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Preface

Clément Aubert Cinzia Di Giusto
Augusta University, USA Université Cote d’ Azur, CNRS, I3S Sophia Antipolis, FR
Simon Fowler Violet Ka I Pun
University of Glasgow School of Computing Science, GB Western Norway University of Applied Sciences, NO

This volume contains the proceedings of ICE'25, the 18th Interaction and Concurrency Experience,
which was held in Lille, France, as a satellite event of DisCoTec25. The previous editions of ICE are
now conveniently listed on[the series website, which also links to ICE’s dblp pagel The conference ICE is
co-located with since 2010, DisCoTec, also continued its efforts to collect and link to previous editions,
sometimes using the services of the Wayback Machine.

The ICE workshop series features a distinguishing review and selection procedure: PC members
are encouraged to interact with authors in a double anonymous environment. This year again, these
interactions took place on the HotCRP platform which combines paper selection features with forum-
like interactions. As in the past editions, the forum discussion during the review and selection phase
of ICE'25 considerably improved the accuracy of the feedback from the reviewers and the quality of
accepted paper and offered the basis for lively discussion during the workshop. The time and effort
spent on the interaction between reviewers and authors is rewarding for all parties. The discussions on
HotCRP made it possible to resolve misunderstandings at an early stage of the review process, to discover
and correct mistakes in key definitions, and to improve examples and presentation.

ICE was glad to receive 7 submissions, including one that was withdrawn and a short presentation that
is not part of this proceedings. Each paper was reviewed by three PC members and about 75 comments
were made in total, witnessing very lively discussions between PC members and authors, and during the
discussion phase. We were proud to host one invited talk by Kirstin Peters. The abstract of her invited
talk is included in this volume, together with the final versions of the research papers, which take into
account the discussion at the workshop and after.

We would like to thank the 14 authors of all the submitted papers for their interest in the workshop.
We thank Kirstin Peters for accepting our invitations to present her work. We are extremely grateful for
the efforts of the PC members:

* [Franco Barbanera (Dept. of Mathematics and Computer Science - University of Catania)
* Manel Barkallah (University of Namur)

¢ Matteo Cimini (University of Massachusetts Lowell)

e Farzaneh Derakhshan (Illinois Tech)

* [Emanuele D’Osualdo| (University of Konstanz)

* Luc Edixhoven/ (University of Southern Denmark) x

¢ [Lorenzo Gheri (University of Liverpool)

¢ Lucie Guillou (IRIF, Université Paris Cité)

» Ping Hou (University of Oxford)

I As well, we hope, as the quality of future resubmission in the case of papers being rejected.
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Andrew K. Hirsch (University at Buffalo, SUNY)

Jonas Kastberg Hinrichsen (IT University of Copenhagen)

Matthew Alan Le Brun (University of Glasgow)

Andreia Mordido (LASIGE, University of Lisbon)

Maurizio Murgia (Gran Sasso Science Institute)

Jonah Pears| (University of Kent)

Felix Stutz (University of Luxembourg)

Petra van den Bos| (Formal Methods and Tools group (FMT) (University of Twente)
Bas van den Heuvel (HKA Karlsruhe and University of Freiburg)

* The ICE 2025 Qutstanding PC Member Award was awarded this year to Luc Edixhoven!

Previously, were awarded:

ICE 2024 Outstanding PC Member Award: Bas van den Heuvel
ICE 2023 Outstanding PC Member Award: Serguei Lenglet
ICE 2022 Outstanding PC Member Award: Duncan Paul Attard
ICE 2021 Outstanding PC Member Award: [van Prokic¢

We thank the DisCoTec'25 organizers, in particular the General Chair of the Organizing Committee,
Simon Bliudze, for providing a welcoming, inclusive and lively environment for the preparation and
staging of the event. We thank the editors of EPTCS for the publication of these post-proceedings. Cinzia
and Clément are particularly thankful for the trust put in them by the ICE steering committee during their
4-years mandate, and wish Simon and Violet all the best in the organization of future editions—it has been
a pleasure working with you all.
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On the Expressiveness of MPST

Kirstin Peters
University of Augsburg, Germany

kirstin.peters@uni-a.de

Multiparty session types (MPST) are a type discipline for enforcing the structured, deadlock-
free communication of concurrent and message-passing programs. In this talk we will anal-
yse the expressive power of MPST. In particular, we are interested in features that mark
the difference expressive power of synchronous and asynchronous distributed languages. In
the synchronous pi-calculus mixed choice is the main ingredient for its expressive power.
Traditional MPST have in contrast usually a limited form of choice, in which alternative
communication possibilities are offered by a single participant and selected by another. Ac-
cordingly, we extend MPST by a more general mixed choice construct.

Biography Kirstin Peters studied computer science at the university of Potsdam, did her PhD at the
technical university of Berlin. After some stops at [Uppsala University| and the technical university of
Dresden, she had a junior professorship at the technical university of Darmstadt. Since April 2022, she
is a professor at the university of Augsburg.
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Modular Multiparty Sessions with Mixed Choice

Franco Barbanera *
Dipartimento di Matematica e Informatica, Universita di Catania, Catania, Italy

franco.barbanera@unict.it

Mariangiola Dezani-Ciancaglini
Dipartimento di Informatica, Universita di Torino, Torino, Italy

dezani@di.unito.it

MultiParty Session Types (MPST) provide a useful framework for safe concurrent systems. Mixed
choice (enabling a participant to play at the same time the roles of sender and receiver) increases
the expressive power of MPST as well as the difficulty in controlling safety of communications.
Such a control is more viable when modular systems are considered and the power of mixed choice
fully exploited only inside loosely coupled modules. We carry over such idea in a type assignment
approach to multiparty sessions. Typability for modular sessions entails Subject Reductions, Session
Fidelity and Lock Freedom.

Keywords: Multiparty Sessions, Modular Systems, Global Types.

1 Introduction

MultiParty Session Types (MPST) offer a structured approach to the development and formal verification
of concurrent and distributed systems [[18}[19]. As in the vast majority of choreographic formalisms, two
distinct but related views of concurrent systems are taken into account: (a) the global view, a formal
specification via global types of the overall behaviour of a system; () the local view, namely a descrip-
tion, at different levels of abstraction, of the behaviours of the single components. A key issue in MPST,
and choreographies in general, is the relation between these two views. Among others, we can refer
to the notion of projection, used till recently in most of the MPST formalisms. Given a (well-formed)
global type, the projection operator produces a tuple of local types — one for each component — which
generalises binary session types [16, [17]. Such local types can be looked at as an abstraction of finer
grained descriptions of processes. Another approach to the MPST global-local relationship is the one
embodied in the so called Simple MultiParty Sessions (SMPS) formalisms. Such an approach was first
introduced in [12]] and [4]], and further investigated in a bunch of papers, among which [3. 7, 15, 6} [1} 2].
Whereas the MPST approach typically considers two-layered local views — a layer of processes and a
layer of local types — SMPS are based on single-layered local views, where only a fairly abstract notion
of process is considered. In SMPS, which is the general setting of the present paper, systems of commu-
nicating processes are represented as multiparty sessions, i.e. parallel compositions of named processes
(the participants). Then, by means of type systems, global types are inferred for such sessions. Typabil-
ity is such to ensure relevant communication properties — typically Lock Freedom — for sessions. Besides
the above mentioned ones, it is worth recalling that also other approaches have been investigated, like
the one introduced in [32]], where the global view is only implicitly considered.

*Partially supported by Project “National Center for HPC, Big Data e Quantum Computing”, Programma M4C2, Inves-
timento 1.3 — Next Generation EU; and by the PIAno di inCEntivi per la Rlcerca di Ateneo 2024-2026 UniCT (Linea di
Intervento 1).
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A common feature of all the above mentioned approaches, till lately, has been the use of communi-
cation models where, before any interaction, a process can clearly be identified as a sender or a receiver.
The intrinsic potentiality of nondeterministically choosing among both inputs and outputs inside a single
process interaction (usually referred to in the literature as “mixed choice”) has however recently intrigued
session type researchers, both for the binary and the multiparty cases [10, 28} 29, 30, 31]]. A thorough
investigation of the expressivity of mixed choice in (synchronous) MPST formalisms has been carried on
in [31]]. For instance, mixed choice enables to implement protocols safely exploiting circular interactions,
as shown in [31]] through an example recalled in the present paper (see Example[2.4]). This is not possible
in usual MPST formalisms where typing [7]] or, equivalently, the projectability condition on global types
— as shown in [6] — consists essentially in checking the possibility of sequentialising the interactions in a
protocol. Together with its expressive power, however, mixed choice brings subtly harmful features, as
already exposed decades ago [15] in the setting of Communicating Finite State Machines [9] (an asyn-
chronous formalism closely related to MPST). In the present paper we aim at exploiting such expressive
power in a safe and controlled way using a SMPS setting. In order to do that we resort to the notion of
modularity.

Modularity is a fairly general property of complex systems. Any complex system can be decomposed
into smaller subsystems that are always going to be interdependent to some extent and independent to
some other extent [33]]. In fact, in many human activities, from business to biology, as well as to software
engineering, modularisation offers a strategic approach enabling to cope with their complexity. Modu-
larity in software engineering refers to the design approach that emphasises the separation of concerns:
a complex software system is decomposed into smaller, loosely coupled modules, where coupling is the
degree of interdependence between the modules. By means of project modularisation one manages to,
among others, reduce complexity (breaking down a large system into smaller modules makes it more
manageable and easier to understand [25)]) as well as to improve testing and separation of concerns
(SoC), a fundamental principle in software engineering. In particular, in modular programming, con-
cerns are separated such that modules, performing logically coherent tasks, do interact through simple
and manageable interfaces.

