Sometimes, we will be saying that an
nrNIDPDAwtl performs sweeps, where a sweep is a sequence of transitions that starts with the input
head at the left end of the (remaining) input and ends after the next (if any) return move on the end-
marker. Let us give an intuition on how an nrNIDPDAwtl works by the following example.
Example 2. We consider two languages over the alphabet {a,b} together with its overlined variant
{ā, b̄} and its doubly-overlined variant { ¯̄a, ¯̄b}. In addition, we consider two mappings h1 and h2 such that
h1(a) = ā, h1(b) = b̄, h2(a) = ¯̄a, and h2(b) = ¯̄b. Then, the languages L1 and L2 are defined as follows.

L1 = {wvh2(wR) | w ∈ {a,b}+,v ∈ {ā, b̄}+ },
L2 = {wh1(wR)v | w ∈ {a,b}+,v ∈ { ¯̄a, ¯̄b}+}.
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We will show that the union L = L1 ∪L2 is accepted by a nondeterministic input-driven pushdown au-
tomaton with translucent input letters in the non-returning mode. We define an nrNIDPDAwtl M =
⟨Q,Σ,Γ,q0,◁,⊥,τ,δD,δR,δN⟩ accepting L as follows.

• Q = {q0,q1,q2,q3,q4,q5},

• ΣD = {a,b}, ΣR = {ā, b̄, ¯̄a, ¯̄b}, ΣN = /0,

• Γ = {A,B},

• τ(q0) = τ(q2) = τ(q3) = τ(q4) = τ(q5) = /0, τ(q1) = {ā, b̄}.

In a first phase, M reads input symbols a or b and pushes corresponding symbol A or B onto the
pushdown store. At any time step, M decides nondeterministically whether it remains in this phase by
remaining in state q0 or whether it starts to test whether the input belongs to the first set of the union L1
by entering state q1 or to the second set L2 by entering state q3.

To test whether the input belongs to L1, M enters state q1 and all symbols ā or b̄ become translucent.
Then, M starts to match all remaining doubly-overlined input symbols against the pushdown store. To
ensure the correct format of the remaining input, M changes its state whenever the first doubly-overlined
symbol is read. If M reaches the endmarker and the pushdown store is empty, the accepting state is
entered. This is realized in rules (3)–(7).

To test whether the input belongs to L2, M enters state q3 and no symbols are translucent. Then, M
starts to match all following single-overlined input symbols against the pushdown store. Once all such
symbols are read and the pushdown store is empty, M proceeds to read the doubly-overlined symbols
while popping from the (already empty) pushdown store. To ensure the correct format of the input,
M changes its state whenever the first overlined and the first doubly-overlined symbol is read. If M
encounters the endmarker and the pushdown store is empty, M enters the accepting state. This is realized
in rules (8)–(16).

The transition functions are defined as follows for Z ∈ {⊥,A,B}.

(1) δD(q0,a,Z) = {(q0,A),(q1,A),(q3,A)},
(2) δD(q0,b,Z) = {(q0,B),(q1,B),(q3,B)},
(3) δR(q1, ¯̄a,A) = {q2},
(4) δR(q1,

¯̄b,B) = {q2},
(5) δR(q2, ¯̄a,A) = {q2},
(6) δR(q2,

¯̄b,B) = {q2},
(7) δN(q2,◁,⊥) = accept,
(8) δR(q3, ā,A) = {q4},

(9) δR(q3, b̄,B) = {q4},
(10) δR(q4, ā,A) = {q4},
(11) δR(q4, b̄,B) = {q4},
(12) δR(q4, ¯̄a,⊥) = {q5},
(13) δR(q4,

¯̄b,⊥) = {q5},
(14) δR(q5, ¯̄a,⊥) = {q5},
(15) δR(q5,

¯̄b,⊥) = {q5},
(16) δN(q5,◁,⊥) = accept.

Clearly, if there is any error in the format of the input or the part of input compared to the pushdown
store does not match, the transition function of M is not defined and, therefore, the input is rejected.

We would like to note that M uses its translucency to “overlook” the overlined part of an input
belonging to L1, since otherwise the pushdown store may be inadvertently emptied and could not be
matched with the doubly-overlined input wR. Moreover, M uses the non-returning mode to ensure that
the input is correctly formatted, that is, symbols from {a,b}+ are followed by symbols from {ā, b̄}+
which are in turn followed by symbols from { ¯̄a, ¯̄b}+. ■

As is known for finite automata and regular pushdown automata [9], also for input-driven pushdown
automata with translucent letters it holds that any automaton M working in the returning mode can
be simulated by some automaton M′ working in the non-returning mode, where both share the same
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signature and the same transclucency mapping (for the states of M). The construction of M′ for a given M,
roughly speaking, works as follows: at each step, M′ simulates the step of M, followed by a new step
which brings the input head to the leftmost input symbol. To this end, let Q′ be a primed copy of Q. The
transition function δi, for i ∈ {D,R,N}, is modified to δ ′

i so that the state q′ ∈ Q′ is entered if and only
if M enters the state q ∈ Q. The translucency mapping τ is extended to τ ′ by adding τ ′(q′) = Σ, for all
q′ ∈ Q′. This clearly implies that, whenever in any state from Q′, M′ sees the endmarker.

Finally, δ ′
N is extended by δ ′

N(q
′,◁,z) = {q}, for all q′ ∈ Q′ and all z ∈ Γ∪{⊥}, thus bringing the

input head to the leftmost position. One may easily verify that M′ accepts if and only M accepts.

3 Determinism versus Nondeterminism

It is well-known that for input-driven pushdown automata, deterministic devices are as powerful as their
nondeterministic counterparts. This contrasts with the general case of pushdown automata, where the
deterministic variant is strictly weaker than the nondeterministic one. In the following, we examine
the situation for deterministic and nondeterministic input-driven pushdown automata with translucent
input letters. It turns out that the family of languages accepted by deterministic input-driven pushdown
automata with translucent input letters is a proper subset of the family of languages accepted by their
nondeterministic counterparts, both in the returning and in the non-returning case.

Theorem 3. The family L (DIDPDAwtl) is properly included in the family L (NIDPDAwtl) and the
family L (nrDIDPDAwtl) is properly included in the family L (nrNIDPDAwtl).

Proof. We use the union L = L1 ∪ L2 as witness language for the properness of the inclusions, where
L1 = {bn#bm

�an | m,n ≥ 1} and L2 = {bm#bn
�an | m,n ≥ 1}.

Similarly as in Example 1, two DIDPDAwtl’s can be constructed that accept L1 respectively L2, and
an NIDPDAwtl can be constructed that accepts L = L1 ∪L2.

It remains to be shown that L is not accepted by any nrDIDPDAwtl. Assume in contrast to the
assertion that L is accepted by some nrDIDPDAwtl M = ⟨Q,Σ,Γ,q0,◁,⊥,τ,δD,δR,δN⟩. We consider
accepting computations on inputs of the form anbk#bℓ where n,k, ℓ are large enough.

A basic observation is that M cannot access the b-block following the # unless the # is read or there
are no more b’s in front of the #.

First we claim that M cannot read the symbol # and return to the left of the input before one or both
b-blocks are read entirely.

Assume in contrast to the claim that M is in some configuration (am1q1bk1#bℓ1◁,γ1) such that
b ∈ τ(q1), and from the successor configuration (am1bk1q2bℓ1◁,γ2) it reads some further b’s and then
jumps to the endmarker reaching a configuration (q3am1bk1bℓ2◁,γ3). If neither bk1 nor bℓ2 is empty then
also the inputs anbk+1#bℓ−1 and anbk−1#bℓ+1 would be accepted but at least one of them does not belong
to L. The contradiction shows the claim.

Next, we have to consider four cases.
Case 1: The first case is that neither a ∈ ΣD and b ∈ ΣR nor a ∈ ΣR and b ∈ ΣD. Essentially, this

means that M does not use its pushdown.
A single sweep of M is analyzed. If M reads more than 2|Q| consecutive symbols a (respectively b),

it must eventually enter a loop of, say c, states. Since the pushdown is not used, we can increase the
length of the a-block (respectively b-block) by c without changing the overall result of the computation,
a contradiction. Hence, in this case, in any sweep M cannot enter a loop while reading a’s or b’s.
Therefore, M must perform multiple sweeps without loops. For the states in which the sweeps start there
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are at most |Q| possibilities. Due to the deterministic behavior, eventually M will run through loops of
sweeps with respect to the starting state of the loop. Let x0 be the number of a’s read before this sweep
loop and let x1 be the number of a’s consumed in one sweep loop. Similarly, let y0 and y1 be the numbers
of b’s consumed. Now we consider the input ax0+x1by0+y1#bℓ where ℓ > 2|Q|. Then, after the first sweep
loop, the a-block and the first b-block are entirely read. If x0 + x1 ̸= y0 + y1, M must verify whether
x0 + x1 = ℓ To do so, M needs to read the second block of b’s – but without using the pushdown store
and without any leftover a’s. Given that ℓ > 2|Q|, M must enter a state loop while reading the second
b-block, say of length c′. Hence, if M accepts the input for some ℓ, it accepts the input with ℓ+ c′,
which contradicts the definition of L. If x0 + x1 = y0 + y1, almost the same argument holds for the input
ax0+x1by0+y1−1#bℓ.

Case 2: The second case is that a ∈ ΣD and b ∈ ΣR. Moreover, M does not enter loops with respect
to the current state and the topmost pushdown symbol.

In this case, in one sweep, M reads at most |Q|(|Γ|+1) symbols of the a-block and the first b-block
(as long as these blocks are non-empty). We argue similarly as in Case 1. Due to the deterministic
behavior, eventually M will run through loops of sweeps with respect to the starting state of the loop.
Let x0 be the number of a’s read before this sweep loop and let x1 be the number of a’s consumed in one
sweep loop. Similarly, let y0 and y1 be the numbers of b’s consumed.

If x0 +x1 > y0 +y1, we consider the input ax0+x1bx0+x1+y0+y1#bℓ where ℓ > 2|Q|. Then, after the first
sweep loop, all a’s are read, and the remaining input is bx0+x1#bℓ. Moreover, there are x0 + x1 − y0 − y1
symbols left in the pushdown store. If x0 + x1 > y0 + y1, next M will empty its pushdown store after
reading x0 + x1 − y0 − y1 many b’s. Afterward, M can only rely on its finite set of states. Hence, after
reading at most |Q| additional symbols b, M enters a state loop of some length c′′. Consequently, if M
accepts the input for some ℓ it must also accept the input with ℓ+ c′′, which contradicts the definition
of L.

The same reasoning applies for the input ax0+x1by0+y1#bℓ, where ℓ > 2|Q|, if x0 + x1 < y0 + y1, and
for the input ax0+x1by0+y1−1#bℓ, where ℓ > 2|Q|, if x0 + x1 = y0 + y1.

Case 3: The third case is that a ∈ ΣD and b ∈ ΣR and M enters a loop with respect to the current state
and the topmost pushdown symbol while reading an a-block or a b-block.

First, consider the a-block. After reading the a-block, M has n symbols stored in the pushdown. In
a sweep where the # symbol is read, M must either read the first b-block or the second b-block entirely.
Assume it reads the first b-block and consider the input anbk#bℓ with k > n. Then, after reading this
block, the pushdown store is empty, and the rest of the input must be processed using only the finite
control. As a result, the length of the second b-block can be increased which is again a contradiction.
The same argument applies analogously if the second b-block is read first.

Second, consider one of the b-blocks. Since b ∈ ΣR, M runs through a state loop with empty push-
down while processing the block. So the length of the block can be increased by the length of the loop
without changing the overall result of the computation, a contradiction.

Case 4: The fourth case is that a ∈ ΣR and b ∈ ΣD and M enters a loop with respect to the current
state and the topmost pushdown symbol while reading an a-block or a b-block. The argumentation in
this case is symmetric to Case 3. Here the roles of a and b (that is, their memberships in ΣD and ΣR) are
switched.

Finally, from the contradictions in all possible cases we conclude that L is not accepted by any
nrDIDPDAwtl.

The additional power of nondeterministic input-driven pushdown automata with translucent input
letters versus their deterministic counterpart is due to the fact that the translucency of input letters al-
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lows different computation paths to treat the same input symbol differently, thereby enabling different
operations on the pushdown store. In a nondeterministic setting, this flexibility permits branching into
multiple computational paths, each potentially using the pushdown store in a distinct way. However, a
deterministic machine cannot simulate these differing operations simultaneously, which limits its expres-
sive power.

4 Returning versus Non-Returning

It is known that deterministic pushdown automata with translucent letters working in the non-returning
mode can accept even a non-semilinear language [9]. So a natural question is whether the same still
holds for the structurally weaker device which has to obey the input-driven mode. The next theorem
answers this question in the affirmative. To this end, we tweak the witness language from [9]. We define
the non-semilinear language Lnsl as

Lnsl = {a$#a3 $#2 a5 $#3 · · · $#k−1 a2k−1 $¢k a2k+1 | k ≥ 0}.

Theorem 4. The language Lnsl is accepted by some nrDIDPDAwtl.

The language Lnsl is accepted by some nrDIDPDAwtl and thus by some nrNIDPDAwtl. It is known
that all languages accepted by DPDAwtl are semilinear [9]. So, the next question is whether this is still
true when we trade nondeterminism for the input-driven property. The following result has been shown
in [15] for finite automata with translucent letters and can be adapted for our purposes.

Proposition 5. From any given NIDPDAwtl M, an NPDA M′ can effectively be constructed, such that
L(M′)⊆ L(M) and L(M′) is letter-equivalent to L(M).

Proposition 5 together with the well-known result that all context-free languages are semilinear [24]
implies that all languages in L (NIDPDAwtl)⊃ L (DIDPDAwtl) are semilinear. So, by Theorem 4 we
have the following corollary.

Corollary 6. The family L (DIDPDAwtl) is properly included in L (nrDIDPDAwtl), and the family
L (NIDPDAwtl) is properly included in L (nrNIDPDAwtl).

The remaining two language families under consideration to be compared are L (nrDIDPDAwtl)
and L (NIDPDAwtl).

Proposition 7. The language families L (nrDIDPDAwtl) and L (NIDPDAwtl) are incomparable.

Proof. Theorem 4 provides a non-semilinear language accepted by some nrDIDPDAwtl but not accepted
by any NIDPDAwtl.

Conversely, the proof of Theorem 3 provides a language that is accepted by some NIDPDAwtl but
cannot be accepted by any nrDIDPDAwtl.

5 Closure under Boolean Operations

Often nondeterministic devices induce language families that are closed under union but are not closed
under intersection. This implies immediately the non-closure under complementation. However, here the
closure under union is an open problem. Therefore, we show the non-closure under complementation
directly. A witness for the nondeterministic families L (nrNIDPDAwtl) and L (NIDPDAwtl) is the
language

Lrep = {bn(#bn)k
�an | n ≥ 1,k ≥ 0}.
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Theorem 8. The language families L (nrNIDPDAwtl) and L (NIDPDAwtl) are not closed under com-
plementation.

It is well known that the families of languages induced by deterministic pushdown automata and
real-time deterministic pushdown automata are closed under complementation. The closure has also
been derived for DPDAwtl and nrDPDAwtl [9]. Here we complement these results by showing the
closure for the deterministic language families studied here.

Proposition 9. The language families L (nrDIDPDAwtl) and L (DIDPDAwtl) are closed under com-
plementation.

Next, we show that both deterministic families are not closed under the remaining Boolean operations
union and intersection.

Proposition 10. The language families L (nrDIDPDAwtl) and L (DIDPDAwtl) are neither closed un-
der union nor under intersection.

Proof. We use the languages L1 = {bn#bm
�an |m,n≥ 1} and L2 = {bm#bn

�an |m,n≥ 1} introduced
in the proof of Theorem 3. Each language can be accepted by a DIDPDAwtl with signature ΣD = {a},
ΣR = {b}, and ΣN = {#}. The rough idea for a DIDPDAwtl M1 accepting L1 is to push in a first phase
all a’s while symbols b and # are translucent. In a second phase, the first block of b’s is matched against
the pushdown store and the second block of b’s is in fact ignored since M1 may pop from the empty
pushdown only.

The rough idea for a DIDPDAwtl M2 accepting L2 is to consume all b’s up to and including the
symbol # in a first phase. At the end of this phase the pushdown store is empty. In a second phase, all
symbols b are translucent and the a’s are consumed and pushed. Finally, in a third phase, the remain-
ing b’s from the input are matched against the pushdown store.

Since it is shown in Theorem 3 that the union L1 ∪ L2 is not accepted by any nrDIDPDAwtl, we
obtain the non-closure under union for L (DIDPDAwtl) as well as for L (nrDIDPDAwtl), even if the
given automata have identical signatures. Since both families are closed under complementation by
Proposition 9, we also obtain the non-closure under intersection for L (DIDPDAwtl) as well as for
L (nrDIDPDAwtl).

For the nondeterministic families we already know the non-closure under complementation. We now
show that the nondeterministic returning class is not closed under intersection even with regular lan-
guages. To this end, we use the result of Proposition 5 stating that from any given NIDPDAwtl M we can
effectively construct an NPDA M′ such that L(M′)⊆ L(M) and L(M′) is letter-equivalent to L(M). Since
the context-sensitive language Labc = {anbncn | n≥ 0} does not contain any letter-equivalent context-free
sub-language, we can conclude that Labc ̸∈ L (NIDPDAwtl). On the other hand, Labc = La,b,c ∩ a∗b∗c∗

with La,b,c = {w ∈ {a,b,c}∗ | |w|a = |w|b = |w|c } and La,b,c as well as the regular language a∗b∗c∗ can
be accepted by NIDPDAwtl having identical signatures. Hence, we obtain the following proposition.

Proposition 11. The language family L (NIDPDAwtl) is neither closed under intersection nor under
intersection with regular languages.

It remains an open question whether or not the family L (NIDPDAwtl) is closed under union and
whether or not the family L (nrNIDPDAwtl) is closed under union or intersection. Obviously, we ob-
tain the closure under union for both families if the signatures are compatible. However, we strongly
conjecture non-closure in all other cases.
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6 Decidability Questions

In this section, we investigate decidability questions such as, for example, emptiness, finiteness, uni-
versality, inclusion, equivalence, and regularity for our introduced input-driven variants of pushdown
automata with translucent letters. These decidability questions have already been investigated for de-
terministic and nondeterministic finite automata with translucent letters in [16, 18] where some partial
results have been obtained. For returning deterministic and nondeterministic finite automata with translu-
cent letters the questions of emptiness and finiteness are decidable. In addition, universality is decidable
in the deterministic case. Inclusion is already undecidable for returning deterministic finite automata
with translucent letters. This negative result carries over to all other models in the returning and/or non-
deterministic case. For returning nondeterministic finite automata with translucent letters the questions
of equivalence and regularity are undecidable and carry over to non-returning nondeterministic finite
automata with translucent letters as well. Here, we study these questions for pushdown automata with
translucent letters. We note that some of the undecidability results obtained for finite automata with
translucent letters carry over to pushdown automata with translucent letters. However, we show here
the non-semidecidability of the problems and, in addition, the non-semidecidability of universality for
nondeterministic input-driven pushdown automata in the returning and non-returning case. We start with
decidable questions and show that some questions are decidable for returning pushdown automata with
translucent letters.
Theorem 12. For DIDPDAwtl or DPDAwtl as input, the problems of testing emptiness, finiteness, and
universality are decidable. For NIDPDAwtl as input, the problems of testing emptiness and finiteness
are decidable.

Next, we switch to undecidability results and we will show, in particular, the non-semidecidability
of some problems. To prove these results we use the technique of valid computations of Turing ma-
chines [5]. It suffices to consider deterministic Turing machines with one single read-write head and one
single tape whose space is fixed by the length of the input, that is, so-called linear bounded automata
(LBA). Without loss of generality and for technical reasons, we assume that the LBAs can halt only after
an odd number of moves, accept by halting, and make at least three moves. A valid computation is a
string built from a sequence of configurations passed through during an accepting computation.

Let Q be the state set of some LBA M, where q0 is the initial state, T ∩Q = /0 is the tape alphabet
containing the endmarkers ▷ and ◁, and Σ⊂ T is the input alphabet. A configuration of M can be written
as a string of the form ▷T ∗QT ∗◁ such that, ▷t1t2 · · · tiqti+1 · · · tn◁ is used to express that ▷t1t2 · · · tn◁ is
the tape inscription, M is in state q, and is scanning tape symbol ti+1.

The set of valid computations VALC(M) is now defined to be the set of words having the form
w0#w2# · · ·#w2mcwR

2m+1#wR
2m−1# · · ·#wR

3#wR
1 , where #,c /∈ T ∪ Q, wi ∈ ▷T ∗QT ∗◁ are configurations

of M, w0 is an initial configuration from ▷q0Σ∗◁, w2m+1 is a halting, that is, an accepting configu-
ration, and wi+1 is the successor configuration of wi for 0 ≤ i ≤ 2m. The set of invalid computations
INVALC(M) is the defined as the complement of VALC(M) with respect to the alphabet T ∪Q∪{#,c}.

To accept the set INVALC(M) by an NIDPDAwtl we make some modifications. Let h′ be a mapping
that maps every symbol from T ∪Q∪{#} to its primed version. Similarly, let h′′ be a mapping that maps
every symbol from T ∪Q∪{#} to its double-primed version. We then define the set of valid computations
VALC′(M) to be the set of words of the form w0#w2# · · ·#w2mc

(
h′(wR

2m+1#)�h′′(wR
2m−1# · · ·#wR

3#wR
1 )
)
,

where w0#w2# · · ·#w2mcwR
2m+1#wR

2m−1# · · ·#wR
3#wR

1 belongs to VALC(M). The set of invalid computa-
tions INVALC ′(M) is then defined as the complement of VALC′(M).
Lemma 13. Let M be an LBA. Then, an NIDPDAwtl accepting INVALC ′(M) can effectively be con-
structed.
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Proof. We sketch the construction of an NIDPDAwtl M′ accepting INVALC ′(M) whose signature is
defined as ΣD = T ∪Q∪{#}, ΣN = {c}, and ΣR = T ′ ∪T ′′ ∪Q′ ∪Q′′ ∪{#′,#′′}. To check whether an
input x belongs to INVALC ′(M), M′ guesses and tests one of the following four possibilities.

1. x has the wrong format to belong to VALC′(M).

2. x has the correct format, but the number of configurations to the left of c is different from the
number of configurations to the right of c.

