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Preface

Logical frameworks and meta-languages form a common substrate for representing, implementing and
reasoning about a wide variety of deductive systems of interest in logic and computer science. Their
design, implementation and their use in reasoning tasks, ranging from the correctness of software to the
properties of formal systems, have been the focus of considerable research over the last three decades.

The LFMTP workshop brought together designers, implementors and practitioners to discuss var-
ious aspects impinging on the structure and utility of logical frameworks, including the treatment of
variable binding, inductive and co-inductive reasoning techniques and the expressiveness and lucidity of
the reasoning process.

The 2026 instance of LEFMTP was organized by Olivier Hermant and Sophie Tourret in Lisbon, Por-
tugal, on 24 July, as part of the 9th Federated Logic Conference. We are very grateful to the conference
organizers for providing the infrastructure and local coordination for the workshop as well as to EPTCS
for providing the logistics of publishing these proceedings.

The members of the programme committee were:

¢ Olivier Hermant (co-chair, Mines Paris PSL)

* Miguel Pagano (Universidad Nacional de Cérdoba)

¢ Elaine Pimentel (UCL)

* Loic Pujet (Stockholm University)

* Florian Rabe (FAU Erlangen-Niirnberg)

* Alvaro Tasistro (Universidad ORT Uruguay)

* Alwen Tiu (The Australian National University)

* Sophie Tourret (co-chair, INRIA and MPI for Informatics)

* Niccolo Veltri (Tallinn University of Technology)

* Yiming Xu (LMU Munich)

The editors are very grateful for their thorough analysis of all submissions.
The workshop received 8 submissions, of which 7 were accepted at the workshop. Of these, 5 were

selected to be part of these proceedings among which one was a work-in-progress. The workshop also
had one invited talk by:

* Alberto Momigliano (Universita degli Studi di Milano)
“It’s the End of the World as We Know It, and I Feel Funny”

Olivier Hermant and Sophie Tourret
PC chairs of LEMTP 2026
July 24, 2026



It’s the End of the World as We Know It (And I Feel Funny)

Alberto Momigliano

Dipartimento di Informatica, Universita degli Studi di Milano, Italia

This is a tale in two parts. The first offers a reappraisal of the history and accomplishments of
mechanized metatheory, from the first LFM workshop to the age of AL. In particular, we will examine
the influence, if any, of benchmarks [2| 4] 8 9} [1} [3]] on our research area. It seems indisputable that
they, and by they I mean mostly the original POPLMark Challenge, helped bridge the gap between the
formal verification and the PL and systems community, making verification more mainstream. Arguably,
they have had a more limited impact on the theory and practice of proof assistants, which have evolved
following other dynamics: even “new” systems such as Abella and Beluga are based on ideas developed
around the turn of the century. Conversely, the same period has seen the emergence of several libraries
for reasoning about binders, one of POPLMark’s central concerns: Nominal, Hybrid, Metalib, LNGen,
LN, Autosubst, Knot, and DBLib. Here again, many of the underlying ideas predate the benchmark age.
Partial exceptions include libraries such as generic syntax, SOAS, and Tealeaves, whose origins are more
strongly category-theoretic.

All this work is put into perspective, if not altogether into question, by the rise of the machines.
General and specialized LLMs are showing their value in mathematics and formal verification. This is
illustrated, e.g., by the recently announced Signal Shot endeavor, which aims to verify the Signal protocol
and its Rust implementation using Leatﬂ LLMs are also beginning to enter mechanized metatheory,
see [12] for a recent experience report, with the caveat that the rapid improvement of frontier models
makes such papers liable to become obsolete shortly after publication.

While it is still early, we cannot help asking what the point is of developing new techniques or
libraries if we can simply throw tokens at the problem. Perhaps de Moura is correct when he says:

No technology lasts forever, and that is a sign of progress, not failure. The goal is not to
build a system that endures indefinitely [... ] If something genuinely superior emerges, that
means the mission succeeded. (ibidem)

Even as we debate whether, as the old Gauls feared, the sky is about to fall on mechanized metathe-
ory in the shape of the Al apocalypse, we proceed from the same old Gaulish response: tomorrow never
comes. In the second part of this talk, we thus turn to some recent developments in the encoding of
substructural systems, which play an increasingly important role in the study of resource-sensitive com-
putation across a wide range of applications, including concurrency theory, quantum computing, and
memory management. The landscape for encoding their metatheory is far less settled than for structural
systems. We highlight two approaches: the first is the rediscovery of the unusual effectiveness of Crary’s
“linear” predicate [6]: the idea is to encode linear type systems in a structural framework such as LF by
decorating typing rules with a condition ensuring that assumptions are used linearly (or, for that matter,
in an affine, strict, or even modal way). This idea has recently been applied to the metatheory of session
types, both in an HOAS setting [[14] and in a more traditional one [3], using well-scoped de Bruijn in-
dices in Rocq. It integrates easily with relational reasoning, as required in normalization or equivalence
proofs. In fact, the linear predicate makes it surprisingly direct to extend a Howe-style proof such as [11]]

Ihttps://leodemoura.github.io/blog/2026-4-20-signal-shot-the-platform-is-ready/
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to the linear setting, bypassing most of the technicalities detailed in [7]. For a more exotic example,
see [110].

We conclude by looking at ways to support the encoding of substructural systems in general, from

the approach described in [15]] to work in progress on a Rocq library inspired by adjoint logic [13]].
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Barbed Similarity for the 7-Calculus in Beluga:
A Case Study in Coinductive Reasoning

Lea Trogni Gabriele Cecilia
Dipartimento di Matematica, School of Computer & Cyber Sciences,
Universita degli Studi di Milano, Italy Augusta University, Augusta, USA

Alberto Momigliano

Dipartimento di Informatica,
Universita degli Studi di Milano, Italy

We formalize strong barbed similarity for the m-calculus in the Beluga proof assistant, completing
a line of work addressing the Concurrent Calculi Formalization Benchmark. By extending previous
developments to include replication, we give a coinductive encoding of behavioral equivalence based
on barbs and internal actions. Using Beluga’s copattern-based coinduction, we obtain concise and
compositional proofs, including compatibility properties and a context lemma characterizing barbed
precongruence. The case study demonstrates the effectiveness of combining HOAS and coinductive
reasoning for mechanizing concurrent calculi.

1 Introduction

One of the reasons why people flock to cinemas to watch sequels and “rebooted” movies is that they
know what they are getting into: they are familiar with the characters and the basic setup. Keeping with
the cinematographic metaphor, we will cut to the chase and assume that the reader is already on board
with the idea that the best assurance of the correctness of properties of a formal calculus is a machine-
checked proof. In fact, this is becoming the norm in the semantics of programming languages; it is
less established when concurrency is concerned, although the latter is of overwhelming importance in
modern computing.

Enter the Concurrent Calculi Formalization Benchmark [4] (CCFB), which provides a suite of prob-
lems designed to evaluate the formalization of concurrent and distributed language models, in particular
process calculi. Following the methodology of the POPLMark challenge, CCFB aims to assess current
mechanization techniques, identify optimal formalization patterns, and ideally drive improvements in
proof assistant tooling. The CCFB framework structures this evaluation around three orthogonal chal-
lenges: the management of linear resources, the handling of scope extrusion, and the implementation of
coinductive proof techniques. For the latter, the challenge is to prove the “context lemma” for strong
barbed bisimilarity, namely that this notion of bisimilarity can be turned into a congruence by making it
sensitive to substitution and parallel composition.

Induction is one of the great success stories of proof assistants: although systems differ in the details
of their foundations and automation, inductive definitions and proofs by induction are supported in es-
sentially comparable ways across the board. Coinduction has had a less uniform history; for a survey, we
refer to [17]. The earliest systematic approach, due to Paulson, treats coinductive predicates as greatest
fixed points of monotone operators, from which the corresponding coinduction principles are derived.

A different tradition, familiar from Rocq/Coq, is based on guarded corecursion: coinductive objects
are introduced by constructors, and recursive calls must occur under such constructors to ensure produc-
tivity. This discipline is often brittle in proof developments, especially when coinductive arguments are
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2 Barbed Similarity for the n-Calculus in Beluga

nested, combined with induction, or hidden behind auxiliary lemmas. Agda has explored several alter-
natives over time, from delays to sized types and observational presentations of codata to guarded type
theories with the “later” modality [[16]. Similarly, Beluga has embraced sized types and copatterns [[19]].
These developments are particularly relevant for mechanized concurrency, where bisimulations and up-to
techniques routinely require coinductive proofs that are interleaved with substantial inductive reasoning
about syntax, transitions, substitutions, and contexts.

The present paper is the conclusion of the Beluga “trilogy” of solutions to CCFB, initiated with [23|]
— featuring, among other contributions, a solution to the linearity challenge — and followed by [5] with
the mechanization of the Harmony Lemma. As in any good sequel, we borrow from the latter paper the
implementation of the syntax and the LTS-based operational semantics of the m-calculus, while crucially
extending it with replication. After all, this is what makes behavioral equivalence interesting. And inter-
esting it turns out to be, as there is a twist in this movie: the rule governing replication as proposed in [4]]
is insufficient to establish the main result of the challenge. In fact, under this rule, structural congruence
is not included in strong barbed similarity. This is problematic, because structural congruence is the
baseline syntactic equivalence between processes and the context lemma relies crucially on this specific
inclusion.

While this lapse is mildly embarrassing, given the singleton intersection between the authors of the
Benchmark and of the present paper, it is once more a reaffirmation of the usefulness of mechanizations
in proof assistants.

We will assume familiarity with the basic notions of the 7-calculus as in the first chapters of [18]],
as well as a working knowledge of Beluga, both of its syntax and of its approach to proof checking. In
particular we will only briefly touch upon the way Beluga handles coinduction via observations and refer
the reader to [[19]] for the theory and to [[15]] for an application.

In the following, the statements of informal lemmas, theorems and proofs are hyperlinked via the

accompanying cute icon .. to their formalization in the repository:

https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga

As a final note, we have cut one corner: we have concentrated on similarity, precongruence, etc., rather
than bisimilarity and congruence. Extending the results to the symmetric case would only duplicate the
code with no new insights and could be left to automation, perhaps a coding agent.

2 The w-Calculus and its Operational Semantics

To make the paper self-contained, we present the main definitions of the syntax and the labelled tran-
sition system (LTS) of the fragment of the m-calculus under study. For more details about the informal
definitions, we refer the reader to [18]].

2.1 Syntax

We follow the definitions of CCFB3 excluding sums and (mis)match, while we diverge from it by allow-
ing the calculus to be name-passing rather than value-passing. That original separation of concerns is not
a simplification in the HOAS approach, but just a quirk.

P.Q == 0| x(y).P | &P | (P|Q) | (vx)P | P
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Recall that the input prefix x(y).P and the restriction (vy)P both bind the name y in P, while any
other occurrence of names in a process is free. Accordingly, we write fn(P) and bn(P) for the sets of
free and bound names occurring in a process.

Beluga is based on a two-level system, with the LF level for representing data and a computation
level for reasoning about it via recursion and pattern matching. In the encoding, names are defined by

an LF type names without any constructor, together
with a context schema that allows names to occur
in other (open) LF objects. Since we define no |LF proc: type =
other context schema, all the variables in open terms p_zero: proc
will have type names. Processes are LF objects, p-in: names — (mames — proc) — proc

|
|
’ . . | p_out: names — names — proc — proc
encoded using (weak) HOAS for input and restric- | | p_par: proc —» proc — proc
I
I

LF names: type =;

tion, as well known and detailed in [5]]; their en-
coding is displayed in Fig. Throughout the de-
velopment, lowercase identifiers denote LF types,

p_res: (names — proc) — proc
p_rep: proc — proc;

schema ctx = names;

while those beginning with an uppercase letter de-

note computation-level data. Figure 1: Encoding of names and processes.

2.2 Operational Semantics

Actions include inputs x(y), free and bound outputs Xy and %(y), and internal communications 7 ‘.| In

inputs and bound outputs, the occurrences of the name y are bound, while all other name occurrences
in actions are free; from this, we obtain the standard notions of free names, bound names and names
occurring in an action ¢, respectively denoted as fn(ct), bn(a) and n(e).

Our LTS, displayed in Fig. 2] presents some differences from the one in CCFB3. First, and less
importantly, we have adopted lafe instead of early semantics: not only can they be proven equivalent
in terms of transitions, see [5]] for the mechanization of this folk result, but they induce the same strong
barbed similarity, as established by Lemma [3.1] below and the discussion that follows. Secondly, as
we teased in the introduction, we add two replication rules for communication to the LTS presented in
CCFB3, since without them structural congruence is not included in strong barbed similarity: in the ac-

companying formalization ‘=.. we exhibit a pair of structurally congruent processes that are not barbed
similar. This conflicts with the intended role of structural congruence as the strongest equivalence be-
tween processes, and the proof of the context lemma relies on this specific inclusion. The adoption of
the two replication rules for communication is not arbitrary; after all, our LTS follows that in Sangiorgi
and Walker’s textbook, modulo late semantics. A popular alternative, found e.g. in [3,[8]], uses a single
rule to generate arbitrary copies of the replicated process. We refer to Sangiorgi and Walker for a discus-
sion of the trade-offs between these formulations; the correspondence is understood modulo structural
congruence.

Following the previous formalizations in [8|13/[21]], in Beluga we separate free steps, where the
action does not bind any variable, from bound steps, where the action has a bound variable. Since some
rules involve both free and bound actions at the same time, the LF types for free and bound steps are
mutually defined. This approach does duplicate some rules, but gets rid of all provisos on free and bound

occurrences, which are now taken care of by dependencies (or lack thereof) in second-order process

variables. .
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S-IN S-Out
x(z).p 2 p P 2 P
S-PAR-L S-PAR-R
PP bn(a)nfn(Q)=0 0%@  bn(a)nfa(P)=0
P05 PO PlQ % PO
_ S-CoMm-L S-COM-R
PP 0y P o0&
P15 P Q{y/z} PlQ 5 Py Q
S-RES ~ S-OPEN
PEP z¢n(a) PSP z#x
(v2)P % (v2)P (vo)p 12 p
i S-CLOSE-L S-CLOSE-_R
P p QﬂQ’ P p QﬂQ’
PIQ = (va)(P' | Q) PIQ = (va)(P' | Q)
S-REP S-REP-COM S-REP-CLOSE
PP p2p  pXp P p  pXEpr
P % PP P 5 (P P'{y/z}) |P P 5 ((vz)(P' | P P

Figure 2: Transition rules.

2.3 Process Contexts and Structural Congruence

The notion of (pre)congruence is of paramount importance in the m-calculus: both in the reduction
semantics, through structural congruence, and in the study of behavioral equivalence. Informally, a
congruence is an equivalence relation that preserves the behavior of the constructors. Often, this is
described in textbooks (e.g. [[18]]) via the notion of process context: a process where a (non-degenerate)
occurrence of 0 is replaced by a hole. Given a context C and a process P, C[P] denotes the process
obtained by replacing the hole in C with P. Then, a process precongruence is a binary relation &% which
is a preorder such that if P.% Q, then, for each context C, C[P] % C[Q)].

There is however a peculiarity: since the goal of contexts is to observe how processes behave in every
possible environment, they need to be able to capture the free variables in the processes they are filled
with. In other words, contexts do not respect a-equivalence.

This brings in some additional issues with respect to a mechanization, in particular in a HOAS
setting, where such entities are a non—starterﬂ A workaround is to close the relation under compatibility
([712]), as described by the rules in our case at the top of Fig.[3] Concretely, when we say that structural
congruence is the smallest congruence satisfying the axioms in the bottom of Fig.|3| we are instantiating
Z with =,

This is indeed the way structural congruence was formalized as an LF type cong in [5]], which we

have extended by adding the compatibility and unfolding laws for replication. ..

'HOAS is indeed compatible with weaker notions such as evaluation contexts, i.e., those that do not cross a binder.
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C-IN C-Out C-PAR
PZQ PZQ PZP  Q#(Q
x(y).P Z x(y).Q ©y.P % %y.Q PlQ#P|Q
C-RES C-REP
PZQ PZQ
(vx)P Z (vx)Q \PZQ
PAR-ASSOC PAR-UNIT PAR-COMM
PI(Q|R)=(P|Q)|R Plo=P PlQ=Q]|P
Sc-EXT-PAR
Sc-EXT-ZERO x ¢ fn(Q) Sc-EXT-RES
(vx)0 =0 (vi)P|Q = (vx)(P[Q)  (vx)(vy)P = (vy)(vx)P
REP-UNFOLD
IP=P|P

Figure 3: Compatibility rules and structural congruence axioms.

There are cases where going the compatibility route is inconvenient, if not plain inadequate, one
being the definition of strong barbed (pre)congruence, as we shall see later on, and where contexts must
be encoded. In a breakthrough, the authors of [11] introduced a clever trick to make contexts compatible
(no pun intended) with a HOAS encoding, by means of a quaternary relation that implicitly captures the
essence of a context:

{(P,P',0,0)| P =C|P], Q' = C[Q] for some context C}

Unlike in the Abella setting where this relation was introduced, a Beluga encoding is rather subtle
as the LF contexts must be made explicit. In fact, in general fn(C[P]) # fn(P), since the binders in C
may capture names that occur free in P, and C may also introduce names that are fresh for P; while the
latter can be avoided by working in an LF context that already contains all free variables of P and C, the
former inevitably leads to a mismatch between the two LF contexts. Therefore, the formalization of this
relation cannot be an LF predicate, where all the related terms are defined in an implicit context. Instead,
we define the inductive type PCtx in Fig. ] where the context of the second and fourth processes is a

prefix of the context of the first and third processes. .

inductive PCtx: (g:ctx)(g’:ctx)[g’ F procl] — [g F procl] — [g’ F proc] — [g F proc]l] — ctype =
| pidM: PCtx [g - P] [g - P] [gF Q] [gF Q]
| pinM: PCtx [g’ + P] [g,x:names F CP] [g’ F Q] [g,x:names - CQ]
— PCtx [g”> F P] [gt p_in X (\x.CP)] [g’ + Q] [gF p_in X (\x.CQ)]
| poutM: PCtx [g’ - P] [g+ CP] [g’ - Q] [g + caql
— PCtx [g> H P] [gt p_out X Y CP] [g” - Q] [gF p_out X Y CQ]

Figure 4: Excerpt from encoding of contexts.
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Structural congruence can alternatively be defined as a contextual equivalence via the inductive type

Cong in Fig. |5} that uses the type PCtx in the context closure clause. ..

inductive Cong: (g:ctx) [g F proc] — [g I proc] — ctype =

% Replication unfolding
| Rep_unfold: Cong [g - (p_rep P)] [g F (P p_par (p_rep P))]
% Context closure
| C_ctx: Cong [g’> F P] [g> F Q] — PCtx [g> - P] [gH CP] [g’> - Q] [gF CQl
— Cong [g - CP] [g F CQl
% Equivalence Relation Laws
| C_ref: Cong [g - P] [g + PI]
| C_sym: Cong [g ~ P] [gF Q] — Cong [gF Q] [gF P]
| C_trans: Cong [g - P] [gF Q] — Cong [ghF Q] [gh- R] — Cong [g+ P] [gF RI]

Figure 5: Excerpt from the inductive definition of structural congruence.