Our proposal is hence to restrict our attention to sessions corresponding to modularised systems. A
type discipline is then proposed that profits, as in more rigid MPST formalisms, from a form of “sequen-
tialisation” condition. Such a condition however, instead of being imposed on participants, is imposed
on the modules forming a session, inside which the mixed choice can be freely used (at the cost of a thor-
oughly check, but limited inside the single modules, of all the possible interactions among participants).
The inter-modules interactions are instead more controlled, so respecting the decoupling of modules
characterising any sound decomposition of systems. It is then possible to prove the properties of Subject
Reduction and Session Fidelity for typable modular sessions. Moreover, typability also entails the com-
munication property of Lock Freedom. Typability is shown to be independent from the way a session
can be modularised as well as from the order in which the typing of the modules is “sequentialised”.
We propose, as working example, a modular extension of the above mentioned leader election example
of [31]].

Overview. In Section 2| we introduce the calculus of multiparty sessions with mixed choice as an
extension of the SMPS calculus of [4]] and [7]. Modularisable multiparty sessions are then formally
presented in Section Bl Global types equipped with a coinductive LTS are defined in Section 4] in the
style of [6]. Properties of typable modular sessions are proven in Section 5] namely Subject Reduction,
Session Fidelity and Lock Freedom. In that section we also show that typability does not depend on how
a session is modularised or on the particular modules considered during typing. A summing-up section,
also discussing related and future works, concludes the paper.
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2 Multiparty Sessions with Mixed Choice

We present now a SMPS synchronous calculus of multiparty sessions with mixed choice, inspired mainly
by [31] and partially by [4]. We assume to have the following denumerable base sets: messages
(ranged over by A,4',...); session participants (ranged over by p,q,r,s,...); indexes (ranged over by
i,j,h,k,...); finite sets of indexes (ranged over by I,J,H ,K,...). We refer to the denumerable set of
participant names as *33.

Processes, ranged over by P,Q,R,S, ..., implement the behaviour of participants. In the following
and in later definitions the symbol ::="¢ does express that the productions have to be interpreted
coinductively and that only regular terms are allowed. Then we can adopt in proofs the coinduction style
advocated in [21]] which, without any loss of formal rigour, promotes readability and conciseness.

Definition 2.1 (Processes) i) Action prefixes are defined by m ::= p?A | p!A.

ii) Processes are coinductively defined by
PZI:COind 0 ’ Z,'e[ﬂ','.Pi

where I # 0 and finite, and w1 = q?A;, i = q?A4; (resp. m =q'A;, & = q!A;) imply L, # A, for
any l,j € I such that | # j.

In the above definition, X;c;m;.P; stands, as usual, for the summand of processes 7;.P’s. A Yic;m;.P;
process represents the nondeterministic choice of one of the actions 7;, after which the process continues
as P; with i € I. As usual, we assume the summand of processes to be commutative and associative. A
prefix 7 can be any input (i.e. of the form p?1) or output (i.e. of the form p!1) action. We use 0 to
denote the terminated process. For the sake of readability, we omit trailing 0’s in processes.

We define the participants of action prefixes by prt(p?4) = prt(p!1) = {p}. Moreover, we define the
participants of processes by

prt(0) =0 pri(Zicim;.P) = Uies prt(m) UUies pri(P)
By the regularity condition and the finiteness of indexes, prt(P) is finite for any P.

Processes correspond to inductively defined terms of the calculus MCMP (Mixed Choice Multiparty
Sessions) as defined in [31], where the p-operator is used to describe infinite behaviours. Our use of
coinductively defined (possibly) infinite terms enables us to get simpler formalisations and proofs with
respect to the use of u-terms. The latter entail just technicalities that can be dealt with as done in the
literature on session types and MPST [19], where such terms are usually considered.

Multiparty sessions are parallel compositions of participant-process pairs, where all participants are
different.

Definition 2.2 (Multiparty sessions) Multiparty sessions are defined by M = pi[Pi]] - || palP.]
where pj # p;for 1 < j,l <nand j# 1.

We assume the standard structural congruence = on multiparty sessions, stating that parallel composition
is commutative and associative and has neutral elements p[0] for any fresh p. Such a congruence can be
inductively defined, as multiparty sessions are. We then write p[P] € M if M = p[P] || M/ and P # 0.
Moreover, we define the participants of multiparty sessions by prt(M) = {p | p[P] € M}.

To define the synchronous operational semantics of sessions we use an LTS, whose transitions are
decorated by communication labels, i.e. expressions of the shape pAq. In the following we use A to
range over communication labels.
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following LTS in a compact and yet formal way, since in our processes — as in [31] — we cannot have
unprefixed 0’s as summands.

Definition 2.3 (LTS for Multiparty Sessions) The labelled transition system (LTS) for multiparty ses-
sions is the closure under structural congruence of the reduction specified by the unique axiom:

[CoMM] n
pla!A.P-+-P1| qlp?2.0-+ Q1| M 2% p[P]| qlQ] | M

Rule [Comm] makes the communication possible: if participant p is enabled to send message A4 to par-
ticipant q which, in turn, is enabled to receive it, the message can be exchanged. This rule is non-
deterministic in the choice of messages exchanged. The implementation issues raised by such opera-
tional semantics are similar to those for most of the calculi for concurrency and can be dealt with by
resorting to suitable coordination protocols. Such issues are however outside the scope of the present
paper.

Note that in the above semantics there is no difference between the behaviours of inputs and outputs,
while usually a sender freely chooses among all its available messages. In actual communicating systems,
messages would also carry values that are abstracted away in SMPS formalisms for the sake of simplicity.
The present calculus (as well as its type system) could however be extended to messages with data.

We define fraces as (possibly infinite) sequences of communication labels. Formally,

cu=Cmg | Ao
where ¢ is the empty sequence. When 6 = A; - ... A, (n > 0) we write M 2, M as short for
M AL M - A M, = MY
We write M > with the standard meaning. Moreover, we define the participants of labels by prt(pAq) =
{p,q} and the participants of traces — notation prt(c) — as its obvious extension. We also denote by

Z (M) the set of all labels the session M can emit, i.e. (M) ={A|M A)}

We present now, in our setting, the leader-election example used in [31] (inspired by [27], in turn
inspired by [8]) to make evident the expressive power of mixed choice.

Example 2.4 (Leader election [31]) Five participants (a,b,c,d,e) interact with the aim of electing a
leader. Each of them can send to the next participant, in a circular fashion, the message leader in order
to ask it to become the leader. If such a communication succeeds, the sender terminates. Of course only
two of this sort of communications can succeed. The protocol then allows two, among the remaining
three participants, to be able to exchange the /eader message. The receiver is hence considered as the
elected leader and so it informs the station participant s which, in turn, provides to delete the participant
which remained inactive during the previous interactions.

The above behaviour is implemented by the following session:

E= a[Pa] H b[Pb] H C[Pc] || d[Pd] || e[Pe] || S[Ps]

where P, =  elleader
+b?leader.(c\leader 4+ d?eader .s'elect)
+s?del
and (with some abuse of notation)
Ps = Xiclabedel (x?elect.ZXE{a,b’c’d’e}x!del)

Processes of participants b, ¢, d and e are obtained out of P, by applying the name substitution
v = [a—b, b—c,c—d, d—e, er—al as follows:

Pb = PaV, Pc :PbV, Pd = PCV7 Pe = PdV
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Session E can be graphically represented by the diagram above on the left, where blue arrows repre-
sent the initial possible exchanges of the message /eader and the red ones the potential further exchanges
of such message. The following sequence of reductions is, for instance, the one leading to the election
of e:

aleadere - dleaderc - cleadere - eelects - sdelb o

Lock Freedom is a relevant property of concurrent systems. We define it in our setting following
[26]: roughly, there is always a continuation enabling a participant to communicate whenever it is willing
to do so. Lock Freedom entails Deadlock Freedom, since it ensures progress for each participant.

Definition 2.5 (Lock Freedom) A session M is lock free if Ml <> M/ with G finite and p € prt(M') imply
M 22 for some o' and A such that p & prt(c’) and p € prt(A).

The above definition corresponds to the notion of liveness used in [20] and [22]] in a channel-based
synchronous communication setting.

3 Modular Multiparty Sessions

“With great [expressive] power comes great responsibility” (Spider-Man’s Uncle Ben), since expressive
power is often difficult to control and tame. Our aim is to provide a type system for multiparty sessions
with mixed choice ensuring, like usual in SMPS, relevant communication properties, together with the
guarantee that the overall behaviour of a session faithfully respects what the type assigned to the session,
if any, describes. To do that, instead of restricting the expressive power of mixed choice, we decided to
consider multiparty sessions that can be — as suggested by a well-known software engineering principle
— modularised. A module, in our SMPS setting, is formalised in terms of a subsession inside which
participants can freely interact by means of mixed choice. The communications among the modules are
instead controlled by imposing them to be performed only by particular participants called “connectors”.
The processes of the connectors (dubbed connecting processes) must satisfy the restriction that each
choice involving a participant not belonging to the module must be between communications with only
that participant. Definition 3.1} where P is the set of module participants, formalises this condition.

Definition 3.1 (Connecting processes) Given a set of participants P, we say that a process P is P-
connecting if for any subprocess of P, say Lic;m;.P;, we have that prt(m;) & P for some j € I implies
prt(m;) = prt(z;) for all i € I.

A connector is hence a participant of a module (represented by the session M in the definition below)
whose process is a connecting process which can interact with the outside of the module.

Definition 3.2 (Connectors) Let p[P] € M. We say that the participant p is a connector for M if P is
prt(M)-connecting and there is q € prt(P) such that q & prt(M).

The notions of subsession and session partition are at the basis of that of modular session. We say
that M is a subsession of M and write M’ C M, whenever p[P] € M implies p[P] € M. A partition of
a session M is, as expected, a set of subsessions {M, } ey of M such that prt(M) = ey prt(M},) and,
for all h,k € H, prt(M,,) Nprt(My) = 0. Therefore, p[P] € M implies that there is a unique k € H such
that p[P] € M.

Definition 3.3 (7-partition) Ler {M}, }ycn be a partition of a session M, and let & = {Py }rek be a
partition of a finite subset of the set 3. We say that {M}}pey is a &P-partition of Ml if H C K and
prt(My) C Py, forall h € H.
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It is not difficult to check that, given a session M and a partition & = {P; }scx such that prt(M) C
Ukek P, there is a unique &?-partition of M.

A session is modularisable (with respect to a partition of participants) when it can be partitioned into
subsessions that interact only by means of connectors.