3. x = w0#w2# · · ·#w2mc
(
h′(wR

2m+1#)�h′′(wR
2m−1# · · ·#wR

3#wR
1 )
)
, but w2i+1 is not the successor con-

figuration of w2i for some 0 ≤ i ≤ m.

4. x = w0#w2# · · ·#w2mc
(
h′(wR

2m+1#)�h′′(wR
2m−1# · · ·#wR

3#wR
1 )
)
, but w2i+2 is not the successor con-

figuration of w2i+1 for some 0 ≤ i ≤ m−1.

The first possibility can be tested by a finite automaton and, hence, by M′ disregarding the actions on
the pushdown store. For the second possibility M′ acts as follows: it reads the input up to the middle
marker c and pushes the input as it is on the pushdown store. After reading the marker c, M′ makes all
symbols from T ′′∪Q′′∪{#′′} translucent and pops for every input symbol from T ′∪Q′∪{#′} a symbol
from the pushdown store taking care that #′ in the input is only matched against # on the pushdown
store. If an error is encountered in this phase, the input is accepted. If M′ sees the endmarker, M′ reads
the remaining input and pops for every input symbol from T ′′∪Q′′∪{#′′} a symbol from the pushdown
store taking again care that #′′ in the input is only matched against # on the pushdown store. If an error is
encountered in this phase, the input is accepted as well. If the input is read completely and the pushdown
store is not empty, or the pushdown store gets empty before the input is read completely, M′ accepts as
well and rejects in all other cases.

To test the third possibility M′ reads the input up to the middle marker c and pushes the input as it
is on the pushdown store. Additionally, at some point of time M′ guesses the index i. Then, M′ pushes
configuration w2i with suitably marked symbols on the pushdown store and M′ remembers the last three
symbols read in its finite control until the state symbol of configuration w2i is the middle one of these
three. After reading the middle marker c the task is to identify configuration w2i+1 in the input and to
check that w2i+1 is not the successor configuration of w2i. If the suitably marked configuration on the
pushdown store is the topmost one after reading c, M′ makes all symbols from T ′′∪Q′′∪{#′′} translucent
and pops for every input symbol from T ′∪Q′∪{#′} a symbol from the pushdown store verifying that the
current configuration is not the reversal of the successor configuration of the configuration stored in the

Automata Family /0 FIN Σ∗ ⊆ = REG

DPDAwtl ✓ ✓ ✓ ✕ ? ?
DIDPDAwtl ✓ ✓ ✓ ✕ ? ?
NIDPDAwtl ✓ ✓ ✗ ✗ ✗ ✗

nrDPDAwtl ? ? ? ✕ ? ?
nrDIDPDAwtl ? ? ? ✕ ? ?
nrNIDPDAwtl ? ? ✗ ✗ ✗ ✗

Table 1: A summary of decidability questions for the language families discussed in this paper. The
undecidable questions derived from finite automata with translucent letters are marked with ‘✕’, whereas
the non-semidecidable questions obtained in this paper are marked with ‘✗’.
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pushdown store. Both configurations differ only locally at the state symbol. But from the information
remembered in the finite control, the differences can be computed and verified. If an error is encountered,
the input is accepted and otherwise rejected. If the suitably marked configuration on the pushdown store
is not the topmost one after reading c, then M′ makes all symbols from T ′′ ∪ Q′′ ∪ {#′′} translucent
and pops for every input symbol from T ′ ∪Q′ ∪{#′} a symbol from the pushdown store checking the
correct length and format as in the test of the second possibility. After this phase handling inputs from
T ′ ∪ Q′ ∪ {#′}, M′ reads the remaining input and pops for every input symbol from T ′′ ∪ Q′′ ∪ {#′′}
a symbol from the pushdown store checking again the correct length and format as in the test of the
second possibility until the suitably marked symbols appear on the pushdown store. In this case, M′

pops for every input symbol from T ′′∪Q′′∪{#′′} a symbol from the pushdown store verifying that the
current configuration is not the reversal of the successor configuration of the configuration stored in the
pushdown store. Again, this can be computed and verified due to the information remembered in the
finite control, since both configurations differ only locally at the state symbol. If an error is encountered,
the input is accepted and otherwise rejected.

The idea to test the fourth possibility is in a first phase identical to the third possibility: M′ reads the
input up to the middle marker c and pushes the input as it is on the pushdown store. Additionally, M′

pushes configuration w2i+2 with suitably marked symbols and remembers the last three symbols read
in its finite control until the state symbol of configuration w2i+2 is the middle one of these three. After
reading the middle marker c the task is to identify configuration w2i+1 in the input and to check that w2i+1
is not the successor configuration of w2i+2. To this end, M′ makes all symbols from T ′ ∪Q′ ∪ {#′}
translucent and pops for every input symbol from T ′′ ∪Q′′ ∪{#′′} a symbol from the pushdown store
checking the correct length and format as in the test of the second possibility until the suitably marked
symbols appear on the pushdown store. In this case, M′ pops for every input symbol from T ′′∪Q′′∪{#′′}
a symbol from the pushdown store verifying that the reversal of the successor configuration of the current
configuration is not the configuration stored in the pushdown store. Again, this can be computed and
verified due to the information remembered in the finite control, since both configurations differ only
locally at the state symbol. If an error is encountered, the input is accepted and otherwise rejected. We
note that it is implicitly detected by possibilities 3 and 4 if all configurations do not have the same length.
This completes the construction of the NIDPDAwtl M′ accepting INVALC ′(M).

The fact that NIDPDAwtl accept the set of invalid computations of an LBA is sufficient to obtain the
next non-semidecidability results.

Theorem 14. For NIDPDAwtl or nrNIDPDAwtl as input, the problems of testing universality, inclusion,
equivalence, and regularity are not semidecidable.
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This application-oriented study concerns computational musicology, which makes use of grammar
systems. We define multi-generative rule-synchronized scattered-context grammar systems (without
erasing rules) and demonstrates how to simultaneously make the arrangement of a musical compo-
sition for performance by a whole orchestra, consisting of several instruments. Primarily, an orches-
tration like this is illustrated by examples in terms of classical music. In addition, the orchestration
of jazz compositions is sketched as well. The study concludes its discussion by suggesting five open
problem areas related to this way of orchestration.

1 Introduction

Formal languages and their models, such as automata and grammars, represent a well-developed body of
knowledge, which fulfill a crucially important role in theoretical computer science as a whole. Indeed,
these models, such as Turing machines, have allowed this science to establish the very fundamentals of
computation, including such key areas as computability, decidability, or computational complexity. From
a practical viewpoint, there also exist engineering applications of these models; for instance, compiler
writing customarily makes use of finite and pushdown automata, regular expressions, and context-free
grammars. Nevertheless, admittedly, the significance of these models in theory somewhat exceeds that
of their use in practice. To reduce this theory-versus-practice imbalance, researchers have struggled to
use and apply these models in a variety of creative areas concerning not only science but also art, such
as visual art made by automata (see [1]). Recently, researchers have also studied how to use automata or
grammars, such as classical generative grammars or L systems, in musicology (see [3–8, 10–12, 14–18,
22–24, 26, 30, 31]). The present paper contributes to this modern application-oriented trend concerning
the use of language models to compose music.

Up until now, all the studies concerning the use of language models in music have restricted their
investigation to the composition of a music score for a single instrument, such as piano. The fundamental
goal of the present paper consists in a generalization of this investigation so it simultaneously produce a
score for several instruments. In other words, this application-oriented study demonstrates how to make
the arrangement of a musical composition for performance by a whole orchestra. Simply and plainly put,
it shows how to orchestrate music based upon language models.

More specifically, consider an n-instrument orchestra, where n is a natural number; for example,
for a nonet, n = 9. In this paper, we describe how to produce a score for this orchestra by using a
grammar system consisting of n grammatical components, represented by scattered context grammars
(without erasing rules) in this paper. In terms of the orchestra, every component corresponds to one of
the n instruments, and its goal consists in the generation of the score for the corresponding instrument.
During a generative step made by the n-component system, all the components work in parallel, and the
selection of the rules applied in every single component is globally synchronized across the system as
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a whole. This synchronization is arranged by a finite number of prescribed n-rule sequences so that the
system selects one of these sequences and applies its jth rule in the ith component, 1 ≤ i ≤ n. Once a
sequence of n terminal strings is generated by repeatedly making generative steps in the way sketched
above, the generative process stops. From a musicological standpoint, the resulting sequence generated
in this way represents the score for the whole n-instrument orchestra in such a way that the ith terminal
string represents the score for the ith instrument.

The present paper is organized as follows. Section 2 recalls all the terminology needed in this paper.
Section 3 defines the notion of a rule-synchronized grammar system with scattered context components.
Section 4, which represents the heart of the present study, explains how to use these systems to gener-
ate multi-instrument score. Section 5 illustrates this by an example. Section 6 evaluates the proposed
method in the context of music generation using formal models. Section 7 closes all the study by its
summarization and a formulation of important open problem areas concerning the subject of this paper.

2 Preliminaries

We assume that the reader is familiar with discrete mathematics, and formal theory (see [2, 9]) as well as
formal language theory (see [21, 28, 29]).

For a set W , card(W ) denotes its cardinality. An alphabet is a finite nonempty set—elements are
called symbols. Let V be an alphabet. V ∗ is the set of all strings over V . Algebraically, V ∗ represents the
free monoid generated by V under the operation of concatenation. The identity of V ∗ is denoted by ε .
Set V+ =V ∗−{ε}. Algebraically, V+ is thus the free semigroup generated by V under the operation of
concatenation. For w ∈V ∗, a ∈V , and A ⊆V , |w| denotes the length of w, #a(w) denotes the number of
occurrences of the symbol a in w, and #A(w) denotes the number of occurrences of the symbols from A
in w. The alphabet of w, denoted by alph(w), is the set of symbols appearing in w.

Let ⇒ be a relation over V ∗. We denote ith power of ⇒ as ⇒i, for i ≥ 0. The transitive and the
transitive-reflexive closure of ⇒ are denoted by ⇒+ and ⇒∗, respectively. Unless we explicitly stated
otherwise, we write x ⇒ y instead of (x,y) ∈⇒ throughout.

3 Definitions

The present section defines the language theory notions used throughout the rest of this paper. First,
it defines scattered context grammars, which represent well-known grammatical model. Then, based
upon these grammars, it introduces rule-synchronized music grammar systems, which are later used as
an orchestration formalism for music.

Definition 1 A scattered context grammar is a quadruple, G = (N,T,P,S), where N and T are alphabets
such that N ∩T = /0. Symbols in N are referred to as nonterminals while symbols in T are terminals. N
contains S—the start symbol of G. P is a finite non-empty set of rules such that every p ∈ P has the form

(A1, . . . ,An)→ (x1, . . . ,xn),

where n ≥ 1, and for all i = 1, . . . ,n, Ai ∈ N and xi ∈ (N ∪ T )∗. If each xi satisfies |xi| ≤ 1, i = 1,
. . . ,n, then (A1, . . . ,An)→ (x1, . . . ,xn) is said to be simple. If n = 1, then (A1)→ (x1) is referred to as a
context-free rule; for brevity, we hereafter write A1 → x1 instead of (A1)→ (x1). If for some n ≥ 1, (A1,
. . . ,An)→ (x1, . . . ,xn) ∈ P, v = u1A1u2 · · ·un−1Anun, and w = u1x1u2 · · ·un−1xnu with ui ∈ (N ∪T )∗ for
all i = 1, . . . ,n, then v directly derives w in G, symbolically written as v ⇒ w [(A1, . . . ,An)→ (x1, . . . ,xn)]
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or, simply, v ⇒ w in G. In the standard manner, extend ⇒ to ⇒n, where n ≥ 0; then, based on ⇒n, define
⇒+ and ⇒∗. The language of G, L(G), is defined as L(G) = {w ∈ T ∗ | S ⇒∗ w}. A derivation of the
form S ⇒∗ w with w ∈ T ∗ is called a successful derivation.

Next, we define the notion of an n-generative rule-synchronized music grammar system as the central
notion of this paper as a whole. In essence, this notion is based upon that of an n-generative rule-
synchronized music grammar system with context-free components (see [15] and Section 13.3 in [19]),
but the new notion is underlain by scattered context components.

Definition 2 An n-generative rule-synchronized music grammar system is defined as an (m+1)-tuple

Gs = (G1, . . . ,Gm,Q),

in which

• Gi = (Ni,Ti,Pi,Si) is a scattered context grammar introduced in Definition 1, for all i = 1, . . . ,m;

• Q is a finite set that consists of n-tuples structured as (p1, p2, . . . , pm), where pi ∈ Pi, for all i =
1, . . . ,m.

In addition to the original definition, we will use tokens instead of plain terminals. Tokens have
indexed attributes they represent that are going to be taken into account in the final music interpretation
by the instrument. Tokens are in the form t[w1,w2,...,wk] ∈ Ti, where w1,w2, . . . ,wk are music attributes
like tone length, special operation (tone inversion, shift, etc.), chord or others. Number k expresses the
number of token attributes.

To improve readability while generating harmonic passages in music, we chose to represent chords
using symbols from the Greek alphabet for simplicity, as they are difficult to denote with single-character
symbols. In the example, there are mappings of symbols from Greek alphabet to chords.

The terminal strings derived from the start symbol of a grammar or in our model are in m-form as
m-tuples structured as S f = (x1, . . . ,xm), where xi ∈ T ∗, for all i = 1, . . . ,m. Let us take

ci = a1A1 · · ·an−1Anan,

di = a1x1 · · ·an−1xnan.

Then S f = (c1,c2, . . . ,cm) and S̄ f = (d1,d2, . . . ,dm) are sentential m-forms, in which ci,di ∈ (N ∪T )∗,
for every i = 1, . . . ,m. Consider ri: (A1, . . . ,An)→ (x1, . . . ,xn) ∈ Pi for all i = 1, . . . ,m and (r1,r2, . . . ,rm)
∈ Q, such that ri = ci → di. Consequently, S f directly derives S̄ f in Gs, denoted by

S f ⇒Gs S̄ f .

Let us generalize ⇒Gs with ⇒k
Gs

, for all k ≥ 0, ⇒+
Gs

and ⇒∗
Gs

. Generated m-string of Gs, denoted by
m-S(Gs), we define by

m-S(Gs) = {(w1, . . . ,wm) | (S1, . . . ,Sm)⇒∗
Gs

(w1, . . . ,wm),

wi ∈ T ∗, for all i = 1, . . . ,m}.
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4 Orchestration

Building on the concepts and formalisms introduced in the previous section, this part of the work is
focused on the orchestration process across multiple instruments. What led us to this is the work of
others that are dealing with the algorithmic composition and grammar-based music generation. The
popularity of grammar-based approaches has started with interesting applications using L-systems [24]
where generated string is interpreted as a sequence of notes. This research was expanded in the works
of [5, 8, 18, 27, 30] and many others. A doctoral dissertation explored automata driven by rhythm in
musical improvisation [26]. It may seem like the L-systems rule the grammar-based approaches but that
is just not true. The diversity of grammatical frameworks has been explored in the literature. For in-
stance, [31] investigates hierarchical structure-building mechanisms across music, language, and animal
song using formal language theory. By using context-free grammars, [14] describes how to model jazz
improvisation within a controlled generative system. The notion of a probabilistic context-free grammar
specifically tailored for melodic reduction is discussed in [7]. Furthermore, [11] presents a formal se-
mantic framework to model control flow in Western music notation. Similarly, [22] applies probabilistic
temporal graph grammars to model music as a language. In [6], a procedural music generation by using
formal grammars is explored. Finally, [10] applies grammar-based compression techniques to uncover
structural patterns in music.

While some of the cited works are capable of capturing both context-free and non-context-free de-
pendencies (see Fig. 1), as discussed in [12], they fall short when it comes to modeling the complex
interactions present in multi-instrumental compositions. By context-free and non-context-free depen-
dencies, we refer to nested and crossing connections between notes, respectively. For this reason, we
have chosen to use an n-generative rule-synchronized music grammar system, which allows the system
to make the simultaneous rewriting of multiple nonterminals. This property makes them well-suited to
represent interdependent musical structures that occur in music. As a basic example, we can take the
piano, which can have written harmony in the bass clef and written melody in the treble clef. Or two in-
struments like the piano and violin may complement one another to produce a richer and more engaging
melodic texture.

Figure 1: Context-free (1st half) and non-context free dependencies (2nd half).

As a component of our grammar system, context-free grammar would not be just enough. As a
demonstration, we can take a look at Fig. 1. Starting from context-free grammars, we can describe
well-connected melodies. Well-connected melodies go somewhere and return in a similar way, but such
structures are not common in music. More commonly, repetition and variation create crossing depen-
dencies, such as the ones we can see in the second half of the figure. This approach fits classical and jazz
music, but it can be applied almost in any structural music.
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Encoding Musical Concepts into the Grammar

To showcase our model, we have picked the sonata form from classical music, and jazz music is repre-
sented by its standard form. Mentioned forms presented here are taken from [25] and [13].

We have decided to talk about two examples to demonstrate how musical pieces could be encoded
into grammar. The first is popular jazz song Take The A Train from [25]. The second is [23] and shows
a minimalistic example of sonata form called Allegro in F composed by Mozart.

When choosing a top-down approach to analyze a musical piece, we start by examining its overall
structure. A great example is the jazz song [25], which uses the most common structure in jazz stan-
dards, the AABA form. This song consists of two distinct sections (A and B), with each section typically
spanning eight measures. These sections form the standard 32-measure framework of the basic melody
found in AABA jazz compositions.

When applying a similar analytical approach to the sonata form, we observe a three-part structure:
exposition (A), development (B), and recapitulation (A′). The exposition introduces the primary the-
matic material, typically divided into two contrasting themes. The development explores these themes
through variations, modulations, and transformations. Finally, the recapitulation returns to the original
thematic material, usually restating the exposition themes in their original keys or slightly modified.
This structured approach allows composers to achieve a coherent and varied musical narrative, which is
fundamental to classical sonata compositions.

The from can vary in different compositions, styles. For example, we can generate the AABA or ABA′

form with following rules:

S → AABA

or S → ABA′.

Encoding Melody and Harmony

Once we have generated the initial nonterminals that outline the structure of the musical piece, the next
step is to create the actual musical content. Music is truly creative, and there are endless possibilities.
In our sonata example, we could encode exposition into three non-terminals T1,R,T2 and similarly reca-
pitulation T ′

1,R
′,T ′

2 . The symbol R represents the transitions between the tonic and dominant phrases T1
and T2. T1 and T2 are also themes of our song that create interesting tension. Development in an example
could be characterized by two variations of original theme and we will denote it by V1 and V2. To put this
into rules

(A,A′)→ (T1RT2, T ′
1R′T ′

2),

B → (V1, V2).

For our jazz example, we first introduce the main theme and then repeat it, perhaps with slight varia-
tions. These two A sections are followed by a section known as the bridge, characterized by contrasting
melody or harmony. Finally, the original main theme returns. Each of these sections typically consists
of eight measures. In the jazz piece we have selected we have a theme from two similar melodies. Rules
that would generate structure would look like:

(A,A,A)→ (T1T2, T1T2, T1T2),

B → (V1, V2).
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The last missing piece of a grammar that could generate our example is to define notes to be played
in mentioned melodic sections. Sonata rules for the first two measures would look like

(T1,T ′
1)→ (d[e,2]h[e,1]a[e,2]c[e,2], d[e,2]h[e,1]a[e,1]c[e,2]),

(T1,T ′
1)→ (h[e,1]a[e,−1]p[e,−1]c[e,1], h[e,1]a[e,−2]p[e,−1]c[e,2]).

On the right-hand side of the grammar rules, tone names are indexed using brackets, where the first
symbol (e) indicates note duration (length—in this case, an eighth note), and the second number specifies
the pitch interval or position within the current musical context.

For simplicity this model, is not meant to analyze the musical structure beyond the level of a single
measure. This approach helps to ensure rhythmic consistency in the generated music and provides a
clearer, more polished grammatical representation. Additionally, it eliminates the need to calculate the
exact number of beats per measure or manage the filling of any remaining rhythmic gaps. The presented
approach could be applied to any musical piece. We define our form, and after that, from form, we
can generate various numbers of melodic and harmonic passages. Formally, this can be represented by
grammar rules of the following general structure:

(A,A′)→ (T1H1T2H2, T ′
1H ′

1T ′
2H ′

2),

B → (V1H1, V2H2).

Here, we have a characterization of a musical piece that features a switch between tonic and harmonic
sections. Followed by different variations that could be picked up from classical composers like Bach,
Beethoven and others. This is a creative process, and it is up to the creator of the grammar to determine
how their music is perceived.

Encoding Multi-Instrumental Compositions into Grammar Rules

We have covered how to create a musical piece when there is only one instrument and needs only one
staff. For example, a piano has two staffs. Of course, a staff can still be interpreted by an instrument, but
it would lack melody or harmony. From Figure 2, we can see how important it is to have a model that is
able to synchronize the generation of music between treble and bass clefs for piano. The bass clef mirrors
the melody created by treble clef. For this reason, we use a rule-synchronized model that ensures these
properties are preserved. A similar approach can be applied to music for multiple instruments, where
instruments often copy the melody, create contrast, create tension, or use other musical expressions to
make music interesting.

Figure 2: A small example of dependencies between music staffs.
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Figure 2 comes from the development of [23]. The first rectangle (green) is a variation of the notes
selected in the second rectangle (blue). This can be easily encoded into a 2-component system:

Gs = (G1,G2,Q),

where

• G1 = ({S1,T,T↓}, {r[−,q,−],r[−,e,−], f[−,e,2],d[−,e,2],h[−,e,1], f[↓,e,2],
d[↓,e,2],h[↓,e,1],h[−,q,1],g[−,e,1],c[−,e,2],c[↓,e,2],g[↓,e,1],h[↓,q,1],e[−,q,2],e[−,e,2],
r[−,q,−]},
{1: S1 → (r[−,q,−]r[−,e,−] f[−,e,−]T,T↓),
2: (T,T↓)→ ( f[−,e,2]d[−,e,2]d[−,e,2]h[−,e,1]T, f[↓,e,2]d[↓,e,2]d[↓,e,2]h[↓,e,1]T↓),
3: (T,T↓)→ (h[−,q,1]r[−,e,−]g[−,e,1]T,h[↓,q,1]r[−,e,−]g[↓,e,1]T↓),
4: (T,T↓)→ (c[−,e,2]g[−,e,1]d[−,e,2]g[−,e,1]T,c[↓,e,2]g[↓,e,1]d[↓,e,2]g[↓,e,1]T↓),
5: (T,T↓)→ (e[−,q,2]r[−,e,−]e[−,e,2],e[−,e,2]r[−,e,−]r[−,q,−])},S1)

• G2 = ({S2,B,B↓}, {r[−,h,−],g[−,q,−], f[−,q,−],g[↓,q,−],
f[↓,q,−],e[−,q,−],h[−,q,−],e[↓,q,−],h[↓,q,−],a[−,q,−],r[−,q,−],a[↓,q,−],r[−,q,−]},
{1: S2 → (r[−,h,−]B,B↓),
2: (B,B↓)→ (r[−,h,−]B,r[−,h,−]B↓)}
3: (B,B↓)→ (g[−,q,−] f[−,q,−]B,g[↓,q,−] f[↓,q,−]B↓)
4: (B,B↓)→ (e[−,q,−]h[−,q,−]B,e[↓,q,−]h[↓,q,−]B↓),
5: (B,B↓)→ (a[−,q,−]r[−,q,−],a[↓,q,−]r[−,q,−])},S2)

• Q = {(1,1),(2,2),(3,3),(4,4),(5,5)}.