2.4 Preliminary Lemmas

We start by establishing some basic properties of the LTS and of process contexts. The former ones can
be found in [18]], modulo our choice of late semantics, while the latter ones, adapted from [11]], stem
from the implementation of process contexts.

Lemma 2.1 (Properties of the LTS).

1. IfP 2 P and 7 is a name, then cither 7 = y and vz P ﬁ P orviP 2 vz ol
2. IfS|'P 5 R, then there is Q such that S | (P | P) < Q and R= Q |\P. =
3. Ifx&f(P)and P % P, then x & (fn(o) Utn(P')). =
4. If P=Q, then
o if P2 P, then there is Q' such that Q % Q' and P = Q/';
o if 0% O, then there is P' such that P2 P and P' = Q. ..
Proof. (Sketch) The first two statements are proven by a straightforward induction on the derivation of
the transition in the hypothesis. The third one is split into two lemmas, separating free and bound actions,
which are proven by a mutual induction on the derivation of the transition in the hypothesis. The last one
is split into four lemmas (it requires to prove two different theses and in both we need to distinguish free

and bound actions), which are proven by a mutual induction on the derivation of the congruence in the
hypothesis. We note that the third and the fourth results are extensions of those in [J5]]. O

Now for properties of process contexts: some of them would be obvious with the on-paper definition
of contexts, but are not trivial in the PCtx formalization. We recall that ((P,Cp), (Q,Cp)) means that there
is a context C such that C[P] = Cp and C[Q] = Cp.

Lemma 2.2 (Properties of contexts).

1. (Symmetry) If ((P.Cp), (Q,Cp)). then ((Q.Co), (P,Cp)). =



https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/1_definitions.bel#L76-L94
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/2_lts.bel#L3-L17
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/2_lts.bel#L20-L86
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/6_structcong_in_barbsim.bel#L3-L190
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/6_structcong_in_barbsim.bel#L193-L720
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/4_contexts.bel#L4-L15
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2. (Transitivity) If ((P,Cp),(R,Cr)), then for all Q there is Cg such that ((P,Cp),(Q,Cp)) and
((0,Co), (R,CR)).

3. (Functionality) If (P,Cp), (P,Cb)), then Cp = Ch. /'
4. (Context composition) If ((P,Cp),(Q,Cg)) and ((Cp,Cc;),(Cg,Cc,)), then ((P,Cc,),(Q,Cc,))- |

Proof. All proofs are by induction on the derivation of the context relation in the hypothesis. 0

As is well known [[12]], a binary relation on processes constitutes a contextual equivalence if and only
if it is a compatible equivalence. Because Beluga’s logic lacks support for higher-order predicates, this
meta-theorem cannot be generalized; rather, the equivalence must be formalized independently for each
specific relation.

Lemma 2.3. Structural congruence can be characterized either via compatibility "= or by context

closure. ['a.

Proof. (Sketch) Both inclusions are proved by induction on the derivation of the congruence rule in the

hypothesis. The inclusion of the compatible relation in the contextual one first requires to prove that the
compatible relation is contextually closed too. s O

The LF definition is more convenient for discussing the properties of the LTS, as in [5], while the
inductive one is used later to show the inclusion of structural congruence in another precongruence
defined via contexts.

3 Behavioral Equivalences

Intuitively, two processes can be considered equivalent when they exhibit the same behavior. However,
the level of detail at which behaviors can be distinguished depends on the chosen observational granular-
ity; this is where a variety of bisimilarity notions come into play. In CCFB3, the authors focus on strong
barbed bisimilarity, which relates processes that can match internal (7) transitions and preserve the same
barbs, i.e. the ability to perform input or output on a given channel.

More precisely, the barb, or observability predicate, P | (resp. P |) holds if a process P can perform
an input action with subject x (resp. an output action with subject x). Following [18]], this notion can be
formalized in two equivalent ways, based either on the structure of the process P or on the (late) LTS:

i) Plyiff P=vz...vz,(x(y).Q | R) for some y,zi,...,2,,0,R, with x ¢ {z1,...,2,}. Analogously,
P |5 iff P=vzy...vz,(Xy.Q | R) for some y,z1,...,2,,Q,R, with x & {z1,...,2,}
The telescopes, i.e. n-ary sequences of binders, appearing in this definition of barb are encoded
in Beluga by two types barb_in_rew and barb_out_rew, that build the sequence of restrictions

incrementally. "= Then, the two types encoding barbs identify processes congruent to such tele-

scopes. e

ii) P, iff P O, ' for some z, P, and similarly P |5 iff P 2y P or P2 P for some v,z,P.

We formalize this at the meta level, but it could have been formulated as an LF type as easily.

Since the LTS presents one input label and two output labels, Barb_in has one constructor, while

Barb_out has two. .


https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/4_contexts.bel#L19-L38
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/4_contexts.bel#L41-L50
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/4_contexts.bel#L54-L64
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/3_cong_equiv.bel#L4-L22
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/3_cong_equiv.bel#L38-L53
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/3_cong_equiv.bel#L25-L35
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/1_definitions.bel#L171-L179
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Definitions[i)] and [ii)] are equivalent, in the sense given by the following lemma. For brevity, we omit

some auxiliary technical lemmas and refer to the repository for full details. .. = o

Lemma 3.1. Let P be a process, x be a name. The following are equivalent:

1. P=vz...vzy(x(y).Q | R) for some y,z1,...,20, O, R, withx & {z1,..., 20},

2. P L(Z)% P’ for some z,P'. oo

Similarly, the following are equivalent:

1. P=vz1...vZ,(Xy.Q | R) for some y,z1,...,20,Q, R, withx & {z1,...,20};
2P p orPﬂP’forsomey,z,P’. =S

Proof. (Sketch) The proof that )| implies [i1)| is a straightforward induction on the rewriting definitions.
The converse proceeds by structural induction on P, followed by an inversion on the observable transition
that stems from P; some subcases are handled by the omitted auxiliary lemmas. O

Being invariant w.r.t. the underlying LTS, definition [f)] can be adopted even in the setting of reduction
semantics; however, definition fi1)| has the benefit of being more amenable to mechanized proofs without
the need of algebraic rewrites. For this reason, we use the latter in the rest of the development.

A significant property of barbs is that they are preserved by contexts:

Lemma 3.2.

1. IfP |, implies Q | and ((P,Cp),(Q,Cp)), then Cp | implies Cg .. =
2. If P lx implies Q |5 and ((P,Cp),(Q,Cp)), then Cp |5 implies Cp | . o=

Proof. By induction on the derivation of the context relation. O

We can now give the definition of barbed simulation. A binary relation on processes & is a strong
barbed simulation if the following conditions hold:

1. Z is barb preserving: if PZ# Q and P |, then Q |; likewise, if P# Q and P |z, then Q 5.
2. A is a reduction simulation: if P Q and P = P/, then there is ¢ such that 0 = Q' and P’ Z Q.

The union of all barbed simulations is called strong barbed similarity and will be denoted by é B

As explained above, barbs are not based on a specific LTS, and, as proven in [5]], albeit without the
replication operator, early and late semantics provide the same 7 actions. Thus, our definition of strong
barbed similarity turns out to be equivalent to the one based on the early semantics.

(Bi)simulations are perhaps the best known instance of coinductively defined relations. In calculi
where the transition relation is well-founded — e.g., those where each transition produces a structurally
smaller process, ensuring that every computation trace is finite — (bi)similarity can equivalently be
characterized inductively. This is not the case in our fragment of the 7-calculus, where infinite behaviors
arise due to replication: thus, a genuinely coinductive treatment becomes necessary.

To our rescue, Beluga supports coinductive reasoning in a very flexible way [[19]]. Coinductive types
are defined dually to inductive types: instead of constructors, they are characterized by destructors, or
observations. More specifically, while an inductive type is defined by inference rules whose conclusion
is an instance of the type, a coinductive type is defined by inference rules where an instance of the type
is the premise. Beluga separates this premise from the rest of the rule by using : :.


https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/7_barbs_equiv.bel#L6-L14
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/7_barbs_equiv.bel#L24-L37
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/7_barbs_equiv.bel#L71-L84
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/7_barbs_equiv.bel#L17-L21
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/7_barbs_equiv.bel#L40-L55
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/7_barbs_equiv.bel#L58-L68
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/7_barbs_equiv.bel#L87-L120
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/4_contexts.bel#L67-L83
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/4_contexts.bel#L85-L164
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Reasoning on coinductive objects proceeds via copattern matching. By the Curry-Howard corre-
spondence, proofs by (co)induction are encoded as total (co)recursive functions. In the coinductive case,
totality requires coverage of all observations, while productivity ensures that each corecursive call is
guarded by an observation; in the (current) absence of a productivity checker in Beluga, this condi-
tion must be verified manually. Observations of a coinductive object ¢ are accessed using the syntax
c.observation_name, mirroring field access in mainstream programming languages.

As an example of a coinductive definition, we can look at the formalization of strong barbed similarity
in Fig.[6] which presents three observations, corresponding to the input barbs, the output barbs and the 7
transitions. Recall that Beluga does not provide constructs for existential quantification, conjunction, or
disjunction, so these must be encoded as inductive types.

coinductive BarbSim : (g:ctx) [g F proc] — [g F proc] — ctype =
| (BarbSim_barb_in : BarbSim [g - P] [g F QI)
:: Barb_in [g - P] [g - X] — Barb_in [g F Q] [g I X]
| (BarbSim_barb_out : BarbSim [g + P] [g F Q1)
: Barb_out [g - P] [gh+ X] — Barb_out [gF Q] [g F X]
| (BarbSim_tau : BarbSim [g + P] [g + Q1)
[g - fstep P f_tau P’] — Ex_sim_barb [g+ P] [gF Q] [gF P’]

and inductive Ex_sim_barb : (g:ctx) [g F proc] — [g I proc] — [g  proc] — ctype =
| Ex_sim_barb_def : [g F fstep Q f_tau Q’] — BarbSim [g - P’] [g F Q’]
— Ex_sim_barb [g+ P] [gF Q] [gF P’]

Figure 6: Coinductive definition of strong barbed similarity.

Lemma 3.3 (Properties of strong barbed similarity). Strong barbed similarity
1. is a preorder; -

2. is preserved by input prefix, output prefix and restriction; ..

3. includes structural congruence. ..

Proof.

1. By a straightforward coinduction, as in [15]].

2. To illustrate how Beluga implements a coinductive proof, we detail the restriction case. On paper,
we would prove that {(vzP,vzQ) | P < <pQ} is a strong barbed simulation and therefore is included

in < <p. In Beluga, this is realized by the recursive function in Fig. |7 l whose signature encodes the
statement. The proof distinguishes cases on the possible observations — note the copattern syntax
reminiscent of record selection:

* In the barbs cases we employ Lemma[3.2] by which if the barbs of P are included in the barbs
of Q, then for each context C (and in particular vz[_]), the barbs of C[P] are included in the
barbs of C[Q].

* More interestingly, in the transition case we invert on the restriction rule for a 7 action from
L]
P to some P’ (the first 1et). Then, using the hypothesis P <p Q (BarbSim), we can find a

L]
matching action from Q to Q’, where P’ <g Q'. Finally, we can corecursively call the theorem



https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/5_barbsim.bel#L5-L15
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on P’ é 5 Q' and, by applying the restriction rule forward, obtain the thesis. The corecursive
call is valid, because it is guarded by the BarbSim_tau observation and the proof covers
all cases, because we analyzed all the observable properties that characterize strong barbed
similarity.

3. This follows immediately from Lemma |2.1.4] which was also crucial for one implication of the
Harmony Lemma.

O]

rec res_barb_sim: (g:ctx) BarbSim [g,x:names + P] [g,x:names F Q] —
BarbSim [g - p_res \x.P] [g I p_res \x.Q] =
fun d .BarbSim_barb_in b =
PCtx_preserves_barb_in (mlam Y = fn b’ = d .BarbSim_barb_in b’) (presM pidM) b
| d .BarbSim_barb_out b =
PCtx_preserves_barb_out (mlam Y = fn b’ = d .BarbSim_barb_out b’) (presM pidM) b
| 4 .BarbSim_tau s = let [_ F fs_res \x.S] = s in
let Ex_sim_barb_def [_,x:names - S’] b’ = d .BarbSim_tau [_,x:names F S] in
Ex_sim_barb_def [_ F fs_res \x.S’] (res_barb_sim b?);

Figure 7: Encoding of the proof of Lemma[3.3.2]

[ ]
We now recall the notion of strong barbed simulation up to <g, namely a binary relation on processes
Z such that:

1. Z is barb preserving.
2. if PZQand P P, then there is Q' such that Q — Q' and P' <z Z <3 Q.

As above, strong barbed similarity up to é p 1s the union of all strong barbed simulations up to é B-
Again, we cannot develop a general theory of relations up to: we simply encode strong barbed
similarity up to é g as we did for strong barbed similarity — the only difference being in the inductive
auxiliary type, which encodes the up to é NS
In this setup, strong barbed similarity up to éB coincides with é . = The use here of up-to tech-
nique is just for convenience: in order to prove that a relation is included in strong barbed similarity,
it is sufficient to prove that it is a strong barbed simulation up to é p and therefore included in barbed
.

similarity up to <g.

3.1 Barbed Precongruence

One way to distinguish two processes is to observe whether they exhibit the same behavior when placed
in the same environment, or context; a desirable property of a (bi)similarity is to be preserved by every
possible environment. Unfortunately, strong barbed similarity does not satisfy contextual closure. For
instance, the two processes Xy.ab.0 and xy.0 are strong barbed similar, since their only barb is |z and they
cannot perform any internal transition. Conversely, plugging them into the context |_| | x(z).0 modifies
their observable behavior: the former can perform a transition Xy.ab.0 | x(z).0 = @b.0 | 0, enabling the
observation of a barb |7 that the process Xy.0 | x(z).0, after an internal transition, cannot produce.



https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/1_definitions.bel#L204-L215
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Therefore, we aim to identify those pairs of processes whose behavior remains strongly barbed sim-
ilar under all contexts. The processes P and Q are strongly barbed precongruent, denoted by P <p Q, if,

L]
for each context C, C[P] <z C[Q]. =
Among the properties of strong barbed precongruence, the most prominent is its characterization
as the largest precongruence included in strong barbed similarity. It turns out that the latter can be

L]
formalized as a coinductive definition with only two observations, requiring the inclusion in <p and the

contextual closure.

Lemma 3.4 (Properties of strong barbed precongruence). Strong barbed precongruence

1. is a preorder; =

. is included in strong barbed similarity; "=..

. is a precongruence; .

s

2

3

4. is the largest precongruence included in strong barbed similarity; ]
5. includes structural congruence. ...

L]
The first three proofs immediately follow from the definition of <p, the fact that < is a preorder and
context composition; the last two are straightforward coinductive arguments.

4 Context Lemma

The objective of CCFB3 is to prove that making barbed bisimilarity sensitive to substitutions and parallel
composition is sufficient to establish barbed congruence. This result is an instance of a confext lemma,
namely a characterization of congruence that relaxes the universal quantification on arbitrary contexts,
thereby simplifying proofs of congruence.

We recall that substitutions are endofunctions on names with finite support; they can be extended
to processes and actions by simultaneously replacing all their free occurrences of names. To encode
them, we rely on Beluga’s built-in notion of simultaneous substitutions. In particular, given two Beluga
contexts g,h:ctx, a substitution $S:$[h |- g] maps the names in g to names in h; given a process
P:[g |- proc] that depends on names in g, the process P[$S]: [h |- proc] is obtained by replacing its
names according to $S.

Next, we denote as <|, == {(P,Q) | for all R, 0, (Po | R) é 5(Q0 | R)} the relation obtained by closing
barbed similarity under parallel composition and substitutions. Analogously to barbed precongruence, it
is formalized by an inductive type BarbPre’. "=

The strategy to prove the context lemma consists in showing that </, is a precongruence included in
strong barbed similarity; since, by Lemma [3.4.4] strong barbed precongruence is the largest precongru-
ence included in strong barbed similarity, it follows that <, C <g. Below, we detail the results required
to complete the proof.

First, an auxiliary lemma describing how transitions of a process Po arise from transitions of P:

Lemma 4.1. If P 2 P’ and o # 7, then there are B, P’ such that P b prand o = Bo.

Proof. (Sketch) By inversion on ¢ and then structural induction on P. In the Beluga encoding, the three
cases o = x(y), Xy and xX(y) are addressed separately. O


https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/1_definitions.bel#L218-L222
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[ )
Proving that <, C <p is straightforward:

Lemma 4.2. g‘ s Is included in strong barbed similarity. ==

Proof. Tt is sufficient to observe that, if P <|;Q, then P = P(Id) | 0 <p Q(Id) | 0 = Q, where Id denotes
the identity substitution. 0

The proof that < is a precongruence is trickier and is based on the following result — this is, in
fact, the only instance in which coinductive up-to techniques are used.

Lemma 4.3. The following relations are included in strong barbed similarity:
1. 1= {(x(y).(Po) | R, x().(Q0) | R): P<,0}. =
2. % ={(xy.(Pc) | R, Xy.(Q0) | R): P<,Q}. [

3. %= {({(Pc) |R, {(Q0) | R): P<,0}. o

Proof. We prove that Z| U <p and %, U <p are strong barbed simulations, while #; is a strong barbed

simulation up to <p. The proofs, both as pen-and-paper and in Beluga, are carried out by coinduc-
tion, considering each possible observation and constructing the corresponding object required by the
definition.

1. Checking that the elements of <p satisfy all the observations is immediate, hence we focus on

the elements of ). Proving that | U <p is barb preserving is also immediate, by looking at the
structure of the pairs of processes in %;. To show that it is a reduction simulation, we proceed by
inversion on the internal transition s that needs to be matched; in particular, we illustrate the case
in which s has been derived from the S-COM-R rule, since it highlights one of the properties of
substitutions that Beluga directly supports.