Definition 3.4 (2-modularisation) A &7-modularisation of M is a &-partition {M},},cpy of M such
that, for all h € H, the following conditions hold

i) p[P] € My, implies that either p is a connector of M, o, for each q € prt(P), q € prt(M) implies
q € prt(My);

ii) for each connector p[P] € My, and each q € prt(P) \ prt(M,):
if q € prt(My), then q is a connector for My

In such a case, we say that M is &2-modularisable.

It is worth noticing that we impose no limit on the number of connectors present in a module, as
well as on the number of external connectors a connector can interact with (see the following example).
Besides, a session M is always {prt(M)}-modularisable. For example M = p[q!A + r!A'] is {{p}}-
modularisable and its unique module does not contain any connector. Also, given a partition & and a
session M, there exists a unique &?-modularisation of M, if any.

Example 3.5 (Modules with multiple connectors) Let us consider Ml = M || M,
where M} = u[p?4.q!4 + q!A.p?2AT || plu!A.(r!A1 +r?2A2)1 || q[u?A.(s!A +s24,)]
and My =v[r!A.s?24 + s?A.r!IA] || r[v?A.(p?41 + p!A2)] || sIVIA.(q?A41 +q!A2)].
This session is {{u,p,q},{v,r,s}}-modularisable and it has multiple connectors. In fact, p and q are the
connectors for the module {u, p,q}, whereas r and s are the connectors for the module {v,r,s}. <o

In actual programming, refining a modularisation enables to enhance parameters like scalability,
maintenance, reusability and many more. In the present setting, it also allows for simpler typings. Any
modularisation refinement corresponds to a partition refinement.

Definition 3.6 (Refinement) A partition & refines a partition &' (notation & C P') if P = {Py, }hen,
D' = {P) }rek and for all k € K there is Hy C H such that P, = Uycp, P

As intuitively evident, it is possible to formally show that coarser partitions maintain modularisabil-
ity.
Lemma 3.7 If M is &2-modularisable and & refines &', then M is &?'-modularisable.

Proof. Tt is not difficult to verify that if conditions (il) and (il of Definition 3.4/ hold for &2, then they
hold also for &'. O
From the previous lemma, being M {prt(M)}-modularisable, it immediately follows that M is -
modularisable for all & such that prt(M) C P for some P € 2.

We can build a minimal refined partition, with respect to C, among those modularising a session.
We start with &) = {{p} | p € prt(M)} and we iteratively build &, by replacing in &; the two sets
P, P’ with the unique set PUP’ if there is p[P] € M such that p € P, g € P'Nprt(P) and either P is not
P-connecting or q is not a connector for the subsession of M whose set of participants is P’. It is possible
to verify that Ml is &?-modularisable, where & is the fixed point of this procedure. We show now such
a partition to be also the minimum among the partitions modularising a session.

Lemma 3.8 The minimal partition modularising a session is unique, i.e. a minimum.
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Proof. Assume toward a contradiction that there are two different minimal (w.r.t C) partitions & =
{Pn}nen and &' = {P) }rek for modularising a session. This implies that there are i, € H and kg € K
such that p € P, q € P, and {p,q} C P;q)' Then also the partition obtained from 2’ by replacing the set
P}, with the two sets P; NPy, and P; NP;, modularises the same session. This is clearly a contradiction.

O

It is crucial that &?-modularisation is preserved by reduction.

Lemma 3.9 Let M be &2-modularisable and let M A> M. Then also M is Z2-modularisable.

Proof. Notice that conditions (1) and (i) of Definition [3.4]are invariant by reduction. In fact a participant
p which is a connector in M is either a connector in M’ too or it has a process whose participants all
belong to the subsession containing p in the &?-modulation of M. Therefore a #?-modularisation of M
is also a Z2-modularisation of M. g

We can notice that, if & is the minimal partition for modularising M and M AW , in general & is
not the minimal partition for modularising M. In fact prt(M') can be a proper subset of prt(M) and a
process in M which is not a connector can reduce to a process which is a connector in M. For example
the minimal partition of M = p[q!A.r!A +r?21".(q!11 +q?42)]1 || alp?A + p?41 + p! A2l || r[p?4 + p!A']

is {{p,q,r}}, since p is not a connector. But M e, pla!A1 +q?421 || alp?A + p?A41 + p!A;] and the
minimal partition of this last session is {{p},{q}}, since p and q are connectors and r disappeared.

Example 3.10 (Modular election) We consider three “local” elections, all managed like in the Example
2.4l The names of the participants of the three local election are like the ones in the Example 2.4] but
indexed with indexes in {1,2,3}. We also consider a further “global election” with participants wy, w,
and w3 and global station gs. Such an election follows a protocol similar to that of the local elections (but
simpler, since only three participants do compete for leadership). It can be seen as an election among
the winners of the local elections. In the present example the “local leaders”, once they are elected,
are informed whether they have been elected also “global leader” or not. The above sketched global
behaviour is implemented by the following session ¢! made of four subsessions: three local elections
(E;,E;,E3) and one global election G among the “local” winners.

The processes of the participants, are fairly similar to the ones in the Example to which a part
is added implementing the communication to the local leaders of whether they are also global leader or
not.

E¢ = Ei||E|Es;|G
where, for 1 <i < 3,

E; = alP ] bilPo] || cilPe ]| dilPy] || eilPe] || silPs]

with P, = e;lleader
+ bi?leader.<c,~!leader—|—di?leader.s,-!elect.(s,-?gleader + s,?no))
+ s;7del

and P, = er{ahbhchdhe&x?elect.(gs?gleader.x!gleader.Q,- + gs?na.x!no.Qi)

with Q; = ZXE{ahanndhei}X!del
and with processes of participants b;, ¢;, d; and e; obtained out of P, by
applying the name substitution
V; = [a;—=b;, bi—c;, ci—d;, di—e;, ei0—+a;] as in Example 2.4]

and
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Figure 1: The three local elections and the global one of Example [3.10)

G = Wl[Pwl] H WZ[PWZ] ” w3[Py3] H gs[Pgs]
with P, = wWiyplleader
~+ Wiy ?eader.gs!gleader
+ gs?del
and Py = Zie{l’m}wi?gleader.si!gleader.s,url!110.5,-+2!n().(Zie{mﬁ}wi!del)

where all the indexes above have to be considered modulo 3, plus 1.

It is not difficult to check that E¢ is #2-modularisable for &2 = {prt(E;),prt(E,), prt(Es),prt(G)},
where sy, s,,s3 and gs are the connectors for, respectively, the modules E{, E;, E3 and G. o

4 A Type System for Modular Sessions

Global types are used to represent the overall behaviour of multiparty sessions. Here we use a notion of
global type similar to the one in MPST but, following SMPS, we define them coinductively, as possibly
infinite regular terms.

Definition 4.1 (Global types) Global types are coinductively defined by:
G :::coind End | Z,’e]Ai.Gi
where I # 0 and finite, and for any j,l € I such that j # I, A; = pA;q and Aj = pA jq imply 1 ; # A;.

We define the participants of global types by prt(End) = 0 and prt(Z;c;Ai.G;) = Ui pri(A;) U
Uier prt(G;). By the regularity condition, prt(G) is finite for any G. As usual, trailing End’s will be
omitted.

As mentioned in the Introduction, in standard SMPS, typing rules take into account single interac-
tions between pairs of participants. In our mixed-choice setting, that approach would allow to type only
sessions whose independent parts were intrinsically sequential, so ruling out protocols like the leader
election and the modular election. We hence consider a typing rule where all the interactions involving
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the participants of a single module M (so including also the communications of the connectors of M
with other modules) are taken into account. Such a set of interactions is formalised through the notion
of coherent set of communication labels. A module M is therefore indirectly represented in the rule in
terms of its corresponding coherent set and referred to, when necessary, as the witness of such a set.

Definition 4.2 (Coherent set of communication labels) A set of labels {Ai}ier is &-coherent for M if
M is P-modularisable and there exists an element M of the (unique) &?-modularisation of M such that

{Aitier ={A € Z(M) | prt(A) Nprt(M) # 0}
The M above is called witness for the P-coherence of {A,;}icy.
Example 4.3 (Witness) Let us consider M| = u[q!A]|| p[r!A;+r2A2]1 || q[u?A.(s!A; +5s?A,)] and M, =
VIrAS?2A + s2A.rIAT || rlv2A.(p241 + p!A2)] || sVIA.(q?41 +q!A2)]. The session M || M, can be
obtained by reducing the session of Example It is still {{u,p,q},{v,r,s}}-modularisable and M is
the witness for the {{u,p,q},{v,r,s}}-coherent set of labels {udq, pA;r, rA:p}. o

Here and in the following, the double line indicates that the rules are interpreted coinductively.

Definition 4.4 (Type system) The type system -7 is defined by the following axiom and rule, where
sessions are considered modulo structural congruence:

[END] ——————
End -7 p[0]

MM, GFZM, Viel#0
{Ai}ier is P-coherent for M prt(XicsAi.G;) = prt(M)

[TCoMM]
Yiai.Gi HY M

It is not difficult to check that we can derive the global type uAq.pAu.Gy + pAu.udq.Gy, where Gy =
VAr.sAv.Gy +sAv.vAr.G,, Gy = pAr.Gs +rA,p.Gs, and G3 = gl s+ sA,q, for the session of Exam-
ple 3.3
The condition “{A;};c; is &?-coherent for M” is essential to get Subject Reduction. In fact, by
allowing any subset of .2 (M) as {A; }ic; in [TComm], we could derive pA'r.pAq -7 My for
Mo = plq!Z +r!11".q!A] | alp?A] || r[p?2']

A .
regardless of &2. However, we would also have M, pra, r[p?A’], with r[p?A/] untypable. The above ex-
ample also shows that, in order to get Subject Reduction it is necessary that, at any moment, a connector
can interact with one other connector only. Let us assume to relax Definition 3.1 as follows

Given a set of participants P, we say that a process P is P-connecting if for any subprocess
of P, say Licim;.P, we have that prt(m;) & P for some j € I implies prt(m;) € P forall i € I.