This shows how easy it is to encode one of the most popular classical songs into the grammar.
Grammar G1 has rules that can be applied to generate the treble clef for piano and G2 produces the bass
clef. Each measure for both treble and bass clefs is synchronized in the set Q.

Derivation Process in Multi-Generative Grammar

With the intention to create a music piece, rules have to be applied in a certain order. First, we rewrite
starting symbol with nonterminals to define structure of the composition. With that, we can start to
rewrite structure symbols so that final melodies and harmonies can take the form.

To illustrate this, let us begin with an example that generates jazz music for piano using both the
treble and bass clef:

Gs = (G1,G2,Q),

in which
• G1 = ({S1,A,B}, {cy,ax,gx,ey, fx,αz,βz,γz,δz,εw,ζw},
{1: S1 → (AABAS1),2: S1 → (AABA),3: (A,A,A)→ (MH,MH,MH),
4: (M,M,M)→ (cycyaxgx,cycyaxgx,cycyaxgx),
5: (H,H,H)→ (αzβzγzδz,αzβzγzδz,αzβzγzδz),
6: B → (M1H1),7: (M1,H1)→ (εwζw,eyax fxax)},S1),

• G2 = ({S2,A,B,P,L}, {cv,gv,rv,au,ev,rt},
{1: S2 → (AABAS2),2: S2 → (AABA),3: (A,A,A)→ (PL,PL,PL),
4: (P,P,P)→ (cvgvcvgvrvgvcvgv,cvgvcvgvrvgvcvgv,cvgvcvgvrvgvcvgv),
5: (L,L,L)→ (cvauesrvrtesau,cvauesrvrtesau,cvauesrvrtesau),
6: B → (PL),7: (P,L)→ (cvgvcvgvrvgvcvgv,cvauesrvrtesau)},S2),
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• Q = {(1,1),(2,2),(3,3),(4,4),(5,5),(6,6),(7,7)}.

Grammars in system Gs use substitution of token symbols for better readability in defined grammar
and in following derivations. Explanation of the tokens in G1 is in the tables Tab. 1 and Tab. 2.

These tables explain the symbols used in Gs in this section. The first position, for example in c−,q,2
is used for a variation technique that moves the tone. The symbol q represents a quarter note, e an eighth
note, and h a half note. The last element specifies the octave in which the note is placed.

Symbol Note or Chord
cy c[−,q,2]
ax a[−,q,1]
gx g[−,q,1]
ey e[−,q,2]
fx f[−,q,1]
αz Chord(C,C2,E)[−,q,1]
βz Chord(D,F,A)[−,q,1]
γz Chord(A,C,F)[−,q,1]
δz Chord(A,C,E)[−,q,1]
εw Chord(A,C,F)[−,h,1]
ζw Chord(F,A,C)[−,h,1]

Table 1: Mapping of terminal symbols to musical
feature vectors of G1.

Symbol Note
cv c[−,e,1]
gv g[−,e,1]
rt r[−,e,1]
au a[♭,e,1]
ev e[♭,e,1]
rt r[−,e,1]

Table 2: Mapping of terminal symbols to musical
feature vectors of G2.

For this Gs, we can create the following derivation steps:

• (S1,S2)⇒1 (AABA,AABA)⇒2 (MHMHBMH,PLPLBPL)
⇒3 (MHMHM1H1MH,PLPLPLPL)
⇒4 (cycyaxgxHcycyaxgxHM1H1cycyaxgxH,
cvgvcvgvrvgvcvgvLcvgvcvgvrvgvcvgvLPLcvgvcvgvrvgvcvgvL)
⇒ . . .

Instead of writing out terminal symbols, it is much more interesting to demonstrate terminal sym-
bols already in the music staff. Nonterminal symbols are blank bars that represent the structure. Fig. 3
describes the correspondence between the fifth and sixth derivation steps in Gs and their musical interpre-
tation. More specifically, during ⇒5, Gs rewrites nonterminals H and L from G1 and G2, respectively;
as a result, all A parts are completed. During ⇒6, Gs completes the generation of the sentence and,
therefore, its corresponding musical piece by filling in the missing part of the generated score.
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⇒5

⇒6

Figure 3: The fifth and sixth derivation step shown in music staff that corresponds to (5,5) ∈ Q, and
(7,7) ∈ Q.

5 Example

Until now, we have been generating music for only one instrument. Finally, we will show how our model
could generate jazz music. This music is going to be interpreted by a piano and saxophone. The music
will take jazz from AABA and will be generated in three strings, two for piano and one for saxophone.
So far, we have used variation, tone duration, and tone octave for our generated tokens. Now, we will
also incorporate dynamics. An example of a grammar system generating such computation follows:

Gs = (G1,G2,G3,Q),

in which

• G1 = ({S1,M1,M2,A,B,N}, { f[−,q,1,−],c[−,q,1,−], f[↓,q,1,p],c[↓,q,1,p],g[−,q,2,−],
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d[−,q,2,−],g[↓,q,2,p],d[↓,q,2,p],e[−,h,2,−],g[−,h,2,−],e[↓,h,2,p],g[↓,h,2,p], f[−,h,2,−],
a[−,h,2,−], f[↓,h,2,p],a[↓,h,2,p]},
{1: S → (AABA),
2: (A,A,A)→ (M1M2M2M1,M1M2M2M1,M1M2M2M1),
3: (M1,M1,M1)→ ( f[−,q,1,−]c[−,q,1,−]c[−,h,1,−],
f[↓,q,1,p]c[↓,q,1,p]c[↓,h,1,p], f[−,q,1,−]c[−,q,1,−]c[−,h,2,−]),
4: (M1,M1,M1)→ (g[−,q,2,−]d[−,q,2,−]d[−,h,2,−],
g[↓,q,2,p]d[↓,q,2,p]d[↓,h,2,p],g[−,q,2,−]d[−,q,2,−]d[−,h,2,−]),
5: (M2,M2,M2)→ (e[−,h,2,−]g[−,h,2,−],e[↓,h,2,p]g[↓,h,2,p],e[−,h,2,−]g[−,h,2,−]),
6: (M2,M2,M2)→ ( f[−,h,2,−]a[−,h,2,−], f[↓,h,2,p]a[↓,h,2,p], f[−,h,2,−]a[−,h,2,−]),
7: B → (NNNN)
8: N → (r[−, f ,−,−])}),

• G2 = ({S2,A,B,P,R,N}, {γ[−,h,1,−],γ[P,h,1,−],γ[R,h,1,p],r[−, f ,−,−]},
{1: S → (AABA),
2: (A,A,A)→ (PRPR,PRPR,PRPR),
3: (P,P,P)→ (γ[−,h,1,−]γ[P,h,1,−]R,γ[−,h,1,p]γ[P,h,1,p]R,γ[−,h,1,−]γ[P,h,1,−]R),
4: (R,R,R)→ (γ[−,h,1,−]γ[R,h,1,−]P,γ[−,h,1,p]γ[R,h,1,p]P,γ[−,h,1,−]γ[R,h,1,−]P),
5: (P,P,P)→ (γ[−,h,1,−]γ[P,h,1,−],γ[−,h,1,p]γ[P,h,1,p],γ[−,h,1,−]γ[P,h,1,−]),
6: (R,R,R)→ (γ[−,h,1,−]γ[R,h,1,−],γ[−,h,1,p]γ[R,h,1,p],γ[−,h,1,−]γ[R,h,1,−]),
7: B → (NNNN)
8: N → (r[−, f ,−,−])}),

• G3 = ({S3,A,B,H,M31,M32}, {e[−,h,1,−],g[−,h,1,−],a[−,h,1,−], f[−,h,1,−],
h[−,h,1,−],c[−,q,1,−]},
{1: S → (AABA),
2: (A,A,A)→ (MMMM,MMMM,MMMM),
3: (M,M,M)→ (e[−,h,1,−]g[−,h,1,−],e[↑,h,1,−]g[↑,h,1,−],e[−,h,1,−]g[−,h,1,−]),
4: (M,M,M)→ (a[−,h,1,−] f[−,h,1,−],a[↑,h,1,−] f[↑,h,1,−],a[−,h,1,−] f[−,h,1,−]),
5: (M,M,M)→ (g[−,h,1,−]e[−,h,1,−],g[↑,h,1,−]e[↑,h,1,−],g[−,h,1,−]e[−,h,1,−]),
6: (M,M,M)→ ( f[−,h,1,−] f[−,h,1,−], f[↑,h,1,−] f[↑,h,1,−], f[−,h,1,−] f[−,h,1,−]),
7: B → (HM31M32H)
8: (H,H)→ (α[−,h,1,−]β[−,h,1,−],α[r,h,1,−]β[r,h,1,−])
9: M31 → (e[−,h,1,−]g[−,h,1,−]a[−,h,1,−]h[−,h,1,−])
10: M32 → (h[−,q,1,−]c[−,q,1,−]a[−,q,1,−] f[−,q,1,−])}),

• Q = {(1,1,1),(2,2,2),(3,3,3),(3,5,3),(4,4,4),(4,6,4),(5,4,5),(5,6,5),
(6,3,6),(6,5,6),(7,7,7),(8,8,8),(8,8,9),(8,8,10)}.

A composition that could be generated by the presented grammar system is shown in Fig. 4. It shows
that grammar can generate meaningful music with various music techniques. To describe what is in the
figure, we would start with the piano part. In the piano part, the A section of the composition presents the
main theme and completes the harmony in the treble clef, while additional harmonic support is found in
the bass clef. Alongside the piano, the saxophone is there to provide a second harmonic party to enrich
the melody. The role of the Sax is to create an interesting contrast to the main melody. While the primary
theme ascends, the Sax line moves downwards, which creates a playful tension and enriches the overall
texture. A bridge is created by Sax solo, which is an alternation between harmonic and melodic material
to create contrast with the A sections and a bridge between the piano part of the main theme and the last
repetition of the main theme that ends the composition.
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Figure 4: Illustrative example of multi-instrument jazz composition.

Tables 3 and 4 show interpretation of symbols from Gs in this section.

Symbol Note
γ Chord(C,E,G)
γ Chord(C,Es,G)
γ Chord(Es,G,Ces)
γ Chord(Es,Ges,Ces)
γ Chord(Ges,Hes,Des)

Table 3: Mapping of terminal symbols to chords
from Tonnetz [8] walk using PR transformations
of G2.

Symbol Chord
α Chord(A,C,E)
β Chord(E,G,H)

Table 4: Mapping of terminal symbols to musical
feature vectors of G3.

To see more song examples and implementation details visit our GitHub repository.1

1Implementation details at https://github.com/NaKamize/music-grammar-system

https://github.com/NaKamize/music-grammar-system
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6 Evaluation

We mentioned that music is a creative process, and because of that, it is difficult to find a mathematical
formula that provides a number or graph to help compare our method to existing algorithms for music
generation. And we don’t need that. The biggest advantage is the enforcement of the rules and their
synchronization, which allows the music structure to fit its nature perfectly. We showed this through the
provided examples. Generated examples keep the musical structure as it was intended and follow the
rules of music theory. This is due to the correctly selected rules. The playable sound examples are stored
in GitHub1 with the implementation and implementation details.

To compare our method to L-systems, we are able to generate not just the fractal music but any music
that has structure. We don’t require postprocessing of the generated string; it can be interpreted instantly.
Probabilistic formal models have the advantage that they can learn to imitate any style and generate that
style of music. In comparison, our method is as good as the person who is creating the rules. The tone
rules have to fit a specific style or melody.

This method is great at creating synchronized multi-instrument pieces, and its use could be in the
procedural generation of music for computer games, as [6]. There have been several attempts to enhance
music generation using neural networks. However, they often struggle to capture long-term dependencies
or musical structure. A hybrid approach that combines them with our model could be advantageous.
Those approaches keep the rich and expressive sound of neural networks and combine it with the needed
structure and dependencies.

7 Conclusion

To summarize the present application-oriented paper as simply as possible, we have demonstrated how
to orchestrate music by using grammar systems (see Section 3 and 4). In addition, we have illustrated an
orchestration of this kind by an example (see Section 5).

Although we have described this kind of orchestration in a rather great detail, there still remain many
open problem areas related to the subject of this paper. Next, we suggest five of them.

(1) Investigate classical topics of formal language theory, such as decidable problems or closure
properties, in terms of the systems from Section 3.

(2) Conceptualize, re-formulate and investigate the subject of this paper in terms of other language
models, such as jumping or regulated grammars and automata (see [20, 21]).

(3) Restrict the systems from Section 3 so they can use only context-free or even linear rules. What
kind of music can be orchestrated by systems restricted in this way?

(4) Many compositions for orchestras frequently contain long musical passages during which several
instruments simultaneously play the same music. Can the grammar systems considered in Section 3
be modified so that a single component produce a score for all these instruments, which play the same
music? Even more generally, can these systems be modified so that a single component produces scores
for several instruments, possibly playing different music?

(5) Consider only smaller-sized orchestras, such as chamber orchestras. What are the simplest pos-
sible versions of the grammar systems that can orchestrate them?
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We introduce and study the repetitive variants of the deterministic and the nondeterministic finite
automaton with translucent words (DFAwtw and NFAwtw). On seeing the right sentinel, a repetitive
NFAwtw need not halt immediately, accepting or rejecting, but it may change into another state
and continue with its computation. We establish that a repetitive DFAwtw already accepts a language
that is not even semi-linear, which shows that the property of being repetitive increases the expressive
capacity of the DFAwtw and the NFAwtw considerably.

Keywords: Finite automaton – translucent word – language class – hierarchy – closure property –
emptiness problem

1 Introduction

The deterministic and the nondeterministic finite automaton with translucent letters (or DFAwtl and
NFAwtl) was introduced by Nagy and Otto in [12] (see also [19]) as a reinterpretation of certain cooper-
ating distributed systems of a very restricted type of deterministic restarting automata. For each state q of
an NFAwtl, there is a set τ(q) of translucent letters, which is a subset of the input alphabet that contains
those letters that the automaton cannot see when it is in state q. Accordingly, in each step, the NFAwtl
just reads (and deletes) the first letter from the left that it can see, that is, which is not translucent for
the current state. It has been shown that the NFAwtls accept a class of semi-linear languages that prop-
erly contains all rational trace languages, whereas its deterministic variant, the DFAwtl, is properly less
expressive. In fact, the DFAwtl accepts a class of languages that is incomparable to the rational trace
languages with respect to inclusion [11, 13, 14, 15]. In addition, while the obvious upper bound for the
time complexity of the membership problem for a DFAwtl is DTIME(n2), an improved upper bound of
DTIME(n · logn) is derived in [10].

In [6], the authors present a variant of the finite automaton with translucent letters which, after
reading and deleting a letter, does not return its head to the left end of its tape, but that rather continues
from the position of the letter just deleted. When the end-of-tape marker is reached, this automaton
can decide whether to accept, reject, or continue with its computation, which means that it changes
its state and again reads the remaining tape contents from the beginning. The latter property of the
automaton is called ‘repetitiveness’. This type of automaton, called a non-returning finite automaton
with translucent letters or an nrNFAwtl, is strictly more expressive than the NFAwtl. This result also
holds for the deterministic case, although the deterministic variant, the nrDFAwtl, is still not sufficiently
expressive to accept all rational trace languages.

In [7], the nrDFAwtl and the nrNFAwtl are compared to the jumping finite automaton, the right one-
way jumping finite automaton of [1, 3], and the right-revolving finite automaton of [2], deriving the
complete taxonomy of the resulting classes of languages.

http://dx.doi.org/10.4204/EPTCS.422.5
https://creativecommons.org
https://creativecommons.org/licenses/by/4.0/
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While an NFAwtl halts immediately when it sees its end-of-tape marker, either accepting or rejecting,
a non-returning NFAwtl as described above is repetitive, that is, it may continue its computation in
the corresponding situation. In [8], the authors study the influence that this property has on automata
with translucent letters. As it turns out, NFAwtls that are repetitive are equivalent to NFAwtls that are
non-repetitive, while the repetitive DFAwtls are strictly more expressive than the DFAwtls that are not
repetitive. On the other hand, nondeterministic and deterministic finite automata with translucent letters
that are non-returning and non-repetitive accept just the regular languages. That is, they are equivalent
to finite automata without translucent letters. A recent survey on the various types of automata with
translucent letters can be found in [18].

Finally, in [16], the finite automaton with translucent letters is generalized by extending the sets of
translucent letters to sets of translucent words, which yields the finite automaton with translucent words
or NFAwtw. An NFAwtw reads (and deletes) the first letter from the left that is only preceded by a
prefix that is a product of words that are translucent for the current state. This gives the automaton more
control over the structure of the prefix ignored in a transition than for an NFAwtl. In order to guarantee
that the resulting computation relation of an NFAwtw can be computed efficiently, the following two
technical restrictions have been placed on the set τ(q) of translucent words associated with a state q of
an NFAwtw A:

• the set of translucent words τ(q) is a finite prefix code, and

• no word in the set τ(q) may begin with a letter a that the NFAwtw A can read in state q, that is, for
which A has a possible transition of the form q′ ∈ δ (q,a).

Together these restrictions imply that the first letter from the left that an NFAwtw can read in a state q can
be determined by simply scanning the current tape contents letter by letter from left to right. It turned out
that there are languages that are accepted by deterministic finite automata with translucent words (that
is, by DFAwtws), but that are not even accepted by any nondeterministic finite automata with translucent
letters.

The finite automaton with translucent words can be parameterized by placing two restrictions on the
size of the sets of translucent words admitted:

1. An NFAwtw A is k-cardinality-restricted for some integer k ≥ 1, if each set of translucent words
of A contains at most k elements.

2. An NFAwtw A is ℓ-length-restricted for some integer ℓ ≥ 1, if no set of translucent words of A
contains a word of length larger than ℓ.

Obviously, the 1-length-restricted NFAwtw is just the NFAwtl, and moreover, the notion of cardinality-
restriction carries over to the NFAwtl. These two parameters induce infinite strictly ascending two-
dimensional hierarchies of language classes for the NFAwtw and as well as for the DFAwtw [17]. In fact,
the hierarchy based on cardinality-restriction alone and the hierarchy based on length-restriction alone
both carry over to the case of binary alphabets [9].

Here, we define and study the repetitive variants of the NFAwtw and its deterministic variant, the
DFAwtw. On seeing the end-of-tape marker, such an automaton may either halt, accepting or rejecting,
or it may change its state and reposition its head on the first letter of the current tape contents, continuing
with its computation.

The following important results are derived:

• There exists a repetitive DFAwtw that accepts a language which is not semi-linear (Theorem 15).

• There exists a language that is accepted by a repetitive NFAwtw, but not by any repetitive DFAwtw
(Theorem 18).
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• For repetitive DFAwtws, emptiness is undecidable (Theorem 20). Moreover, finiteness, regularity,
inclusion, equivalence, and boundedness are undecidable for this type of automaton, too.

However, closure and non-closure properties for the various classes of repetitive NFAwtws and DFAwtws
have not yet been determined.

2 Definitions and Known Results on Finite Automata with Translucent
Words

First we restate the definition of the finite automaton with translucent words as defined in [16]. However,
we slightly change the definition by removing the final states and by adjusting the definition of the
transition function accordingly. Here we use P(S) to denote the powerset of a set S and Pfin(S) to
denote the set of all finite subsets of S.

Definition 1 A finite automaton with translucent words, or an NFAwtw, is defined by a 6-tuple

A = (Q,Σ,◁,τ, I,δ ),

where Q is a finite set of states, Σ is a finite input alphabet, ◁ ̸∈ Σ is a special letter that serves as an
end-of-tape marker, I ⊆ Q is a set of initial states, τ : Q → Pfin(Σ

∗) is a translucency mapping, and

δ : Q× (Σ∪{◁})→ P(Q)∪{Accept,Reject}

is a transition function. Here we require that, for each state q ∈ Q and each letter a ∈ Σ, δ (q,a) ⊆ Q
and δ (q,◁) ∈ {Accept,Reject}. The latter means that, on seeing the sentinel ◁, the NFAwtw A halts
immediately, either accepting or rejecting.

For each state q ∈ Q, let Σ
(A)
q = {a ∈ Σ | δ (q,a) ̸= /0}, that is, Σ

(A)
q contains those letters that A can

read in state q. It is required that the set of translucent words τ(q) satisfies the following two restrictions:

• If τ(q) ̸= /0, then τ(q) is a finite prefix code.

• No word in τ(q) begins with a letter from the set Σ
(A)
q .

Actually, this means that the set τ(q)∪Σ
(A)
q is a finite prefix code.

The computation relation ⊢∗
A that A induces on its set of configurations Q ·Σ∗ ·◁ ∪ {Accept,Reject}

is the reflexive and transitive closure of the following single-step computation relation, where q ∈ Q and
w ∈ Σ∗:

qw ·◁ ⊢A


q′uv ·◁, if w = uav, u ∈ (τ(q))∗, a ∈ Σ

(A)
q , v ∈ Σ∗, and q′ ∈ δ (q,a),

Reject, if w = uav, u ∈ (τ(q))∗, a ∈ Σ∖Σ
(A)
q , v ∈ Σ∗, and av ̸∈ τ(q) ·Σ∗,

Accept, if w ∈ (τ(q))∗ and δ (q,◁) = Accept,
Reject, if w ∈ (τ(q))∗ and δ (q,◁) = Reject.