The transition s has the form x(z).Po | R = (Po){y/z} | R for some y, R'; similarly, we can see that
x(2).06 | R = (00){y/z} | R'. As the composition of substitutions is a substitution, we conclude
by observing that ((Po){y/z} | R', (Q0){y/z} |R) = (P(co{y/z}) R, Q(co{y/z}) | R') € Z1.

2. Analogous to the previous case.

3. Proving that %5 is barb preserving requires showing that a transition s : |(Po) % P/, with o # T,
is matched by !(Qo). After inversion on s through the S-REP rule, the desired transition is built
after applying Lemma 4.1

L]
Conversely, proving the reduction closure up to <g of %3 does not require any explicit inversion;
rather, it is enough to apply Lemma [2.1.2] and the coinductive hypothesis to build a long chain of
structural congruences and strong barbed similarities.

O]

Lemma 4.4. <, is a precongruence. =

Proof. By induction on the structure of the given context. The prefixes and replication cases make use
L]
of Lemma while the others rely on chains of = and <. O

Lemma 4.5. <, is included in the largest precongruence included in strong barbed similarity. e
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https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/9_context_lemma.bel#L91-L114
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/9_context_lemma.bel#L117-L140
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/9_context_lemma.bel#L143-L195
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/9_context_lemma.bel#L198-L220
https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/9_context_lemma.bel#L223-L226
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Proof. Follows immediately from Lemmas {.2]and [4.4] O

Theorem 4.1 (Context Lemma). <, is included in strong barbed precongruence. ==

Proof. Follows from Lemma [3.4.4] characterizing barbed precongruence as the largest precongruence
included in strong barbed similarity. O

5 [Evaluation

The entire development comprises approximately 1500 lines of code, organized into nine files. It includes
23 definitions — three of which are coinductive — accounting for roughly 10% of the total codebase,
as well as 53 theorems. Most of these theorems exactly correspond to the relevant results presented
in [18]]; however, several of the more intricate ones must be decomposed into multiple statements. This
is particularly necessary when they involve combinations of induction and coinduction with differing
proof goals. Notably, the only strengthening lemmas required in the Beluga formalization are those
already needed at the paper level to satisfy the side conditions of the LTS rules concerning free and
bound names. This once again underscores the advantages of using HOAS for handling binders.

A central feature of the m-calculus is its ability to pass names, enabling subprocesses to commu-
nicate channel names and subsequently use them. Concretely, input prefixes bind received names, and
in all standard semantics there is a transition in which the binder is eliminated and the bound name is
replaced by a fresh free name representing the received value. In Beluga, such single substitutions are
treated as a special case of simultaneous substitutions, which allows them to be composed seamlessly, as
demonstrated in Lemma [4.3] This is a net gain compared to other approaches (such as [3]]), where the
two notions need to be implemented from scratch.

One complication arising from substitutions in Beluga is their interaction with the coverage checker.
Verifying coverage often requires solving non-trivial unification problems, which can become more chal-
lenging in the presence of substitutions: this is well understood in the theory, but simply not supported
yet by the Beluga implementation. Consequently, Lemma[4.1]is formalized without a totality check. In
fairness, we find more urgent the implementation of the productivity checker: for what it is worth, we
have manually checked that all coinductive calls comply with productivity, as we understand it, but this
falls somewhat short of a complete assurance of the correctness of our mechanization.

In the CCFB paper, the authors stated:

The crux of our challenge is the effective use of coinductive up-to techniques. The intention
is that the result should be relatively easy to achieve once the main properties of bisimilarity
are established.

However, coinductive up-to techniques, which have a prominent role in the study of other bisimilar-
ities, are only used here once, i.e. to prove the context lemma, and the formalization of strong barbed

similarity up to <p to does not diverge significantly from the formalization of strong barbed similarity.
We conclude that the design of the challenge does not exercise significantly the up-to aspect.

6 Related Work

In this section we mostly concentrate on mechanizations of behavioral equivalence in process calculi.


https://github.com/LeaTrogni/formalizing-barbed-similarity-for-the-pi-calculus-in-beluga/blob/fa651cd/code/9_context_lemma.bel#L229-L231
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In [2,3]], Bengtson and Parrow provide the largest formalization of the 7-calculus in the literature
using nominal logic in Isabelle/HOL to represent binders. The encoding of the operational semantics
uses commitments [|14]] rather than labelled transitions, i.e. pairs of an action and a derivative process
that binds the bound names of the action in the derivative. The treatment of replication follows the
single-rule presentation of [8]]. Their results include proving that strong and weak bisimulations, both
early and late, are congruences, and that structural congruence is a bisimulation; the authors also provide
an axiomatization of strong late bisimulation and prove that it is sound and complete. Coinductive
definitions and proofs are encoded by using Isabelle/HOL’s standard coinductive package. Since most
of these details are handled by Isabelle, the main focus of Bengtson and Parrow is on the nominal logic
aspects of the formalization, which, while elegantly supporting free and bound names, still entails a fair
amount of work to establish basic infrastructural properties.

Ambal et al. [1]] provide a Coq formalization of the higher-order m-calculus that systematically stud-
ies binder representations for mixed binding (process vs name binders) and establishes strong context
bisimilarity as a congruence via Howe’s method. Coinduction is used in the standard way to characterize
bisimilarity; coinductive “guarded” proofs only appear in the final step showing that the Howe closure
is included in bisimilarity. A direct Coq development in the style of ours would likely require libraries
such as PACO [[10]. Further, the HOAS approach encodes process and name binders in the same way,
offering significant simplifications.

In [20]], Tian and Sangiorgi study proof methods for bisimulation in CCS, focusing on contractions
rather than equations. They formalize the congruence induced by weak bisimilarity (rooted bisimilarity)
in HOL4 using the coinductive package Hol_coreln. Their development does not treat processes up
to a-conversion, and restriction is not a binder; contexts are therefore represented as single-binder A-
expressions applied to processes. As in our work, the coarsest congruence contained in bisimilarity is
characterized via closure under composition, although here it is ancillary to the main result on unique
solutions of rooted contractions.

Tiu and Miller [21]] give a proof-search specification of the finite 7-calculus in a logic equipped with
definitions, fixed points, and the V quantifier for generic judgments. Their encoding is equivalent to ours
w.r.t. syntax and LTS. It does seem more general insofar that the interaction between the V, 3, and V
quantifiers explains the usual distinctions between early, late, and, remarkably, open bisimulation. For
the latter the V quantifier plays a role analogous to Sangiorgi’s distinctions.

Veltri and Vezzosi [22]] give a much more extensive formalization of process-calculus semantics
in Guarded Cubical Agda: they develop fully abstract denotational models for CCS and the early -
calculus, showing that denotational equality coincides with bisimilarity. Their encoding uses well-scoped
de Bruijn syntax, in contrast with our HOAS representation in Beluga. Their approach to coinduction
is also quite different: guarded recursion, clocks, and cubical path equality provide the semantic infras-
tructure through which bisimilarity is recovered as equality, whereas we reason directly with coinductive
operational relations.

7 Conclusions and Future Work

What happens if a challenge turns out to be not too challenging? Is it the designers’ fault or the encoders’
merit? In our previous paper we mused on how uneventful the formalization had been. We have to repeat
ourselves: the HOAS encoding of the syntax and semantics of the calculus, which we have inherited
from a long tradition (dating back to [13]]), abstracts all the issues related to free and bound names that
have preoccupied all first-order encodings. What the present paper brings to the table is a very intensive
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use of coinductive reasoning: here, Beluga’s copattern approach shines, much more than in a previous
coinductive case study (Howe’s method, see [[15]], which turns out to exercise coinduction only in a
limited fashion).

Beluga’s underlying sized types discipline is intrinsically compositional, making nesting coinductive
proofs completely unproblematic. This is in sharp contrast with the guarded recursion approach native to
Rocq, which would have been simply unfeasible and compelled the user to switch to dedicated libraries
such as PACO [10]]. Again, it is the support for both HOAS and coinduction via observation that makes,
in our judgment, the development so smooth — Agda supports a similar approach to coinduction, but
not HOAS; Abella offers the converse trade-off.

Future Work. There are several directions in which the present formalization could be extended. A
natural first step is to establish the converse direction of the context lemma. The proof presented in [|18]
proceeds by constructing a suitable context such that a pair of strongly barbed congruent processes
can be composed in parallel under substitution so as to yield strongly barbed bisimilar processes. The
argument relies on multi-step internal transitions whose length depends on the size of the support of
the substitution. It is not clear to us whether Beluga’s theory of substitution directly captures this style
of argument, particularly when it involves a fine-grained analysis of substitutions and their supports.
Moreover, the proof makes essential use of the symmetry of strong barbed bisimilarity, so we would
have to carry out the symmetric proofs after all.

Open bisimulation is particularly appealing in our setting because Beluga’s contextual objects and
simultaneous substitutions seem to provide much of the infrastructure needed to express substitution-
closed behavioral relations. The main additional burden would be the treatment of distinctions/freshness
constraints and their interaction with the LTS. Since Beluga does not have a V quantifier, one must prove
that the resulting substitution-based relation coincides with the standard distinction-indexed definition,
or else identify precisely which variant of open similarity has been mechanized. One possibility to avoid
an explicit representation of distinctions could be to look at the theory of quasi-open bisimilarity [6}9].

Another technically involved extension concerns the coincidence between strong barbed congruence
and early congruence. The standard proof requires the introduction of a stratification of strong early
bisimilarity, with the key inclusion shown via a contrapositive argument. This reliance on classical
reasoning renders a direct mechanization in Beluga particularly challenging.

Finally, Lassen in [12] studies contextual closure as the greatest adequate congruence in the context
of program equivalence for a functional language. Since adequacy has a barbed “flavor”, the question
is whether analogous characterizations can be established for bisimilarity-based congruences in the 7-
calculus.
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Proof Theory and Dependent Type Theory:
Distinct Foundations for Designing Proof Assistants

Dale Miller
Inria Saclay and LIX, Institut Polytechnique de Paris

This paper examines the foundational distinctions between proof theory and dependent type theory
(DTT) in the design of interactive theorem provers. While several implemented systems are designed
using the dependently typed A-calculus to represent proofs, no major proof assistant is designed us-
ing modern structural proof theory, even though, as I will argue here, the sequent calculus offers a
compelling alternative framework. Six specific topics are proposed where the proof-theoretic per-
spective is arguably superior to the DTT perspective. These topics include the separation of logic
from proof structure, the strategic use of non-determinism in proof reconstruction, and the avoidance
of complex typing-discipline issues such as universe levels and proof irrelevance. The final topic—
the treatment of bindings—is further developed to demonstrate how a natural, intensional approach
is achieved through the mobility of binders. This methodology is illustrated via the Abella theorem
prover, which leverages A-tree syntax and the V-quantifier to provide an elegant environment for
reasoning about the meta-theory of languages and logics involving complex binding.

1 Introduction

In 2006, Wiedijk published a small volume [57]] that showed the formalization of the proof of the irra-
tionality of v/2 in the following seventeen interactive theorem provers:

ACL2, Alfa/Agda, B Method, Coq, HOL, IMPS, Isabelle/Isar, Lego, Metamath, Mizar,
Minlog, Nuprl, Qmega, Otter/Ivy, PVS, PhoX, and Theorema.

These systems vary significantly in their underlying logical foundations. Some are based on first-order
logic, while others accept higher-order quantification. Employing a range of proof structures, some
of these systems use Frege-style proofs (involving axioms and a small set of inference rules) because
these can support simple proof-checking kernels. Others take a more sophisticated approach to proof
structures and employ either a natural deduction style a la Gentzen and Prawitz, or the dependently typed
A-calculus directly. The role of types in these systems varies greatly. Most of these systems allow at least
multi-sorted, first-order quantification. Others implement Church’s Simple Theory of Types and allow
quantification over function and predicate types. In addition, certain predicates that have well-understood
reasoning principles can often be recast as types, with the usual consideration of whether type checking
and/or type inference are decidable for those predicates cum types. Some of these systems (and the more
recent Lean system [435]]), are based on dependent type theory (DTT), whose origin is often traced back
to De Bruijn [8]] and Martin-Lof [37].

In this paper, I argue that modern aspects of proof theory can offer an alternative perspective to the
design narrative behind the use of dependently typed A-calculus in proof assistants. I will assume here
that the reader is familiar with the latter formalism but is not familiar with the many advances that have
occurred within the general topic of structural proof theory. I will survey that topic in the next section.
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2 Structural proof theory

Structural proof theory was started by Gentzen [25] with his invention of natural deduction and the
sequent calculus. In particular, Gentzen described his intentions about natural deduction:

I intended first to set up a formal system which comes as close as possible to actual reason-
ing. The result is a ‘calculus of natural deduction’.

Thus, it is no surprise that this calculus of natural deduction has had important influences on various
proof assistants.

Early in the introduction of [25], Gentzen justifies the introduction of the sequent calculus as a
technical vehicle for stating and proving the Hauptsatz for both intuitionistic and classical logic. In the
general area of computational logic, sequent calculus is often seen as a technical device for tracing the
search for an actual proof. In fact, there is the old chestnut: “Natural deductions are proofs while sequent
calculus proofs are the computation of a proof” (see, for example, [28 Section 5.4]).

As we shall see in this paper, the sequent calculus can be viewed, not only as a useful technical
device, but as a central framework for developing and justifying possible proof assistant designs. It is
also possible to list several successful deployments of the sequent calculus in domains other than proof
system design.

* Gentzen used the sequent calculus to prove the consistency of Peano arithmetic [26].

* Various researchers, for example [32, 46, have used the sequent calculus to provide independence
proofs in certain axioms with respect to other axioms within mathematical theories.

* Often, the most successful proof system for a modern logic, such as modal and linear logics, is
given using the sequent calculus.

* Various logic programming languages have been developed using the sequent calculus in classical,
intuitionistic, and linear logics [40].

* The design of at least one model checker has been built on a sequent calculus proof theory that
accounts for fixed points [7, [30].

Of the many recent developments in the theory of the sequent calculus that might not be familiar
to those working on designing and implementing proof systems, we can list the notions of polarity and
focusing (both inspired by the sequent calculus of linear logic) and the notion of the mobility of binders.
These topics will be expanded on in the following section.

3 A proof theorist’s view of dependent type theory

In this section, I identify six topics where a proof-theoretic perspective offers distinct advantages over
that of DTT. Naturally, one could conversely argue that DTT provides a superior framework in other
areas; its strengths include mature implementations, widespread adoption, robust support for automated
inference, and the ability to provide concise specifications in a variety of domains. My objective here is
to articulate the proof-theoretic perspective, as it is seldom represented in the literature. Furthermore, by
focusing on foundational issues, I relegate the current state of software implementation to a secondary
concern.
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3.1 Regarding the structure of proof

A given DTT usually settles two questions simultaneously:
1. Which logic is being formalized? This is typically intuitionistic logic.

2. What is a proof? These are typically natural deduction proofs encoded as dependently typed A-
terms.

A proof theorist separates these questions, thereby allowing for a possibly large variety of proof systems
for a fixed logic. For example, when fixing the logic to be intuitionistic, proofs can be formalized using
natural deduction, sequent calculus, and tableaux [21]], and inference rules can be applied in a forward
chaining as well as a backward chaining fashion. When fixing the logic to be classical logic, many more
proof structures are possible, additionally including Herbrand disjunctions, resolution refutations, natural
deduction with restart [22], etc. If the logic is fixed to be linear, then all the previous proof structures are
possible, including various forms of proof nets.

Of course, once one has a solid implementation of, say, natural deduction proofs as dependently
typed A-terms, one has a highly expressive computational setting capable of encoding a rich collection
of other proof systems, as witnessed by the many proof systems that have been encoded into Dedukti [4].
Still, there is something to be said for treating these other proof systems as structures in their own right
rather than merely as encodings into some other proof structure.

3.2 Problems with the proof-as-A-term approach

Another frequently claim is that the A-calculus is a canonical computational model for sequential com-
putation. While I am not arguing against that particular sentiment, it is worth noting that many things
about the (untyped) A-calculus are far from canonical. For example, while A-reduction is a confluent
operation on A-terms, the paths to (weak) normal forms are highly non-deterministic, with different
computational platforms adopting different reduction strategies (call-by-value, call-by-name, call-by-
need, etc), and these can affect correctness (e.g., call-by-value may not terminate with a normal form
while call-by-name does) as well as efficiency.

Dependently typed A-terms also introduce many complications. For example, there are issues around
proof irrelevance (too many subproofs kept), implicit arguments (too inconvenient to supply all argu-
ments), and universe levels (needed to organize rich typing structures). Approaches to encoding logic
that omit such a rich and complex typing discipline do not need to address these issues, at least not
in a foundational setting. Also, proofs-as-A-terms can be highly redundant (leading to, for example,
explicitly and implicitly typed versions of LF [50} |54]]) and they do not include any explicit structure-
sharing mechanisms. The sequent calculus, on the other hand, provides a simple and natural explicit
mechanism [43]].

3.3 The mutual development of dependent type theory and proof theory

Many central topics in the study of proof theory and DTT were investigated around the same time and
influenced each other.

1. The notion of normalizing proofs was first developed in the context of sequent calculus (via cut-
elimination [25]]) and natural deduction (via normalization [52} 53]). These normalization pro-
cesses (including the elimination of non-atomic initial rules) yield the familiar notions of § and
n-rules. Of course, these normalization processes were also studied in the untyped and simply
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typed A-calculus by Church also in the 1930s and 1940s [14, [15]]. The introduction of these con-
cepts into dependently typed A-calculus waited until de Bruijn [8] and Martin-L&f [36] introduced
their typed calculi.

2. Linear logic [27] appeared first as a development in proof theory and later moved to dependently
typed A-calculus shortly after (see, for example, [9} 31]).

3. The notion of dependently typed A-terms in canonical form (as defined for LF in [29]) is closely
related to the proof theoretic concept of uniform proofs (as shown in [19} 20]). Eventually, the
linear logic notions of polarization and focusing [3]] were generalized within the proof theory
setting to classical and intuitionistic logics (see, for example, [[16, [17, 135]). Focused proofs are
now generally understood to yield useful notions of canonical normal forms of proofs [[13}[39].