This would imply M above to be {{p},{q},{r}}-modularisable and all the participants would turn out
to be connectors in their respective modules. Hence M would be F{{P}{a}-{}} typable, whereas r[p?1/]
would not.

The condition “prt(X;c;A;.G;) = prt(M)” is necessary to get Lock Freedom. For example without
this condition we could derive G H{{PH{atir}} p[p] Il alQ1 || r[s!A] with P = q!A.P, Q = p?A.Q and
G = pAq.G. For what concerns the condition I # 0, let us consider one of our previous examples, namely
M = p[q!Z4 + r!A’]. Such a session can be uniquely modularised with itself as possible module and it is
not lock free. In fact it is not typable, since its unique coherent set is empty.
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It can be proved that &?-coherence of a label set for a session is preserved by reducing the session
with a label not belonging to the Z?-coherent set, see Lemma[5.6

The type system is decidable, since processes and global types are regular, and there is only a fi-
nite number of partitions for the participants of a session. More interesting, typability of a session does
depend on the choice neither of the Z?-coherent sets nor of the partition & (see, respectively, Theo-

rems and [5.12)).

We define the semantics of global types via a coinductive formal system, as done first in [6]]. Such a
coinductive definition enables to take into account global types containing branches, where some com-
munications can be indefinitely procrastinated, see Example In order to do that, it is handy to
associate to a global type the set of communication labels which might (not necessarily) decorate its
transitions. We dub them capabilities of the global type.

Definition 4.5 (Capabilities) Capabilities of global types are defined by:
cap(End) =0 Cdp(ZieIAi.Gi) = {A,’},’g[ UUieI Cdp(G,')

Definition 4.6 (LTS for global types) The labelled transition system (LTS) for global types is specified
by the following axiom and rule:

[E-coMM] = jel

G G Aeccap(G;) prt(A)Nprt(A)=0 Viel
A
Z,'e[/\,'.Gi — ZieIAi-G;

[I-comM]

Axiom [E-comm] formalises the fact that, in a session exposing the behaviour X;c;A;.G;, the commu-
nication labelled A; for any j € I can happen. When such a communication is actually performed, the
resulting session will expose the behaviour G;.

Rule [I-comM] enables to describe independent and concurrent communications, even if global types
apparently look like sequential descriptions of sessions’ overall behaviours. In fact, behaviours involving
participants ready to interact with each other uniformly in all branches of a global type, can do that if
neither of them is involved in an interaction appearing at top level in the global type. The condition
A € cap(G;) in Rule [I-comm] is needed because such a rule is coinductive. In fact, without such a

condition, we could get the following infinite derivation for G M—q> G with G = rA’s.G:

9
9 — ———— [I-comM]

N
Example 4.7 (Use of coinduction in Rule [I-comM]) As shown in [[6] the coinductive formulation of

Rule [I-comm] allows to get G Ppha, G/, where G = rA;s.G +rAys.pAq and G’ = rA;s.G' +rAys. The
inductive definition of this rule does not allow the shown transition. O

Example 4.8 (Typing the modular election session) In Figure 2| we provide a typing for the modular
session E&’ of Example 3.10]in the type system -2 with

P =Uicqip3yH{ai:bisciydiei,sif U {{wi,wa, w3, gs}}

We use colours for representing reduced participants. In particular, a participant has the colour
[in its initial state; [ after one interaction; [ after two interactions;
[ after three interactions; [ after four interactions; [0 when terminated.
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End I b[0] || s[0]

[a]
égﬁzsdelbl— E oo
4
[a]
Eg:sgle.ag”l— .o
[d]
G}y = gsdelw,.GY + [E]
63:gsn052.a/3|— oee
gsnosl.a3 = X

¢ (local elections 1 and 2)

Gl = gsgls.G5 - oo

G3 :W3glgs.G/3 F oo
9 9
G/:Zie{l,2,3}wi+llwi-Gi|_ e
(]
[¢]
Gf:’e:ees.G’I— cee
[d]
(]
he =cle.Gl E\-E ces
5 l
(]
Goe—dic.Gy+cbGyt & Bl
H ged -@dc -@cb -@ba
El
[¢] [b]
ale.G,e +eld.Geg +dlc.Gyc +clb.Gg, + bla.Gp, - oee

ld]_[c]

Figure 2: A type derivation for Example [3.10
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For instance:
= gs[Xicq1,2,3yWi?gleader s;!gleader si1no.si no. (Zie{17273}wi !del)]

= gsls3!gleader.si1no.sy'no. (Zieq1 2 3ywildel)] = gslsi!n0.521n0. (Zieq1 23y wildel )]
= gs[s2!n0. (Zieq1 o 3y wildel)] = gs[Zic(1,2,3ywildel] = gs[0]

In Figure 2] arrows do connect pair of participants forming a redex. Moreover, in the conclusion of
the rules we show only the participants of the module containing the coherent set of reductions and, in
case, the “external” connectors. The rest of the session will be denoted by “ *++”. Also, the figure shows
only one branch of the typing derivation tree: the one concerning the global election of e;.

For the sake of readability, / and g/ are abbreviation for, respectively, leader and gleader. Moreover,
a,b,c,d,e and s stand for a3, bs,c3,d3,e3 and s3. O

S Properties

A subsession of the shape p[q!A.P-i-P']| qlp?A.Q -i- Q'] is called a redex and p[P] || q[Q] is the con-
tractum of the redex. In a transition labelled by pAq both the redex and the contractum are uniquely
determined.

Lemma 5.1 IfM LLLN M, then there exists a unique redex p[q!A.P -+ P'] || q[p?A.Q - Q'] such that

and M' = p[P] || q[Q] || M".
Proof. Immediate by the definition of session LTS. ([l

Rule [ComM] in Definition entails an easy relation between the participants connected by reduc-
tions in a session.

Lemma 5.2 [fM 2 M, then prt(M) = prt(A) U prt(M').

It is not difficult to check that the participants of a session and of its global type are the same.
Lemma 5.3 If G+ M, then prt(G) = prt(M).

The following technical lemma relating capabilities and possible reductions of a global type will be
handy later on.
Lemma 5.4 If G2 G, then A € cap(G).
Proof. By cases on the applied axiom/rule justifying G A G If this is [E-ComM], then G = X;¢;A;.G; and
A =Ajfor some j €I and A; € cap(ZiciA;.G;) by Definition 4.5

Otherwise, G = X;c/A;.G; and G’ = Z;c/A;.G! by Rule [I-Comm], where G; A, G, A € cap(G;) and
prt(A) Nprt(A;) = 0 for all i € I. This implies A € cap(G), since U;c;cap(G;) C cap(G) by Defini-
tion 4.5] O

For showing Subject Reduction it is crucial to ensure that the Z?-coherence of a set of labels is
preserved by reducing a label not belonging to this set, see Lemma whose proof uses Lemma
below.

Lemma 5.5 Let {A;}ic; be &P-coherent for M and let A € £ (M). Moreover, let A # A, for all i € I.
Then prt(A) N prt(A;) =0 foralli€ I.
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Proof. By definition of coherence (Definition 4.2)), we have a subsession M of M witnessing the &-
coherence of {A,;};c;. By contradiction, let us assume prt(A) N prt(A;) # 0 for some j € I. By definition
of &#7-modularisation, this implies that prt(A;) contains a connector p of M. Let prt(A;) = {p,q} with
qé prt(M) and prt(A) = {q,r}. Then q € prt(M) and the process Q of q must have a choice between a
communication with p and a communication with r. But this is impossible, since q must be a connector
for some subsession M’ of M by condition (i) of Definition [3.4]and then the process Q must be prt(M’ )-
connecting by Definition[3.2] ([l

Lemma 5.6 (Coherence preservation) Let {A;};c; be &-coherent for M and let M A M. Then A ¢
{A;}icr implies that {A; }iep is Z2-coherent for M as well.

Proof. Let M be the subsession of M witnessing the &2-coherence of {A,};c; for M. From A & {A;}ics

and Lemma 5.5 we get that prt(A) N prt(A;) = 0 for all i € I. This implies that the reduction 2, cannot
affect any reduction with label in {A;};c;. Hence M is a witness of the &7-coherence of {A; };c; also for
M. U

Notice how the conditions on connectors (Definitions [3.1] and 3.2)) are crucial in getting the property
that prt(A) N prt(A;) = 0 for all i € I in the above result of coherence preservation. If we allowed

connectors to communicate with external partners having unrestricted processes we could consider the

{{p},{r,s}}-modularisation of M = p[r!A]|| r[p?A +s?A]1|| s[r!A]. In such a case, the set {pAr} would

be {{p},{r,s}}-coherent with witness M’ = p[r!1]. However, we would also have that M AT M, but

{pAr} would not be {{p},{r,s} }-coherent for M, since pAr & Z(M’).
Theorem 5.7 (Subject Reduction) If G2 M and M MM, then G' -2 M and G 2 G/ for some G/

Proof. By coinduction on the derivation of G 7 M. Let A = pAq. By Lemma[5.1] if M AW , then
there exists a unique redex

such that M = % || M” and M = p[P] || q[Q] || M for some M”. By the hypothesis that G -7’ M we
know that G is of the form ¥;c;A;.G; and the derivation ends by
MM, GFZM, Viel#0
{A;}ier is &-coherent for M prt(EicsAi.G;) = prt(M)

[TCoMM]

YA G T M
We proceed by distinguishing the two possible following cases.
Case pAq = A for some j € I. By the premises of the rule, we have M A, M and G; - M;, where

M =M ;- Moreover, it immediately follows that G A) G, by Axiom [E-ComM].
Case pAq # A, for all i € I. We have that, for all i € I, M; = Z || M} for some M. Hence we get that

M; 2 pLP] | 9[Q] || ML, for all i € I. Moreover, for all i € I, M” &N M. By the coinduction hypothesis
on the premises of the rule, we have that, foralli € I, G| 2 plP1 | alO] || M and G; A, G/ for some G/.
Now, by Lemma[5.4] we get that A € cap(G;) for all i € I, hence we have that G A, Yic1Ai.G) by Rule

(1-Comm]. From M 2 M’ = p[P] || q[Q] || M” and M” 25 M we get M’ 25 p[P] || q[Q] || ML for all
i € I, which imply, by Lemma[5.2]

pre(M’) = Uses prt(Ai) UUier prt(plP1 || aLQ] || M)
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By Lemma 5.3} G; ~7 p[P] || q[Q] || M, gives prt(G}) = prt(p[P] || q[Q] || M) for all i € I. Hence
prt(Zic/Ai.G)) = Uier prt(Ai) UUics pri(G)) = prt(M'). Moreover, from Lemma[5.6land pAq # A; for all
i €1, it follows that {A;};c; is &?-coherent for M as well. Therefore Rule [TComm] applies, namely
A; g .
M’ =5 plP[| alQ] || M; G plP1 || qlQ] || M Vi€ l0
{A;}ier is P-coherent for M/ prt(ZicsA;.Gh) = prt(M')

YA G T M O

Theorem 5.8 (Session Fidelity) If G- M and G 2 G, then M 2 M and G' - M for some M.