A word w ∈ Σ∗ is accepted by A if there exist an initial state q0 ∈ I and a computation q0w ·◁ ⊢∗
A Accept.

Now L(A) denotes the language accepted by A and L (NFAwtw) denotes the class of all languages that
are accepted by NFAwtws.

An NFAwtw A = (Q,Σ,◁,τ, I,δ ) is deterministic (or a DFAwtw) if |I| = 1 and |δ (q,a)| ≤ 1 for
each q ∈ Q and a ∈ Σ. For a DFAwtw, we simply replace the set I by the single initial state and write
δ (q,a) = q′ instead of δ (q,a) = {q′}. Then L (DFAwtw) denotes the class of all languages that are
accepted by DFAwtws.
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As τ(q) is a prefix code for each state q, the factorization w = uav, where u ∈ (τ(q))∗, a ∈ Σ, v ∈ Σ∗,
and av ̸∈ τ(q) ·Σ∗, is uniquely determined. This is not the case without the requirement that τ(q) is
a prefix code (see [16]). From the definition of the single step computation relation, we obtain the
following property.

Lemma 2 ([16]) Let A = (Q,Σ,◁,τ, I,δ ) be an NFAwtw and assume that quav ·◁ ⊢A puv ·◁, where
q, p ∈ Q, u ∈ (τ(q))∗, a ∈ Σ

(A)
q , and v ∈ Σ∗. Then quavw ·◁ ⊢A puvw ·◁ for each word w ∈ Σ∗.

Let D1 ⊆ {a,b}∗ be the semi-Dyck language on Σ = {a,b}, that is, D1 is the language that is gener-
ated by the context-free grammar

G = ({S},Σ,S,{S → λ ,S → SS,S → aSb}).

Furthermore, let Γ = {a,b,c}, ϕ : Σ∗ → Γ∗ be the morphism that is defined through a 7→ ab and b 7→ c,
and L1 = ϕ(D1).

Lemma 3 ([16]) The language L1 is accepted by a DFAwtw, but not by any NFAwtl.

Each NFAwtl can be extended to an equivalent NFAwtl that only accepts after having read and deleted
its input completely (see, e.g., [14]). For NFAwtws, the corresponding technical result holds as well.

Lemma 4 ([16]) From a given NFAwtw A, one can construct an NFAwtw B such that L(B) = L(A) and B
only accepts once it has read and deleted its input completely.

The NFAwtw B constructed in the proof of this result is inherently nondeterministic, even if the
given NFAwtw A happens to be deterministic. Based on this technical result, the following result has
been derived.

Proposition 5 ([16]) If A is an NFAwtw, then there exists a regular sublanguage R of the language L(A)
such that R is letter-equivalent to L(A). In fact, an NFA B for the sublanguage R can effectively be
constructed from A.

Here two languages on the same alphabet are called letter-equivalent if they have identical images
under the corresponding Parikh mapping (see, e.g. [14]). This result has the following immediate conse-
quence.

Corollary 6 ([16]) The language accepted by an NFAwtw is semi-linear, that is, its Parikh image is a
semi-linear subset of Nn, where n is the cardinality of the underlying alphabet.

In addition, Proposition 5 implies the following negative result, where Llin denotes the deterministic
linear language Llin = {anbn | n ≥ 0}.

Proposition 7 ([16]) Llin ̸∈ L (NFAwtw).

Observe that Llin = Leq2 ∩ (a∗ ·b∗), where Leq2 = {w ∈ {a,b}∗ | |w|a = |w|b } ∈ L (DFAwtl). Thus,
Proposition 7 implies, in particular, that the language classes L (DFAwtw) and L (NFAwtw) are not
closed under intersection and under intersection with regular languages.

Finally, the DFAwtws have been separated from the NFAwtws. Let

L∨ = {w ∈ Σ
∗ | ∃n ≥ 0 : |w|a = n and |w|b ∈ {n,2n}},

where Σ = {a,b}. The language L∨ is a rational trace language, and hence, it is accepted by an NFAwtl,
but it is not accepted by any DFAwtl [15]. In fact, L∨ is not even accepted by any DFAwtw, either.

Theorem 8 ([17]) L∨ ̸∈ L (DFAwtw).

Hence, we have the following proper inclusion.

Corollary 9 ([16]) L (DFAwtw)⊊ L (NFAwtw).
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q0

{aa,bb}
q1

/0
q2

{aa,abb}

q3

{a}
q4
/0

◁ a ◁

b

ba

q5

/0
a q6

/0
b q7

/0

q8

/0

b

Accept ◁

Figure 1: The RDFAwtw A2lin for the language L2lin = {a2nb2n | n ≥ 1}.

3 Repetitive Finite Automata with Translucent Words

Here we present the announced extension of the finite automaton with translucent words.

Definition 10 Let A = (Q,Σ,◁,τ, I,δ ) be an NFAwtw.

(a) The NFAwtw A is called repetitive if, for each state q ∈ Q, δ (q,◁) is either a subset of Q or
δ (q,◁) ∈ {Accept,Reject}. We use RNFAwtw (RDFAwtw) to denote the class of repetitive
NFAwtws (DFAwtws). To distinguish the model of Definition 1 from the repetitive NFAwtw, the
former is called non-repetitive.

(b) The (R)NFAwtw A is k-cardinality-restricted (or a k-r(R)NFAwtw) for some integer k ≥ 1, if
|τ(q)| ≤ k for each state q ∈ Q. If A is deterministic, then it is called a k-r(R)DFAwtw.

(c) The (R)NFAwtw A is ℓ-length-restricted (or an ℓ-lr-(R)NFAwtw) for some integer ℓ≥ 1, if |u| ≤ ℓ
for all u ∈ τ(q) and all q ∈ Q. If A is deterministic, then it is called an ℓ-lr-(R)DFAwtw.

We now study the repetitive NFAwtw and its deterministic counterpart. The following technical result
can be derived for the RNFAwtw in the same way as for the NFAwtw.

Lemma 11 From a given RNFAwtw A, one can construct an RNFAwtw B such that L(B) = L(A) and B
only accepts once it has read and deleted its input completely.

On the other hand, Lemma 2 cannot be extended to the RNFAwtw, if the automaton changes its
state at the right sentinel. For example, assume that δ (q,◁) = {q′}, δ (q,a) = /0, and τ(q) = {aa},
where q,q′ are states of an RDFAwtw A with the input alphabet {a}. Then, qaa ·◁ ⊢A q′aa ·◁, while
qaaa ·◁ ⊢A Reject, since τ(q) = {aa} and δ (q,a) is empty.

The deterministic linear language

Llin = {anbn | n ≥ 1}

is not accepted by any NFAwtw [16]. Below we shall see that this language is accepted by some repetitive
NFAwtw. However, it is still open whether or not this language is accepted by any RDFAwtw.

Lemma 12 The language L2lin = {a2nb2n | n ≥ 1} is accepted by a repetitive DFAwtw.

Proof. Let A2lin = (Q,{a,b},◁,τ,q0,δ ), where Q = {q0,q1, . . . ,q8}, be the RDFAwtw that is described
in Figure 1. Here, in each node, the associated set of translucent words τ(q) is written under the name
of the state q ∈ Q, and there is an oriented edge from a state q to a state q′ that is labeled with a letter
x ∈ {a,b,◁}, if δ (q,x) = q′. Of course, δ is undefined for all other pairs from Q×{a,b}. It can be
checked that A2lin accepts the language L2lin. □

In essentially the same way, also the following result can be proved. A corresponding automaton is
presented in Figure 2.
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q0

/0
q1

{aa,b}
a ◁ q2

/0
q6

/0
◁ Acceptb

q4

{a,bb}

a

q3

{aa,ab}
q5

{aa,ab}

b

b◁

Figure 2: The RDFAwtw A2lin1 for the language L2lin1 = {a2n+1b2n+1 | n ≥ 0}.

Lemma 13 The language L2lin1 = {a2n+1b2n+1 | n ≥ 0} is accepted by a repetitive DFAwtw.

By forming the disjoint union of the RDFAwtws A2lin and A2lin1, we obtain an RNFAwtw for the
language Llin, that is, we have the following consequence.

Corollary 14 The language Llin = {anbn | n ≥ 1} is accepted by a repetitive NFAwtw.

Clearly, the language L2lin does not contain a regular sublanguage that is letter-equivalent to the
language itself, as, for each n ≥ 1, a2nb2n is the only word in L2lin that has length 4n. Hence, by Propo-
sition 5, the language L2lin is not accepted by any NFAwtw. In particular, this shows that Proposition 5
does not extend to the repetitive NFAwtw.

As stated in Corollary 6, each language accepted by an NFAwtw is necessarily semi-linear. This is
no longer true if we consider NFAwtws that are repetitive.

Theorem 15 There exists an RDFAwtw Aex over a binary alphabet such that the language L(Aex) is not
semi-linear.

Proof. We define the RDFAwtw Aex as Aex = (Q,Σ,◁,τ,q0,δ ), where

Q = {q0,q1,q2,q3,q4,q5,q6,q7,q f }, Σ = {a,b},

and the functions τ and δ are specified as follows:

τ(q0) = {ab}, τ(q1) = /0, τ(q2) = {bab}, τ(q3) = /0,
τ(q4) = {ab}, τ(q5) = {ab}, τ(q6) = /0, τ(q7) = /0,
τ(q f ) = /0,
δ (q0,◁) = q1, δ (q1,a) = q2, δ (q2,a) = q2, δ (q2,◁) = q3,
δ (q3,b) = q4, δ (q4,b) = q5, δ (q4,◁) = q6, δ (q5,b) = q5,
δ (q5,◁) = q1, δ (q6,a) = q7, δ (q7,b) = q f , δ (q f ,◁) = Accept.

It can now be checked that L(Aex) = {(ab)2n | n ≥ 1}= Lex. For proving this result, we first establish
the following technical statements.

Claim 1. abab = (ab)21 ∈ L(Aex).

Proof. Given the word abab as input, the automaton Aex executes the following computation:

q0abab ·◁ ⊢Aex q1abab ·◁ ⊢Aex q2bab ·◁ ⊢Aex q3bab ·◁
⊢Aex q4ab ·◁ ⊢Aex q6ab ·◁ ⊢Aex q7b ·◁
⊢Aex q f ·◁ ⊢Aex Accept.

□
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Claim 2. For all n ≥ 2, q1(abab)n ·◁ ⊢∗
Aex

q3(bab)n ⊢∗
Aex

q1(ab)n ·◁.

Proof. We proceed by induction on n. If n = 2, then we obtain the following computation:

q1(abab)2 ·◁ = q1abababab ·◁ ⊢Aex q2bababab ·◁ ⊢Aex q2babbab ·◁
⊢Aex q3babbab ·◁ ⊢Aex q4abbab ·◁ ⊢Aex q5abab ·◁
⊢Aex q1abab ·◁ = q1(ab)2 ·◁.

For the general case, we consider the input (abab)n+1 = abab(abab)n:

q1abab(abab)n ·◁ ⊢Aex q2bab(abab)n ·◁ ⊢Aex q2babbab(abab)n−1 ·◁
⊢n−1

Aex
q2bab(bab)n ·◁ ⊢Aex q3(bab)n+1 ·◁

⊢Aex q4ab(bab)n ·◁ ⊢Aex q5abab(bab)n−1 ·◁
⊢n−1

Aex
q5ab(ab)n ·◁ ⊢Aex q1(ab)n+1 ·◁.

□

Together Claims 1 and 2 imply that Lex ⊆ L(Aex), since, for each n ≥ 2,

q0(ab)2n ·◁ ⊢Aex q1(abab)2n−1 ·◁ ⊢∗
Aex

q1abab ·◁ ⊢∗
Aex

Accept.

Conversely, assume that w ∈ L(Aex). Then the computation of the automaton Aex on the input w is
accepting, that is, it has the following form:

q0w ·◁ ⊢Aex p1w1 ·◁ ⊢Aex p2w2 ·◁ ⊢Aex · · · ⊢Aex ptwt ·◁ ⊢Aex Accept,

where t ≥ 1, p1, p2, . . . , pt ∈ Q, and w1,w2, . . . ,wt ∈ Σ∗. From the definition of the functions τ and δ , we
see that p1 = q1 and that w = (ab)m for some m ≥ 0, pt = q f , and wt = λ . In fact, as

q0 ·◁ ⊢Aex q1 ·◁ ⊢Aex Reject

and
q0ab ·◁ ⊢Aex q1ab ·◁ ⊢Aex q2b ·◁ ⊢Aex Reject,

we can conclude that m ≥ 2.

Claim 3. For all n ≥ 1, (ab)2n+1 ̸∈ L(Aex).

Proof. For the input (ab)2n+1, Aex executes the following computation:

q0ab(ab)2n ·◁ ⊢Aex q1ab(ab)2n ·◁ ⊢Aex q2bab(ab)2n−2ab ·◁
⊢n−1

Aex
q2(bab)nab ·◁ ⊢Aex q2(bab)nb ·◁ ⊢Aex Reject,

that is, Aex rejects all uneven powers of ab. □

Thus, it follows that m is an even number. Finally, assume that m is not a power of two, that is,
m = 2k · r for some k ≥ 1 and an uneven number r. Then, by Claims 2 and 3,

q0(ab)m ·◁ ⊢Aex q1(ab)m ·◁= q1(ab)2k·r ·◁ ⊢∗
Aex

q1(ab)r ·◁ ⊢∗
Aex

Reject.

In summary, we have shown that m = 2n for some integer n ≥ 1, that is, w = (ab)2n
is indeed an element

of the language Lex. It follows that L(Aex) = Lex, which completes the proof of Theorem 15. □

As the language Lex is not semi-linear, this gives the following result.

Corollary 16 The language class L (RDFAwtw) contains languages that are not semi-linear.

As the NFAwtws only accept semi-linear languages, this also implies the following proper inclusions.

Corollary 17 L (DFAwtw)⊊ L (RDFAwtw) and L (NFAwtw)⊊ L (RNFAwtw).
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4 Separating the RDFAwtw from the RNFAwtw

The rational trace language

L∨ = {w ∈ {a,b}∗ | ∃n ≥ 0 : |w|a = n and |w|b ∈ {n,2n}}

is accepted by an NFAwtl, but according to Theorem 8, it is not accepted by any DFAwtw. This means, in
particular, that this language separates the DFAwtw from the NFAwtw (see Corollary 9). Here we prove
that the language L∨ is not even accepted by any RDFAwtw.

Theorem 18 L∨ ̸∈ L (RDFAwtw).

Proof. Assume to the contrary that there is an RDFAwtw A = (Q,Σ,◁,τ,q0,δ ) on Σ = {a,b} such that
L(A) = L∨, and let

ℓ= max{|u| | ∃q ∈ Q : u ∈ τ(q)} and k = max{|τ(q)| | q ∈ Q},

that is, A is ℓ-length-restricted and k-cardinality-restricted. Let Λ > ℓ be an integer that is sufficiently
large. In the following, we consider the accepting computations of A for all inputs of the form anbn and
anb2n, where n ≥ Λ.

As A is repetitive, it may have (one or more) states q for which the set of letters Σ
(A)
q is empty. In

fact, by introducing some additional states with this property, if necessary, we can assume, without loss
of generality, that, for each n ≥ Λ, the accepting computation of A on input wn = anbn ∈ L∨ has the
following form:

q0wn ·◁ = q0anbn ·◁ ⊢A p0anbn ·◁ ⊢A q1z1 ·◁ ⊢A p1z1 ·◁ ⊢A q2z2 ·◁
⊢A p2z2 ·◁ ⊢A . . . ⊢A qtzt ·◁ ⊢A ptzt ·◁ ⊢A Accept,

where, for all i = 0,1,2, . . . , t, qi, pi ∈ Q, Σ
(A)
qi = /0, δ (qi,◁) = pi, zi ∈ Σ2n−i is obtained from wn by

reading and deleting i letters, zt ∈ (τ(pt))
∗, and δ (pt ,◁) = Accept. In addition, anbn ∈ (τ(q0))

∗ and
zi ∈ (τ(qi))

∗ for all i = 1,2, . . . , t.
As the set τ(q0) is a finite prefix code and anbn ∈ (τ(q0))

∗, we see that

τ(q0)∩ (a∗ ·b∗) = {ai0 ,b j0}∪{ar1bs1 ,ar2bs2 , . . . ,arν bsν}

for some 1 ≤ i0, j0 ≤ ℓ, ν ≥ 0, 1 ≤ r1 < r2 < · · ·< rν < i0, and s1,s2, . . . ,sν ≥ 1 such that rµ + sµ ≤ ℓ for
all µ = 1,2, . . . ,ν .

Since A is deterministic, ambm ∈ L∨, and amb2m ∈ L∨, we can conclude that ambm ∈ (τ(q0))
∗ and

amb2m ∈ (τ(q0))
∗ for each m ≥ Λ. Hence, for each m ≥ Λ, there exist an index fm ∈ {1,2, . . . ,ν} and

integers gm,hm ≥ 0 such that m = gm · i0 + r fm = hm · j0 + s fm . As 1 ≤ r1 < r2 < · · ·< rν < i0, it follows
that r fm ≡ m mod i0 and the index fm is uniquely determined by i0 and m. Analogously, it follows that
2m = h′m · j0 + s fm for some integer h′m, which implies that

m = 2m−m = h′m · j0 + s fm − (hm · j0 + s fm) = (h′m −hm) · j0.

Hence, each sufficiently large integer m is necessarily a multiple of j0, which means that j0 = 1. More-
over, as m = gm · i0 + r fm , either i0 = 1 and ν = 0, or i0 > 1, ν = i0 − 1, and ri = i for i = 1,2, . . . ,ν .
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If δ (p0,a) = q1, then z1 = an−1bn is obtained from wn = anbn by simply reading and deleting the
very first letter. Accordingly, we obtain

q0ambm ·◁ ⊢2
A q1am−1bm ·◁ and q0amb2m ·◁ ⊢2

A q1am−1b2m ·◁

for all sufficiently large m. As Σ
(A)
q1 = /0 and δ (q1,◁) = p1, we have

q1am−1bm ·◁ ⊢A p1am−1bm ·◁ and q1am−1b2m ·◁ ⊢A p1am−1b2m ·◁

for all sufficiently large m. Hence, we can conclude, as above, that

τ(q1)∩ (a∗ ·b∗) = {ai1 ,abs′1 ,a2bs′2 , . . . ,ai1−1bs′i1−1 ,b}

for some i1 ≥ 1 and s′1,s
′
2, . . . ,s

′
i1−1 ≥ 1.

If δ (p0,a) is undefined and δ (p0,b) = q1, then z1 = anbn−1 is obtained from wn = anbn by reading
and deleting an occurrence of the letter b, that is, a prefix of the form anbi of anbn is in the set (τ(p0))

∗.
Again, as ambm,amb2m ∈ L∨, we see that

p0ambm ·◁ ⊢A q1ambm−1 ·◁ and p0amb2m ·◁ ⊢A q1amb2m−1 ·◁

for all sufficiently large m. Hence, we can conclude that

τ(p0)∩ (a∗ ·b∗) = {ai1 ,abs′1 ,a2bs′2 , . . . ,ai1−1bs′i1−1}

for some i1 ≥ 1 and s′1,s
′
2, . . . ,s

′
i1−1 ≥ 1. As Σ

(A)
q1 = /0 and δ (q1,◁) = p1, we have

q1ambm−1 ·◁ ⊢A p1ambm−1 ·◁ and q1amb2m−1 ·◁ ⊢A p1amb2m−1 ·◁

for all sufficiently large m, which implies that

τ(q1)∩ (a∗ ·b∗) = {ai2 ,abs′′1 ,a2bs′′2 , . . . ,ai2−1bs′′i2−1 ,b}

for some i2 ≥ 1 and s′′1,s
′′
2, . . . ,s

′′
i2−1 ≥ 1.

It follows that, for all sufficiently large values of m, the accepting computations of A on input ambm

and on input amb2m consist of the exactly same sequence of transitional steps until the exponent of one
of the factors becomes small.

Now consider a value of n such that, for all m ≥ n, the common initial part of all the accepting
computations of A on input ambm and on input amb2m is of length K > 2 · |Q|. Then there are indices
0 ≤ α < β ≤ |Q| such that the states pα and pβ are identical. Hence, for all m ≥ n, we have the following
accepting computations:

q0ambm ·◁ ⊢2·α+1
A pαzα ·◁ ⊢2·(β−α)

A pβ zβ ·◁ = pαzβ ·◁ ⊢∗
A Accept

and
q0amb2m ·◁ ⊢2·α+1

A pαz′α ·◁ ⊢2·(β−α)
A pβ z′

β
·◁ = pαz′

β
·◁ ⊢∗

A Accept,

where zα is obtained from ambm by reading and deleting α letters, zβ is obtained from zα by reading
and deleting further β −α letters, z′α is obtained from amb2m by reading and deleting α letters, and z′

β
is

obtained from z′α by reading and deleting further β −α letters. Thus,

zα = am−iα bm− jα , zβ = am−iα−iβ bm− jα− jβ , z′α = am−iα b2m− jα , z′
β
= am−iα−iβ b2m− jα− jβ
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for some integers iα + jα = α and iβ + jβ = β −α .

Consider now the input am+iβ bm+ jβ . Then

q0am+iβ bm+ jβ ·◁ ⊢2·α+1
A pαam+iβ−iα bm+ jβ− jα ·◁ ⊢2·(β−α)

A pβ am−iα bm− jα ·◁
= pαam−iα bm− jα ·◁ = pαzα ·◁
⊢∗

A Accept.

As m is large and iβ , jβ ≤ β < |Q|, we see that m+ jβ < 2m< 2(m+ iβ ). Hence, am+iβ bm+ jβ ∈ L(A)= L∨
implies that iβ = jβ . However, we also have the following computation:

q0am+iβ b2m+ jβ ·◁ ⊢2·α+1
A pαam+iβ−iα b2m+ jβ− jα ·◁ ⊢2·(β−α)

A pβ am−iα b2m− jα ·◁
= pαam−iα b2m− jα ·◁ = pαz′α ·◁
⊢∗

A Accept.

Now m+ iβ < 2m+ jβ = 2m+ iβ < 2m+2iβ = 2 ·(m+ iβ ) implies that am+iβ b2m+ jβ ̸∈ L∨, a contradiction.
This proves that the language L∨ is not accepted by an RDFAwtw. □

Hence, we have the following separation result.

Corollary 19 L (RDFAwtw)⊊ L (RNFAwtw).