3.4 The dependent type theory approach to classical logic

Gentzen [25]] abandoned natural deduction since he could not see how that style of proof could be used
uniformly to yield the Hauptsatz for both classical and intuitionistic logic. His solution for a more
uniform approach to the proof theory of both logics was a multiple-conclusion sequent calculus. Un-
fortunately, Gentzen’s better approach is generally ruled out in DTT, at least in the type theories in use
in proof assistants today. The gap between treating classical logic proofs as dependently typed A-terms
plus axioms, such as the excluded middle, and viewing classical logic proofs, such as say Herbrand dis-
junctions (expansion trees) or resolution refutation, seems huge. Of course, elaborate techniques have
been developed to bridge this gap, at least, in principle: see, for example, [[18,|33].

3.5 Non-determinism provides a valuable resource

The trusted proof-checking kernels of proof assistants based on dependently typed A-calculus are gen-
erally functional programs that expect the proof structures they check to contain enough information
to make checking completely deterministic. It is well known that non-determinism can be a valuable
resource in designing and verifying certificates: just consider the P and NP complexity classes. Allow-
ing non-determinism in the design of both proof certificates and proof checkers allows for important
trade-offs between proof certificate size and checking time.

Having a kernel that allows non-determinism (via backtracking search) is certainly possible (as in
logic-programming-based kernels). Example: Consider a proof certificate for the claim that the sequent
' A is an instant of the initial rule, which can only be the case when A is a member of I". On one hand,
the certificate could be constant in size while the proof checking kernel would then need to search for A in
I': something that could be accomplished with a non-deterministic search (made deterministic in actual
deterministic kernel using search). On the other hand, the certificate could provide the exact name/label
of the assumption in I' that is also labeled with A. In this case, the certificate is no longer constant-sized,
but its checking would be a more direct, deterministic process. Having this trade-off between proof
certificate size and non-deterministic proof reconstruction seems desirable. A kernel for such checking
is a rather direct combination of some form of (higher-order) unification and backtracking search. While
incorporating such features into the trusted code base of a kernel will increase the complexity of such
kernels, these features have been well-developed and exploited in proof systems written in the AProlog
programming language [41]] and the Isabelle prover [47] since the late 1980s.
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3.6 Treatment of bindings

In most modern proof assistant based on DTT or first-order logic, no canonical treatment for bindings has
appeared. Instead, a wide range of technical approaches to encoding bindings have been deployed and
studied. In general, the specifications of bindings in syntax are still considered problematic in most con-
ventional systems, given the existence of challenge problems (POPLMark [5], POPLMark reloaded [1]),
case studies, benchmarks, and surveys. The Twelf [49]] and Beluga [S1] systems are exceptions since
they offer a computing environment where computed values can be dependently typed A-terms. How-
ever, of the proof assistants lists in Section |1} only Isabelle and Minlog offer direct support for bindings
in data structures and the associated notion of (higher-order) unification on such structures.

The sequent calculus provides an elegant and powerful setting to specify and compute with syntactic
objects containing bindings, something that, to date, has not been matched in the setting of dependently
typed A-calculi. The approach available in the sequent calculus is outlined in more detail in the following
section.

4 Sequents and binders

By making a slight embellishment of Gentzen’s formulation of sequents, we write sequents here as
Y : '+ C, where the collection of variables in X is interpreted as being bound over I' - C. The variables
in X correspond to Gentzen’s notion of eigenvariables.

To illustrate how binder can be used with sequent calculus proof rules, consider specifying the pred-
icate typeof, which relates an encoding of untyped A-terms (given by the function [-]) with an encoding
of simple types (using — for the function type constructor). Here, we assume as is customary in many
encodings of A-terms (see, [41]], for example) that binders in the untyped A-terms are mapped to bindings
in the result of the encoding.

When reading inference rules from conclusion to premises (as one does to understand the impact of
an inference rule during the search for a proof), binders can be instantiated, as in the following instance
of the left-introduction for V.

¥ : T, typeof ¢ (int — int) - C
L:T',Va(typeofc (o — a))-C

VL

Here, the bound variable « is instantiated with the term int, a term denoting the integer type. Binders
can also move, as illustrated by the following inference rules.

Y. x: T, typeof x a - typeof [B] B

Y : Tk Vx(typeof x o D typeof [B] B)
Y : T+ typeof [Ax.B] (a¢ — fB)

VR,DR

Here, the lower inference rule is justified by some external definition of the predicate typeof (a familiar
specification technique for defining typing dating back to the early days of AProlog and LF [20, 29]).
Here, binders move from term-level (Ax) to formula-level (Vx) to proof-level (eigenvariable): that is,
this bound variable never becomes free. Thus, binder mobility is one way to formally realize A. Perlis’s
Epigram 47: “There is no such thing as a free variable.” [48]]. A consequence of this approach to binders
is that the technique for implementing binders (e.g., named variables, nameless dummies, etc) does not
need to be revealed to the person writing the logical specification of, in this case, typeof: instead, binders
never stop being bound.
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Another aspect of binders in the proof-theory setting is that they do not need to represent function
spaces: they can be viewed, in the appropriate logical setting, as abstractions over syntax. Consider, for
example, the formula

Yw. Ax.x # Ax.w,

where w and x are given the same primitive type. If one views the A-binding as specifying a function
(i.e., extensionally), then this formula is not a theorem since the identity and a constant-valued function
can coincide on singleton domains. If one views the A-binder as simply part of the syntax (up to -
conversion, of course), then this formula should be a theorem since no (capture avoiding substitution)
instance of Ax.w can be equal to Ax.x.

This approach to binders in which syntactic binders are movable is called the A-tree syntax ap-
proach [38], and it is available in the AProlog programming language [41], the LF logical frame-
work [29]], and the Rocq plugin for Elpi [55].

The sequent calculus can support at least one additional binding site other than the prefixed X binder.
In particular, we add a binding context to each occurrence of a formula in a sequent. Thus, instead of the
sequent X: By,...,B, - By, we have the more general

Y:o0,>By,...,0,>B,F oy By.

Here, o; is a list of distinct variables scoped over B;. The expression o; > B; is called a generic judgment.
In order to exploit these proof-level binding sites, a new formula-level binder is needed: this is the role
of the V-quantifier, for which the left and right introduction rules are given as

i(ox:1t)bB I — % q r:I' —(ox:7)>B
Y:05VaxB L —% an YT —0b5VaB

Because of the similarity of the left and right introduction rules, it follows easily that V is self-dual: that
is, both the sequents —=Vx.Bx - Vx.—Bx and Vx.—Bx - =Vx.Bx are provable. Furthermore, V around an
equality judgment can simply reduce to an equality judgment around A-terms: that is, Vx.(t =) is prov-
able exactly when Ax.rf = Ax.s is provable. Thus, the formula Yw. Ax.x # Ax.w, turns out to be logically
equivalent to Vw.—(Ax.x = Ax.w), which can be proved in a suitable system (such as Abella) since the
(higher-order) unification problem (Ax.x = Ax.w) has no unifiers. For details on how V-quantification in-
teracts with the propositional constants, the other quantifiers, and induction and coinduction, see [24},142].

The Abella proof assistant [6} 23] was developed on proof theoretic principles and includes support
for A-tree syntax and the V-quantifier.

S The Abella proof assistant

During the search for a proof in Abella, one works with collections of goals, which are displayed as

Variables: x1 ... xm
Hi : Al
Hn An
=:==========================
where x1,...,x, are universally quantified variables, H1, ..., Hn are hypothesis labels that are each asso-

ciated with a unique hypothesis formula drawn from Ay,...,A, and C is a formula called the conclusion
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of the goal. The variables and hypotheses comprise the context of the goal. Not only does Abella view
such a goal as a sequent, in this case being,

X1:2 TlyeeosXm: T AL, A C,

but its tactics for advancing the search for a proof are understood using sequent calculus inference
rules [11}112]. Abella implements the V-quantifier and the structural principles behind the logical equiv-
alences (VxVy.B) = (VyVx.B) and (Vx.C) = C, provided x is not free in C. As a result of these equiv-
alences, it is possible to treat the local binding signatures using an equivalent mechanism that relies on
nominal constants [24] (as a result, the local signatures are not displayed explicitly in the Abella goal
structure above).

Abella is well-suited for reasoning about the meta-theory of languages and logics, especially those
involving binding. For example, various aspects of the meta-theory of the A-calculus have had successful
Abella specifications: see, for example, a formulation of the A-cube [2], a mechanical formulation of
higher-ranked polymorphic type inference [38], and a formalization of parts of Barendregt’s theory of
the lambda-calculus [34]]. Specifications of the operational semantics of the m-calculus and its meta-
theory can make significant use of Abella’s support for binder mobility. For example, the difference
between open and closed bisimulation for the w-calculus is a simple matter of switching between using
intuitionistic logic and classical logic [42]. Similarly, the presence of the three quantifiers V, 3, and
V provides an easy and elegant way to capture the large collection of modal operators that have been
proposed to capture an array of properties of m-calculus [44, 56]. Additionally, rather direct treatment
of bisimulation-up-to techniques for the m-calculus can also be captured [10]. The website for Abella,
https://abella-prover.org/, contains several other example formulations using Abella.

6 Conclusion

In this paper, I have argued that modern structural proof theory, rooted in the sequent calculus, offers a
robust and compelling foundational alternative to basing interactive theorem provers on the “proofs-as-
terms” paradigm of DTT. I have offered six explicit topics for which the proof theory approach can be
argued to provide a possibly deeper and more flexible design than that typically offered by dependently
typed A-calculus. The last of these topics—the treatment of binding in syntactic expressions—is perhaps
most significant. In this setting, the proof-theoretic approach provides a natural treatment of bindings via
binder mobility. By treating binders as movable abstractions over syntax rather than function spaces, we
achieve an elegant framework for reasoning about the meta-theory of complex languages. Many of these
proof-theoretic notions have been built into the Abella theorem prover: in particular, this prover makes
available the A-tree syntax approach to bindings and the V-quantifier.

Acknowledgments I thank the reviewers for their helpful comments and perspectives on an earlier
draft of this paper.
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In syntactic anti-unification, one is concerned with finding the commonalities between terms, while
(uniformly) abstracting their differences. The original goal of anti-unification development in the
seventies was to automate inductive reasoning. Recent applications of anti-unification techniques
include efficiently transforming sequential code into parallel code, detecting code clones, and pre-
venting software failures. Previous work addressed the elements required to verify, in the Prototype
Verification System (PVS), termination and soundness of a functional algorithm based on inference
rules for syntactic anti-unification. This paper dissects all aspects required to formally establish the
completeness of the rule-based algorithm, highlighting the significant differences in the formaliza-
tions of anti-unification and unification.

Keywords: Equational Reasoning, Anti-unification, Generalization, Computational Verification, Inter-
active Theorem Proving, PVS.

1 Introduction

Motivation and Contextualization

Generalization is the scientific principle of drawing broad conclusions from specific observations, aiming
to identify patterns or laws that hold beyond the original cases studied. In logic, this idea of generaliza-
tion is formalized by a concept called anti-unification. It consists of finding the common structure and
uniformly abstracting over differences when comparing two objects of a certain type, and it was first
investigated and developed independently in the 1970s by Plotkin [33]] and Reynolds [35]].

Given terms s and ¢, one says that s is more general than t (or that ¢ is more specific than s) and
writes s < t iff there exists a substitution ¢ such that s¢ = ¢. The relation < is known as instantiation
preorder [|16]]. A generalizer for two terms s and ¢ is a term r such that »r < s and r <¢. The =<-
minimal generalizers for s and ¢ are called least general generalizers for s and ¢. Thus, the syntactic anti-
unification problem can be formally stated as: For terms s and #, construct their least general generalizers.
It is known that syntactic anti-unification is of type unitary [22,29], i.e., any instance of the problem has
a unique solution (up to renaming). For instance, the terms X, f(X,Y), f(g(X,Y),Z), and f(g(X,Y),X)
are generalizers for f(g(c,d),c) and f(g(g(u,v),v),g(u,v)), but only f(g(X,Y),X) is their least general
generalizer.

The first procedural algorithms for solving the syntactic anti-unification problem were presented
independently by Plotkin [33]] and Reynolds [35] in the 1970s. Their algorithm essentially reads the pair
of input expressions, identifies the smallest positions where conflicts occur, and uniformly assigns fresh
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variables to those positions [35]]. That allows the construction of the least general generalizer as being
the join in a certain complete non-modular lattice whose order is > [|35]]. Huet presented an algorithm in
1976 in [28] by means of a recursive function A that acts in the form A (s,7) = f(A(s1,71),..., A (Sm,tm))
if s = f(s1,...,5m) and t = f(t1,...,tn) and A(s,7) = @(s,7) otherwise, where ¢ is a bijection between
pairs of terms and variables (ensuring that A solves conflicts uniformly). A good exposition of that
algorithm is presented by Lassez et al. in [29].

Rule-based procedures for anti-unification were presented by Pfenning [32]] for the Calculus of Con-
structions, by Alpuente et al. 3] for order-sorted generalization, by the same authors for anti-unification
modulo associativity and commutativity [4], and by Baumgartner et al. [20] for simply-typed lambda-
terms in 7)-long B-normal forms, among others. Alpuente et al.’s proofs of completeness were non-
constructive and relied on the anti-unification type; in the syntactic case, for instance, on the fact that
syntactic anti-unification is unitary. A more preferred proof of completeness for rule-based algorithms
would be constructive, as the one presented in this paper.

Real-world applications of anti-unification are, for instance, the identification of regularities in se-
quential code to transform it into efficient parallel code [[18]]; preventing failures and detecting errors in
software [30]]; repairing software bugs [|17,24,39]]; detecting code cloning and plagiarism [[21,/38]]; main-
taining mathematical or software libraries [27}34]; detecting similarities among chemical compounds to
infer their carcinogenicity [5]. An open-source library of anti-unification algorithms (implemented in
Java) for first- and second-order unranked terms, higher-order patterns, and nominal terms was presented
in [19]]. The paper [22] surveys the state-of-the-art in theory and applications of anti-unification.

Surprisingly, the current interest in the practical applications of anti-unification techniques has not
yet been followed by the development of formal, mechanically verified certificates in proof assistants.
That situation contrasts with the case for unification, where one aims to identify two expressions. For
instance, successful work related to the formalization of unification and matching in interactive theorem
provers are the ones developed in [23]] for AC-matching (in Coq), in [8]] for nominal C-matching through
unification with protected variables (also in Coq), in [[10] for nominal unification, in [[13]] for nominal
C-unification, in [[11]] for nominal AC-matching, and in [14] for AC-unification (all in PVS). Advanc-
ing this line of research to provide formal certificates for proof assistants for anti-unification techniques
and to strike a balance between theoretical development and practical application is of utmost impor-
tance. The only formalization of an anti-unification algorithm known to date is due to [9] for syntactic
anti-unification. In that work, an algorithm for syntactic anti-unification is specified in PVS, and its
termination and soundness are mechanically verified. Only the formal certificate for completeness re-
mained to be constructed, and providing such a construction is the goal of the current work. Completing
that work is of utmost importance, for it will allow the extraction of certified executable code of a sound
and complete algorithm for syntactic anti-unification.

This paper formally studies the additional requirements that are essential for proving the complete-
ness of algorithms based on the standard anti-unification inference rules (see Figure ] that appear in [9].
The main motivation of this study is to understand in detail the greater complexity of proofs required for
anti-unification compared to those for formalizations of unification algorithms (e.g., [[6,[3637]). In [9],
for formalizing soundness, important differences were highlighted, particularly in the cases of detection
of solved and syntactically equal problems. In anti-unification, two crucial aspects concern the treatment
of such problems. The former corresponds to equational questions between terms headed by different
(function) symbols. In contrast, the latter corresponds to trivial (i.e., syntactically equal atomic) prob-
lems in which the terms are either the same constant or the same variable. Surprisingly, most of the
formalization work (more than 90%, as quantified in [9]]) for verifying the anti-unification algorithm was
devoted to these two kinds of apparently straightforward cases. For obtaining a formal proof, the rigor-
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ous analysis of these cases requires more elaboration than the one usually devoted to the completeness
of anti-unification in pen-and-paper proofs (e.g., [[1,28},33L[35]]).

In unification, if a problem is what we call a solved problem above in the context of anti-unification,
one has a failure because terms with different head function symbols can not be unified; and syntactically
equal problems are trivially resolved using the identity substitution. In anti-unification, the situation is
completely different. A solved equation does not mean a failure, but the detection of a difference in the
structure of the terms being compared. That difference is recorded in the computed substitution of the
current configuration. In fact, unlike unification, anti-unification never fails. To solve the general case
of anti-unification, one should proceed by further checking for other occurrences of the same difference,
thereby detecting all possible regularities.

In anti-unification, the decomposition of the problem is guided by mutually distinct labels associated
with subproblems of the input problem and by a substitution that records the problem’s structure. As
soon as a solved subproblem is detected, it is stored separately. The essential elements for addressing
solved and syntactic equations for formalizing soundness in [9]] include preservation properties for the
sets of labels of the unsolved and solved subproblems, and for the variables in the domain and the image
of the computed substitution.

Main Contribution

* For the formalization of completeness, we discuss why the preservation properties developed for
soundness together with the adjustments of generalizer notions (Subsection [3.2) are enough to
address the inference rules for decomposition.

* Although the required notions for dealing with the cases of solved and syntactic rules in the sound-
ness proof were much more elaborate than those required for unification, these notions were not
enough for formalizing anti-unification completeness. We introduce the required additional el-
ements in notions such as arbitrary generalizers so that a series of invariance and preservation
properties are guaranteed; among them, properties that assure that the steps of the algorithm do
not change anti-unification problems, and that the partially computed solutions can always be re-
fined into generalizers that are less general than any arbitrary generalizer (Subsection [3.1]). Based
on these properties, a restricted notion of generalizer is introduced (Subsection [3.2).

* Finally, using the restricted notion of generalizer, we formalize (Subsection 3.3 the completeness
theorem (stated as Theorem [20) and obtain as a corollary the main result that states the complete-
ness of the algorithm regarding arbitrary generalizers (Corollary [21).