Proof. By coinduction on the derivation of G A G We distinguish two cases according to the axiom/rule
justifying G AG.

Axiom [E-ComM]: then G = X;c/A;.G;, A= Aj and G = G, for some j € 1. Since G # End, the last
rule in the derivation of G - M must be [TComm], which implies that A = pAq for some p, 4 and q such
that

M = plq!A.P-i-P'T|| qlp?A.Q -+ Q'T || Mo pk_q> p[P1| qlQ] || My = M/
for some M, and G’ -2 M.
Rule [1-Comm]: then G = Z;c/A;.G; and G’ = Ei/A;.G] with G; A, G and A € cap(G;) and prt(A) N
prt(A;) =0 foralli € 1.
Since the last rule in the derivation of G = M must be [TComM], it follows that

* {Aj}ier is &P-coherent for M

« M 2% M; and G; -7 M, for all i € I 0;

o prt(Zie/A;.G;) = prt(M).
By the coinduction hypothesis, we know that, for each i € I, there exists M such that

M; 5M,  and  G/FM,
Notice that, being the label A the same for all these reductions, by Lemmal5.1] there exists a unique redex
pla!A.P - Pl qlp?A.Q - O]
with contractum p[P] || g[Q] in all the M}, such that A = pAq. On the other hand, since we know that
prt(A) Nprt(A;) = 0 for all i € I, it must be the case that A; = r;A;s; and
M. = ri[R:1 || silSi1 || MY

. . A .
for some r;, s;, R;, S;, M and for all i € I. Hence, since M]; pra, ML, we have that, for each i € I,

M= ri[si!ki.R,- R;] H SZ[FQA,SI S:] H Mi/ M—q> I’i[Si!Ai.Ri Ri] H Sl[l’?l,S, S;] || Mi" =M
for some R, S} (if any), M/ and for all i € I.

By Lemmal5.3] G+ ri[R;] || si[S:1 || M implies prt(G;) = prt(r;[R;] || si[S:] || M) and then prt(G') =
prt(M'). Moreover, from prt(A) N prt(A;) = 0 for all i € I, we immediately get that A & {A,}ic;. So, by
Lemmal5.6l we get that {A; };¢; is &-coherent for M. We conclude that there exists a derivation ending
by the following application of Rule [TComMm]

M 2% M, GFM,  Viel#0
{A;}ier is P-coherent for M/ prt(G') = prt(M’)

[TCoMM]

G+’ M 0
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Toward establishing the property that typable sessions are lock free, we first prove the following
lemma. In words, if p € prt(G), then it must occur somewhere in its syntactic tree, hence there is a trace
o - A out of G, consisting just of external communications, which corresponds to a path in the tree ending
by the first communication label A involving p.

Lemma 5.9 Ifp € prt(G), then there are 6, A and G' such that G 2 G pée prt(c) and p € prt(A).

Proof. The proof is by coinduction on G. Since p € prt(G) we have that G = X;c;A;.G;. Now, let us
assume p € [J;c; prt(A;). Without loss of generality, we can also assume that p € prt(A;) for some j € I.

A .
Then we immediately have that G — G j by Axiom [E-Comm], and the thesis trivially follows by taking
o = €. Otherwise, since p € prt(G) = U;c;prt(A;) UU,e; prt(G;), we have that p & J;c; prt(A;) implies
p € prt(G;) for some j € I. By the coinduction hypothesis, we have that there are a ¢’ and a A such that

/. A
G, BN ¢ prt(c’) and p € prt(A). Then the thesis follows by setting 6 = A; - 0’, since G — G;
by Axiom [E-Comm] and G; ﬂ> G O

Observe that the last lemma is a sort of inverse implication w.r.t. Lemma[5.4] since it shows that the
existence of a capability which is an actual communication of a global type G follows by the fact that
one of the involved participants is in prt(G).

We are now in place to prove that typable sessions are lock free.

Theorem 5.10 (Lock Freedom) If M is typable, then M is lock free.

Proof. Let G -2 M. Following Definition in order to prove Lock Freedom for M, let M % M for
a finite ¢ and let p € prt(M’). By Subject Reduction (Theorem [5.7) we get G’ 7 M. We can now
recur to Lemma [5.3] and get p € prt(G’). From the fact that p € prt(G’) and by Lemma [5.9]it follows

that G’ 225 G” for some ¢’ and A with p & prt(o’) and p € prt(A). Now the thesis follows by Session
Fidelity (Theorem [5.8). O

We conclude this section by showing that typability of a session does depend on the choice neither
of the &?-coherent sets nor of the partition &.

Theorem 5.11 If M is typable in -2 and {Ai}icr is P-coherent for M, then there are G; for i € I such
that XiciA\;.G; F2 M.

Proof. The &2-coherence of {A,};c; for M gives M LN M, which implies by Subject Reduction (The-
orem G; -7 M for some G; and all i € I. By Lemma [5.3] prt(G;) = prt(M;) for all i € I. From
M 25 M; for all i € 1 we get prt(M) = Ui prt(Ai) U Uiy prt(M;) by Lemma By definition,
prt(ZiciAi.Gi) = Ujcrpre(Ai) UUics prt(G;). We conclude prt(Xic;A;.G;) = prt(M), so we can derive
YiciA.G Y M using Rule [TComm]. ]

Theorem 5.12 If M is rypable in -7 and it is P'-modularisable, then M is typable in 7" too.

Proof. Since M is typable in -7, then M is #?-modularisable by Definition @2l Let & = {P;}rck and
{AYher, = {A € L (M) | prt(A) NP, # 0}. By definition of partition we observe that Ugcx Upep, Af =
Z(M). By Definitions and for all k € K {Af}pep, is &P-coherent for M. By Lemma
for each k € K there is a global type Gy = zherA’;,.Gh which can be assigned to M in -7, that is
Them AK.Gy -7 M.

Let {A;}ic; be &?'-coherent for M. We proceed now by coinduction simultaneously on the derivations
ZherA’;l.ah +2 M for all k € K. From the above, for each i € I there is k; € K and [; € Hy, such that one



Barbanera & Dezani-Ciancaglini 17

. . L 7 .ox Ai . .
of the premises of the conclusion Zher_A]Z‘ .G, M is G, 2 M; where M =5 M. By coinduction we

get G/ 7" My for some G/ and for all i € I. By Lemma 53] prt(G}') = prt(M;) for all i € I. We have
prt(ZiciAi.GY) = Uier pr(Ai) UUig prt(GY) and prt(M) = Ujer pri(Ai) U Uiy pri(M;) byi,Lernrna
so we get prt(Zic;A;.G/) = prt(M). Then we can use Rule [TComm] to derive Z;c;A;.G! =7 M. O

6 Concluding Remarks, Related and Future Works

In the setting of the message-passing communication model, it is possible to envisage mechanisms of in-
teraction where a process can be, at the very same time, both a potential sender and a potential receiver. In
various frameworks for concurrent systems, like session types and communicating finite state machines,
as well as the m-calculus, such mechanism is referred to as mixed choice. The flexibility and expressive
power of mixed choice is understandably counterbalanced by a difficult control of the behaviour of sys-
tems. That was arguably the motivation that mostly restrained the session type community from pursuing
a thorough investigation of this sort of interactions. A stimulus in that direction has been instead recently
given by some papers like [10, 28] 29, [30,131]]. In particular, [10}30] investigate mixed choice for binary
session types, whereas [31] considers mixed choice in a MPST setting [[18, [19] following the approach
of [32f] (global types are in fact not taken into account in [31[]). Even if the main concern of [31] is the
expressivity of multiparty calculi (according to the full range of possible restrictions of mixed choice),
type systems assigning local types to processes are provided, where various predicates on contexts of
local types are investigated. In [28.[29] binary sessions with timeout and mixed choice are enriched with
a semantics guaranteeing Progress and a type system enjoying Subject Reduction.

Inspired by [31], we carry on an investigation on the use of mixed choice for synchronous commu-
nications in the setting of SMPS [12, 4]. In SMPS, global types are inferred for sessions, i.e. parallel
compositions of named processes, the latter being an abstraction for both processes and local types usu-
ally considered in MPST. Our processes can use now mixed choice. Subject Reduction, Session Fidelity,
as well as Lock Freedom are ensured for typable sessions. The most relevant aspect of our type sys-
tem is that we look at sessions as implicitly composed by modules whose participants freely interact
via unrestricted mixed choice, whereas the inter-module communications can be more easily controlled
by allowing communications with only one participant. Such an approach does not discard a priori any
session. In fact all sessions — even those developed without any specific modularisation in mind — can
be modularised in a less or more refined way: from a single large module comprising the whole session,
to a set of modules made by single participants. In the former case the typing is less effective, since the
global type would result in a complete interaction tree, whereas in the latter case the typing coincides
with the standard SMPS (with no mixed choice). In particular, our type system is conservative since, for
processes without mixed choice, it coincides with the type system of [[6], which is at present one of the
most expressive. For mixed choice there is only the type system of [31]], which is modularised by predi-
cates on local types. An interesting property ensured by that type system is safety. Safety in [31] entails
that the protocol for process interactions is such that, when a participant intends to perform an interac-
tion, it nondeterministically chooses among all the participants that can interact with it. Then there is a
nondeterministic decision concerning who has to play the role of the sender and who of the receiver. At
that point, the sender performs an internal choice among the available outputs. Typing then guarantees
that the possibility of interaction does not depend on the chosen output. We consider, instead, a simpli-
fied synchronisation protocol where there exists a nondeterministic choice among all the participants that
can actually interact and all the possible communication interactions. As mentioned in Section [2} this
approach makes “!” and “?” just two complementary synchronisation actions. It is however possible to
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modify our type system in order to guarantee safety of sessions as defined in [31] by requiring that
p[q!A.P - P'l € M and q[p?4'.Q -~ Q'] € M imply pAq € £ (M)

The safety condition only ensures that an output finds the corresponding input if the receiver offers some
inputs for the sender. An alternative condition is

plq!A.P i P']l € M implies M TPA9, for some &

With this last condition we would type less sessions, for example we would not type

plg!A + AT || r[p?A/]
and the election example. The feature of this alternative condition is that the choice between outputs is
internal, in agreement with an asynchronous implementation. In such a case it is worth remarking that a
restriction of the subtyping relation used in [31]] would be implicitly entailed by our typing.