5 Emptiness Is Undecidable for RDFAwtws

From an NFAwtw A, an NFA B can be constructed such that L(B) is a sublanguage of L(A) that is
letter-equivalent to L(A) (see Proposition 5). As the emptiness problem is decidable for NFAs (even in
polynomial time), and as L(A) is empty if and only if L(B) is empty, it thus follows that the emptiness
problem is decidable for NFAwtws. In contrast to this fact, we now prove that this problem is undecidable
for repetitive DFAwtws. Our proof exploits a reduction from the Post Correspondence Problem (PCP),
which can be stated as follows (see, e.g., [4]):

Instance : Two non-erasing morphisms f ,g : Σ∗ → ∆∗.
Question : Is there a non-empty word w ∈ Σ+ such that f (w) = g(w)?

It is well-known that the PCP is undecidable in general, even when it is restricted to a binary alpha-
bet ∆.

Theorem 20 The emptiness problem is undecidable for RDFAwtws.

Proof. Let Σ = {x1,x2, . . . ,xm} for some m ≥ 2, let ∆ = {a,b}, where we can assume without loss
of generality that the two alphabets Σ and ∆ are disjoint, and let f ,g : Σ∗ → ∆∗ be two non-erasing
morphisms, that is, f (xi) = ui and g(xi) = vi are non-empty words over ∆ for all 1 ≤ i ≤ m.

In addition, let ∆′ = {a′,b′} be a new alphabet such that ∆′ is disjoint from Σ and ∆, and let ϕ ′ :
∆∗ → ∆′∗ be the morphism induced by mapping a to a′ and b to b′. Finally, let Ω = Σ∪∆∪∆′, let
πa : Ω∗ → ∆∗ be the projection from Ω∗ onto ∆∗, and let π ′ : Ω∗ → ∆∗ be the morphism that is defined
through π ′(xi) = λ for all 1 ≤ i ≤ m, π ′(a) = π ′(b) = λ , and π ′(a′) = a and π ′(b′) = b. Then ϕ ′ ◦π ′ is
the projection from Ω∗ onto ∆′∗.

We now define an RDFAwtw A( f ,g) = (Q,Ω,◁,τ,q0,δ ) by taking

Q = {q0,q1,q2}∪
m⋃

i=1

(
{ p(i)y | y is a proper prefix of ui }∪{q(i)y | y is a proper prefix of vi }

)
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and by defining the functions τ and δ as follows, where pref(ui, j) denotes the prefix of ui of length j,
and pref(vi, j) denotes the prefix of vi of length j:

τ(q0) = Σ∪{aa′,bb′},
τ(q1) = /0,
τ(q2) = /0,
τ(p(i)y ) = Σ∪{a′,b′} for all p(i)y ∈ Q,

τ(q(i)y ) = Σ∪{a,b} for all q(i)y ∈ Q,

δ (q0,◁) = q1,

δ (q1,xi) = p(i)
λ

for 1 ≤ i ≤ m,

δ (p(i)pref(ui, j)
,a) = p(i)pref(ui, j+1) for 1 ≤ i ≤ m and 0 ≤ j < |ui|−1, if pref(ui, j+1) = pref(ui, j)a,

δ (p(i)pref(ui, j)
,b) = p(i)pref(ui, j+1) for 1 ≤ i ≤ m and 0 ≤ j < |ui|−1, if pref(ui, j+1) = pref(ui, j)b,

δ (p(i)pref(ui,|ui|−1),a) = q(i)
λ

for 1 ≤ i ≤ m, if ui = pref(ui, |ui|−1)a,

δ (p(i)pref(ui,|ui|−1),b) = q(i)
λ

for 1 ≤ i ≤ m, if ui = pref(ui, |ui|−1)b,

δ (q(i)pref(vi, j)
,a′) = q(i)pref(vi, j+1) for 1 ≤ i ≤ m and 0 ≤ j < |vi|−1, if pref(vi, j+1) = pref(vi, j)a,

δ (q(i)pref(vi, j)
,b′) = q(i)pref(vi, j+1) for 1 ≤ i ≤ m and 0 ≤ j < |vi|−1, if pref(vi, j+1) = pref(vi, j)b,

δ (q(i)pref(vi,|vi|−1),a
′) = q2 for 1 ≤ i ≤ m, if vi = pref(vi, |vi|−1)a,

δ (q(i)pref(vi,|vi|−1),b
′) = q2 for 1 ≤ i ≤ m, if vi = pref(vi, |vi|−1)b,

δ (q2,xi) = p(i)
λ

for all 1 ≤ i ≤ m,
δ (q2,◁) = Accept,

and δ is undefined for all other pairs from Q×Ω.
It can now be verified that the language L(A( f ,g)) is non-empty if and only if the instance ( f ,g) of

the PCP has a solution. In fact, let ψ2 : ∆∗ → (∆∪∆′)∗ be the morphism that is defined through a 7→ aa′

and b 7→ bb′. It can be checked that the language L(A( f ,g)) contains some words from the shuffle of
xi1xi2 · · ·xir and ψ2( f (xi1xi2 · · ·xir)) for each solution xi1xi2 · · ·xir of ( f ,g). □

If x = xi1xi2 · · ·xir is a solution of the PCP instance ( f ,g), also xn is a solution of ( f ,g) for each n ≥ 2.
Hence, it follows that the language L(A( f ,g)) is either empty or infinite, and it is infinite if and only if
( f ,g) has a solution. This has the following consequence.

Corollary 21 The finiteness problem is undecidable for RDFAwtws.

An RDFAwtw for the empty language is easily obtained. Accordingly, the undecidability of the
emptiness problem implies the following undecidability results.

Corollary 22 The inclusion problem and the equivalence problem are undecidable for RDFAwtws.

Let ( f ,g) be an instance of the PCP, and let A( f ,g) be the resulting RDFAwtw as constructed in the
proof of Theorem 20. Assume that the language L(A( f ,g)) is regular. Then also the language

L( f ,g) = L(A( f ,g))∩ (Σ∗ · {aa′,bb′}∗)

is regular. It can be checked that L( f ,g) consists of all words of the form wψ2(w), where w ∈ Σ+ is a
solution for the instance ( f ,g) of the PCP.
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Assume that ( f ,g) admits a solution w ∈ Σ+. Then, for all n ≥ 2, also wn is a solution for ( f ,g), that
is, wn(ψ2(w))n ∈ L( f ,g). Let k be the number of states of a minimal DFA for the language L( f ,g). Now
pumping arguments show that, for all n> k, there exists an integer µ , 1≤ µ < k, such that wn+µ(ψ2(w))n

is an element of the language L( f ,g). However, this contradicts the above observation about the form of
the elements of this set, as w ̸= λ . It follows that the set L( f ,g), and therewith the language L(A( f ,g)),
is not regular whenever ( f ,g) has a solution. As the empty set is regular, this yields the following
undecidability result.
Corollary 23 The regularity problem is undecidable for RDFAwtws.

Finally, a language L ⊆ Γ∗ is called bounded if there exist finitely many non-empty words
w1,w2, . . . ,wk ∈ Γ∗ such that L is contained in the regular language w∗

1 ·w∗
2 · · ·w∗

k . Now the bounded-
ness problem is the problem of deciding whether a given language L is bounded. A recent survey on the
status of this problem for various types of automata can be found in [5]. While it is still open whether or
not the boundedness problem is decidable for DFAwtws, we have the following undecidability result.
Corollary 24 The boundedness problem is undecidable for RDFAwtws.
Proof. Let ( f ,g) be an instance of the PCP and let A( f ,g) be the RDFAwtw obtained from ( f ,g) as in the
proof of Theorem 20. We now modify this RDFAwtw as follows.

Let Γ = {c,d} be a new alphabet that is disjoint from Ω, let Ω′ = Ω∪Γ, let q3 be a new state, and let
the functions τ and δ be modified as follows:

τ ′(q) =


/0, if q = q3
Σ∪{aa′,bb′}∪Γ, if q = q0,
τ(q), otherwise

 and δ ′(q,x) =


q3, if q = q2 and x ∈ Γ∪{◁},
q3, if q = q3 and x ∈ Γ,
Accept, if q = q3 and x =◁,
δ (q,x), otherwise.

Let A′
( f ,g) be the new RDFAwtw. If ( f ,g) does not have a solution, then L(A′

( f ,g)) is empty, and hence,
it is bounded. However, if ( f ,g) has a solution w ∈ Σ+, then L(A′

( f ,g)) contains all words of the form
wψ2(w)z, where z ∈ Γ∗, which shows that this language is not bounded. Thus, L(A′

( f ,g)) is bounded if
and only if ( f ,g) does not have a solution. As A′

( f ,g) is easily constructed from ( f ,g), this yields the
undecidability of the boundedness problem. □

6 Conclusion

We have shown that, by adding the property of repetitiveness, the expressive capacity of the finite au-
tomata with translucent words is indeed severely extended. However, the following topics remain to be
studied:

1. The closure properties for the classes L (RDFAwtw) and L (RNFAwtw): It is easily seen that
L (RNFAwtw) is closed under union. On the other hand, the results on the language L∨ imply that
the class L (RDFAwtw) is neither closed under union nor under alphabetic morphisms. Moreover,
by using the same proof idea as for NFAwtws, it can be shown that the complement of a language
that is accepted by an RDFAwtw is accepted by an RNFAwtw. However, it remains open whether
or not this deterministic class is closed under complementation. Finally, it is still open whether or
not this class is closed under intersection (with regular languages). Obviously, it is closed under
intersection with sets of the form K∗, where K is a finite prefix code.

2. What can we say about the complexity of the membership problem for an RDFAwtw? Obviously,
this problem is decidable in quadratic time, but can we do better than that?
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Linear automata are automata with two reading heads starting from the two extremes of the input,

are equivalent to 5′ → 3′ Watson-Crick (WK) finite automata. The heads read the input in opposite

directions and the computation finishes when the heads meet. These automata accept the class LIN of

linear languages. The deterministic counterpart of these models, on the one hand, is less expressive,

as only a proper subset of LIN, the class 2detLIN is accepted; and on the other hand, they are also

equivalent in the sense of the class of the accepted languages. Now, based on these automata models,

we characterize the class of 2detLIN languages with a Myhill-Nerode type of equivalence classes.

However, as these automata may do the computation of both the prefix and the suffix of the input,

we use prefix-suffix pairs in our classes. Additionally, it is proven that finitely many classes in the

characterization match with the 2detLIN languages, but we have some constraints on the used prefix-

suffix pairs, i.e., the characterization should have the property to be complete and it must not have

any crossing pairs.

1 Introduction

In formal language theory, the class of regular languages plays a crucial role, similar as finite automata

in automata theory. They are widely applied and there are several theoretical studies known about them.

One important fact is the characterization of regular languages by the Myhill-Nerode theorem [15, 33]. In

a nutshell, every regular language induces finitely many equivalence classes of words considering them

as possible prefixes of the words of the language. This “if and only if” characterization, in fact, gives

also the minimal completely defined deterministic finite automaton for each regular language and thus, it

has very important practical consequences. The number of states of such minimal automaton is the same

as the number of equivalence classes above, for each language. This measure is the most known and

most used measure for descriptional complexity of regular languages. There are other known measures,

e.g., transition complexity [6], nondeterministic state and transition complexities [37], union-complexity

[20, 23], just to mention a few.

In this paper, we consider a proper superclass of the class of regular languages based on a kind of

deterministic 2-head automata. This model starts the computation by having its two heads at the two

extremes of the input: the first head may read the first and the second head may read the last letter of

the input. The computation goes step by step till the heads meet (at some position of the input). If the

automaton is in a final state at that time, then the computation is accepting and the input is in the ac-

cepted language. The class of the nondeterministic variant of these automata accepts the class of linear

languages, another well-known class of formal languages. It is properly between the regular and context-

free classes. Here, usually, we refer to this model of automata as linear automata (based on [14, 28]).

http://dx.doi.org/10.4204/EPTCS.422.6
https://creativecommons.org
https://creativecommons.org/licenses/by/4.0/
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However, very similar models were defined also under various names, e.g., 2-head automata [18] or bi-

automata [10].

We also recall the concept of Watson-Crick finite automata which belongs to a special field of DNA com-

puting. From the end of the last century, DNA computing has emerged as a relatively new computational

paradigm [35]. Watson-Crick automata (abbreviated as WK automata) have been introduced in [5], for

details and early results see also [35]. A WK automaton works on a double-stranded tape called Watson-

Crick tape (i.e., on a DNA molecule), whose strands are scanned separately by read only heads. The

symbols in the corresponding cells of the double-stranded tapes are related by the Watson-Crick com-

plementarity relation (a symmetric and bijective relation in the nature with pairs Adenine-Thymine and

Cytosine-Guanine). The two strands of a DNA molecule have opposite 5′ → 3′ orientations. The 5′ → 3′

WK automata are more realistic in the sense that both heads use the same biochemical direction (that is,

actually, opposite physical directions) [12, 13, 16]. A WK automaton is sensing if it knows whether the

heads are at the same position. The sensing 5′ → 3′ WK finite automata work essentially in the same way

as linear automata, but they may read strings in a transition. Their 1-limited variant, in which exactly

one letter is read in each transition, has the same power, i.e., they accept the same family of languages as

the original model ([17, 30, 31]). There are numerous variants of these automata where some extensions

or restrictions are applied including stateless [25], state- and quasi-deterministic and reversible variants

[22, 24, 32], jumping 5′ → 3′ WK automata [11], as well as, 5′ → 3′ WK multi-counter and pushdown

automata [3, 4, 7, 21] and 5′ → 3′ WK automata accepting necklaces [26], just to mention a few.

We are interested in a proper subclass of the linear languages, namely 2detLIN, the class that is

accepted by the deterministic variant of the linear automata (and of the sensing 5′ → 3′ WK automata),

as they are described in details in, e.g., [19, 29]. This class is still a proper superset of the class of

regular languages. Here, we give a characterization of 2detLIN that is somewhat similar to Myhill-

Nerode characterization of the regular languages. It is done by using prefix-suffix pairs. We show some

important properties of the pairs that can be used in the characterization. Although there are significant

differences between the original Myhill-Nerode characterization result and our result, we believe that

our results could lead to a kind of similar descriptional complexity measure to a larger class of languages

than the original results which can be used for the class of regular languages.

Because of the page limit some of the proofs are omitted.

2 Definitions and Preliminaries

We assume that the reader is familiar with the basic concepts of formal languages and automata, other-

wise she or he is referred, e.g., to [8, 36] for the concepts not explained in detail here. We denote the

empty word by λ . The set of nonnegative integers is denoted by N.

There are various classes in the Chomsky hierarchy. We briefly recall here the classes of regular and

linear languages. A generative grammar is a four tuple (N,T,S,P) with two disjoint, finite, nonempty

alphabets N and T , where the former is called nonterminal alphabet, the latter is called terminal alphabet.

The symbol S ∈ N is the start (a.k.a. sentence) symbol and P is the finite set of productions (a.k.a.

rewriting rules). Each production is of the form u → v where u must contain at least one nonterminal

symbol. A generative grammar (N,T,S,P) is regular (in some places they are also called right-linear)

if each production of the grammar is in one of the following forms: A → w (with A ∈ N,w ∈ T ∗) and

A → wB (with A,B ∈ N,w ∈ T ∗). Further, a generative grammar is linear if each of its productions is

in one of the following forms: A → w (with A ∈ N,w ∈ T ∗) and A → uBv (with A,B ∈ N,u,v ∈ T ∗).

Obviously, every regular grammar is also linear at the same time. These classes of grammars generate
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the classes of regular and linear languages, respectively. We recall here some special linear grammars: if

in a linear grammar for each production with a nonterminal on the right side A → uBv, |u| = n, |v| = m

holds, then the grammar is called k-rated linear with the value k = m
n
, (m,n ∈ N,n 6= 0) [2, 9]. These

grammars generate k-rated linear languages. The union of the sets of k-rated linear languages for any

nonnegative rational value of k is called the family of fix-rated linear languages. Observe that, in fact,

the 0-rated linear grammars and languages are the regular grammars and languages. The 1-rated linear

grammars and languages are usually referred to as even-linear grammars and languages ([1, 39]).

The classes of regular and linear languages can be accepted by the class of traditional finite automata

and a class of 2-head automata, respectively. Let us discuss, first, the case of regular languages. Now,

let us recall the concept of finite automata. A five tuple A = (Q,T,q0,δ ,F) is a finite automaton with

the finite nonempty set of states Q, with a finite nonempty input alphabet T , an initial state q0 ∈ Q, a

set of final (a.k.a. accepting) states F and a transition function δ . The latter is defined, in general, as

δ : Q× (T ∪{λ}) → 2Q. In this general case, the model is known as nondeterministic finite automata.

There is a more restricted version of the finite automata with δ : Q×T → Q called deterministic finite

automata. Automata are used to accept formal languages. It is well-known that the classes of both

the nondeterministic and deterministic finite automata recognize exactly the class of regular languages.

There are some 2-head extensions of these traditional models, that play a central role for us. A five

tuple A′ = (Q,T,q0,δ ,F) is a 2-head finite automaton (a.k.a. linear automaton, [14, 28]) where Q,T,q0

and F have the same roles as in traditional finite automata, but δ is defined in a different way: δ :

(Q×T ×{λ}∪Q×{λ}×T)→ 2Q.

Further, a configuration of a linear automaton is a pair (q,w) where q is the current state of the

automaton and w is the part of the input word which has not been processed (read) yet. For w′ ∈ T ∗,

xy ∈ T , q,q′ ∈ Q, we write a computation step between two configurations as: (q,xw′y) ⇒ (q′,w′) if

and only if q′ ∈ δ (q,x,y). Notice that in such a computation step either x ∈ T and y = λ or y ∈ T and

x = λ , i.e., exactly one of the heads is reading an input letter. We denote the reflexive and transitive

closure of the relation ⇒ (one step of a computation) by ⇒∗, and refer to it as the computation relation.

Therefore, for a given w ∈ T ∗, an accepting computation is a sequence of computation steps of the form

(q0,w) ⇒
∗ (q,λ ), starting from the initial state and ending in a state q ∈ F with no input left. Finally,

the language accepted by a linear automaton M is:

L(M) = {w ∈ T ∗|(q0,w)⇒
∗ (q,λ ),q ∈ F}.

Note that here we have defined a kind of restricted (1-limited) variant, where exactly one input letter

is read in each transition. (In the more general variant both heads may read a letter in a transition,

however, the described model is equivalent to this more general model in the sense of the class of the

accepted languages.)

It is known that the class of linear automata accepts the class of linear languages. Now, we are

interested in the deterministic variant of them. As usual, we say that an automaton is deterministic if

at any possible configuration there is at most one way to continue the computation. The deterministic

counterpart of linear automata can accept only a special subclass of the class of linear languages, the

class 2detLIN. It is known that this class is a superclass of the class of regular languages containing

various interesting linear languages, including all fix-rated linear languages. On the other hand, 2detLIN

is incomparable to the class detLIN, the class accepted by deterministic one-turn pushdown automaton

(with the deterministic counterpart of another well-known automata model accepting the class of linear

languages).

We also recall that a closely related model, the sensing 5′ → 3′ Watson-Crick finite automata work

in a very similar manner. There is a very important difference between the 2-head automata model we
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have defined and the Watson-Crick automata, namely that the latter models are able to read strings in a

transition. Nevertheless, in [31] and in [29] it is proven that this feature does not help for the model to

accept larger classes of languages than the classes LIN and 2detLIN, respectively. Therefore, we may

use the definition we gave above to define the class we are interested in.

Further, we may assume that all states of the automaton A is reachable, i.e., for each state q, there is

an input word wq such that the computation of wq ends in state q: (q0,wq)⇒
∗ (q,λ ). (Those states that

are not reachable do not have any effect on the computations of the automaton, and thus, they can simply

be removed form the set of states without changing the accepted language.) This assumption could be

important when some properties of the automaton are analyzed, e.g., in the proposition below.

Formally, we can write that a linear automaton is deterministic, if and only if for each pair of w ∈ T ∗

and q ∈ Q there exists at most one w′ ∈ T ∗ and q′ ∈ Q such that (q,w)⇒ (q′,w′). This property is defined

as a constraint on all possible computations of the automaton, however, it gives restriction for the used

automaton itself. Thus, deterministic linear automata can be characterized as follows.

Proposition 1 A linear automaton is deterministic if and only if for each q of its states, either

• δ (q,a,λ ) = /0 for all a ∈ T ; and |δ (q,λ ,a)| ≤ 1 for each a ∈ T ;

or

• δ (q,λ ,a) = /0 for all a ∈ T ; and |δ (q,a,λ )| ≤ 1 for each a ∈ T .

We refer to the transitions δ (q,a,b) = /0 (ab ∈ T , i.e., one of a and b is a letter, the other is λ ), as

transitions which are not defined in the automaton. Thus, we may interpret the previous statement as

follows. In a deterministic linear automaton at each state, we may have transitions defined only for at

most one of the heads.

In automata theory, there are usually two main variants of the used deterministic finite automata. If a

finite automaton is incomplete (we say this, when its transition function is only a partial function), it may

happen that the automaton is unable to read (and thus to accept) some of the possible input words, in

these cases, the automaton gets stuck and the computation halts without accepting. In contrast, in the case

of a completely defined finite automaton, the automaton can read any input and can do the computation

such that the whole input has been processed. Somewhat similarly, we may also define this variant of

linear automata. The main difference in the work of the “incomplete” and “completely defined” (shortly,

complete) linear automata is the same as at finite automata, however, based on Proposition 1, we may

characterize the latter ones as follows.

Proposition 2 A deterministic linear automaton is complete if and only if for each q of its states, either

• δ (q,a,λ ) = /0 for all a ∈ T ; and δ (q,λ ,a) ∈ Q for each a ∈ T ;

or

• δ (q,λ ,a) = /0 for all a ∈ T ; and δ (q,a,λ ) ∈ Q for each a ∈ T .

Moreover, for each deterministic linear automaton, we may construct a complete deterministic linear

automaton accepting the same language by adding a sink state, if necessary. This technique is similar to

the one used in the case of deterministic finite automata for the regular languages.

Based on the previous proposition and fact we may always assume that our linear automaton accept-

ing a language in 2detLIN is complete.