Organization

Section [2| presents the required background following standard nomenclature on anti-unification, which
is the one used in the formalization [9]. Section [3]is the kernel of the paper. Subsection [3.1] presents
the additional notions required to record preservation and invariance properties that compile the history
of the algorithm’s computation. Subsection [3.2] presents the adjustments required to address complete-
ness; then, Subsection [3.3] discusses how solved and syntactic subproblems are treated. Subsection [3.4]
discusses the analysis of decomposition rules. Finally, Section [ concludes and briefly discusses fu-
ture work. Several points in the paper include links to the specification (&). An extended version of
this paper & presents quantitative information on a direct approach for dealing with the decomposition
inference rules.


https://github.com/mayalarincon/anti_unification_PVS/tree/main
https://github.com/mayalarincon/anti_unification_PVS/tree/main

32 Anti-Unification Completeness Analysis in PVS

2 Background

The background related to terms, substitutions, and configurations is present in [9] and will be restated
here to provide the proper vocabulary. The set of ferms is generated by the standard nominal grammar
s;tz=c | X | () | (s,¢) | fsadapted from [12], where ¢ stands for constants, X stands for variables,
s and ¢ stand for terms, (s,7) stands for pairs of terms, () stands for the um’tﬂ f stands for function
symbols, and fs stands for functional applications. It is specified in PVS by means of the abstract data
type (ADT) [first_order_term &, requiring types for constants, function symbols, and variables as
parameters. A basic substitution is a binding (X + t), where X is a variable and 7 is a term. A substitution
is a finite list of basic substitutions (the identity substitution is the empty list 1). Those are specified in
PVS in the theory first_order_substitution &' using pairs and lists of these pairs. The laction of a
substitution on a term & is standard. The domain of a substitution ¢ is denoted by dom(o ) &'. The set of
variables in its range is denoted by rvars(c). The substitutions recognized by the predicate nice? &
defined in the previous theory are the most important and widely employed in the specification.

Example 1 (Niceness). A substitution (X, > t1) -+ (X — ty) is nice iff vars(t;,) N { X;,..., X } =0 and
Xi#Xjforalli,j=1,..., mwithi# j. Forinstance, (X — (Y,Z)) (W — fX) is nice, while (X — fX)
is not.

An anti-unification problem is encoded by an anti-unification triple (AUT), which is an expression
of the form s £y f, where s and ¢ are terms, called its left- and right-hand sides, respectively, and X
is a fresh variable for s and ¢ called its label. That structure is specified in PVS by means of a record
type AUT &', where record accessors for label and left- and right-hand sides are present. The expression
eqy will be used to denote an AUT whose label is the variable X. Its left- and right-hand sides will
be denoted by 1hs(eqy) and rhs(egy), respectively. To solve an anti-unification problem, one must
compare two terms and decompose their common structure. That motivates an AUT classification that
allows no superposition: An AUT eqy is decomposable iff 1hs(eqy) and rhs(eqy ) are either both pairs
or both functional applications headed by the same function symbol; it is trivial iff 1hs(eqy ) = rhs(egy)
is the unit, a constant or a variable; and it is solved in any other case. That AUT classification guides
the design of the inference rules presented in Figure [T] and, in PVS, it is specified by means of unary
predicates match_DecF? &, match_DecP? &, match_Synt? &, and match_Sol? &' that checks whether
or not an AUT matches the application of a rule.

During the decomposition, the labels are the most general solutions to anti-unification (sub)problems.
Since those subproblems occur in different positions in the common structure of terms, it makes sense
to label new subproblems with fresh labels to distinguish them. The decomposition produces a finite
number of AUTs that are described as a finite collection. In PVS, that collection is specified as a [list of
AUTSs &. To a finite collection of AUTSs A, one associates two sets whose members are variables that play
completely distinct roles in the anti-unification algorithm. The first one is its set of labels 1bls(A) &,
which collects all the labels of the members of A. The second one is its set of variables vars(A) &,
which collects all the variables that occur in the left- and right-hand sides of its members. To refer to
a collection of subproblems obtained from a problem consistently, it is necessary to define a valid set
of AUTSs as being a finite set A of AUTSs such that 1bls(A) = |A| and vars(A) N1bls(A) = 0. In PVS,
valid sets of AUTs were specified by means of valid lists of AUTSs, which are recognized by the unary
predicate valid_AUTs? &.

IThe unit is useful for term flattening and for efficiently encoding finitary and variadic functions in the presence of pairs. For
instance, considering addition +: N — N, one can define }: 1ist(N) — N recursively by }.() :==0and Y (m,L) :=m+Y L.
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As decomposition proceeds, it may be necessary to address an anti-unification problem that was
previously handled but at a distinct position in the common structure. Such problems are essentially the
same but encoded by AUTs that differ only in their labels. Those are called repeated AUTs. That can be
extended to sets of AUTs: An AUT egy is repeated in a set A of AUTs iff there exists an AUT eqy in A
such that eqy and eqy are repeated. The binary predicates repeated_AUT? & and AUT _repeated_in? &
are specified to recognize such repetitions.

<fséXft’U|S|G>

Decompose-Function (DecF) —
s=1,U|S]o (X fY))

((s,u) £x (1,v),U | S| )

Decompose-Pair (DecP) = ~
(s=yt,u=,v,U|S|o (X (V,2)))

(s2xt,U|S]| o)
{U]S]o(X—X")

Solve-Repeated (SolR) if s £y ¢ is solved and s éx/ tes

(s2x1,U|S| o)
(Uls=x1,S|o)

Solve-Non-Repeated (So1NR) if s £y 1 is solved and not repeated in S

(s2xs,U|S]|o)

Syntactic (Synt) UTS]o X =)

. A . . .
if s =x s is trivial

Figure 1: Standard anti-unification inference rules.

During the decomposition of the common term structure, one must understand the current state and
the states visited to reach it. In that way, the problems already computed and those remaining to be
computed will be identified. That is encoded by means of a valid configuration, which is an expression
of the form (Cyns | Cso1 | Csub), Where Csyp is a substitution, Cyss and Csoy are valid sets of AUTS called
its computed substitution and unsolved and solved parts, respectively, and each of those three components
satisfy the following constraints:

1. The sets Cyns and Cso1 are disjoint and Cyps U Cso1 is a valid set of AUTS;
2. The set Cgo1 contains only solved AUTs that are not repeated in Cso1;

3. The sets 1bls(Cyps), 1b1s(Cso1), and dom(Csyp) are pairwise disjoint. The sets dom(Csyp) and
rvars(Csyp) are also disjoint.

The inference rules in Figure[I)induce a reduction relation over valid configurations, which is denoted
as = using standard rewriting notation [15]); thus, =*, =7, and =" denote the reflexive transitive
closure, transitive closure, and the n-reduction steps derivation relations obtained from =, respectively.
In specific derivations, superscripts with the names of the applied rules are added to the relation symbol
=>. For the example in the introduction, we have the following derivation:
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(f (3 (c,d),0) 2x f (g (g (w),v),g (wy) |0]1) =225
(g (c.d) 2y g (g (u,v),v),c 278 (uv) [0] X s f (v,2)) =225

SolNR,SolNR,
=

SolR

<Cézg(uvv) |céylg(u,v),déyzv\Xl—>f(g(Y1,Y2) =

)

,Z))

(c2y g (), d =y, vic 228 () |0|X = f(g(M,12),2))
Z))

@fc2y gwy),deyv|Xef(g(,12),1))

A configuration is specified in PVS by means of Configuration &', which is a record type with
record accessors for unsolved, solved, and computed substitution (always a nice one). Among configu-
rations, the valid ones are recognized by the unary predicate validConfiguration? &. The intuition
for each component of a valid configuration is as follows. Its unsolved part encodes the problems to
be computed, its solved part encodes the problems where the common term structure differs and which
were detected for the first time, and its computed substitution encodes the common term structure already
decomposed. Thus, a valid configuration encodes the entire history of the decomposition up to that point.

The decomposition of the term structure is carried out by the inference rules presented in Figure [I]
The algorithm Antiunify & is specified in [9] as a recursive unary function that maps valid configura-
tions into valid configurations, and it consists of the exhaustive application of the rules to a valid input
configuration. Since the unsolved part of a valid configuration is specified by a list of AUTs, the rules are
always applied to the ﬁrst member of that list. The size of the unsolved part of a configuration, which is
the sum of the sizes & of its members, was the chosen metric for ensuring termination in [9].

The rules presented in Figure [1] are specified in [9] by means of unary functions DecF &, DecP &
Synt &, and Solve & that require an input valid configuration that matches the application of the rule
and returns an output configuration according to their (dependent) type. That type encodes, among other
properties, that the output configuration is a valid configuration with a smaller size than the input con-
figuration. PVS generated a type correctness condition (TCC) for each function, and each one of those
TCCs required a manual proof. The advantage of this approach is that PVS generates a termination
TCC for the specification of Antiunify, and the prover can automatically prove it using the informa-
tion encoded in the (dependent) types of the input-output configurations of the inference rules. Thus,
an exhaustive application of the rules terminates in a configuration with an empty unsolved part. Those
are called normal configurations (or final configurations) and are recognized in PVS by means of the
predicate normal_configuration? &.

vp‘

prove that Qf generalizes CUns

A

C » ! ? Cf

after one rule step

~
. . /
knowing that Qf generalizes CUns

Figure 2: Inductive step in the soundness theorem presented in [9].

The background was enough to prove antiunif_is_sound & in [9]]. The argument was constructed
by induction on the size of the unsolved part of a valid configuration together with a case analysis
concerning the employed rule in the inductive step, which is presented in Figure [2] The effort required
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was measured in [9]] by the number of proof commands (for the proof and also its dependencies) and the
amounts are 2.09% for DecF, 4.56% for DecP, 61.70% for Synt, 29.60% for SolR, and 2.05% for So1NR.
Surprisingly, the rules Synt and SolR together make up 91.10% of the entire effort and algorithmically,
going from C to C’, they only add to Csyp, a new basic substitution (X — a), where X is a label in Cyps
and a is an atomic term. While that transformation seems trivial in a pen-and-paper proof, a considerable
amount of work is required to analyze its effects in a mechanized and formally verified proof for the case
where a is a variable. In that case, the branches for those two rules relied on dependencies (lemmas) that
stated the invariance and preservation properties concerning the action of 6y on the variable a. These
properties explained why all that effort was required.

3 Dissection Towards a Mechanized Completeness Proof

Using the formalization elements developed for the proof of soundness in [9]], one can try to address the
completeness proofs for the decomposition rules (DecF and DecP). Indeed, for an inductive proof like
the one presented in Figure [2| using a notion r_generalizer & of arbitrary generalizer that restrict its
domain and range avoiding occurrences of the variables used by the algorithm, the completeness case
analysis of these two rules will amount more than 2500 and 3500 PVS proof commands for the DecF
and DecP rules, respectively (see the extended version of this paper &). Such an approach is sufficient
to guarantee the completeness of the algorithm for the subclass of anti-unification problems that do not
require applications of the rules SolR and Synt, but not for arbitrary problems. An important class
of such problems comprises those that do not repeat variables or constants. For those problems, the
decomposition rules will only lead to solved AUTs that cannot appear more than once. Since no variable
nor constant appears repeatedly, no application of the rules SolR or Synt is possible.

Surprisingly, following the same inductive schema with the same notion of generalizer did not work
for the SolR, SolNR, and Synt rules, as this section explains. The problem arises in the inductive step:
given an arbitrary generalizer Y for the problem encoded by a configuration C, to apply the inductive hy-
pothesis, one needs to build an associated generalizer ¥ for the configuration C’; and using the hypothesis
that it is more general than the computed solution given by 6y, in the final configuration Cy, prove that y
is also more general than 6 (see Figure 3).

given Y from Y construct }/
~~ S
after one rule step %
C y (! y Oy

from =1b1s(Cl,,) O prove ¥ S1b1s(Cons) Or

Uns

Figure 3: Inductive step in the experiments towards a completeness proof.

Initially, Subsection explains new notions that are required to compile configuration preserva-
tion properties for the analysis of the Synt, SolR, and SolNR rules. These notions are used to record
invariance properties throughout the history of computations. Afterward, Subsection [3.2] presents crucial
adjustments required to address completeness for those rules; finally, Subsection[3.3|discusses how these
adjusted notions are used in the formalization of the inductive proof. Although the branches of the de-
composition rules can be derived from the elements developed in [9]], for insertion into the case analysis
of this new inductive schema, they require straightforward adaptations, as explained in Subsection [3.4]
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3.1 New Notions Required for the Completeness Analysis

An initial configuration is a valid configuration with an empty solved part and identity computed sub-
stitution, and it is recognized in PVS by means of the unary predicate initial_configuration?&'. In
PVS, a single application of any of the rules is recognized by the binary predicate Antiunify? & spec-
ified from the binary predicates DecF? &, DecP? &, [Synt? &, and [Solve? &. These predicates check
whether a configuration is derived from another configuration by applying the respective inference rule.
The binary predicate RTC(Antiunify?), constructed using the reflexive-transitive closure of abstract
reduction relations, RTC (R) &, from the NASAlib theory of rewriting (see, e.g., [25,[31]). For brevity, in
this section, we will also use standard rewriting notation for the specified predicate Antiunify?; thus,
= and =" will denote Antiunify? and RTC(Antiunify?), respectively.

All information pertaining to the derivation of a valid configuration from an initial configuration is
stored in the former. All labels that were used during its derivation encode positions in the common term
structure where subproblems were detected. Labels are transformed at each step taken: New labels are
generated, labels are moved from the unsolved part to the solved part, to the domain of the computed
substitution, or to its range. That motivates the following definition:

Definition 2 (Labels of a Valid Configuration). The set of labels & of a valid configuration C is defined
as 1bls(C) := 1bls(Cyns) U1bls(Cso1) Udom(Coup ).

The information encoded by labels is essential if one aims for completeness, as labels encode posi-
tions. One important preservation property is stated in the next lemma and proved by induction on the
number of steps in a derivation. Intuitively, all information encoded by the labels of a valid configura-
tion is inherited by every valid configuration derived from it. In particular, if C = C’ by means of SolR,
SolNR, or Synt, then 1bls(C’) = 1bls(C).

Lemma 3 (Preservation of Labels &). If C =*C’, then 1b1s(C) C 1bls(C’).

Another important class of variables in a valid configuration derived from an initial configuration are
those which appear on the left- and right-hand sides of the AUTs of the latter. In the decomposition of the
common term structure, one can detect a trivial AUT whose both sides are the same variable, and the rule
Synt transforms that AUT accordingly, storing the following information at the computed substitution:
The label that encodes the position where the problem was encountered must be mapped to that variable
that occurs at that position. That is the only possible transformation regarding those types of variables,
and it motivates the following definition:

Definition 4 (Protected Variables of a Valid Configuration). The set of protected variables &' of a valid
configuration C is defined as prtd (C) := vars(Cyps UCso1) U (rvars(Csyp) \ 1b1s(Cyns UCso01))-

A variable that occurs in the left- or right-hand side of an AUT of Cy can occur in a subsequent
derived configuration C in vars(Cyps UCso1 ) Urvars(Csu, ). How they appear in those sets is understood
by the action of the inference rules employed in the derivation. One important invariance property is
presented in the following lemma, which is proved by induction on the number of steps of a derivation.
A crucial step in that proof is understanding how the set of variables of the computed substitution of a
valid configuration changes after applications of the standard inference rules.

Lemma 5 (Invariance of Protected Variables &). If C =*C’, then prtd (C) = prtd (C’).

An important consequence of the previous lemma is the following: the set of protected variables of
any configuration derived from an initial configuration is exactly the set of variables of the unsolved part
of the latter. Also, it is important to notice that 1bls(C) Nprtd(C) = @ for any valid configuration C.
Another type of invariant present throughout the computation is the problem being solved. To discuss
that, one requires the proper vocabulary:
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Definition 6 (Lateral Substitutions).
1. The left (resp. right) substitution associated with a valid set A of AUTs is the substitution pj
(resp. pa) with dom(pf) = 1b1s(A) (resp. dom(pp) = 1bls(A)) such that Xpi = 1hs(eqy) (resp.
Xpa = rhs(eqy)) for every X in 1bls(A);
2. The left & and right substitutions associated with & a valid configuration C are:

pg — pEUnsUCSol and p}g — pR(;UnsUCSol.

By definition, one can see that rvars(pf) Urvars(p%) C prtd(C), thus the lateral substitutions
associated with C are idempotent. Also, their restriction to any part of C is the corresponding lateral
substitution associated with that part. Lateral substitutions play an important role in reconstructing AUTs
that encode anti-unification problems. The invariance result hinted at before can be stated as the next
lemma. It is proved by induction on the length of the derivation, paying attention to how each inference
rule modifies the lateral & and computed substitutions associated with a configuration, as well as to the
role of the label of the AUT transformed by the inference rule.

Lemma 7 (Problem Invariance &). If C =*C’, then XChppS = XCsup’ and XChpps = XCsupp$ for
every X in dom(Csyp)-

Since all information is preserved in a derivation, one can think intuitively about Lemma [7| by em-
ploying a jigsaw puzzle: One breaks the entire picture (an AUT of the unsolved part of a valid config-
uration) into small pieces (AUTs obtained from that AUT by applications of inference rules to config-
urations) in a way that, if all of them are put together (the compositions of the computed and lateral
substitutions), then one obtains the original picture again. That is the problem invariance: No matter how
one breaks a problem into subproblems, the problem remains the same throughout the computation.

All the preservation properties presented so far can be used to completely describe the history of
computation in the derivation of a valid configuration from an initial one. For instance, an argument by
induction is sufficient for proving the following lemma:

Lemma 8. [History of the Solved Part %] Let Cy be an initial configuration and C be a valid configuration
such that Cy ="* C. For every AUT eqy in Cso1, there exist two valid configurations C' and C" such that
eqy belongs to Cl,s NCyq \ Csoq and Co=*C' = C" =*C, where the step C' = C" uses So1NR.

Another important description of the history of computation during a derivation concerns the domain
of the computed substitution. That history is presented in the next lemma, which can be proved by
induction using Lemma [7}

Lemma 9. [History of the Computed Substitution&'] Let Cy be an initial configuration and C be a
configuration such that Co =" C. For every X in dom(Csyy ), exactly one of the following holds:
1. XCsy is a variable and exactly one of the following holds:

1.1. XCsy, is the label of the AUT
XCS'llpr éXstm;, XCSubpg

that belongs to Cso1;
1.2. XCsyy, is a member of prtd (C) and the AUT

XCsuwpf 2x XCsunpf

is the trivial AUT
XCsub =x XCsupb

that belongs to Cy, g for some valid configuration C' such that Co=*C' =*C;
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2. XCsup is either the unit or a constant and the AUT
XCsuwpf 2x XCsunpf

is the trivial AUT
X CSub éX X CSub

that belongs to Cy, g for some valid configuration C' such that Co=*C' =*C;

3. XCsup is either a functional application or a pair, and the AUT
XCsunpt 2x XCsuppl

is decomposable and belongs to Cy, . for some valid configuration C' such that Co="*C' ="*C.