As first pointed out in [14]], the naive extension of the original type system [19] to sessions where
input choices have different senders is unsound. In fact one can type sessions which reduce to untypable
and stuck sessions. Suitable conditions ensuring a sound extension have been proposed both for the
synchronous [14] and asynchronous [24, [11]] communications. Notably, the type system proposed here
does not have this problem.

We notice that modular sessions can be obtained by connecting independent sessions via gateways,
according to the Pal approach to system composition. When composing several typable SMPS systems
(through compatible interfaces) one gets a typable system [7]]. Although the presence of mixed choice
does not seem to be a major obstacle, it is unlikely a result like the one of [7] could be easily translated
in the present context. In fact, as shown in Example we allow the presence of multiple connectors
per module. This possibility is actually a severe impediment to the safeness of Pal composition. In fact,
let us take the following two typable sessions:

plq!A]] alp?2] r[s?A] | s[r!A]
Taking all the participants as interfaces and considering that there exists a typable connection policy
among them [[7]], the Pal composition would result in the following untypable {{p,q},{r,s}}-modular
session
p[r?A.q!A] || alp?4.s!A] || r[s?A.p!A] || s[q?A.r!A]

where all the processes begin with an input, so forming a deadlock. This problem was overcome in [13[],
in a setting using projections and without mixed choice, by means of a suitable extension of the syntax
of global types.

It is worth noticing that mixed choice make Pal composition problematic even by allowing one
connector only. For example, by composing using p and t the following typable sessions

pla!A1 412421 || alp?A1 +s2A3] || rlp!A2 +s!A4] || s[q!A3 +r?44]
tlu?A1 +vIAo] || ult! Ay +w!A3] || vIt?42 + w2A4] || wu?A3 4+ vIA4]
we get the session
plt?21.q! 41 +r2A2.t14,]1 || lp?A1 + 5?2431 || rIp! A2 +s!A4] || slg!Az +r2A44] ||
t[u?A1.p!A1 +p?Ao.vIA2] || ult! A +WIA3] || VIE?2A, +w2A4] || wlu?Ad3 4+ vIA4]
which reduces to the stuck session
plt!A2] || tlp!A1]

Pal composition provides also an intuitive justification for the shape of connectors in our modu-
larisation. In fact, by composing systems via interfaces with unrestricted mixed choice, most of the
communication properties, if any, are not preserved, as shown by the previous example.

As future work we plan to investigate Pal composition for sessions with mixed choice and asyn-
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chronous communication, taking inspiration from [28} 29]], where asynchronous communication for ses-
sions with mixed choice is first modelled. We deem worth investigating the modular approach to session
types also for standard MPST, as well as for the recent approaches to global types and projections devised
in 24} 23].
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User Interface Description Languages (UIDLs) are high-level languages that facilitate the devel-
opment of Human-Machine Interfaces, such as Graphical User Interface (GUI) applications. They
usually provide first-class primitives to specify how the program reacts to an external event (user
input, network message), and how data flows through the program. Although these domain-specific
languages are now widely used to implement safety-critical GUISs, little work has been invested in
their formalization and verification.

In this paper, we propose a denotational semantic model for a core reactive UIDL, Smalite, which
we argue is expressive enough to encode constructs from more realistic languages. This preliminary
work may be used as a stepping stone to produce a formally verified compiler for UIDLs.

1 Introduction and Context

With the democratization of interactive devices, the general interaction paradigm has changed. Users
now expect to interact with their systems through tactile interactions or advanced interactive devices.
This extends to critical systems too, notably aviation related ones. For instance, aircraft cockpits are now
digital and tactile [[13]] and paper strips for air traffic controllers have been replaced by elaborate digital
dashboards [[10].

Using traditional programming languages to implement the interactive parts of systems implies the
use of numerous callbacks. The resulting code quickly becomes spaghetti code and gets particularly
difficult to analyze and maintain [16} [17]. The use of dedicated languages has shown to be beneficial
in such circumstances [18]. Such languages are called User Interface Description Languages (UIDLs).
These languages can efficiently describe both the appearance of the system (its scene graph) and the
interactive behavior (mainly activation propagation). They are becoming more popular, including for
the development of critical systems [2} [1]. However, these languages have not been formally defined,
particularly not their semantics, which hinders any formal reasoning on these safety-critical programs. In
this paper, we tackle this problem by proposing denotational semantics for a minimal declarative UIDL.

There has been a few other attempts to give a formal semantics to interactive languages or libraries
such as React [14]. However, React is based on a functional language and as such, has very different
mechanisms than other UIDL/interactive languages. Indeed, the behavior of a React program is described
using small-step operational semantics which specify the order in which components are rendered. In
this paper, we focus on a declarative language with denotational semantics where the order of updates is
left implicit.

Previous work has paved the way towards a minimal common abstract syntax for Smala, a declarative
UIDL [15]. A first formal semantic model based on bigraphs has been proposed [20], but in this work
we explore an alternative expression of the semantics, which is simpler and should facilitate compiler
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verification in the fashion of CompCert [[12] or Vélus [4]. To give more confidence in those semantics,
we also aim at proving the equivalence between the two semantics, as future work.

Hence, we propose a new denotational semantics for Smalite, a declarative UIDL which includes
a minimal set of constructs from Smala. As a preliminary step to a compiler correctness proof, we
mechanized the language and its semantics in the Rocq prover (23], and implemented a prototype
compiler that generates imperative code. In section[2] we give an informal presentation of our language
through an example program implementing a simple Graphical User Interface (GUI) program. Then, in
section 3] we describe our formalization of the reactive semantics of the language. Finally, in section [4]
we discuss the future steps towards extending the language and building a formal proof of correctness
for its compiler.

2 Specifying interactions with Smala

The language we propose closely resembles Smala [15]], a UIDL used in safety-critical applications [2}
7]. In fig. [I] we present an example Smala program where two buttons control a counter by either
decrementing it until it reaches O or setting it back to 3.

Smala programs are composed of named processes. The root process is a Component (line 1),
usually named root, which contains child processes. The counter is implemented as a property count
(line 2), which is declared with a type and an expression giving its initial value. Then, the program
contains a Spike (1ine 3), which represents an event that may be triggered from inside or outside the
program, and reacted to. This particular Spike represents the event “the counter has just reached 0”.
Indeed, it is triggered by the binding on the same line, whose left-hand side is a condition checking
that count equals 0. Conditions are checked only at reactions where the value of one of the properties
involved changes; therefore, zero is triggered only at reactions where the value of count changes to 0.

The next process is a Frame, which is a special graphical component (1ine 6). For the purpose of
our reactive semantics, a Frame is just syntactic sugar for a component with properties title, width
and height, passed as parameters between parentheses, as well as a Spike close. On the other hand,
our prototype compiler generates code which uses the Frame and its parameters to open a window. The
compiler also binds user requests to close the window (e.g. by clicks on the X button) to triggering the
close Spike. Therefore, the program can define custom reactions to user actions.

The first child of the Frame defines the Font used to display text in the interface (1ine 7). Since the
rest of the program does not need to refer to this particular component, its name is unspecified (_ ). Then,
the frame contains three main components: two buttons, and a text label. Each button is implemented by
a component FillColor (with parameters red, green and blue), which sets the color of its Rectangle
child (with parameters x, y, width and height). Text labels are implemented by a FillColor which
sets the color of its Text child (with parameters text, x and y).

Rectangle components have two predefined spikes, press and release, which are respectively
triggered when the mouse is pressed/released while the mouse pointer is on top of the rectangle. The
logic of each button is implemented as a reaction to these spikes: on press, the button is highlighted by
increasing the green property of its FillColor (1ines 14, 26). On release, the green component
is set back to its default value (1ines 15, 27). The graphical effect of these first two reactions are
shown at right of fig.

The release Spike of each button is bound to an action on the counter. Releasing decr decreases
the counter (1ine 17) by setting its new value to its previous value (accessed with last) minus one.