About the work of linear deterministic automata we state the following useful property. It is a kind

of analogous property of the deterministic finite automata that when it does the computation on an input

w, then the initial part of the computation is the same as the computation on a prefix of w. As linear

automata may consume the input from its both extremes, we have a somewhat more complex statement

and therefore we state it formally.
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Lemma 1 Let a complete deterministic linear automaton A and an input word w ∈ T ∗ be given. Let

the computation on w by A be (q0,w) ⇒
∗ (q,λ ) such that, the prefix u and the suffix v of w (w = uv)

were read by the first and second head, respectively, during the computation. This computation is a

|w|-step long computation. Then for any input uw′v with w′ ∈ T ∗, the first |w| steps of the computation

are (q0,uw′v)⇒∗ (q,w′).

We note here that in [27] for similar models, specific functions were defined and used that give the

following information for every input: which of the heads is stepping in which step of the computation

and which head reads the given letter of the input.

Finally, in this section we recall a very important and useful characterization of the regular languages.

Let a language L ⊆ T ∗ be given. Based on it, we define the equivalence relation: for any x,y ∈ T ∗,

x ≡L y if and only if xw ∈ L ⇔ yw ∈ L for every w ∈ T ∗.

That is, two words are equivalent if exactly the same continuations of them are in L. The number of

the equivalence classes of the relation ≡L is called the index of the language L. By the Myhill-Nerode

theorem, a language L is regular if and only if the relation ≡L has a finite index, i.e., the number of the

equivalence classes is finite. Moreover, the index of a regular language is then the same as the minimal

number of the states in a completely defined finite automaton accepting the language L.

In this paper, our aim is to give a kind of similar if and only if characterization of the languages in

the class 2detLIN.

3 Equivalent classes by pairs of prefixes and suffixes

As the computation on the input by linear automata goes by reading not only the prefix, but maybe also

the suffix of the input word, we use prefix-suffix-pairs (shortly, presus) in our characterization. Let us

consider a language L over the alphabet T . We say that the prefix-suffix-pair (u1,v1) is equivalent to the

presu (u2,v2) with respect to the language L, if for every word w ∈ T ∗, u1wv1 ∈ L ⇔ u2wv2 ∈ L. We call

a set of equivalence classes of presus a border classification, BC for short. However, a BC not need to

cover all prefix-suffix pairs. We also define pseudo BCs, in which in each class, the presus are equivalent

to each other, but it may happen that some of the classes contain presus that are also equivalent to each

other. From a pseudo BC, a BC can be obtained by joining those classes that contain presus that are

equivalent to each other. We say that a (pseudo) BC contains a presu (u,v), if it appears in a class of the

(pseudo) BC.

To characterize the languages of 2detLIN, we need some additional conditions. In the sequel, we list

them.

Definition 1 We say that a BC (or a pseudo BC) is complete, if for each word w ∈ T ∗ it contains exactly

one pair (u,v) such that w = uv.

Definition 2 We say that a BC (or a pseudo BC) has a crossing pair, if it contains both presus (u1,v1),
(u2,v2) where u1 is a proper prefix of u2 and v2 is a proper suffix of v1. The presus (u1,v1), (u2,v2) are

referred as a crossing pair.

For better understanding these concepts we show some examples.

Example 1 Let us consider the regular language a∗b∗. One may consider BC Ω1 with only one class

containing all pairs of the form (a∗,λ ). It is easy to see that Ω1 is not complete, since, for instance, there

is no presu (u,v) in it with uv = aaab. On the other hand, Ω1 does not contain any crossing pairs.
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Consider now, the BC Ω2 with three classes C1 = {(u,v) | u ∈ a∗,v ∈ b∗} and C2 = {(u,v) | u ∈
a∗b∗b,v ∈ b∗} and C3 = {(u,v) | u ∈ a∗,v ∈ aa∗b∗}. The BC Ω2 is not complete, since, e.g., for the

word ab it contains the presus (a,b) ∈C1 and (ab,λ ) ∈C2. Furthermore, Ω2 contains crossing pairs, as

(aaa,b) ∈C1 and (a,abb) ∈C3 appear in it.

Definition 3 Let us fix a language L and a BC for L. The index of the BC is the number of equivalence

classes in it.

The following statement is a direct consequence of the definitions.

Lemma 2 Let a pseudo BC Ω be given for a language L. Then, there is a BC for L that has index at

most the number of classes in the pseudo BC Ω.

Further, in general, if for a language L there is a pseudo BC with finitely many classes, then there is a

BC for L with a finite index.

We need the following technical lemma that describes an important behaviour of our automata.

Lemma 3 By any complete deterministic linear automaton A, every word w is processed in a unique

way and thus, there is exactly one presu (u,v) with w = uv such that A reads u by the first head and v by

the second head when performing the computation on the input w.

Now, we are ready to state and prove one of our main results, the characterization of 2detLIN lan-

guages by finitely many equivalence classes of presus.

Theorem 1 A language L is in 2detLIN if and only if there is a complete BC with a finite index for L that

does not contain any crossing pairs.

Proof The proof is constructive in both directions. First, let us prove that for each language L in

2detLIN, there is a complete BC with finite index as it is stated.

Let A = (Q,T,q0,δ ,F) be a completely defined deterministic linear automaton accepting L with

the set of states Q = {q0, . . . ,qn}. Based on A, we construct a complete pseudo BC. Basically, the

construction follows Algorithm 1 that is described below.

Algorithm 1.

Input: A = ({q0, . . . ,qn},T,q0,δ ,F), a complete deterministic linear automaton.

Output: a pseudo BC for the language accepted by A.

Put (λ ,λ ) representing the empty word into class C0.

Let the set J of states initially contain only q0 and let the set J′ be empty.

While (True) do

For each i in {0, . . . ,n} do

If (qi ∈ J)

For each a ∈ Σ do

If (δ (qi,a,λ ) = q j)

Put q j into the set J′

For each (u,v) ∈Ci do

Put the presu ((ua,v)) into C j

If (δ (qi,λ ,a) = q j)

Put q j into the set J′

For each (u,v) ∈Ci do

Put the presu ((u,av)) into C j

Let J = J′ and J′ be empty.
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Note that as we have infinitely many presus, the algorithm is running for the infinity, however, it puts

the presus in the appropriate classes by their increasing values of the sum of the lengths of prefix and

suffix in a pair. The algorithm works in a somewhat similar manner as a breadth-first search algorithm

build an infinite tree level by level. Thus, for each presu it will be clear after a finitely many steps where

it belongs if it appears in the pseudo BC (as we claim it later).

Clearly the set J contains always a subset of Q. It is clear that in the beginning this subset contains

only q0. In each iteration of the while loop the new presus appear in the classes that have their sum of

the length of prefix and suffix that is one more as similar values of the presus in the previous iteration.

For us, at this moment, the only important is that we can decide which pair appears in the constructed

pseudo BC. Moreover, if it appears in it, then we can also decide in which class it is. See, Claim 1.

Claim 1. The classes obtained by Algorithm 1 form a pseudo BC for the language L accepted by the

given complete deterministic linear automaton A.

Further, for each presu (u,v) it is clear if it appears in the created pseudo BC, and if so, it is clear

where, into which class C j it belongs. Moreover, the induced pseudo BC is complete.

By continuing the proof of the theorem, it is already clear that the induced pseudo BC is complete. What

is left to be shown is that this pseudo BC does not contain any crossing pairs.

Claim 2. For any complete deterministic linear automaton A, the obtained pseudo BC does not contain

any crossing pairs.

By the construction, as we have seen, we obtained a pseudo BC, if two presus are in the same class

Ci then they must be equivalent. We have proven that there are finitely many classes Ci; further the

contained presus imply a complete pseudo BC without crossing pairs. This, by Lemma 2 also proves

that there is a complete BC with finite index without crossing pairs, since by joining some classes of the

pseudo BC, its completeness and crossing-freeness properties are not changing. Thus, the first part of

the proof has been finished.

(We note here that in a pseudo BC some of the sets Ci may contain presus that are equivalent to each

other. This property is somewhat similar that a deterministic finite automaton that is not minimal has

some states that represent prefix words belonging to the same Myhill-Nerode class.)

Now, we prove the other direction. Thus, let us assume that for a language L, a complete BC Ω is

given without crossing pairs, then we define a deterministic linear automaton that accepts L (matching

with Ω), and thus the language that is characterized by Ω is a 2detLIN language. Thus, let finitely many

equivalence classes C1, . . . ,Cn of presus be given in Ω, our aim is to construct a deterministic linear

automaton A = (Q,T,q0,δ ,F) based on that. As the BC is defined for a language, the alphabet T is

fixed, and it will be used for A. Further, we assign two states qi and pi for each class Ci. As the given BC

is complete, it contains a presu representing the empty word, and it must be (λ ,λ ). Let the initial state

be one of the states that represents the class Ci which contains (λ ,λ ). However, to know which of those,

first, we need some technical arguments.

Since no crossing pairs occur in the BC Ω and it is complete, we can deduce the following statements.

Claim 3. Let a complete BC for a language be given without crossing pairs. If (u,v) ∈Ci corresponds to

the word uv in the BC, then for each a ∈ T either (ua,v) or (u,av) corresponds to uav.

When (u,v) ∈ Ci corresponds to the word uv in a complete BC, then we may also say that (u,v)
represents the word uv.

Claim 4. Let a complete BC for a language be given without crossing pairs. If (u,v) is in the BC, then

either (ua,v) is in the BC for all a ∈ T or (u,av) is in the BC for all a ∈ T .
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Based on Claims 3 and 4, we can now continue our construction. Applying Claim 4, for the pair

(λ ,λ ) ∈Ci, either (a,λ ) is in Ω or (λ ,a). In the former case, let qi be the initial state; in the latter case,

let pi be the initial state. (This is independent of which element a ∈ T is considered).

Generally, the equivalence classes of the BC Ω are partitioned into two sets, one containing all presus

(u,v) such that (ua,v) is in some C j in Ω, while the other one contains the presu (u,v) for (u,av) is in

some C j. We label the first mentioned set by the state qi for the equivalence class Ci and the second one

by the state pi. We define the transition function of the automaton A such that A ends up in state qi or pi,

respectively, if it reads a word uv for which (u,v) is in the according equivalence class. Thus, for each

presu (u,v) and for each letter a ∈ T , let us consider the word uav. As the BC is complete, it appears

in the BC represented by exactly one presu, and either the left or the right head reads the last letter a

between u and v, i.e., either (ua,v) or (u,av) appears in the BC, respectively. However, it may happen

that there are two equivalent presus (u1,v1) and (u2,v2) in a class C j such that for (u1,v1) the first, but for

(u2,v2) the second head will make the next read (we show such example later). Therefore, automaton A

will be in state q j after processing words represented by the first type presus, and in p j after processing

words represented by the second type presus.

Formally, for each state qi and for each letter a ∈ T , we define either

• the transition δ (qi,a,λ ) = q j if there is a presu (u,v) ∈ Ci such that (ua,v) ∈ C j and (uaa,v)
appears in the BC; or

• δ (qi,a,λ ) = p j if there is a presu (u,v) ∈Ci such that (ua,v) ∈C j and (ua,av) appears in the BC.

Further, for each state pi and for each letter a ∈ T , we define either

• the transition δ (pi,λ ,a) = q j if (u,v) ∈Ci and (u,av) ∈C j and (ua,av) appears in Ω; or

• the transition δ (pi,λ ,a) = p j if (u,v) ∈Ci and (u,av) ∈C j and (u,aav) appears in Ω.

Clearly, for each state and letter, exactly one of the above transitions will be defined for A based on the

properties shown in the previous Claims.

Thus, we can deduce that the transition function determines a complete deterministic linear automa-

ton.

Only one thing is left to define: the set of accepting states F . This is based, actually, not on the

BC itself, but on some property used to define Ω. In Ω, the equivalence classes are defined based

on how the possible middle part of the input (i.e., the part we put between the prefix and suffix of

the presu) behaves, i.e., with which middle part the input will belong to the language. Now, let F =
{qi, pi | Ci contains presus (u,v) such that uv ∈ L}.

Based on the construction, it can be seen that A accepts the language L. •

By the first half of the proof, we are sure that the number of classes in a BC for a 2detLIN language

L is not more than the number of states of a complete deterministic linear automaton that accepts L.

However, we have seen (by the other direction of the proof) that there could be a BC such that it may

require a larger (at most twice much) number of states in an accepting linear automaton.

We show some examples. Our first example is very characteristic: the languages of palindromes are

in 2detLIN (for any alphabet), but not deterministic linear as for alphabets which are at least binary, there

is no deterministic one-turn pushdown automata accepting them. In fact these languages are 1-rated, i.e.,

even linear.

Example 2 Let us consider the alphabet T = {a,b,c}. The table of an automaton A that accepts the

language of palindromes (the language containing a word w if and only if its reversal wR is the same as

itself) over T is given below in a form of a Cayley table:
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T \Q q0 (left) q1 (right) q2 (right) q3 (right) q4 (left)

a q1 q0 q4 q4 q4

b q2 q4 q0 q4 q4

c q3 q4 q4 q0 q4

Further q0 is the initial state, and q0,q1,q2,q3 are the accepting states, while q4 is, in fact, the sink state.

After the name of each state, it is indicated which of the heads can move in transitions from that state.

The equivalence classes of presus based on this automaton are:

• C0: {(u,uR) | u ∈ T ∗},

• C1: {(ua,uR) | u ∈ T ∗},

• C2: {(ub,uR) | u ∈ T ∗},

• C3: {(uc,uR) | u ∈ T ∗},

• C4: {(uev, f uR) | u,v ∈ T ∗,e, f ∈ T,e 6= f}.

Clearly (λ ,λ ) ∈ C0 and, by applying Algorithm 1, the set J contains only C0. Since the first head can

read in q0, the pairs (a,λ ), (b,λ ) and (c,λ ) are created and they are put to classes C1,C2 and C3,

respectively. Then, the new set J contain C1,C2 and C3. In the next iteration, taking C1 first, some new

presus appear in the BC: (a,a) ∈C0, (a,b),(a,c) ∈C4 and both C0 and C4 are appended to J′. Then C2

and C3 are considered in a similar manner to put some new presus into some classes. Then, updating the

set J of states, a new iteration comes. It can be seen that following the algorithm, the above classes are

obtained.

Our next example, is a non-regular, fix-rated linear language over the binary alphabet which can be

accepted both by deterministic linear automata and deterministic one-turn pushdown automata.

Example 3 Now, let us consider the language L = {1n03n | n ∈ N}, this language is in fact a 3-rated

linear language and it is both in detLIN and 2detLIN.

Let us consider the following BC for L (on the left).

• C1: {(1n,03n) | n ∈N},

• C2: {(1n+1,03n) | n ∈ N},

• C3: {(1n+1,03n+1) | n ∈ N},

• C4: {(1n+1,03n+2) | n ∈ N},

• C5: {(1n,03n+1) | n ∈ N},

• C6: {(0w,λ ) | w ∈ {0,1}∗}∪{(1w,1) | w ∈ {0,1}∗}∪{(1m+1w,103m+1) | m ∈ N,w ∈ {0,1}∗}∪
{(1m+1w,103m+2) | m ∈N,w ∈ {0,1}∗}∪ {(1mw,103m) | m ∈ N,m > 0,w ∈ {0,1}∗}∪
{(1m0w,03m+1) | m ∈ N,m > 0,w ∈ {0,1}∗}.

It is easy to see that the sets Ci are pairwise disjoint, moreover, the BC is complete as it contains a pair

for every word (actually, C6 guarantees this fact). Based on that we may have the complete deterministic

linear automaton A accepting L (see the table below).

T\Q q1 q2 q3 q4 q5 q6 p1 p2 p3 p4 p5 p6

0 q6 − − − q6 q6 q5 p3 p4 p1 − −
1 p2 − − − p3 q6 q6 q6 q6 q6 − −
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For each state qi the first, for each state pi the second head can read the input in the next step. Further,

as (λ ,λ ) ∈C1 and, e.g., (1,λ ) in the BC, q1 is the initial state.

The final states are q1, p1 as only class C1 contains presus representing words of L. Observe that, in fact,

the states q2,q3,q4, p5, p6 are not reachable from q0, thus one may simply erase them from the automaton.

Thus, in fact the obtained linear automaton has 7 states (it is complete and deterministic). Observe that

class C6 contains the presus that cannot be continued by inserting a word to the middle to get a word

of language L. Some of the words belonging to these presus are clearly representing something outside

of the language, as for instance every word starting with a 0 is in {(0w,λ ) | w ∈ {0,1}∗}, or every

word ending with a 1 is either in the above set or in {(1w,1) | w ∈ {0,1}∗}. On the other hand, the

presu (110,0000000) is in the set {(1m0w,03m+1) | m ∈ N,m > 0,w ∈ {0,1}∗}, thus it also belongs to

C6 even if it represents the word 1108, however, “it was read not in a correct way” by the heads, thus no

continuation of the computation reading it will be accepting.

Neither the automaton nor the characterization by BC, in the previous example, are the simplest one for

L, however, our aim is to show that our theory works also if not the most efficient description is given if

it meets the requirements (e.g., finiteness, completeness). Actually, in the example there are both types

of presus in class C1, thus both the states q1 and p1 are required to be in the automaton.

In the next example we highlight the property that a complete deterministic linear automaton may

have states for the same class of presus with different head movements.

Example 4 Let the language L of the even-length palindromes over {a,b} be considered. The following

automaton accepts it:

T \Q q1 p1 p2 q3 p3 p4 p5 q6 q7 q8

a p2 q8 q1 p4 q7 q7 q7 q7 q7 p1

b q3 q6 q7 p5 p1 p2 p3 p1 q7 q7

where the initial state is q1 and the accepting states are q1, p1 and p5. For each state qi the first, for each

state pi the second head can read a letter from the input.

The corresponding classes of presus are belonging to the following languages, i.e., for each class Ci,

any of the words of Li can be put into the middle to have a word in L.

1. C1 for states q1 and p1: L1 = {w | w is an even-length palindrome}= L.

2. C2 for state p2: L2 = L · {a}.

3. C3 for states q3 and p3: L3 = L · {b}.

4. C4 for state p4: L4 = L · {ab}.

5. C5 for state p5: L5 = L · {bb}∪{λ}.

6. C6 for state q6: L6 = {b} ·L.

7. C7 for state q7: L7 = {}, there is no way to make it acceptable.

8. C8 for state q8: L8 = {a} ·L.

Finally, we may also use our result to show that a language is not in 2detLIN as we present in the

next example.

Example 5 Let us consider the language L = {anbncn | n ∈ N}. We show that L is not a 2detLIN

language by contradiction. Thus, let us assume that we have a complete BC without crossing pairs with

a finite index for L. Let the number of equivalence classes be i. Further, let us assume that there is a

deterministic linear automaton A that accepts L (based on the BC given above).
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There are words in the language with arbitrarily long prefix from a∗ and arbitrarily long suffix from

c∗. Thus, let us consider presus in the form (am,ck). We show that not any two different presus in this

form can be in the same class. Let (am,ck) and (a j,cℓ) two different presus. Let us use the notation

max1 = max{m,k} and let w = amax1−mbmax1 cmax1−k. Since the two presus are not the same at least one

of m 6= j and k 6= ℓ holds. Then,

• on the one hand, presu (am,ck) with the word w results

amamax1−mbmax1 cmax1−kck = amax1 bmax1 cmax1 ∈ L, but

• on the other hand, presu (a j,cℓ) with the word w results

a jamax1−mbmax1 cmax1−kcℓ = amax1+ j−mbmax1 cmax1+ℓ−k. However, in either case, this word is not in

L, since in the first case, the number of a-s does not match with the number of b-s, and in the

second case, the number of c-s does not match with the number of b-s.

Considering the word a2ib2ic2i ∈ L, the complete BC must contain at least 2i presus of the form

(am,ck) that belong to the first 2i steps of an accepting computation of this word by the deterministic

linear automaton A. However, each of these presus must be in a unique class which contradicts to the

fact that there are only i classes.

4 Discussion

Now, let us discuss what can we gain and what we cannot gain by such characterizations. For the

regular languages, the Myhill-Nerode characterization is closely related to the minimal deterministic

finite automaton accepting the language, as we have recalled. Moreover, as this minimal automaton is

unique (up to renaming the states), it also allows to identify a language.

The case of 2detLIN is different, we may have various orders/ways to consume the prefix and the

suffix of the input. However, we have some strong analogies. As for the original Myhill-Nerode theorem,

an automaton accepting the considered language L may have computations that equivalent words lead

the automaton to the same state. Based on the (second half of) the proof of Theorem 1, we state the

following analogous result for 2detLIN languages in the form of a theorem.

Theorem 2 The BC characterization of a 2detLIN language L allows us to have a deterministic linear

automaton A accepting L such that there are at most two states for each equivalent set of presus. More-

over, in the computations of any two equivalent presus, after processing these prefix and suffix pairs, A

is in one of these two states (let us denote them by qi and pi for class Ci). If A has both of them, then in

one of them the first, in the other the second head can move. If a presu (u1,v1) is in the class Ci, then

each input having the prefix-suffix pair u1,v1 is processed by A through one of the states qi or pi: either

(q0,u1wv1)⇒
∗ (qi,w) for all w ∈ T ∗ or (q0,u1wv1)⇒

∗ (pi,w) for all w ∈ T ∗. If A has both pi and qi,

then there is also a presu (u2,v2) in Ci, such that (q0,u2wv2)⇒
∗ (r,w) for all w ∈ T ∗, where r ∈ {qi, pi},

but it differs from the state used for presu (u1,v1).

Let us discuss, now, cases where we may have a similarly powerful characterization as the original

Myhill-Nerode result for the regular languages. It is proven in [19] that all k-rated linear languages for

all nonnegative rational values of k are in 2detLIN. More precisely, it is shown that the set of fix-rated

linear languages is a proper subset of 2detLIN.

Theorem 3 Let us consider a k-rated linear language L with k = m
n

with co-primes m and n. Then L

has a complete (pseudo) BC without crossing pairs such that for all presus in the class “always the same

head is stepping” in a corresponding automaton. More precisely, if (u1,v1) and (u2,v2) are both in the
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class Ci, then either both (u1a,v1) and (u2a,v2) are in the BC, and they are in the same class Ca for each

a ∈ T , respectively; or both (u1,av1) and (u2,av2) are in the BC, and they are in the same class C′
a for

each a ∈ T , respectively. Moreover, the corresponding complete deterministic linear automaton reads

every input with an alternating usage of the heads as follows:

Till the whole input is processed,

• it reads a letter by the first head from the left of the input in n computation steps, then

• in the next m computation steps, it reads the input by the second head from the right.

When the last letter is read by a head (depending on the length of the original input), the computation

finishes and the acceptance is decided.