3.2 Adjustment of Generalizer Notions

At this point, one has sufficient grounds to provide the building blocks of a definition that encodes what a
generalizer for a valid configuration is. Lemma 7] guarantees the consistency of the following definition:

Definition 10 (Extended Set of AUTs). The extended set of AUTSs of a valid configuration C is defined
as:

Cext = {XCSubPLC Sy XCSubpj(ej ‘ X € dom(Csyp) }

A close inspection of the previous definition and the definition of lateral substitutions ensures that
the set just introduced is a valid set of AUTs. Suppose C = C'. If SolNR is the employed rule, then
Chyr = Cixt. If any other rule is the employed one, then Cf,, = Cxt U {eqy }, where egy is the AUT in
Cuns that is transformed by the rule. Thus, an inductive argument together with Lemma [7| provides the
following natural result:

Lemma 11 (Preservation of Extended Set). If C =*C’, then Cgxy C Cpyy-

Notice that in the set of labels of a valid configuration, the labels of the unsolved and solved parts are
obtained directly from the AUTSs that are already present in the configuration. The labels in the domain
of the substitution refer to AUTs that were already transformed, and the extended set of AUTs is a very
natural way to recover them. Thus, one can define:

Definition 12 (Total Set of AUTSs). The total set of AUTSs of a valid configuration C is defined by
Crot = Cuns UCso1 U Cixt-

A close inspection of the previous definition ensures that the set just introduced is a valid set of AUTs.
Moreover, the identity 1bls(Crot) = 1b1s(C) holds. Suppose C = C'. If SolNR, SolR, or Synt is the
employed rule, then C., = Crot. If any decomposition rule is the employed one, then Cfyy = Cext UA,
where A is the set of new AUTs introduced by the employed rule. Thus, an inductive argument provides
the following natural result:

Lemma 13 (Preservation of Total Set). If C=*C’, then Cror C Croy-

Given two terms s and 7, a term g is a generalizer for s and 7 iff there exist substitutions o and 7 such
that go = s and g7 = ¢. Thus, a generalizer for an AUT is a generalizer for both its sides. In the case
of a valid configuration, one requires a notion of a generalizer that uniformly generalizes all the AUTs
associated with that configuration. Thus, a generalizer for a valid configuration must be a substitution,
and any comparison between generalizers must rely on the instantiation preorder restricted to the set of
labels of the configuration. A natural definition is the following one:
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Definition 14 (Total Generalizer for a Valid Configuration).

1. Let A be a valid set of AUTs. A substitution 7y is a total generalizer for A iff there exist left and right
cohesion substitutions 7; and tj, respectively, such that

Xyt = 1hs(eqy) and  Xyth =rhs(eqy)

for every eqy in A;

2. A substitution Y is a total generalizer for a valid configuration C iff v is a total generalizer for Crot.
Its left and right cohesion substitutions are denoted by ‘L'Lc and Tg, respectively.

That is the notion of a generalizer for a valid configuration required for proving completeness. The
identity 1 is a total generalizer for every valid configuration C and the lateral substitutions of Cre, are its
cohesion substitutions. That mirrors the fact that a variable generalizes any term. As a bonus, the new
notions presented so far are already enough to prove soundness in a way that is different from the ones
presented in [9]] or in [4]]. The new proof of soundness relies on the preservation properties stated in
Lemmas[7|and[I3] and it is done by induction on the number of steps of the derivation.

The pen-and-paper proof of completeness that is going to be presented here is constructive and com-
pletely different from the one presented in [4]], because no results on confluence or the type of syntac-
tic anti-unification will be assumed. On the contrary, that type will be a consequence of termination,
soundness, and completeness. Before presenting the proof, certain properties of generalizers for valid
configurations must be proved. The first one is a natural definitional corollary:

Lemma 15 (Total Generalizer Coherence). If A is a valid set of AUTS, ¥ is a total generalizer for it, and
eqy is a member of A, then X is a total generalizer for eqy. More precisely:

1. Ifeqy is a decomposable AUT, then:

1.1. If 1hs(eqy) is a functional application, then X is either a variable or a functional applica-
tion starting with the same root symbol of 1hs(eqy );

1.2. If1hs(eqy) is a pair, then Xy is either a variable or a pair;
2. If eqy is a trivial AUT, then Xy is the unit, a constant or a variable;
3. Ifeqy is a solved AUT, then Xy is a variable;

A particularly important preservation result concerning total generalizers for valid configurations
is the following one. Despite being a natural definitional corollary, it essentially informs that a total
generalizer cannot associate the same solution to problems encoded by AUTs of distinct classes:

Lemma 16 (Preservation of Classification). Let A be a valid set of AUTs and 7y be an arbitrary total
generalizer for A. For all eqy and eqy in A, if X'y =YY, then eqy and eqy are repeated.

The key step in the proof of the previous lemma is the existence of cohesion substitutions associated
with the total generalizer y. Under the hypothesis Xy = Y7, they force the left and right-hand sides of
the AUTs egy and eqy to be respectively the same terms. A particularly important consequence of the
previous lemma is the following lemma, which deals with syntactic and solved AUTs:

Lemma 17 (Separation). Let A be a valid set of AUTs, y be an arbitrary total generalizer for A, and eqy
and eqy be arbitrary members of A.

1. If eqy and eqy are trivial AUTs and 1hs(eqy) # lhs(eqy), then Xy # Y'y;
2. If all members of A are not repeated in A and X # Y, then Xy # Y.
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An important application of Lemmas|[I35]and[I7]is the following. If C is a valid configuration, then the
members of Cs1 are not repeated in it. Thus, a total generalizer for C maps distinct labels in 1b1s(Cso1)
to distinct variables. In other words, a total generalizer for a valid configuration is able to separate non-
repeated solved (resp. non-repeated trivial) AUTs that appear in a derivation ending in that same con-
figuration. This property will play an important role in a step of the proof of completeness. Another
important property of total generalizers for valid configurations is presented in the following lemma:

Lemma 18 (Choice of Total Generalizer). Let C be a valid configuration and A be a set of variables.
For every total generalizer Y for C there exists a total generalizer Y for C such that rvars(Y)NA =0
andy ~115(c) V-

To prove the previous lemma, one needs to enumerate all the variables in rvars(y) N A (if there are
any) and rename all of them into distinct fresh variables using a renaming . New cohesion substitutions
are constructed using ¢ and the old ones. Lemma [I8] serves as inspiration for providing the following
definition:

Definition 19 (Restricted Total Generalizer). Let C be a valid configuration and Cy be a final configura-
tion such that C =" Cy. A total generalizer 'y for C is a restricted total generalizer for C relative to Cy iff
rvars(y) N (1bls(Cy)Uprtd(Cy)) =0 and yy =.

The specification of that type of total generalizer is crucial in the proof of completeness. Lemma
shows that if a valid configuration admits a total generalizer, then it admits a restricted total generalizer
that is equivalent to the original one on the labels of that configuration. That means that one can restrict
their attention to that class of more well-behaved total generalizers for valid configurations. Also, since
equivalence holds, completeness is not lost by such a restriction. That is the path followed in the PVS
specification. We are ready to state completeness. All the preservation properties, invariants, and (re-
stricted) total generalizer properties presented so far will naturally guide the construction of the proof.
It will be dismembered into parts. Synt, So1NR, and SolR rules are presented in Subsection [3.3] while
DecF and DecP are presented in Subsection [3.4]

Theorem 20 (Strong Completeness for Restricted Total Generalizers). Let Cy be an initial configuration,
Cr be a final configuration such that Co =" Cy, and 0y be the computed substitution of Cy. For every valid
configuration C such that Co =" C =" Cy and every restricted total generalizer Yy for C relative to Cy it is
the case that Y =<1p15(c) Oy-

The proof of Theorem [20|is done by induction on the number of steps taken in C =" Cy. In the base
case, one has C = Cy. Let Sy be the solved part of Cy. By the definition of total generalizer for Cy, one
can always assume that dom(7y) Nprtd (Cy) = 0. Since rvars(6y) C 1bls(S;) Uprtd (Cy), one employs
the definition of restricted total generalizer and Lemmas 3] l EI, . and. 17]to conclude that ¥ =115(c)) Gf

For the inductive step, one assumes the result for derivations of length m and supposes that Co ="
C =" C;. Thus, there exists a valid configuration C’ such that Cy =>*C = C’' =" Cs. The analysis
now proceeds by considering the rule employed in the step C = C’. One must start with an arbitrary
restricted total generalizer Y for C relative to C and use it to construct a restricted total generalizer ¥’ for
C’ relative to Cy to use the induction hypothesis (i.h.). That construction must be so that one can push the
comparison using the instantiation preorder back to . The situation is presented in Figure 4] Once the
proof is finished, one can employ Lemma [I§]to derive the following corollary from which one concludes
that the type of syntactic anti-unification is unitary:

Corollary 21 (Strong Completeness). Let Co be an initial configuration, Cy be a final configuration such
that Cy =" Cy, and Oy be the computed substitution of Cy. For every valid configuration C such that
Co="C="Cy and every total generalizer 'y for C it is the case that Y =1p15(c) 0-



M. Ayala-Rincén et al. 41

* after one rule step m steps
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from =1b1s(c’) O prove ¥ S1p1s(c) Of

Figure 4: Inductive step in the proof of completeness.

3.3 Completeness Analysis for Syntactic and Solve Rules

This subsection is concerned with the branches of the proof of completeness where the step C = C’ is
achieved by means of the rules Synt, Sol1NR, or SolR. Let ¥ be an arbitrary restricted total generalizer
for C relative to Cy. The information concerning both y and the history of the computation is required
for constructing a restricted total generalizer ¥ for C’ relative to Cy that allows the use of the reasoning
illustrated in Figure 4]

1. If Synt is the employed rule, then there exists a trivial AUT egy in Cyss such that Cj,s = Cyns \
{egy }, Chor = Cso1, and Chyp, = Csup (X +— 1hs(eqy)). By Lemma|[16] one knows that X is dif-
ferent from every variable that is assigned by 7 to the labels of non-trivial AUTs. The problem
encoded by the trivial AUT eqy may appear in different positions in the common term structure.
The information about it may be already stored in Cyps \ { egy } or in Csyp.

2. If SolNR is the employed rule, then there exists a solved AUT eqy in Cyps such that i, = Cyns \
{eqyx }. Cso1 = Cso1 U{eqy }, and C§p, = Csup. In other words, this is the first time that the problem
encoded by the solved AUT egy is encountered. From Lemma it follows that Xy is different
from Yy for every Y in 1bls(Cso1). By Lemma one knows that Xy is different from every
variable that is assigned by ¥ to the labels of non-solved AUTs. Notice that no information about
the problem is already stored in Csyp. Nonetheless, information about it may already be stored

in Cyns \ { eqy }-

3. If SolR is the employed rule, then there exist solved AUTS egy in Cyns and egys in Cso1 such
that Clips = Cuns \ {€gy }» Céo1 = Cso1, and Cgy, = Csub (X — X’). In other words, the problem
encoded by the solved AUT eqy, is encountered again. From Lemma [T7, it follows that Xy and
X'y are different from Yy for every Y in 1bls(Cso1) \ {X'}. Since eqy and eqy: are repeated
AUTSs, it is not necessarily the case that Xy = X’y. By Lemma one knows that Xy is different
from every variable that is assigned by ¥ to the labels of non-solved AUTs. The problem encoded
by the solved AUT egy may appear in different positions in the common term structure, and the
information about it is already stored in Cso;.

That explains why the elements provided by [9] are not sufficient for addressing those rules and why
it is crucial to require in the specification of a total generalizer for a valid configuration that it must also
generalize both its solved part and the domain of its computed substitution together with its unsolved part.
Only requiring that for the latter does not necessarily provide all the needed information regarding the
history of the computation to compare the restricted total generalizer and the final computed substitution
in those branches of the proof. Now, both the definition of total generalizer and the preservation properties
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previously discussed come to the rescue. Since the employed rule is Synt, SolNR, or SolR, one knows
by Lemma [13| that C1,, = Crot and 1b1ls(C’) = 1bls(C). In other words, all the information required
for the comparison is already present in C and is preserved from C to C’. Thus, one concludes that v is
already a restricted total generalizer for C' relative to Cy and y =1p1s(c) 67 follows immediately from the
induction hypothesis. Although the pen-and-paper proof seems straightforward, much of the effort in the
verification will be related to its dependencies.

3.4 Completeness Analysis for Decomposition Rules

This subsection is concerned with the branches of the proof of completeness where the step C = C’ is
achieved by means of either DecF or DecP. Let ¥ be an arbitrary restricted total generalizer for C relative
toC f-

1. If DecF is the employed rule, then there exist a decomposable AUT eqy = f1;, Ly ftgin Cyps and a
variable Y fresh for C such that Cj,. = Cyns U{ eqy } \ {€gx }> C&01 = Cso1> Coup = Csub (X — fY),
and eqy =11, ) By Lemma the term Xy is either a variable or ft for some term ¢.

1.1. Suppose Xy = ft for some term ¢. Define:

Y = Yaony) (v} (¥ 1)

That is a restricted total generalizer for C’ relative to Cy. By the i.h., ¥ =1b1s(c’) Of. There
exists a substitution & such that ¥'8’ =1y,5(¢r) 6. Letting

=10,

one concludes that Y8 =1p15(C) O Indeed,

Xyd = f18' = fYyd&' = fY0, = X0y,
and Zy§ = Zy'§' for Z in 1b1s(C) \ { X }. Thus, ¥ Z1415(c) 6y

1.2. Suppose Xy =U is a variable. There exist cohesion substitutions TE and r,%’ of 7. There exists

a substitution 6" such that y8” =115(c) 877. Let W be fresh for Cy, 7, ¢, 15, and §'. Define:

Y = Yaonpp (v} (U = fW) (Y = W).
That is a restricted total generalizer for C’ relative to Cy. By the i.h., ¥ =1515(c) 0. There
exists a substitution 8’ such that '8’ =1415(¢) 6y. Letting

S=Uwr fW)Y —»W)&,

one concludes that Y8 =1p15(C) O Indeed,

Xys =fWé&' = fYys' = fro,=Xxoy,
and Zyd = Zy'§' for Z in 1b1s(C) \ { X }. Thus, ¥ Z1415(c) 6y

2. The analysis for DecP is similar and will be omitted.

Crucial steps in verifying the previous arguments rely on the constraints imposed by the definition
of restricted total generalizers. For instance, the constraint rvars(y) N (1bls(Cy)Uprtd(Cy)) = 0 is
vital for the construction of the substitution y'. Moreover, the fact that a total generalizer for a valid
configuration generalizes the unsolved part of that configuration is crucial for applying the induction
step in verifying these branches of the proof.
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4 Conclusion

This paper presented a rigorous pen-and-paper proof of the completeness theorem for syntactic anti-
unification and the discussion clarified the formal elements required to mechanically verify the theorem
inductively in PVS (and other proof assistants as well). In particular, the paper highlighted important
differences that make that mechanization exercise much more complex than verifying the algorithmic
solutions to unification, for which the cases of solved and syntactically equal subproblems are resolved
immediately, leading to failures and trivial solutions. For formalizing the proof of the completeness theo-
rem in PVS, we addressed these problems with the necessary theoretical rigor. The greater complexity of
mechanizing verification for anti-unification algorithms lies in how to record the history of decomposing
problems into solved and syntactic subproblems, whose regularities (repetitions) are further encoded by
storing repeated solved and syntactic subproblems via the substitution solution under construction. The
precise notions that guarantee the construction of a solution more specific than any arbitrary generalizer
involve elaborate invariant properties related to the preservation of the problem (Lemma [7), history of
the computed solution (Lemma[J)), preservation of the extended problem and coherence of the partial so-
lution generated during the computation (Lemmas [I3] and [I5). In addition, by definition of a restricted
notion of arbitrary generalizers (Definition [I9), the main completeness result is obtained as a corollary
(Corollary 2T)) of the completeness for such a class of generalizers (Theorem [20). All results presented
in Subsection [3.T]are already completely specified and formally verified in PVS.

Future work

Work in progress includes the formalization in PVS of the definitions and lemmas presented in Sec-
tion [3.2] to obtain a mechanically and formally verified proof of completeness for the functional rule-
based algorithm Antiunify, from which certified executable code can be extracted. Additional work
includes the extension of the formalization for verifying algorithms to anti-unification modulo various
algebraic properties widely used in mathematics, such as commutativity, associativity [1}2[], absorp-
tion [7,)26]], and their combinations.
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Autosubst enables automatic equality-checking up to the o-calculus for assumption-free equalities,
allowing users to avoid cumbersome reasoning about de Bruijn indices. While effective in many
cases, this approach is inapplicable when matching against typing rules, reduction relations, or lem-
mas, requiring users to either phrase typing rules in a way that they work with Autosubst or even
stating explicitly an alternative de Bruijn term. But even without $-reduction, solutions of matching
may not be unique. This paper presents a work-in-progress method for automatically pattern match-
ing against assumptions, evaluated on standard case studies including the POPLMark and POPLMark
Reloaded challenges.

1 Introduction

De Bruijn terms are a canonical technique for representing terms with binders [11], and have a long
history of being used in mechanised formalisations of languages with binders in proof assistants. Despite
this, they are often as regarded as cumbersome in practice [6], largely due to the overhead involved in
proving and applying the many technical lemmas required for substitution and renaming.

The Autosubst code generator [33),[36] addresses this issue by automating reasoning about de Bruijn
terms in the Rocq (formerly Coq) proof assistant in many cases. Given a signature describing a custom
syntax, Autosubst automatically proves the substitution lemmas corresponding to the equations in the o-
calculus [[1]. Central to the approach, Autosubst comes with a simplification tactic called asimpl which
normalizes terms according to these equations. As the de Bruijn algebra forms a sound and complete
model of the o-calculus [32], and as the rewriting system is convergent [10]], equality in the de Bruijn
algebra is decidable by this tactic. In summary, this allows users to work with de Bruijn syntax without
manually applying many technical lemmas.

However, this approach becomes less effective in situations where we want to unify a goal with
an assumption, in Rocq’s case via the apply or eapply tactic. In particular, Autosubst’s automation
is designed for assumption-free reasoning and does not support matching modulo o-equivalence. As a
consequence, the user must compensate for these limitations in their proof scripts. Common workarounds
include stating rules in an indirect form to facilitate matching, introducing auxiliary lemmas with the
right instantiations, and manually transforming goals during proofs to make them applicable, together
with directly defining the values of appearing existential variables.