Iformerly known as Coq
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1 Component root {

2 Int count 3;

3 ICE 2025 - X

;1 Spike zero; (count == 0) -> zero; oot \\

6  Frame £ ("ICE,2025", 300, 50) { i

7 Font _ ("arial.ttf", 20) { press decr restart)

8 FillColor btni (150,150,150) { b

9 Rectangle r (0,0,100,f.height) { ‘I‘}\

. ICE 2025 - X

10 FillColor _ (0,0,0) { 'I\‘\\

11 Text _ ("decr", r.x + 30, 13) {} decr o

12 }; [N

13 }; Fn

14 r.press -> hg; hg: 255 =: green; release decr S

15 r.release -> dhg; dhg: 150 =: green; R

16 }; ICE 2025 _X-3 4 b

17 btnl.r.release -> dec; dec: last count-1 =: count; ) 1 o

18 zero ->! btnl.r; (count > 0) -> btnl.r; deer I festart Lo

19 : I/ ,;

20 FillColor btn2 (150,150,150) { decr | l

21 Rectangle<d> r (btnl.r.width+10,0,100,f.height) { o ) |

22 FillColor _ (0,0,0) { )/ !
ICE 2025 — x 1

23 Text t ("restart", r.x + 20, 13) {} k /

24 }; decr I restart /

25 }; 1 /I

26 r.press -> hg; hg: 255 =: green; | /

27 r.release -> dhg; dhg: 150 =: green; decr: N

28 }; o ;

29 btn2.r.release -> rst; rst: 3 =: count; ICE 2025 2 @)

;(1) (count < 3) -> btn2.r; (count == 3) ->! btn2.r; - restart ’

32 FillColor _ (255,255,255) {

33 Text t ("rem:_," + str(count), btn2.r.x+btn2.r.width+10, 13) {

34 count -> chtext; chtext: "rem:_" + str(count) =: text;

35 };

36 }

37 }

38 };

39

40 Exit e (0) { f.close -> trigger 1I};

41 }

Figure 1: An example Smala program

Releasing restart sets the counter back to 3 (1ine 29). Buttons may be activated or deactivated
depending on the value of the counter. If the counter equals O, it is not possible anymore to decrease
it, and therefore the decr button is deactivated (first binding ->! btnl.r on line 18). As soon as
the counter goes back above 0, it is reactivated. Conversely, the restart button is deactivated when the
counter equals 3, and reactivated otherwise (1ine 30). Normally, the activation of a parent automatically
activates all of its children. However, since the counter starts at 3, the restart button must be initially
deactivated, which is specified by <d> on line 21.

The last child component of the Frame is a Text label displaying the value of count. It is updated
every time the value of count changes (binding count ->on line 34).
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path ::= x | x.path
e :=c | path|last path | oe|eDe
ia:=ald
lhs ::=T? (path) | A7 (path) | D? (path) | C? (path) | (e)?
rhs ::= T (path) | A (path) | D! (path)

Figure 2: Abstract Syntax of Smalite

Concrete LHS | Concrete RHS || Abstract LHS | Abstract RHS Event
path -> -> path T? (path) T! (path) Trigger path
path -> N/A C? (path) N/A Assign v path
(e) —> N/A (e)? N/A Assign v path, path € free(e)
path -> -> path A? (path) At (path) Activate path
path !'-> ->!  path D7 (path) D! (path) Deactivate path

Figure 3: Correspondence between concrete syntax, abstract syntax and events

Finally, the program contains an Exit component, which takes an exit code as a parameter, and ex-
poses a Spike trigger which halts the program. The close Spike of the Frame is bound to trigger,
which allows the user to close the program by closing the window.

3 Formalizing Smalite’s semantics

In this paper, we define the formal semantics of Smalite, a more restricted form of Smala. Smalite is
a reactive language: the execution of a program can be seen as a series of reactions to external events.
We saw in the example of fig. |1| that the main type of external event is the triggering of a Spike, such
as close (line 40) or release (line 15). Another possible external event not showcased in the
example would be an outside modification of a property. For instance, an adaptive GUI program could
listen for the resizing of a Frame which would be encoded as a change of its width or height property.

A reaction may then update the state of the process by activating or deactivating permanent pro-
cesses, or assigning values to properties. A reaction may also frigger spikes which, as seen in the
example, may have an effect on the view. Therefore, we generalize external events to also account for
events triggered by the program during a reaction, as defined below.

ev::= Trigger path | Assign v path | Activate path | Deactivate path

First, an event can be the triggering of a “transient” process, which does not retain its activation
between cycles (Spike or assign). Second, it can be an assignment to a property. Last, it can be the acti-
vation or deactivation of a “permanent” process, which retains its activation between cycles (Component
or binding).

3.1 Abstract syntax of Smalite

We now detail the abstract syntax of Smalite as we formalize it. A minimalized version of Smala has
been proposed in previous work [15]. It includes a small set of core elements that constitutes the heart
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of the language, expressive enough to describe the full set of components of the whole language while
minimizing the number of constructs to actually formally define and verify. The translation from Smala
to this minimal set is done through a transpilation pass not described here. Our syntax is presented in
fig.[2] and builds upon the one proposed previously [15]].

A program is a process p. There are five different processes detailed hereafter. A process may be
the declaration of a property with its type ¢y, name x and initial value e. There are two kinds of transient
processes, which are triggered during a single cycle: spikes and assignments. The latter assigns the result
of the evaluation of an expression e to a property specified by an absolute path. An expression is either
a constant ¢, the path to access the value or the last value of a property, or a unary (¢) or binary ()
operation. Types, constants and operations are those of the host language that the compiler targets (in the
case of our prototype compiler, CompCert C).

Finally, there are two kinds of permanent processes, which retain their activation between cycles.
Both kinds may be initially activated or deactivated following the ia flag. The first permanent process
is the binding, denoted by an arrow ->. It binds the event specified by its left-hand-side to the event
specified by its right-hand-side. An event detected by a left-hand-side may be the triggering (T?) of
a transient process (Spike, assign), the activation (A7) or deactivation (D?) of a permanent process
(binding, Component), the change of value of a property (C?), or a condition being true after one of
its free variable changes ((e) 7). Right-hand-sides may trigger a transient process (T!) or activate (A!) or
deactivate (D!) a permanent process. The second permanent process is the component, which contains a
list of sub-processes.

This abstract syntax is sligtly different from the concrete syntax used for the example. First, each
process is explicitly named. Second, there is only one generic Component. It can then be instantiated to
create all other components, particularly the graphical components (Frame, Rectangle, etc), as those do
not play a special role in the semantics. Third, as we have seen, the left- and right-hand sides of bindings
distinguish between triggering of transient processes, activation/deactivation of permanent processes,
and change of property value. Figure [3| recapitulates the correspondence between concrete left- and
right-hand-sides, as seen in the example, and their abstract counterpart. Last, processes refer to each
other using their absolute paths, which are made up of a sequence of identifiers indicating the path from
the root process to the process of interest.

In practice, our prototype compiler parses the source program of fig. [T]into an Abstract Syntax Tree
(AST) represented as an inductive type in Rocq. Then, a sequence of functions recursively elaborates it
into a second AST representing the more restricted syntax of fig. 2] in three passes. First, the elaborator
fills-in missing names by generating globally unique identifiers. Then, it expands graphical components
into generic Component by adding the predefined properties and spikes (e.g. title, width, frame for a
Frame). Finally, it type-checks the program, makes relative paths absolutes, differentiates transient and
permanent processes in bindings, and builds the restricted AST.

3.2 Semantics of program initialization

We now describe the rules that specify the initialization of the system, presented in fig. [d] The first
judgment, E" p, |} A, specifies the initial activation for a process p rooted at path r, where A is a set of
paths of permanent processes. It is defined by the rules in fig. da] Non-permanent processes (property,
spike, assignment) never appear in this set. Bindings and components appear in the set if-and-only-if
they are declared with <a>. For a component marked with <a>, the sub-processes are initially activated
according to the same rules.

The second judgment, E E p, |} E’, specifies how the initial property values are added to initial
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Figure 4: Initialization rules

environment E to form E’, where environments are represented by finite maps from property paths to
values. It is defined by the rules in fig.[4b] As expected, spikes, assignments and bindings have no effect
on the initial environment. For properties (rule IEP), the initialization expression is evaluated under the
starting environment E and the resulting value is added to E. A value is either a numerical value from
the C language (integer, floating-point number), a boolean value, or a string of characters. The rules for
expression evaluation specifying E, E’ I, e |} v are unsurprising, and presented in fig. |5l The notation c*
represents the semantic denotation of constant ¢ (respectively o* for unary operator o and &* for binary
operator ). The current value of a variable is searched in E’, the updated environment (rule EV), while
its last value is searched in E, which represents the environment at the end of the last step, and is empty
at initialization (rule EL). The evaluation of operators may fail (e.g. in case of a division by zero), which
is denoted on their return value by |v].

Rules IEC; and IEC,, for components, highlight an interesting design choice. In our definitions, the
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Figure 5: Expression evaluation rules
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Figure 6: Main reaction rule

environment is updated sequentially, following the order the sub-processes are written in the program.
One simpler definition would have been to update the same environment E in parallel for each sub-
process ps; into an environment E;, and to take the union of these environments, but this would have
prevented writing initial expressions that depend on the values of other properties, as seen for the button
text position in fig.[T|(1ine 21). Conversely, a more expressive semantics would allow the initialization
of a property to depend on the values of properties later in the program, as long as there is no cycle in
the definitions. This would however require (1) a more complicated semantic judgment for initialization,
(2) an analysis of the absence of cycle at the source level, and (3) a way to schedule property initialization
in the compiled code. Although these are all feasible, we believe that the marginal expressivity gains are
not sufficient to justify this additional complexity.

Finally, the two judgments described above are combined in rule I, presented in fig. It specifies
the initialization of a Smalite program: k,, p || E,A indicates that the process p, rooted at the empty path
€, 1s initialized with initial environment E and initial activation A.

3.3 Semantics of reaction

To describe how a program reacts to an external event, let us start with the main reaction rule presented
in fig. @ The judgment E,A k., p(ev) || E’,A’, T’ indicates that, with initial environment E and activation
A, the process p reacts to an external event ev by updating its environment to E’, its activation to A’,
and emitting a set 7' of external events. The relation between these parameters are specified by three
premises, which we now detail.

3.3.1 Event propagation

The first premise determines the set 7' of events that are emitted during the reaction step. 7 contains
the external event that triggered the reaction, ev. It also contains any additional event propagated by the
process: this is represented by judgment E,A,T,E’ A’ i p |} ev which can be read as “when process p
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Figure 7: Propagation rule for bindings and assignments

reacts to events T, it also emits event ev”. The rules defining this judgment are presented in figs. [7]and 8]
These rules are not syntax-directed: instead, each one asserts the existence of a sub-process that may
propagate events. We write the judgement p[parh] = | p’| for “there is a process p’ rooted at path in p”.