We conjecture that the minimal automaton (with the parameter k) can be defined and determined

such that it has the minimal number of states among the complete deterministic linear automata accepting

L and having the above fixed property about the order of the head steps. Further, this minimal automaton

can be used as a unique representant of the given k-rated linear language, and thus, also language equality

of these languages can be decided in these classes similarly, as by the original Myhill-Nerode theorem

language equivalence of regular languages can be decided.

It is important to use co-primes m and n, otherwise the characterization gives a larger number of

classes and states. Moreover, the characterization depends on the value of k. As every regular language

is k-rated with any positive rational value of k (see, e.g., [9, 38]), this result could give also several

alternative characterizations for regular languages.

Corollary 1 As for a special subclass, for the regular languages as 0-rated linear languages, exactly

the original Myhill-Nerode characterization comes as a special case of our main theorem (Theorem 1)

with Theorem 3.

Now, we discuss further properties of BCs and coin various open problems.

As each regular language is k-rated linear for any positive rational k, there is already a large ambiguity

to describe them based on Theorem 3 by fixing the value of k in almost arbitrary way. An interesting

question could be how we can find a value of k such that the number of classes will be optimal, i.e., maybe

less than their number in the original k = 0 case. Could it also happen that a minimal representation of a

regular language is not connected to any specific value of k, that is, the representation does not consider

the language as a fix-rated linear?

Now, on the other hand, when a general 2detLIN language is considered, we know that there is a

BC for it that has the finite index property. On the other hand, there could be various complete BCs

without crossing pairs with finite indices for the same language. Thus, neither the classes, nor their

number, nor the number of states of an accepting complete deterministic linear automaton are uniquely

defined. Therefore, to find the minimal value of classes and/or the minimal number of states of a complete

deterministic linear automaton accepting the language are also open questions.

Furthermore, since the linear automata have two heads, we already have some kind of ambiguity

based on that, i.e., the order in which the heads process the input may vary from one automaton to other

accepting the same language. Moreover, if the order of head movements does not fit for the language,

one may also find BC with infinite index representing a 2detLIN language. This can be done, e.g., in the

way how a non-regular language is characterized by the original Myhill-Nerode classes: If one uses in

the BC only pairs, where, let us say, the second element, the suffix is always λ guessing that the language

can be processed by a linear automaton where only the first head is used. We get a complete BC without

crossing pairs, but since the language is not regular, this BC has an infinite index (similarly as it has
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infinite index by using only prefixes). Therefore, it is crucial to find a kind of efficient representation

with a BC to prove that the language is in 2detLIN.

Therefore, we may conclude that in general, we may not be able to identify a 2detLIN language by

a given BC. More precisely, for the same language there are various BCs, but for a BC, the language

is precisely defined if it is also known which of the equivalent classes contain presus (u,v) with the

property that uv ∈ L. As we have no bijection between BCs and languages, trying to apply this method

for language equivalence in general, may need some further techniques to be involved.

Finally, we show another way how our result is applicable. Note that various closure properties of

2detLIN were established in [19] and in [34, 29].

Proposition 3 Let L be a 2detLIN language. For Lc, the complement of L, the same partitions, i.e.,

equivalence classes can be used as for L.

Proof Let a completely defined linear automaton A = (Q,T,q0,δ ,F) for L be given. Then, it has

the same set Q of states as a completely defined automaton A′ accepting Lc, with the same transition

function. Only the set of accepting states is complemented, i.e., in A′ it is Q \F . Thus based on the

transition function and on the set of states, the equivalence classes of presus are the same for these two

languages. •

5 Conclusions

The class of sensing 5′ → 3′ Watson-Crick automata, as well as the class of linear automata, accept

exactly the linear languages [14, 16, 19, 31]. Their deterministic counterparts accept a class that is a

proper superset of the class of regular, but at the same time, it is a proper subset of the class of linear

languages. This class is denoted by 2detLIN. Based on deterministic linear automata and on the way

they do their computations on the input, we characterized the languages of this class by using equivalent

prefix-suffix pairs (abbreviated as presus in the paper, while their partitioning into equivalence classes

is abbreviated as BC standing for border classification). We have shown that if there is complete BC

for a language L with finitely many equivalence classes without crossing pairs, then the language L

is in 2detLIN and vice versa. In this way, by our results, on the one hand, the class 2detLIN can be

further analysed using this new type of description. The connection of the number of equivalence classes

and the number of states in an accepting minimal complete deterministic linear automaton is not as

straightforward as in the case of regular languages. In case of regular languages, the equivalence classes

based only on the prefixes are used and their number is the same as the number of states of a minimal

completely defined deterministic finite automaton accepting the language. However, we believe that the

characterization presented here can be connected to a descriptional complexity measure for 2detLIN, or

at least for the class of fixed linear languages, i.e., for a proper superclass of the set of regular languages.

The next steps to this direction are left for future research. On the other hand, for some languages we are

able also to prove that they are not in the class 2detLIN based on our results.
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Deterministic 2-head finite automata which are machines that process an input word from both ends

are analyzed for their ability to perform reversible computations. This implies that the automata

are backward deterministic, enabling unique forward and backward computation. We explore the

computational power of such automata, discovering that, while some regular languages cannot be

accepted by these machines, they are capable of accepting some characteristic linear languages, e.g.,

the language of palindromes. Additionally, we prove that restricted variants, i.e., both 1-limited

reversible 2-head finite automata and complete reversible 2-head finite automata are less powerful

and they form a proper hierarchy. In the former, in each computation step exactly one input letter is

being processed, i.e., only one of the heads can read a letter. These automata are also characterized by

putting their states to classes based on the head(s) used to reach and to leave the state. In the complete

reversible 2-head finite automata, it is required that any input can be fully read by the automaton. The

accepted families are also compared to the classes generated by left deterministic linear grammars.

1 Introduction

Formal languages can be defined using grammars or recognized through various computational devices.

The latter approach is particularly valuable for determining whether a specific word belongs to a given

language. These devices can operate either deterministically or non-deterministically, with the latter

often being more efficient for such tasks, e.g., in terms of complexity. However, this efficiency is often

offset by the reduced expressive power of non-deterministic machines.

Watson–Crick (WK) automata, introduced as part of DNA computing, combine automata theory

with biological principles [35]. They operate on double-stranded tapes (representing DNA molecules),

where each strand is read separately by read-only heads, maintaining the Watson–Crick complementarity

relation. Various restricted classes of WK automata have been studied, with constraints on states and/or

transitions. A key concept in WK automata is the 5′→ 3′ direction, which aligns with the biochemical

reading direction of DNA strands. Some models use a sensing parameter [16], which ensures that the

reading heads are within a fixed distance or meet at the same position, enabling decision-making at that

point. Research has shown that WK automata can characterize specific language classes, such as linear

context-free languages and their subclasses (e.g., even linear languages [14]). A newer model has been

proposed to eliminate the sensing parameter while maintaining the same computational power [29, 30].

It has been proven that its deterministic version accepts exactly the same class of languages (2detLIN)

as the previous deterministic model with the sensing parameter [28, 31]. This class includes the class of

even linear languages, which are of interest due to their learnability in formal languages [36].
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Further studies explore related and expanded models, such as WK counter machines [3, 4], WK au-

tomata with iterated reading [10], double and 2-head jumping automata [7, 8], translucent letter models

[26, 27], 2-head pushdown automata [17, 18], 2-head automata with output [24, 25] and 2-head automata

for circular words [22]. These models refine the classification of languages and computational hierar-

chies, providing deeper insights into automata theory and DNA computing. We should also recall various

concepts of determinism that are defined for 2-head automata: state-deterministic and quasi-deterministic

5′ → 3′ WK automata [19, 20], respectively. In computations in these models, not the next configura-

tion, but the next state is defined uniquely based on the current state or on the current configuration,

respectively.

The reversibility of standard Watson–Crick (WK) automata is an important aspect related to their

computational behavior and efficiency. Since WK automata operate on double-stranded tapes with com-

plementary base pairing, reversibility can be explored in terms of whether a computation can be uniquely

reversed to reconstruct the original input [2] (with the condition that the initial state does not have any

predecessor states). Now, concentrating on 5′→ 3′ WK automata, the case is little bit different. Here, the

computations follow the natural biochemical reading direction of DNA strands, and their deterministic

variants ensure that each configuration leads to a unique subsequent configuration. However, for a WK

automaton to be fully reversible, every transition must be invertible, meaning that for each computational

step, there exists a unique predecessor configuration. This property is closely linked to bijective comple-

mentarity and sensing parameters, which influence how information is processed when the heads of the

automaton meet. Investigating reversible WK automata ([2]) can provide insights into energy-efficient

computations, as reversible computing is known to reduce energy dissipation, a concept relevant to both

theoretical computer science and molecular computations.

In this research, the focus is on machines based on the concept of reversible deterministic 2-head

finite automata. Their non-deterministic variants are introduced in [11, 15] and in [12, 30]. A non-

deterministic 2-head finite automaton consists of a finite control mechanism that reads symbols from a

read-only input tape using two input heads. The left (first) head scans symbols from left to right, while the

right (second) head moves from right to left. During computation, the finite control non-deterministically

selects one or both of the heads, read(s) the next symbol, and transitions to a new state, with the new

state chosen in a non-deterministic manner. Computation concludes when the two heads finish reading

the input word and meet at some point on the tape. As is standard, the input word is accepted if there

exists a computation that ends in a final state when the heads meet.

Non-deterministic 2-head finite automata can recognize the class of linear context-free languages

generated by such context-free grammars, where each production contains at most one non-terminal on

the right-hand side. Additionally, there is a correspondence between 2-head finite automata and linear

grammars, allowing for conversion between the two representations. The deterministic 2-head automata

have less expressive power, the class 2detLIN is accepted by them [28]. In this paper, we address the

reversibility of the computations in these models. Thus, we recall a related model from [9]. A reversible

two-party Watson-Crick automaton (REV-PWK) consists of two independent finite automata that process

the same input string in opposite directions while communicating via messages to ensure synchronization

and reversibility.

In this paper, we consider special deterministic 2-head automata that are also backward deterministic,

i.e., they are reversible. We also show that language families 2detLIN, and the classes accepted by

reversible 2-head automata and their 1-limited and complete variants show a proper hierarchy, in which

some of the new classes are incomparable with the class of regular languages. Some of the main results

are summarized in the diagram shown in the concluding section. Note that because of the page limit

some of the proofs are omitted.
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2 Preliminaries and Basic Definitions

This section reviews some of the fundamental concepts in formal language and automata theory. We

assume that the reader has prior knowledge of these fundamental concepts in this field. Otherwise, they

may refer to sources such as [6, 34] for further details.

Let V be a finite, non-empty set, an alphabet of symbols, commonly referred to as letters. Sequences

formed using these letters are known as words. A collection of such words constitutes a language over

the alphabet V . The symbol λ represents the empty word.

To establish our notation, we recall that a linear context-free grammar is a generative grammar de-

fined as (N,V,S,P), where N and V represent the sets of nonterminal and terminal symbols, respectively,

S is the start symbol (S ∈ N), and P is the set of production rules. Each production rule (or rewriting

rule) follows the form A→ u, where A ∈ N and u ∈V ∗+V ∗NV ∗. The class of linear context-free gram-

mars generates the family LIN, which consists of all linear context-free languages. In general, for any

generative or accepting system A, we denote its generated or accepted language as L(A).

2.1 2-Head Finite Automata Accepting Linear Languages and their Variants

We recall a variant of finite automata with two heads based on [11, 15] that plays essential roles in this

paper. They read the word from the beginning and the end, in parallel, in opposite directions.

Definition 1 A non-deterministic 2-head automaton is a 5-tuple (Q,q0,V,δ ,F) with the transition func-

tion

δ : Q× (V ∪{λ})× (V ∪{λ})→ 2Q,

where Q is the finite set of states, q0 ∈ Q is the starting (or initial) state, F ⊂ Q contains the final states,

and V is the alphabet.

Computations and accepting computations are defined through configurations containing the current

state and the part of the input that has not been processed yet:

When input w is provided, the computation begins with (q0,w). A computation step (q,aw′b)⇒ (p,w′)
can occur if p ∈ δ (q,(a,b)). The automaton processes the entire input word until the heads meet. Each

letter is read by one of the heads during an accepting computation. The word w is accepted if (q0,w)⇒
∗

(q,λ ) where q ∈ F .

In the graph of an automaton in transitions, each arrow is labeled with a pair of symbols (a,b), indi-

cating that the first head reads symbol a and the second head reads symbol b, with both heads moving

in one step. We allow any or both a and b to be λ . Additionally, we use the notations → a to represent

(a,λ ) and← a to represent (λ ,a). As, actually, only those states play role in any computations that can

be reached from the initial state, we may assume in the followings that all states of the used automata

are reachable, i.e., there is an input such that the/a computation on this input includes a configuration

containing the given state. Transitions when both heads read the empty word can easily be eliminated

(somewhat similarly as λ -transitions from a traditional 1-head nondeterministic finite automaton); more-

over, they are not allowed in deterministic variant (similarly as there is no λ -transition in the case of

traditional deterministic finite automata).

Definition 2 A 2-head finite automaton is deterministic if for every possible configuration, there is at

most one transition step that can occur and at least one of the heads of the automaton reads an input

letter in this transition (if any). In other words, a 2-head automaton is deterministic if and only if for

every word w ∈ V ∗ and every state q ∈ Q there is at most one pair w′ ∈ V ∗ and q′ ∈ Q such that the

transition (q,w)⇒ (q′,w′) is valid and w 6= w′.
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The deterministic version of these automata is weaker than the general, non-deterministic variant:

i.e., they do not accept all linear languages. Consider the linear language L1∨3 = {anbn} ∪ {a3nbn}
(n > 0). It is clear that it can be accepted by a non-deterministic 2-head finite automaton trying both

possibilities to check in a non-deterministic way. For a deterministic automaton, informally, it should

be decided which head moves in which step. With a finite control, it is impossible to know at first how

many steps of the first head should be followed by a step of the second head. For more details on the

model, see e.g., [28].

Theorem 1 A 2-head automaton (Q,q0,V,δ ,F) is deterministic if and only if the following conditions

are satisfied:

1. For each q ∈Q, δ (q,(λ ,λ )) = /0.

2. For each q ∈Q and a,b ∈V ∪{λ}, ab 6= λ we have |δ (q,(a,b))| ≤ 1.

3. If δ (q,(a,λ )) 6= /0, where a ∈V and δ (q,(c,d)) 6= /0, then c 6= a and c 6= λ .

4. If δ (q,(λ ,a)) 6= /0, where a ∈V and δ (q,(c,d)) 6= /0, then d 6= a and d 6= λ .

Deterministic 2-head finite automata are denoted as D-2H, while the class of all languages recognized

by them is denoted by 2detLIN [23, 28, 31]. Moreover, specific variants of these automata are also

defined and used [13, 21, 30, 29, 31]. In 1-limited variant, in each computation step exactly one of the

heads is reading an input symbol. On the other hand, we may also define “complete” variant that is

somewhat analogous to the completely defined deterministic finite automata used in the case of regular

languages. We say that a D-2H automaton is complete if for every possible configuration (q,w) with a

nonempty word there is exactly one pair w′ ∈V ∗ and q′ ∈ Q such that the transition (q,w)⇒ (q′,w′) is

valid. It is also clear (as it is proven in [28]) that every language in 2detLIN is accepted also by a 2-head

automaton that is deterministic, 1-limited and complete.

As our main topic is reversibility, we give our first new definition. Remember that we assume that

all states of the automata we consider are reachable, and therefore, the set of all possible configurations

is the same as the set of configurations that appear in some computation.

Definition 3 A 2-head finite automaton A is backward deterministic if at each possible configuration in

a computation on a given input there is at most one predecessor configuration in the computations of A,

i.e., in each configuration it is clear what was read in the last transition (by knowing what parts of the

original input have already been processed) and from which state we arrived to the state of the current

configuration.

Theorem 2 A 2-head finite automaton A is backward deterministic if and only if ∀w′ ∈V ∗ and ∀q′ ∈ Q

and ∀a,b ∈V there exists at most one w ∈V ∗ with w = aw′, w = w′b or w = aw′b and at most one q ∈Q

such that (q,w)⇒ (q′,w′).

Proof For the first direction, for every w′ ∈V ∗, q′ ∈ Q, and a,b ∈V , there is at most one w ∈V ∗ such

that w = aw′, w = w′b, or w = aw′b, and at most one q ∈ Q such that (q,w)⇒ (q′,w′). This means that

for any configuration (q′,w′), there is at most one possible previous configuration (q,w) leading to it in

one step if either a is read by the first head or b is read by the second head, or both at the same time.

Therefore, the reverse transition relation (from (q′,w′) to its predecessors (q,w)) is deterministic: each

configuration has at most one predecessor. This is precisely the definition of backward determinism.

For the second direction, suppose A is backward deterministic, i.e., for every configuration (q′,w′),
there is at most one configuration (q,w) such that (q,w)⇒ (q′,w′) knowing what was already read from

the input with each head.
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We now want to show that this implies the stated condition: Let us suppose, for contradiction, that

for some w′ ∈ V ∗, q′ ∈ Q, and a,b ∈ V , there exist two different pairs (q1,w1) and (q2,w2) such that

w1,w2 ∈ {aw′,w′b,aw′b} and at least one of q1 6= q2 and w1 6= w2 holds. However, in this case, both

(q1,w1)⇒ (q′,w′), and (q2,w2)⇒ (q′,w′) are valid computation steps, therefore (q′,w′) has at least two

predecessor configurations, contradicting backward determinism.

So, the assumption that more than one such w and/or q exist leads to a contradiction. Therefore, the

condition must hold. •

Now we turn to reversible 2-head finite automata, which is our main topic here. Basically, reversibil-

ity in finite automata is meant with respect to the possibility of stepping the computation back and forth.

So, the machine has also to be backward deterministic.

For classical finite automata, an automaton for the reversal of the accepted language can be obtained

by constructing the reversal [33], or dual automaton [32], i.e., by reversing the transitions and inter-

changing initial and final states. For 2-head automaton, we can obtain an automaton for the reversal of

the language by simply interchanging the role of the first and second heads in each transition.

Lemma 1 Let A = (Q,q0,V,δ ,F) be a 2-head finite automaton that recognizes a language L. Then,

there exists a 2-head finite automaton A′ = (Q,q0,V,δ
′,F) that recognizes the reversal of L (denoted

as LR), which can be obtained by interchanging the transitions of the first and second heads in A, i.e.,

δ ′(q,(a,b)) = δ (q,(b,a)) for all q ∈ Q and a,b ∈V ∪{λ}.

Proof Since a 2-head automaton reads an input string using two separate heads, reversing the language

requires adjusting how these heads process the input. By modifying the transition function such that the

roles of the two heads are swapped, the automaton can effectively process the reversed string in the same

manner as the original automaton processed a word of L. This ensures that A′ definitely accepts LR while

preserving the computational structure of A. •

Thus, we can see that the reversal of the language is not connected to backward transitions. However,

it is also interesting to see what happens, if we apply a similar construction as for finite automata to 2-

head finite automata.

Definition 4 A 2-head automaton is reversible (it is R-2H, for short), if it is both deterministic and

backward deterministic.

Theorem 3 A D-2H automaton is reversible, if for any 2 transitions δ (q1,(a,b)) = q2 and δ (q′1,(c,d)) =
q2, then a 6= c or b 6= d with |ad| ≥ 1 and |bc| ≥ 1.

Proof To prove that a deterministic 2-head automaton is reversible under the given conditions, we

must establish that every transition in the automaton is uniquely reversible. Suppose that there exist two

transitions: δ (q1,(a,b)) = q2, and δ (q′1,(c,d)) = q2, we must ensure that the original states q1 and q′1
can be uniquely determined from q2 by knowing what was the original input. The given condition states

that at least one of a 6= c and b 6= d holds. This ensures that no two transitions map the read input pairs

(a,b) and (c,d) to the same state unless at least one symbol differs. This avoids ambiguity in the reverse

of the transition. Additionally, the condition |ad| ≥ 1 and |bc| ≥ 1 ensures that the left head in the first

transition and the right head in the second transition cannot be λ at the same time, and the same applies

to the right head from the first transition and the left head from the second transition. This means at least

one of the heads reads a nonempty input, a letter, in the transition, and it is decided which head moves in

which step in the reversal, ensuring that reversing the transition is always possible. •

Lemma 2 The regular language Lab = {a
nbm | n,m ≥ 0} cannot be accepted by R-2H.
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Proof We aim to prove that the language Lab = {a
nbm | n,m ≥ 0} cannot be accepted by any reversible

2-head automaton. A reversible automaton must satisfy the property that every configuration has at most

one predecessor and one successor, ensuring unique invertibility of transitions.

Assume that there exists a reversible 2-head automaton M = (Q,{a,b},q0,δ ,F) that accepts the

language Lab = {a
nbm | n,m ≥ 0}. Let |Q| = k, where k is finite. The automaton M must process the

input string anbm while maintaining reversibility. We consider the three possible cases for how M might

read the input anbm (n,m >> k) in the first steps of the computation:

1. Reading a’s and b’s together. Suppose M uses transitions like p = δ (q0,(a,b)) to read the first a

and the last b simultaneously with a state p (maybe it equals to q0). However, as also the word

a ∈ L, it must be accepted, thus there must be a transition q′ = δ (q0,(λ ,a)), since the transition

q′ ∈ δ (q0,(a,λ )) would contradict to the fact that M is deterministic. Also, it is clear that q′ 6= q0,

otherwise input akbba would also be accepted. On the other hand b∈ L must also be accepted, thus

there must be a transition from the initial state to accept it. However, neither q′′ ∈ δ (q0,(b,λ )),
nor q′′ ∈ δ (q0,(λ ,b)) could be, as any of those would contradict to the determinism of M with

the previously described two transitions. Thus, to process the word anbm with n,m >> k, the first

computation step cannot process both an a and a b.

2. Reading only an a first. Then there is a transition p∈ δ (q0,(a,λ )) (maybe with p= q0) in M. How-

ever, M must also accept every word from b∗, thus it must also have a transition q′ ∈ δ (q0,(b,λ ))
(since M is deterministic, it cannot have a transition q′ ∈ δ (q0,(λ ,b))). If q′ = q0, then M would

also accept a word of the form banbm that leads to a contradiction. Thus, q′ 6= q0 must hold. In this

case, however, as all other words of b∗ must be accepted, there is an accepting continuation of the

computation from the configuration (q′,bm) with m > k. As m is larger than the number of states,

there is a state q′′ such that from (q′′,b j) the computation also reaches the configuration (q′′,bi)
with i < j ≤ m, i.e., M has a cycle reading only b-s. Let q′′ be the state for which the value of j is

the maximal (among states included in the cycle). Then, there are at least two different transitions,

i.e., transitions from two distinct states to q′′ by reading only a b. However, in this case M cannot

be reversible, causing a contradiction. (Note that q′′ could be the same as q′, but it cannot be q0.)