A representative example, is the formulation of the rule for type application in System F.. in the
POPLMark solution based on Autosubst:

T_Tapp : VATsAA BB, A,THs:VAB— AFA <:A— B =B[A"-id]

—SATFsA B
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Here, the result type is expressed using a fresh meta-variable B’ rather than the more direct expression
B[A’-id]. While this formulation enables the use of the eapply tactic, it shifts the burden to the user, who
(when applying this rule to a goal) must subsequently discharge the additional equality premise. This
premise typically contains existential variables, and the asimpl tactic is only helpful in the case that the
user can give the value of these existential variables upfront.

For example, proving the context morphism lemma in the POPLMark challenge, in the corresponding
case we get stuck with the following goal

AT+ s|o;1] A'[o] : B]A'[o] - O]

where, when applying T_Tapp, we need to solve the equation B[A[0]- 6] =?B[A[0] - id] with a constraint
on ?B as A;T' - s[o] : VA[o].?B.

Such indirect formulations are pervasive. They arise not only in typing rules, but also in reduction
relations [15} 2], weakening and renaming lemmas, and even in mechanisations of dependent type the-
ory [3]. Even when rules are stated directly, auxiliary lemmas are often introduced solely to make them
compatible with apply.

This raises a natural question: can we recover the level of automation provided by Autosubst while
supporting matching modulo ¢-equivalence in the presence of assumptions?

The problem is inherently difficult. Moura et al. showed that Dowek et al.’s method [13]] does

not decide second-order matching for the full Ac-calculus [25]], but even without 3, solutions are not
necessarily unique. In practice, this means that a matching problem may admit multiple candidates, not
all of which satisfy the premises in the context.
Example 1 (Matching up to 6-equivalence is not unique.). The o-matching problem we need to solve
is constrained by the premises in which the unknown variables appear. In the above example, we need to
solve the equation B[A[0] - 6| =?B[A[0] - id] with a constraint on ?B as A;I" - s[o] : VA[o].?B. We have
at least two solutions for ?B, B[t o] and B[A[co 1]- 0o 1]. The latter solution does not hold with the
premise.

As a consequence, any practical solution must rely on heuristics. In the worst case, an adversarial
example can always be constructed where a heuristic selects an incorrect solution, even when a correct
one exists.

Contributions. We extend the Autosubst framework with a tactic for pattern-matching modulo c-
equivalence. Our main contributions are as follows:

1. We introduce a heuristic tactic as_apply, intended as a replacement for the apply/eapply tactic
in Autosubst-based developments.

2. We generalize this tactic to support the full input language of Autosubst.

3. We evaluate our approach on several case studies, including the entire POPLMark and POPLMark
Reloaded Challenge and show that despite its theoretical limitations, first results suggest it per-
forms well in practice.

The development including all results is available online [[18]].

2 Background

We consider de Bruijn terms for the A-calculus [11]]:

st €T = n|st|A.s (neN)
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where s ¢ denotes application, A.s abstraction, and n are de Bruijn indices which serve as variables bound
by abstraction.

Parallel substitutions o, 7 are total functions mapping indices to terms. Intuitively, a substitution can
be seen as an infinite sequence of terms. Sometimes, we need to deal with a special kind of substitutions,
written &, {, that map indices to indices known as renamings.

A de Bruijn algebra is a first-order two-sorted algebra formed of de Bruijn terms and substitutions,
and certain constants and operations from the o-calculus of Abadi et al. [1]]. The central operation is
instantiation: s[c| replaces the free indices of the term s with the terms provided by the substitution c.

The o-calculus comes with a defined set of primitives. The cons operation s - ¢ prepends a term s
to a substitution 6. The composition of substitutions is defined as (6 o) n := (o n)[t]. We further
have constant substitutions such as the identity id := An.n and the shift 1 := An.(n+ 1). The lifting of
a substitution is defined as and used as notation for f} o :=0-0c0 1.

The o-calculus is equipped with a directed set of equational rules over these primitives (Figure [I).
We denote s =4 ¢ if s and ¢ are provably equal by rewriting with a fragment ¢’ of o-rules. We denote by
Onin the fragment consisting of the rules inside the box in Figure[I] which characterise instantiation and
its compositionality properties.

Schéfer et al. showed that the de Bruijn algebra forms a sound and complete model of the ¢-calculus
[32]], and, as the rewriting system induced by these rules is known to be convergent [10], equality in the
de Bruijn algebra is decidable by normalisation with respect to the o-rules.

We also require notions from ¢-matching [13,[7]. A o-substitution 8 is a function from the object
variables to o-expressions such that 6 x # x for finitely many x. Its domain is 2(60) :={x | 6 x # x}. We
write 0 as {x] > §1,...,X, — 5, } Where x; € 2(6) and denote its application to a c-expression s simply
as 0 s. Two substitutions 8y and 6, are 0’-equal iff 6; x =4 6, x for all x. Otherwise, 0; and 6, are
o’-different.

We distinguish between bound and free object variables. The free variables .% (s) are the ones we
need to resolve in a unification problem [[13]. We use the notation s =4 s’ to denote a matching equation
in a fragment 6’ of the o-calculus where s does not have free variables. We say s =4 ¢ has a solution
0 iff s=x 0t and 2(0) C .F(t). We call a ¢’-matching algorithm o-complete iff it computes all -
different solutions to a ¢’-matching problem. In our intended setting, bound variables correspond to
abstract meta-variables, while free variables correspond to unresolved existential variables in a matching
problem.

wnle)=stoldo] |
(A.s)[o] =A.(s[ o)) coid—o Ofs-o]=s
s[o][t] = s[oo1] idoa;c to(s-o)=0
(s-0)oT= s[t]-0071 B O[] -tooc=o0
(coT)op=0oTOp 0-1=ud

Figure 1: The rewriting system of the o-calculus
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3 A Pattern Matching Tactic for Autosubst

We describe a general pattern-matching tactic as_apply for terms of the A-calculus. The tactic is
implemented in Rocq’s tactic language Ltac.
Let P be an n-ary relation, and consider the following Rocq goal:

H : V <qvars>, <premises>— Pt ... 1,

Psisy...s,

with H an assumption in the context we want to apply, where <qvars> and <premises> denote the
quantified variables and premises of H.
A call of as_apply H proceeds in two phases: preprocessing and matching.

Preprocessing. We first normalise both the goal and the conclusion of H with respect to the o-calculus
using the asimpl tactic provided by Autosubst.

Next, all quantified variables are replaced with existential variables (evars) of the corresponding
types, which will be instantiated during matching. The premises of H are then turned into subgoals, to
be solved after matching with instantiated quantified variables.

The actual matching will be between the corresponding s; and #;. In a first step, we try whether this
can be solved by pure syntactic matching using Rocq’s tactic. Furthermore, if s; uses Autosubst’s explicit
renamings (i.e., is of the form s(&) or s[£]) but #; is not, we change s; to s[{] (s(£)) using substify
(renamify). These are Autosubst-provided tactics that perform conversion between instantiation and
renaming operations.

Matching Phase. After preprocessing, we obtain a 6-matching problem
M = {s; =¢ t; | s; and 1; are G-expressions}

We process equations in .# from left to right.

For each equation s; =4 ;, we first try to match in the opi, fragment using a procedure Opin(s;, ;).
If successful, this yields a substitution 8, which is applied to all remaining equations #; for k > i.

The function Oyin(s, ) is a partial procedure that computes substitutions by matching modulo the
Onin fragment. It proceeds as follows:

* If s and t match syntactically, a substitution is returned.
* Otherwise, 7 is rewritten using Opiy, rules (Figure[I)), and matching is retried.

In Figure[2] we give an operational description of the Opin-function. The function performs a back-
tracking search over possible rewrites of ¢ until a match with s is found. For example, Oy, (s[c 0 7], ?s[7])
matches first with the seventh case, but the execution path stemming from it does not result in a c-
substitution. The execution backtracks and continues by matching with the tenth case, resulting in
{?s — s[o]}.

If Onin(s,?) fails, we apply a small set of heuristics capturing common patterns in developments:

o If s; =¢ 1; is of the form s[t - 6] =4 7?s[t - id], instantiate #; with {?s — s[{} o]}, for k > i.
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Ouin(s, s) = {}
Ouin(s, 7s) = {2s+— s}
Onin(A.5, 1.5") = Ouin(s, 5)
Onin(st, s't') = Onin(t, Onin(s, s') ') U Onin(s, s')
Onin(007T, 6'07') = Onin(T, Onin(0, 0') ') U Onin(o, o)
Onin($+ 0, 1-T) = Onin(O, Onin(s, ) T) U Onin(s, 1)
Onin(s[0], 5'[0"]) = Onin(0, Onin(s, s') 6) U Onin(s, 5)
Ouin(A-s[ 0], 5'[0]) = Owia((A.5)[0], 5'[0"])
Ouin(s[o] 1[0], s'[0]) = Cuin((s1)[0], s'[0])
Onin(s[o 0], s'[0"]) = Ouin(s[o][7], 5'[0])
Onin(00T0p, 6'07') = Opin((607)op, 6'07')
Onin(s[7] 007, 6'07) = Opin((s-0)o01, 0'07)

Figure 2: The opin-function for matching in the oyi, fragment

o If s; =4 1; is of the form s =5?s[?0], instantiate #;, with {?s +— s, ¢ — id} respectively, for k > i.
o If s; =4 1; is of the form s =4 ?s[id], instantiate #; with {?s — s} respectively, for k > i.
e If s; =¢ 1; is of the form s =4 s[?0], instantiate #; with {?0 — id} respectively, for k > i.

We again o-normalize H with the potentially instantiated existential variables. The tactic succeeds
if the goal and H are syntactically equal at this point.

3.1 Generalisation

Autosubst [30] is a code generator that takes a second-order HOAS [28]] representation of a custom syn-
tax and generates a model of extended o-calculus comprising multiple mutually inductive sorts, vector
substitutions, and first-class renamings.

This tactic has been generalised to work for the input language of the Autosubst compiler. The
Onin fragment describes the instantiation operation and has compositionality laws. Hence, for a gen-
eral syntax, the opin-function has congruence cases, and cases corresponding to the instantiation and
compositionality laws.

If Ouin(s,?) fails, we check whether s = ¢t matches with certain equations that are recurring in
developments. In the case of the first equation s[t - 6] =47?s]t - id], the expression s[t - id] denotes the
elimination of the abstraction A.s by substituting ¢ for the bound index. We generate a case accordingly
for each binder in the syntax. For example, if we have a polyadic binder A, : (trm — tm — tm) — tm,
we generate a case for the equation st -2 - 6| =7?s[t; - 1, - id]. In the solution {?s — s[{} o]} for the
A-abstraction, the substitution {} ¢ comes from the instantiation law (A.s)[c] = A.s[f ©]. For a general
binder, this would be the lifted substitution vector formed during instantiation. In the case of A,, the
solution would be {?s — s[{} o]} because (A,.5)[c] = A2.s[t O].

Note that as an additional difficulty since Autosubst supports first-class renamings, the 6y;,-function
and the specific equations have cases for the renaming operation, which we omit here for conciseness.
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3.2 Current Limitations

We summarise some of the limitations of matching in the o,:, fragment and the as_apply tactic.

First, note that, per se, the oyi, fragment is not a confluent rewrite system. The expression (A.s)[c][7]
reduces to both A.s[0[{} T]- 00T o1 7] and A.5[0- G o To 1] via Onin rules. But, they are not joinable as
Ouin lacks the rules O[s- 6] — s and 1 o(s- ) — o. Of course they are joinable via the whole o-calculus.

Note that oyin-matching does not have unitary solutions in general. An example is s[o o T| =¢,,,
?s[?c] which has two solutions {?s — s, ?0 — c o1} and {?s — s[c], 70 — T}.

Generally, as_apply is not o-complete. In the above example, it would only produce the first
solution. as_apply is not complete even as a decider. It fails for the equation 7 = ?st - o] though there
is the solution {?s +— 0}. Note that this would rarely be a problem in a practical development.

4 Case Studies

We have tested the tactic on Rocq solutions of the POPLMark [6] and POPLMark Reloaded [2] chal-
lenges, two benchmarks on reasoning with binders. In this section, we present examples from our modi-
fied solutions. The linked development contains both the original and new solutions.

Example 2. When proving substitutivity of multi-step in the POPLMark Reloaded, we have to prove:

mstep_inst : Vst o, sy>t— s[0]>1t[0]
H: Vn, ocny>1tn

(o 0)(1) > (zi)(1)

The apply tactic fails if we try to apply mstep_inst because the renaming operation does not match
with the instantiation operation, meaning that originally, the renaming operation has to be manually
changed to an instantiation. We apply mstep_inst with the as_apply tactic. After pre-processing, the
goal has changed to (o i)[1] > (7 i)[1]. The Ouin-function first solves the equation (o i)[1] =?s[?0]
resulting in {?s — o i,?0 —7}, and solves next (7 i)[1] =2[1] resulting in {? — 7 i}.

Example 3. Consider the following case in the context morphism lemma in the POPLMark challenge:

T_Tapp : VAT sAA' B, ATFs:VAB— AFA'<:A— ATHsA :BJA -id]
H, : s[o;1] : (VA.B)[O]
Hy : A+ A'[o]:Alo]

AT+ s|o;1] A'[o] : BJA'[o] - o]

The apply tactic fails when applying T_Tapp, and this is the reason for the originally indirect
definition of T_Tapp. We apply T_Tapp with as_apply. After the pre-processing steps, we have to
match A;T"F s[o; 7] A'[o] : B[A'[o] - 0] with ?A;?T 25 2A’ :?B[?A’ - id]. The equation s[c; 7| A'[0] =
?s ?A’ matches syntactically and Oyip-function results in {?s — s[o;1],?A" — A’[c]}. But, B[A'[o] -
o] =?B[A[0] - id] can’t be matched with Oyin-rules and hence Oyi,-function fails. However, it has the
form st - o] =?2s[t - id] described in the last section. Hence, we resolve ?B as B[{} o], and B[} ¢][A’[o]]
normalizes to B[A'[o] - o].

Example 4. When proving transitivity of subtyping (POPLMark), we have:
sub_weak : VAN & A1 Ay, AFA; <Ay — (Vx.(Ax)(E)=A(Ex)) > ANEA(E) <Ay (&)
H : AFB(1) <:B(1)

(B(1)-A0 1) = B(T) <: B'(§o 1)
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We need to apply sub_weak, which is the weakening lemma for subtyping. Originally, sub_weak
has two versions: one with the above statement, and an auxiliary lemma that has the conclusion A -
A} <: A, with the extra premises A} = A; (&) and A, = A(&) which is applied in this case. We proceed
with as_apply. All equations match syntactically except B'(§o 1) =?A,(1). Since B'(§o 1) can be
decomposed as B'(§) (1), the Onin-function resolves B' (o 1) =24,(1) as {?42 — B'(£)} .

Example 5. We look at the proof of ¢y_subst from the POPLMark challenge:

sub_subst : VAN 0 AB, AtA<:B— (Vx.A'tox<:(Ax)[o]) = A'FA[o] <:B[o]
H: AFA <A

ANEA <A

Here, we have a goal in uninstantiated form and an assumption in instantiated form. Originally, A
and A" are manually changed to A[id] and A’[id| before applying sub_subst. We apply sub_subst with
as_apply. Eventually, we need to match A’ =?A[?6] and A =?B|[?c]. While the oyi,-function fails in
both cases, our additional heuristics resolve ?A, ?B and ?c as A’, A and id respectively.

Discussion. Even in relatively short proof scripts such as the POPLMark challenge (642 lines) and
POPLMark Reloaded (683 lines), the as_apply is used frequently: 15 times in the POPLMark B and
10 times in the POPLMark Reloaded. In all cases, it successfully solves the intended goal. Compared
to the previous solutions, the proposed solutions with the matching tactics avoid the need for indirect
definitions, auxiliary lemmas, and the need to manually transform the goal or find the instances for
existential variables.

Additional (single) examples, for example, as one in a formalisation of Martin-L6f Type Theory
[3]], can be found in the appendix. These developments require a customised matching tactic due to
manual adaptations of the substitution primitives in the original developments. Apart from these technical
problems, both in this case study and in a development of the call-by-push-value [15], we have so far not
found any essential problems with the tactic.

5 Related Work

Mechanizing syntax has a long history, leading to many syntax representations [[11}, 4} 23] 28|30, 19} [31]]
and supporting tools 133,136, 15, 21} 135,137, 18, 129} 1177, 134]. Autosubst [33}136] provides automation for de
Bruijn syntax and has been used in several mechanizations [2, [15} 3} [14]].

Unification in languages with binders has been studied extensively [[12]. Traditionally, unification
is defined modulo Bn-equivalence, known as higher-order unification. While higher-order unification
is undecidable in general, Huet’s algorithm works well in practice [20]. Miller et al. [24] identify a
fragment named higher-order patterns for which higher-order unification is decidable and is unitary,
i.e. admits general unifiers. Higher-order matching is decidable up to fourth order [27] while for higher
orders, decidability remains open.

Calculi for explicit substitutions such as the o-calculus were introduced by Abadi et al. [[1]] to bridge
the gap between the A-calculus and its implementations. Curien et al. [10] prove that the o-calculus
is a convergent rewriting system, and later Schifer et al. [32] show that the ¢-calculus is a sound and
complete model for the de Bruijn algebra. Together, this means the o-calculus has practical usage as
a rewriting system to decide equality in languages with binders as in the Autosubst library [33} [36].
However, these techniques do not directly extend to matching problems.
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Dowek et al. [13] show that higher-order unification is reducible to unification in the first-order
equational theory of A o-calculus (o-calculus with  rule), and provide a general unification method for
the Ao-calculus. Moura et al. [25] show that this method does not decide second-order matching in the
A o-calculus by providing a non-terminating counter-example. They characterise a fragment for which
the method terminates and provide a second-order matching algorithm for this fragment. This is not
directly applicable as it covers the o-calculus, including the 3 rule.

Nominal syntax [16] provides an alternative representation of languages with binders. Urban et al.
[38]] show that nominal unification is both decidable and unitary. Cheney [9] shows that higher-order
pattern unification problems can be solved by encoding them as nominal unification problems, and Levy
et al. [22] show the reverse. Nantes-Sobrinho et al. [26] generalise nominal unification problems to
nominal equational problems and provide a rule-based algorithm to find solutions in the ground nominal
algebra [[16]].