3. Reading a b first by the transition p ∈ δ (q0,(λ ,b)). The proof of this case is symmetric to the

previous case, by interchanging the roles of left and right heads and the letters a and b, leading

again to contradictions.

In all cases, the finite set of states of M and the requirement of reversibility create fundamental limita-

tions. Cycles in the automaton violate reversibility by making it impossible to uniquely reconstruct the

history of the computation. The deterministic nature of M further restricts its ability to handle transitions

without ambiguity.

Thus, no reversible 2-head automaton can accept the regular language L = {anbm | n,m ≥ 0}. •

Based on the fact that each regular language is in 2detLIN and the previous Lemma, we can state our

first hierarchy result.

Theorem 4 The class of languages accepted by reversible 2-head automata is a proper subset of the

class accepted by deterministic 2-head automata.

2revLIN ( 2detLIN.

Proof The inclusion comes directly from the definition, as each reversible 2-head automaton is also

deterministic. The properness is a consequence of Lemma 2. •

In the next sections we consider some specific variants and show that they can accept only subclasses

of 2revLIN. However, first, in the next subsection, some related models are recalled.
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2.2 Related Models

First, we recall a related model from [9] that we have already mentioned.

A reversible two-party Watson-Crick automaton (REV-PWK) consists of two independent finite au-

tomata that process the same input string in opposite directions, communicating via messages to ensure

synchronization and reversibility. There exist reverse transition functions δ−i for each automaton and

reverse broadcast functions µ−i . These functions ensure that every configuration has at most one pre-

decessor, which can be computed using another two-party Watson-Crick system. The upper component

(A1) reads the input tape from left to right, while the lower component (A2) reads the input tape from

right to left. During a forward computation step, the upper component reads an input symbol and then

moves its head to the next position, and the lower component moves its head first and then reads the input

symbol. During a backward computation step, the reverse behavior occurs, the upper component either

moves its head to the left or stays stationary, while the lower component either moves its head to the right

or stays stationary. Two-party Watson-Crick automata are generally complex due to the need for com-

munication and coordination between two independent components. This communication mechanism

allows the automata to coordinate their actions, making the model more expressive than systems without

communication. In contrast, a reversible 2-head automata, which uses a single automaton with two heads

reading the input in opposite directions, are simpler because they involve a single automaton controlling

both heads, as they lack the communication capability, limits its ability to handle certain languages. For

instance, the language {anbm | n,m ≥ 0} can be accepted by a REV-PWK due to its synchronization

abilities but cannot be accepted by our reversible 2-head automata as we have already shown.

We also recall other models that use the generative approach.

The definition of deterministic linear grammars, as referenced in [1, 5], specifies two key properties.

First, the left deterministic linear grammar does not include production rules where the right-hand side

begins with a nonterminal, Additionally, for any given nonterminal T , the first terminal appearing on

the right-hand side of a rule with T as the left-hand side uniquely identifies the rule, and this terminal

is always followed by a nonterminal. While the right deterministic linear grammar does not include

production rules where the left-hand side begins with a nonterminal, and for any given nonterminal T ,

the first terminal appearing on the left-hand side of a rule with T as the rigt-hand side uniquely identifies

the rule, and this terminal is always followed by a nonterminal.

We recall the definition of the former special class of linear languages which were used in [1, 5], and

show their relation to our reversible 2-head automata definition.

Definition 5 (Left Deterministic Linear Grammar) A left deterministic linear grammar (LDLG)

G = (N,V,S,P)

is a linear grammar where all rules are of the form T → aT ′u or T → λ , where for each T,T ′,T ′′ ∈ N,

u,v ∈V ∗ and a ∈V , if T → aT ′u, and T → aT ′′v are in P, then T ′ = T ′′ and u = v.

The languages generated by LDLG are called left deterministic linear language (LDLL).

Note that, in fact, the symmetric form called right deterministic linear grammars/languages (RDLG/

RDLL) are also defined in [1, 5]. Due to the symmetry of these grammars RDLG and LDLG, the reversal

of any language of one of these classes is in the other class. Because of lack of space we do not go into

further details about them.
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Table 1: Classifying states in a reversible 1-limited 2-head automata. The first index indicates which head

was used to reach the given state, the second index shows which head is allowed to read in transition(s)

from the given state, where → represents the first, ← represents the second head and /0 represents the

case when there is no incoming or outgoing transition from/to the state (which may happen at an initial

or a final state, respectively) The trivial one-state automaton without any transitions is not considered.

to \ from q first head second head NO HEAD

first head Q→,→ Q→,← Q→, /0 (final

second head Q←,→ Q←,← Q←, /0 state)

NO HEAD Q /0,→ Q /0,←

(inital state)

3 Reversible Automata Consuming the Input Letterwise

In this section, we consider reversible 2-head automata with limitation on the number of heads that can

move. Thus, we continue by defining a specific subset of the class R-2H automata. We have already

mentioned 1-limited variants of 2-head automata, now we define formally also for the reversible case.

Definition 6 Let A be a (deterministic/reversible) 2-head automaton. If A has the property that every

transition is of the form δ (q,(a,λ )) or every transition is of the form δ (q,(λ ,b)) (a,b ∈V ), then A is a

1-limited (deterministic/reversible) 2-head automaton.

The class of 1-limited reversible 2-head automata is denoted by R1-2H, while the class of languages

accepted by 1-limited reversible 2-head automata is denoted by 2rev1LIN.

In fact the above definition states that for each state q of the automaton for any (not necessarily distinct)

letters a,b ∈V , δ (q,(a,b)) = /0 always hold.

Now let us consider these 1-limited reversible 2-head automata, where in each computation step

exactly one input letter is being processed. We can classify the states of the automaton as Table 1 shows

the possible properties. In fact, we can state this classification as a characterization result.

Theorem 5 Let M be a 1-limited reversible 2-head automaton accepting a nonempty language. Then its

set of states can be written as the union of at most 7 disjoint classes according to Table 1.

The initial state q0 can be any of the following 6 classes:

Q→,→,Q→,←,Q←,→,Q←,←,Q /0,→,Q /0,←,

depending on if q0 can be part of any configurations other than starting ones. Each accepting state can

be in of the following classes:

Q→,→,Q→,←,Q→, /0,Q←,→,Q←,←,Q←, /0.

Every other state q ∈Q\F \{q0} can be in one of the four classes:

Q→,→,Q→,←,Q←,→,Q←,←.

Proof We assume that all the states of Q are reachable and useful. Thus, let us start the investigation

by ordinary states, i.e., if q ∈ Q \ (F ∪{q0}). Then, as q is reachable there is a transition of the form

q∈ δ (p,(c,d)), where exactly one of c and d is a letter of the alphabet. To make sure that M is reversible,

then all transitions of the form q ∈ δ (p′,(e, f )) must also be a similar type, i.e., the same head must be
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used. Moreover, if the read letter is the same, than the same state p = p′ must be, otherwise M would

not be backward deterministic. Thus, the direction of the first arrow in the index, is already specified

by this/these transition(s). Since q is useful, there is an accepting computation that contains it in a

configuration. Thus, there are also transitions from q: there is a state r ∈ δ (q,(a,b)) with some pairs

such that either a or b is an input letter. However, then, each transition from state q must use the same

head for reading, otherwise M would not be deterministic. Thus, the second arrow direction is also fixed.

Notice that in the same automaton all the four possible states may occur.

Now, considering the initial state, if there is a transition to it, then exactly one of the above conditions

apply. However, if there is no transition to the initial state, then depending on which head is allowed to

read in transitions from the initial state, it is in one of the Q /0,→,Q /0,← categories. However, no other

reachable state can be in any of these categories, therefore, at most one of these categories may appear

in an automaton M, but not both at the same time.

Finally, considering any of the accepting states, let us say q ∈ F: either there is at least one transition

defined from q, and therefore it is in one of the four standard categories; or if no transition is defined

from q, then it can be in one of the Q→, /0,Q←, /0 categories. Notice that, as M may have many accepting

states, in an automaton both of these special categories may occur.

Thus, we can see, that M as a 1-limited reversible 2-head automaton, can have at most 7 disjoint

classes of states. •

Of course, the possible transitions are also constrained based on the categories of the states. From a

state where the second arrow direction is ℓ ∈ {→,←} all transitions are going to states where the first

arrow is also ℓ.

To make complete the characterization, we also state the following:

Theorem 6 A 1-limited 2-head automaton M is reversible if and only if it has the following properties.

• The states of M can be classified according to the classes of Theorem 5.

• M is deterministic: for each state q and each letter a, there is at most one transition, i.e.,

|δ (q,(a,λ ))| ≤ 1 for states where the first head is allowed to read, and |δ (q,(λ ,a))| ≤ 1 for states

where the second head is allowed to read.

• M is backward deterministic, i.e., for each state q and each letter a, there is at most one transition

to arrive to q, i.e., there is at most one state p such that q ∈ δ (p,(a,λ )) for state q that can be

reached by transition(s) in which the first head is allowed to read, and there is at most one state

p such that q ∈ δ (p,(λ ,a)) for a state q that can be reached by transition(s) in which the second

head is allowed to read.

Proof This theorem is the consequence of the definition and the previous characterization result. •

Now, we intend to show that although the class of 1-limited variant of D-2H is able to accept all

languages in 2detLIN, for reversible automata the 1-limited variant cannot be used as a normal form, as

they are weaker than the variants without such restriction.

Lemma 3 The language Lwcbn = {wcbn | w ∈ {a,b}∗, |w|b = n} is not accepted by any R1-2H automa-

ton.

We can now conclude the following hierarchy result:

Theorem 7 The languages accepted by R1-2H is a proper subclass of the languages accepted by R-2H:

2rev1LIN ( 2revLIN.
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Proof The inclusion comes directly from the definitions. The properness can be proven, on the one

hand, considering the R-2H automaton with two states as follows: at the initial state q0 let there be two

loop transitions: by (b,b) and by (a,λ ). Further, let a transition by (c,λ ) from q0 to q f which is the final

state. Easy to see that this automaton is reversible. This R-2H automaton accepts the language

Lwcbn = {wcbn | w ∈ {a,b}∗, |w|b = n}.

On the other hand, as it was shown in Lemma 3 this language is not in 2rev1LIN. •

4 Completely defined Reversible 2-Head Automata

In this section we investigate another subset of R-2H based on the already mentioned “complete” restric-

tion.

Definition 7 A deterministic/reversible 2-head finite automaton is complete if for every possible config-

uration, there is exactly one transition step that can occur, if the input is not yet fully processed. In other

words, a deterministic/reversible 2-head automaton is complete if and only if for every nonempty word

w ∈V ∗ \{λ} and every state q ∈ Q there is exactly one pair w′ ∈V ∗ and q′ ∈Q such that the transition

(q,w)⇒ (q′,w′) is valid.

The class of reversible complete 2-head automata is denoted by RC-2H, while the class of languages

accepted by them is denoted as 2CrevLIN.

Now, on the one hand, in [28] it is proven that each language of 2detLIN can be accepted by a com-

plete deterministic 2-head automaton. (Actually, for each language of 2detLIN there is also a complete

1-limited deterministic 2-head automaton that accepts it.) On the other hand, our aim, in this section, is

to show that the property “completeness” is a real restriction for reversible 2-head automata.

Proposition 1 There is no complete reversible 2-head finite automaton that has any transition of the

form: δ (q,(a,b)) = q′ for some a,b ∈ V . That is, no complete reversible 2-head automaton can have

any transition where both heads move simultaneously.

Proof Let A = (Q,q0,V,δ ,F) be a complete reversible 2-head finite automaton (and as we always

assume with only states that are reachable). We shall prove that if δ (q,(a,b)) = q′ for some a,b ∈ V ,

then A cannot be complete. Assume for contradiction that A has the transition: δ (q,(a,b)) = q′.

This means that in state q, the first head can read an a and the second head reads a b at the same time

while the automaton switches its state to q′.

Let us consider an input uv such that state q is reached from q0 by reading u with the first and v

with the second head, respectively. Such input exists by our assumption. Then, we state that A cannot

completely read at least one of the original inputs uav and ubv. The computation on these inputs goes as

(q0,uav)⇒∗ (q,a) and (q0,ubv)⇒∗ (q,b), respectively. Considering the first word, the current configu-

ration is (q,a). To be able to read a in the next step of the computation A must have at least one of the

transitions δ (q,(a,λ )) 6= /0 or (q,(λ ,a)) 6= /0. Actually, as A is deterministic, we can be sure that not both

such transitions exist in A. Moreover, as we already assumed that δ (q,a,b) 6= /0, thus δ (q,(a,λ )) 6= /0 is

impossible as it would also contradict to the deterministic behavior of A. Thus, we can conclude that to

allow to process the input uav completely, A must have (q,(λ ,a)) 6= /0.

Now, let us consider the configuration (q,b). To make the input ubv completely read by A, we need to

able to read this b at state q. For that we would need at least one of δ (q,(b,λ )) 6= /0 or δ (q,(λ ,b)) 6= /0.
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As A is deterministic, in fact, exactly one of those. However, in case δ (q,(b,λ )) 6= /0, we have a contra-

diction: this with δ (q,(λ ,a)) 6= /0 cannot be in a deterministic 2-head automaton.

Further, the second transition (q,(λ ,b)) 6= /0 cannot be in A as it would contradict to the deterministic

behavior of A since it has the transition δ (q,(a,b)) 6= /0.

In a similar manner, it can also be seen that it is also impossible in a complete reversible automaton

if a = b, i.e., the transition in which both heads read is of the form δ (q,(a,a)) 6= /0.

Therefore, we can conclude that a transition where both heads move requires an input of length

greater than 2. But completeness demands that the automaton must run on any nonempty input, including

length 1. Thus, such a transition cannot be used on all inputs, violating completeness. •

Thus, one may see that completeness automatically involve the 1-limited restriction.

We have the following structural result about these automata.

Theorem 8 Let A be a complete 1-limited reversible 2-head automaton. Then the graph of A is strongly

connected, i.e., there is a computation for each pair of states p and q such that if the current configuration

has state p, then there is a (remaining) input such that by processing it, A reaches a configuration with

state q.

Proof For each state the number of defined transitions is exactly the same as the cardinality of the

alphabet, let us say n. Since these automata are reversible, there is no state to which more than n transition

could be defined. However, in this case, there are exactly n “incoming” transitions to each state. Thus,

for any subset Q′ of states, the number of transitions coming from “outside” (i.e., from a state in Q\Q′

to a state in Q′) must be the same as the number of transitions going outside from Q′ (i.e., transitions

from a state in Q′ to a state in Q\Q′). From this it follows that from any state p that is reachable, there

is also a computation to the initial state q0. •

Lemma 4 The language Lba = {bnan,bn+1an | n ≥ 0} cannot be accepted by any complete reversible

2-head automaton.

Proof Let us assume that there is a complete reversible 2-head automaton A that accepts Lba. Then,

in its initial state q0 either head must start the process. If the first head starts to read, then A must have

both transitions with (a,λ ) and (b,λ ) to ensure completeness. However, there is no word in Lba that

starts with a letter a, thus by the former transition a state should be reached from which no accepting

computation can be continued. However, this violates the strongly connected property of A. Thus, A

must start with the second head, by having both transitions with (λ ,a) and (λ ,b). This second should

reach an accepting state, as b ∈ Lba. However, as no other words having suffix b are in the language,

from this accepting state each continuation of the computation must not be accepting. As the automaton

is complete, it should able to read any unread input, but again, not to accept any continuations would

lead to a contradiction to the strongly connectedness of A. •

Theorem 9 The class of all languages that can be accepted by reversible complete 2-head automata

(RC-2H) is a proper subset of 2revLIN. Furthermore, it is a proper subclass of the class accepted by

1-limited reversible 2-head automata:

2CrevLIN ( 2rev1LIN.

Proof It is clear that RC-2H is a subset of R-2H, and thus 2CrevLIN is a subset of 2revLIN from the

definitions. Moreover, RC-2H is also a subset of R1-2H by Proposition 1. The strict inclusion comes

from Lemma 4 as the language Lba = {b
nan,bn+1an | n ≥ 0} can clearly be accepted by a 1-restricted,



100 On some Classes of Reversible 2-head Automata

but not complete reversible 2-head automaton with 2 states, let us say q0 and q, having a transition from

q0 to q by reading a b with the first head, and having a transition from q to q0 by reading an a with the

second head. Both states are also final states. •

Further, about the closure properties of the language class accepted by RC-2H automata we have the

following.

Theorem 10 The class 2CrevLIN of languages accepted by complete (1-limited) 2-head reversible au-

tomata is closed under complementation operation.

Proof As an RC-2H automaton A = (Q,q0,V,δ ,F) can fully read every input in a deterministic manner,

the automaton Ā = (Q,q0,V,δ ,Q\F) accepts exactly the complement of L(A). Since only the accepting

states are changed Ā also belongs to the class RC-2H. •

We close this section with another closure property that we have for each our new classes.

Theorem 11 Each of the classes 2detLIN, 2revLIN, 2rev1LIN and 2CrevLIN of languages, i.e., the

classes accepted by deterministic 2-head automata, reversible 2-head automata, by 1-limited reversible

2-head automata and by complete (1-limited) 2-head reversible automata, respectively, is closed under

reversal operation.

Proof Observe that the construction used in Lemma 1 does not modify any of the following properties:

determinism, reversibility, 1-limitedness and completeness. Therefore, if the original automaton has any

of these properties, the automaton that accepts the reversal of the language has also the same restrictions.

•

5 Discussion and Summary

In this section, we start with a relation among the language classes accepted by our deterministic/rever-

sible 2-head automata and those that are generated by left deterministic linear grammars (Definition 5).

Theorem 12 Every left deterministic linear language is accepted by deterministic 2-head automata,

moreover, the inclusion LDLL ( 2detLIN is proper.

We present various example languages in Fig. 1 (some of the proofs about them are left for the

reader).

Proposition 2 The regular language Lab = {a
nbm} is clearly in LDLL.

Further, in this section, we summarize the results concerning the relations between the considered

classes on Fig. 1. We have proven the proper hierarchy

2CrevLIN ( 2rev1LIN ( 2revLIN ( 2detLIN.

Moreover, as we have seen, there are regular languages that are not in 2revLIN. However, still 2rev1LIN

contains, e.g., the language of palindromes.

There are some open problems as well. There are some regions of the diagram where we do not

put any example language (see ? marks in the figure). It is a future task to find examples to fit there,

or to prove if some of these regions are empty. Based on our examples, we conjecture that 2CrevLIN

contains only regular languages. Decidability problems, computational and descriptional complexity

issues regarding the new classes are also open and can be studied in the future.
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2detLIN

2revLIN

2rev1LIN

2CrevLIN

LDLL

Lba

?? V ∗?

Lab

Lab+ac

L1∨3

Lwcbn

LIN

Figure 1: Diagram of sublinear languages with the example language V ∗ and other examples from the

paper.
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books@ocg.at 321, Österreichische Computer Gesellschaft, pp. 195–210.

[8] Radim Kocman, Zbynek Krivka, Alexander Meduna & Benedek Nagy (2022): A jumping 5′→ 3′ Watson-

Crick finite automata model. Acta Informatica 59(5), pp. 557–584, doi:10.1007/S00236-021-00413-X.

[9] Martin Kutrib & Andreas Malcher (2023): Reversible Two-Party Computations. In Zsolt Gazdag, Szabolcs

Iván & Gergely Kovásznai, editors: Proceedings of the 16th International Conference on Automata and

Formal Languages, AFL 2023, Eger, Hungary, September 5-7, 2023, EPTCS 386, pp. 142–154, doi:10.

4204/EPTCS.386.12.

[10] Peter Leupold & Benedek Nagy (2010): 5′→ 3′ Watson-Crick AutomataWith Several Runs. Fundam. Infor-

maticae 104(1-2), pp. 71–91, doi:10.3233/FI-2010-336.

[11] Roussanka Loukanova (2007): Linear Context Free Languages. In Cliff B. Jones, Zhiming Liu & Jim

Woodcock, editors: Theoretical Aspects of Computing - ICTAC 2007, 4th International Colloquium, Macau,

China, September 26-28, 2007, Proceedings, Lecture Notes in Computer Science 4711, Springer, pp. 351–

365, doi:10.1007/978-3-540-75292-9_24.

[12] Benedek Nagy (2008): On 5′→ 3′ Sensing Watson-Crick Finite Automata. In Max H. Garzon & Hao Yan,

editors: DNA Computing, 13th International Meeting on DNA Computing, DNA13, Memphis, TN, USA,

June 4-8, 2007, Revised Selected Papers, Lecture Notes in Computer Science 4848, Springer, pp. 256–262,

doi:10.1007/978-3-540-77962-9_27.

[13] Benedek Nagy (2009): On a hierarchy of 5′→ 3′ sensing WK finite automata languages. In: Mathematical

Theory and Computational Practice, CiE 2009, Abstract Booklet, Heidelberg, Germany, pp. 266–275.

[14] Benedek Nagy (2010): 5′→ 3′ Sensing Watson-Crick Finite Automata. In: Sequence and Genome Analysis

II — Methods and Applications, iConcept Press, pp. 39–56.

[15] Benedek Nagy (2012): A class of 2-head finite automata for linear languages. Triangle 8, pp. 89–99.

[16] Benedek Nagy (2013): On a hierarchy of 5′→ 3′ sensing Watson–Crick finite automata languages. Journal

of Logic and Computation 23(4), pp. 855–872, doi:10.1093/logcom/exr049. arXiv:https://academic.

oup.com/logcom/article-pdf/23/4/855/2775832/exr049.pdf.

[17] Benedek Nagy (2015): A family of two-head pushdown automata. In Rudolf Freund, Markus Holzer, Nelma
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[25] Benedek Nagy & Zita Kovács (2021): On deterministic 1-limited 5′→ 3′ sensing Watson-Crick finite-state

transducers. RAIRO Theor. Informatics Appl. 55, pp. 1–18, doi:10.1051/ITA/2021007.

[26] Benedek Nagy & Friedrich Otto (2019): Two-Head Finite-State Acceptors with Translucent Letters. In
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