Rocq’s original unification algorithm relies on heuristics [39]. Ziliani et al. [39] give a new unifi-
cation algorithm along with an implementation for Calculus of Inductive Constructions, incorporating
canonical structures and universe polymorphism. They formally describe a heuristic called controlled
backtracking used in the unification algorithm of Rocq.

6 Conclusion and Ongoing Work

We extended the Autosubst framework to generate a pattern-matching tactic for custom syntax. The tactic
is intended as a substitute for the apply tactic when matching with an assumption up to the substitution
calculus. We tested this tactic on standard benchmarks, such as the POPLMark [6] and POPLMark
Reloaded [2]] challenges, and were able to simplify previous solutions.

The current tactic operates heuristically for pragmatic reasons — the o-matching problem could po-
tentially have many and even infinite solutions. However, in case the solution is not unique, it could
produce an incorrect solution when there is a correct solution. Eventually, we are interested in having a
matching tactic with proven guarantees; for example, we are interested in identifying the biggest frag-
ment ¢’ for which the uniqueness criterion holds: If 6 is a solution of s =4 7, then any other solution 6’
is o-equal to 6.
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More Examples

We look at more examples from the MLTT mechanization [3ﬂ POPLMark Reloaded, and POPLMark
to demonstrate the usefulness of our tactic.

Example 6. In the MLTT mechanization, in the proof of complete_Pi, we come across the following.
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ty_app : YT (fddomcod:tm), Tt f:Nyyycod -THd:dom —TttApp fd:codld-id]
H : T'ta:dom(&)

T'+tAppn{&)a : codla-&]

Here, we need to apply the type application rule ty_app for the II type. The apply tactic would
fail, and we resort to as_apply. First, we do the pre-processing steps, and all the equations are matched
except cod[a-E] =?cod|a-id]. This equation can’t be matched in the Opi, fragment. But, it’s of the form
s[t- o] =2s[t -id]. Since & is a renaming, we resolve ?cod as cod (| &). After, cod{{} &)[a-id] is reduced
to codla - &].

Example 7. This example is a continuation from the above example, where we have to prove the sub-
goal (first premise of ty_app) by applying the weakening lemma ty_wk.

tywk: VTAE FA —-THt:A—ARHE):AE)

'+ I’l<€> . Hdom(é‘) COdﬁT §>

The apply tactic fails as expected. We apply the as_apply tactic on ty_wk and eventually we face
the 6-matching equation Iy, g cod(ft &) =?A(&). This equation matches in the opin fragment because
we have the instantiation law for renaming (I, cod)(&) = Iy ey cod(ft &). Hence, the Opin-function
resolves ?A +— Il;,,, cod.

Example 8. In the step_inst lemma from the POPLMark Reloaded, we face the following.
B Vst, (A.s)t>st-id]

A.s[l o] t[o] > s[t[o] - O]

The apply tactic can syntactically match the reducible expression (A.s[ft o) ¢t[c] with (A.s) ¢ in the
B-rule. But apply fails to match s[t[c] - | with s[{} o][t[c]-id] because it relies on the Rocq unification
engine that doesn’t convert up to o-rules. In the case of as_apply, we resolve the variables ?s and ?¢ as
s[f o] and t[o] respectively. Finally, we do a 6-normalization that reduces s[{} o][t[o]-id] to s[t[c]- O].

Example 9. We look at the proof of the context morphism lemma from the POPLMark. At one point in
the proof, we have the context and goal as follows:

context_renaming_lemma : YA ATT' sAEL ... —AN;T'Fs:A—ATES(E L) AE)

A:Alo]- T = (T f){id: 1) - (T f)[o]

The apply tactic fails when we try to apply the context renaming lemma. The as_apply proceeds as
expected. The equation (7 f){(id;T) =?s(?§;?{) matches syntactically and we resolve {?s — 7 f,?& —
id,? —71}. Now, the o,3,-function fails for the equation (I" f)[c] =?A(id). But it has the form s =7 (id)
(for renamings). Hence, we resolve ?A as (I" f)[0]



A Strategy Language for Controlled Proof Search

Romain Sidhoum Simon Robillard David Delahaye

LIRMM, Univ. Montpellier, CNRS, Montpellier, France

Firstname.Lastname@lirmm.fr

This paper introduces the strategy language of Pgeon, a meta-prover with a clear separation between
inference rules and proof search. We give the semantics of strategies as functions over proof states,
and of the operators that are used to combine them, allowing for sequential composition, choice,
repetition and interleaving of strategies. This language is designed to handle the challenge of fair
proof search in semi-decidable logics, where simple depth-first exploration of the proof space is
not guaranteed to achieve completeness. We showcase the expressiveness and effectiveness of the
approach through case studies in first-order and modal logics.

1 Introduction

In automated reasoning, the completeness of a logical calculus does not guarantee that a proof will be
found. In semi-decidable logics, some rules may generate infinitely many successors, and unfair ex-
ploration may indefinitely postpone relevant inferences, preventing the discovery of valid proofs. The
completeness of the calculus is sometimes referred to as static completeness, while dynamic complete-
ness describes the property of a prover, i.e., a proof search algorithm applied to a given calculus, to find
a proof for any theorem [8]].

These issues are particularly visible in systems that separate inference rules from proof-search strate-
gies. While rules describe admissible transformations, strategies determine how they are applied during
search, making the design of effective exploration policies non-trivial.

Pgeon [7] is a framework that separates logical rules from proof-search strategies and compiles them
into executable provers. This separation highlights the impact of strategy design: the same set of rules
may lead to different outcomes depending on how they are explored.

We introduce a formal strategy language for Pgeon, together with a compositional semantics that
models proof search as the enumeration of proof states. Strategies are interpreted as functions mapping
states to (possibly infinite) streams of successors, capturing both deterministic and non-deterministic
behavior. The language provides combinators for sequential composition, choice, repetition, and fair
interleaving of strategies.

We illustrate the approach through case studies in first-order and modal logics, showing how naive
strategies may fail to terminate and how fair combinators enable systematic exploration of the search
space. More generally, the framework provides a basis for reasoning about proof-search procedures at
an abstract level, independently of implementation details.

Related Work Our strategy language relates to work on compositional stream processing, monadic
nondeterminism, and strategy languages.

Monoidal stream semantics [3] models stream processors within a symmetric monoidal category,
providing a principled account of compositionality where complex transformations are built from sim-
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pler ones. Similarly, functional reactive programming (FRP) [4] treats stream transformers as composi-
tional entities combined via structured interfaces. However, these approaches are typically deterministic,
whereas our setting is inherently nondeterministic and allows multiple (possibly infinite) results, requir-
ing explicit control over exploration.

The treatment of nondeterministic computations over streams is closely related to the LogicT frame-
work [6], which provides a monadic encoding of backtracking with both biased and fair search. Sequen-
tial composition in our language corresponds to Kleisli composition, while our choice operators capture
biased and fair exploration. In contrast to LogicT, which provides an operational abstraction, we reify
computations as lazy streams and introduce an explicit algebra of strategy combinators.

Our work is also related to tactic languages such as %, [2]], used in the prover Rocq, where tactics
act as transformations over proof states with failure and backtracking. While the analogy is structural,
tactic languages typically provide an operational notion of search. In our approach, the search space is
represented explicitly as a stream, and exploration strategies are expressed compositionally.

Rewriting-based systems such as Maude [1]] similarly model computation as nondeterministic tran-
sitions and provide strategy languages for controlling rule application. However, rewriting logic is fun-
damentally relational, whereas our approach is functional and stream-based, reifying the search space as
a first-class object and enabling compositional reasoning about fairness and enumeration.

2 Pgeon

Pgeon [7] generates automated theorem provers from declarative specifications of logical calculi. It is
intended to generate provers based on the tableaux method. The specification of a prover defines the
syntax, inference rules, and a strategy that describes how rules are applied. From this specification, an
executable prover is produced.

This separation allows different proof-search behaviors to be defined over the same calculus, as the
rules specify admissible steps while strategies control their exploration. In particular, rule applications
are inherently non-deterministic, as they may match multiple formulas, branches, or terms, potentially
generating infinitely many successors.

In Pgeon, this search policy is expressed by a strategy. Strategies control the order of rule applica-
tions, the exploration of alternatives, and the use of backtracking, making them a central component of
the generated prover. The strategy language studied in Section [3| abstracts away from the concrete im-
plementation of this mechanism. We treat a rule application as a function from proof states to streams of
successor states. The stream represents the possible outcomes of applying the rule, ordered according to
the intended exploration policy. This view makes non-determinism explicit since all possible outcomes
are enumerated rather than implicitly explored. A deterministic rule returns a singleton stream, a failing
rule returns the empty stream, and a non-deterministic rule returns a stream with several successors. A
rule may yield an infinite stream of successors.

This abstraction is useful because it allows strategy operators to be defined compositionally. Sequen-
tial composition, choice, repetition, and fair interleaving can all be described as operations on streams of
proof states. The resulting semantics does not depend on the stack discipline or continuation representa-
tion used by particular implementations.

The need for such a semantics it becomes clear when considering fairness. Suppose a strategy re-
peatedly applies a universally quantified rule before considering other instances. Even if a contradiction
can be found after a finite number of different instantiations, a depth-first strategy may keep generating
redundant or irrelevant instances forever. The problem is not that the calculus is incomplete, but that the
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strategy unfairly gives unbounded priority to one part of the search space.
For example, consider the clause set:

I = { Vx.~P(x) V~Q(x), P(a), P(b), O(b) }

A closing derivation requires selecting useful instances of the universal formula and combining them with
the atomic facts already present in the branch. However, repeated instantiation with x — a produces an
infinite expansion without progress. The search then follows an infinite path although the contradiction
is reachable in the proof space. This phenomenon can be sketched as follows:

r

I, —~P(a) I',~0(a)

I',-Q(a),~P(a)  T',=Q(a),~Q(a)

This motivates the fair strategy combinators introduced in the rest of the paper. Rather than relying

on depth-first exploration alone, the language provides operators that interleave the results of several

strategies. Interleaving ensures that if a successor state occurs at some finite position in one of the

component searches, then it also occurs at some finite position in the combined search, so no branch that

can produce a result is postponed indefinitely. In this way, fair composition prevents one infinite branch
from starving the exploration of another.

V,V,x—a

V,V,x+—a

3 Strategy Language

We formalize proof search as the transformation of proof states. A proof state represents a partially
constructed proof tree, whose open branches correspond to sets of formulas to be closed. Applying an
inference rule expands the proof tree, producing new proof states.

Let X be the set of proof states. In general, a proof state can be seen as a tree of formulas, whose
branches are either open or closed. The precise structure of ¥ is left abstract, as our framework is
parametric in the underlying proof system.

Rather than modeling proof search as a relation on states, we adopt a view where a strategy enumer-
ates all possible outcomes of its application. Formally, we write Str(X) for the set of (finite or infinite)
streams over X, and define a strategy as a function:

s: X — Str(X)

Given a state ¢ € X, the stream s(0) represents all possible successor states obtained by applying s to ©.
The empty stream denotes failure, a singleton stream denotes deterministic success, and longer streams
represent multiple possible successor states (non-deterministic branching).

Each inference rule r induces a primitive strategy:

[r] : £ — Str(¥)

which returns all proof states obtained by applying r for each admissible match of premises. Depending
on the rule, the matched premises may either be removed from the state, or preserved. In the latter case,
it is often useful to apply the rule exhaustively to all applicable matches. To this end, we introduce a
derived operator r!, which applies r to all admissible matches in a given state. Its semantics is given by:

[r']:X— Str(X)

where [r!](¢) returns the unique state obtained by exhaustively applying r to all applicable premises in
t, if at least one application is possible, and the empty stream otherwise.



R. Sidhoum, S. Robillard, D. Delahaye 61

Stream operators We assume the following operators on streams:
* The stream operator id such that id(r) = (r)
* For a function f : £ — Str(X) and a stream X, X >>= f is the stream obtained by applying f to each
element of X and concatenating the results.
* Given a stream of streams S = (Sp, 51,52, ...) with S; = (00,01, ...), we define A(S) the stream
that contains every o; ;, ordered such that o; ; appears before oy j if
(@ i+j<i+j, or
(b) i+j=i+jandi</.
This construction ensures that every element o; ; appears after finitely many elements in A(S).

Thus, if a result appears at a finite depth in any component stream, it appears at a finite depth in
the interleaved stream.

Strategy combinators Strategies are built from primitive rules (r) using the following grammar:
s u= r|rl]s;s|s|s|s&s|s&]s|s*
Let 5,571,572 : £ — Str(X). The semantics of the combinators is defined as follows.

* Sequential composition:
[s1:52](2) = [s2]>=[51](r)
This corresponds to applying s; to ¢, and then applying s, to each resulting state.

¢ Left-biased choice:
[si0(r) if [s1](2) #0,

[s1lls2](2) = {[[Sz]](t) otherwise

This operator models deterministic choice with fallback.

* Fair sequential composition:
[s18&52](r) = A([s1](2) >=[2])

Unlike ||, this operator interleaves the exploration of all intermediate results, ensuring that no
branch is indefinitely delayed. If s,(s;(¢)) can produce a result in finite steps, then s &; s, will
eventually produce it.

* Fair choice:
[s1&s2](1) = A1), [s2](2)))

This operator fairly interleaves the results of both strategies.

* Repetition:

sf=uX.id&(s & X)

This defines the closure under repeated application of s, with fairness ensuring that all finite it-
eration depths are explored. Unlike the usual Kleene star based on sequential composition, this
definition uses fair sequential composition. As a result, the exploration of derivations is inter-
leaved across all iteration depths, rather than proceeding depth-first. The fixpoint is understood as
the least fixpoint on strategies ordered by prefix inclusion of their output streams.

The operators ; and || induce a depth-first exploration of the search space, as they process results sequen-
tially and may indefinitely delay alternative branches. The operators &; and &| use diagonalization to
ensure a fair exploration, guaranteeing that every branch that produces results is eventually explored.
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4 Case Studies

4.1 First-Order Logic (LK)

We illustrate the expressiveness of the strategy language on a tableau calculus for classical first-order
logic (LK). Inferences are classified into four families: non branching rules o, branching rules f, uni-
versal rules ¥, and existential rules 8. The rules are given in Figure [I} This calculus uses a destructive
closure rule ®: the closing substitution is applied to all branches, potentially forbidding inferences that
would have previously been possible. The closing rule is the only source of instantiation, i.e., there is no
v rule that can provide an instance P(¢) of some universally quantified formula.

P -P —=P
—a ® P o——
PAQ ~(PVQ)
ro —ro M
(P> 0) Pvo
-0 %7 PP
—(PAQ) P=0
Ix.P(x) P —Vx.P(x) Sy
P(f(X,....Xn)) —P(f(Xi,. X)) O
Vx.P(x) —3x.P(x)
pix) " P(X) 73
P -Q
®, apply o to the tree if P and Q are unifiable and ¢ = mgu(P,Q)

Figure 1: LK Rules for First-Order Classical Logic

A common heuristic is to separate rule applications into phases: First, perform all applications of &
and 0 rules, then applications of f rules. Interleave this process with instantiations of universal formulas.
A naive strategy would consist in saturating the branch and repeatedly applying y: (o || || B[] 7)*.

The main difficulty lies in the interaction between closure and the rest of the proof search. Failing to
consider certain closure choices may delay the discovery of useful instantiations. An effective strategy
must therefore ensure that all relevant closure-induced substitutions are eventually explored.

To address this issue, we separate closure from the rest of the search and combine them using fair
composition:

(© &(a|s][Blv))

The sub-strategy ©* enumerates all finite streams of closure applications, thereby exploring different
possible instantiations induced by unification. The sub-strategy (a || 6 || B || y!)* performs saturation us-
ing the remaining rules. Because || is left-biased, it can be used to prioritize certain rules. The fair
composition operator &; interleaves these two processes, ensuring that closure attempts are distributed



R. Sidhoum, S. Robillard, D. Delahaye 63

across all depths of the search. As a result, the strategy avoids committing prematurely to a particular
instantiation: if a closing derivation exists, it will eventually be explored.

4.2 Modal Logic (S4)

We now consider a second case study based on propositional modal logic S4 [15]. We consider a standard
classification of tableau rules for propositional S4. In addition to the usual proposition rules (¢ and f3),
we use the three modal rules described in Figure

P op Ox: -0P
=6 Tpp ! “oxop SN

“This rule operates on a single branch. In pgeon, the tableau is represented as a forest of branches, enabling local transfor-
mation.

bThis rule is non-local, as it requires access to the entire branch, unlike the other rules which are applied to individual
formulas.

Figure 2: S4 Rules for Propositional Modal Logic

The main source of non-determinism is the rule 60, that allows arbitrary removal of formulas from
the branch. 6 is necessary to expose formulas to the modal rule S4 by removing blocking formulas so
that S4 becomes applicable, but it may also discard formulas that are needed later to close the branch.
An uncontrolled use of 6 may therefore lead to dead ends in the search space.

The key observation is that 8 should not be used arbitrarily, but only in order to enable applications
of S4. We capture this idea by grouping 6 and S4 into a combined strategy: 0* &; S4. We combine this
construction with the other rules to obtain the following strategy:

([ BIIT)":(6" & 54))

At each iteration, the strategy first saturates using o, 8, and 7, which are terminating using loop
checking. If no such rule is applicable, it applies the combined strategy which explores all ways of
applying S4 with the removal of some formulas. The use of fair composition ensures that different
choices of formulas to discard are explored without starvation. If a successful application of S4 requires
removing a specific subset of formulas, this configuration will eventually be reached. If closing the
tableau additionally requires not discarding a specific subset of formulas, this configuration will also be
reached.

5 Conclusion

This work introduced a formal strategy language for controlling proof search in tableau-based automated
theorem proving, as implemented in Pgeon. By modeling strategies as functions from proof states to
streams of successor states, the framework makes non-determinism explicit and enables a compositional
semantics for combining search behaviors. The language provides both biased and fair combinators,
with fairness achieved through interleaving constructions that prevent the starvation of branches in po-
tentially infinite search spaces. Through case studies in first-order and modal logics, we demonstrated



64

A Strategy Language for Controlled Proof Search

how naive depth-first strategies may fail to find proofs despite the completeness of the underlying calcu-
lus, and support dynamic completeness by enabling systematic exploration of the search space. Overall,
this approach offers a principled and modular foundation for specifying, analyzing, and reasoning about
proof-search procedures independently of implementation details, while addressing fundamental chal-
lenges inherent to semi-decidable logics.
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