The first set of rules, in fig. [7} describes how bindings propagate events. Rule PB, presented at the
bottom, specifies that a binding only propagates events if it is activated. The third premise E, T, E’ ), lhs
of the rule assumes that the left-hand side is activated by a matching event. In particular, if the left-hand
side is a condition, it must evaluate to true. The final premise A,A" I, rhs || ev specifies which event
ev the right-hand side emits. All rules specifying this judgment mandate that the parent of the process
involved in the event is active. Activation (resp. deactivation) events are only emitted if the process was
previously deactivated (resp. activated): in other words, “non-events” that do not modify the activation
state are not propagated.

The last rule in fig. [/} covers the assignment. It states that an assignment produces an Assign vy
event when (1) its parent is activated, (2) the parent of y is activated, (3) the assignment has been triggered
by another event, and (4) the expression of the assignment evaluates to value v. Here, we made one
interesting choice: the second premise implies that it is not possible to assign to a property whose parent
is deactivated. This constraint was added because the behavior of programs where a property is assigned
to when its parent is deactivated was not clear: should the assignment event be propagated during the
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Figure 8: Propagation rules for components

reaction, or when the parent becomes active again, or not at all ? We chose to eliminate this question
by forbidding this case entirely, as we believe it is not useful in real-world programs. In practice, our
prototype compiler statically checks that this situation can never arise.

The last set of rules, in fig.[8] describes how components propagate events to their children. Rule PC|
specifies the propagation of activation events, while rule PC, specifies the propagation of deactivation
events. Each is specified by a judgment F." p || ev, which follows the same logic as the judgment for
initial activation. The only difference between these two sets of rules is that activation is only propagated
to children for components/bindings marked with <a>, while deactivation is always propagated.

3.3.2 Safe reactions

The propagation rule by itself is not enough to ensure the right semantics is given to propagation of
events. Indeed, consider the pair of processes a: 0 =: y; (x/y > 10) -> t and suppose that assignment
a is triggered. According to our semantics, it generates an event Assign 0 y. In turn, this triggers the
conditional binding, as the value of y as changed. However, the behavior of x/y is undefined because it
divides by 0. This means that the predicate for expression evaluation does not apply, and therefore the
premises of the rule for conditional left-hand side activation does not hold. In the end, our semantics say
that this program evaluates fine, but does not trigger t. This is wrong: actually, if we compile and/or
execute this program, it will crash. Therefore, this program should not admit a semantics at all. To
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Figure 9: Safe reaction rules

correct for these cases, we introduce an additional premise in fig. @ E.T,E' A" p,, which ensures that
all expressions that need to be evaluated in the process p rooted at r evaluate without undefined behavior.

The definition of this judgment is presented in fig.[9] Execution of a process that does not propagate
events (property, Spike) is always safe. An assignment is safe if, when triggered, the evaluation of its
expression is safe (rule SA). Both bindings and components are safe if they are inactive (rules SB; and
SC)). If an assignment is active, then its left-hand side must be safe: if the left-hand side is a condition,
either there is no assignment to its free variables, in which case it does not need to be evaluated (rule
SLI;), or it evaluates to a boolean value (rule SLI;). An active component is safe if all its children
processes are safe (rule SC;).

3.3.3 State update

The two judgments described above specify what events are emitted during the reaction. It remains to
specify how the state of the reactive system is updated by these events. This is the role of the judgment
E,Ak,..T || E' A, which specifies that “when it receives events T, the state of a process updates from
(E, A) to (E’, A’)”. The unique rule specifying this judgment is presented in fig.

Its first two premises specify the updated environment E’: for each path p, either there is an Assign
event to p, in which case E’(x) is set to its value, or there is none, in which case E’(x) keeps the same
value as E(x). The first premise implies a strong constraint of Smalite programs, that was not explicit
until now: two assignments to the same property with different values may not occur during the same
reaction. This is a stronger constraint than was chosen in the original implementation of Smala (where
the value of the “final” assignment was kept), but it simplifies the semantic model and facilitates the
generation of simple and efficient imperative code. In practice, this semantic constraint is satisfied for
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any program that respects a Reactive Static Single Assignment (RSSA) property: each reaction only
contains one assignment to a given property. This property is checked by our prototype compiler.

The remaining premises specify the updated activation A”: an Activate p event adds p in A', a
Deactivate p event removes it. If neither type of events are emitted, then p keeps its activation status.
These premises imply a second constraint: Activate p and Deactivate p events may not occur during
the same reaction. Like the previous constraint, this choice simplifies both the semantics and compilation
scheme, and is checked statically during compilation.

3.3.4 Discussion

Going back to the rule that composes them in fig.[6] we can now get a high-level view of how these three
judgments interact interact to specify how a Smalite process reacts to an event. As discussed, the prop
and safe rules specify which events are produced, while the update rule specifies how state is updated.
These definitions appear to be mutually recursive. On the one hand, in prop, the updated state E’,A’ is
used as argument to compute generated events. On the other hand, in update, the set of events 7T is used
as an argument to compute the updated state E’, A’. To make these semantics executable, one would most
likely need to implement them as a pair of mutually-defined fixed-points.

4 Conclusion and Future work

In this paper, we have presented Smalite, a minimal language capable of encoding more fully-featured
UIDLs such as Smala. The denotational semantics of the language, along with a prototype compiler, have
been implemented in the Rocq prover: this is a first stepping stone towards a verification framework for
UIDLs in general and Smala in particular. We propose here some leads for future work.

4.1 A formally verified compiler for Smalite

We have implemented a prototype compiler for Smalite programs that generates C code which can be
linked against the SDL library [22] to define reactive GUI programs. This compiler generates executable
code for Smalite programs by finding a static scheduling of instructions that implement events (setting
the value of property, (un)setting activation flag), guarded by conditions that emulate the left-hand side
of bindings. This involves three major passes between separate Intermediate Representations (IRs):

1. Explicitly compute the event propagation graph of the program, where vertices are instructions
and edges are guarded by conditions that correspond to the left-hand side of bindings
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2. Checking that this graph does not contain any cycle, and flattening it by transforming its transitive
closure into direct associations between external events and lists of guarded instructions

3. For each external event, schedule the guarded instructions according to dependencies (e.g. an
assignment to x must be processed before an instruction that depends on x), and generate a function
that implements the reaction to the event

Our prototype compiler targets the Obc IR of the Vélus compiler [5]. Obc is an imperative object-
oriented language where each class has fields and methods. In our compiler, we use fields to store the
values of properties and the activation state of permanent processes, and generate one method for each
external event. Then, we reuse the Obc-to-Clight pass of Vélus to produce a Clight program. Clight is
one of the frontend language of the CompCert verified compiler [12] on which Vélus, and therefore our
prototype compiler, are based.

In the future, we hope to reuse the correctness proofs of Vélus and CompCert to build an end-
to-end semantics preservation proof from the denotational semantics presented in this paper down to
the assembly semantics provided by CompCert. The missing piece is, of course, a correctness proof
that relates our denotational semantics for Smalite to the operational semantics of Obc [5, §4.1.2]. We
expect this proof to be difficult, for three reasons. First, our denotational semantics model is clearly more
abstract than the operational semantics used for Obc: the former asserts the existence of objects on which
a set of relations hold, while the latter describes precisely how these objects are computed. Second, the
correctness of our compilation scheme heavily depends on the well-formedness of the source program
(absence of dependency loops, absence of contradictory assignments, etc.) which might be difficult to
specify precisely and reason about. Last, the rule for reactions described in fig. [6] relies on a complex
predicate to define the content of the set of events 7. We are afraid that reasoning about this predicate in
semantics preservation proofs will require proving implications in two directions (source-to-target and
target-to-source), which might incur a significant amount of work for each compilation pass.

4.2 Static analysis, simplifications and optimizations

Our prototype compiler is, in some respects, very naive, and future work will focus on improving it so
that it generates more efficient imperative code, and accepts a larger set of source Smalite programs.

Indeed, compilation to imperative code with a fixed schedule places a restriction on which programs
may be accepted: some programs with well-defined and deterministic semantics may be rejected during
compilation. For instance, consider a program with only two bindings: x -> y; y -> x. In theory, this
program is not schedulable, as there is a dependency loop between the triggering of x and y. In practice
however, the semantics of this program are clear: either x and y are both triggered, or they both are not.
To generate imperative code, we need to somehow cut the dependency cycle, but it is not obvious how to
do so in general.

Another, more complex loop is actually showcased in our example, on 1lines 29-30. Line 29
specifies that releasing btn2 sets count back to 3. Line 30 specifies that changing count triggers a
test that activates btn2 if count < 3. How should these two bindings be scheduled? On the one hand,
before checking the first binding, it must be determined whether or not btn2 is active, so 1ine 30 should
be scheduled before 1ine 29. On the other hand, 1ine 29 sets count, so it should be scheduled before
line 30 that listens to a change on count. This looks like a dependency loop, but on closer inspection
the second scheduling is never useful: indeed, 1ine 29 sets count to 3, therefore, count < 3 will
never be true on a cycle where this assignment is activated. A general way to filter this type of false
dependency loops would be to “cut” chains of bindings that include conditions that will never evaluate
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to true. To do so, we could use some type of static analysis such as abstract interpretation [6]. Moreover,
statically simplifying conditions and cutting useless bindings would also make the generated code more
efficient.

4.3 Extending Smalite

The example presented in section [2 could be simplified with a few higher-level constructs. First, we see
a very similar code pattern of declaring an assignment and having a unique binding to that assignment
at several places (1ines 14, 15, 17, 29, ...). These could be simplified with a meta-process that
encodes “binding to an assignment”. In Smala, this is implemented by assignment sequences, with syntax
press -> { 255 =: green }. This feature could be added as part of a more general source language than
the one we present in this paper, and compiled down to the simpler constructs of Smalite.

Another unwelcome repetition appears in the definitions of the buttons btnl and btn2, which are
essentially identical bar a few parameter. The full Smala language allows the user to define parameterized
components which can then be instantiated in more complex programs. It is not yet clear what would
be the best way to treat such a feature in our formalization: either user-defined components could be
inlined into a single Smalite program, or they could be compiled separately, making Smalite and the
other intermediate representations more complex.

4.4 Graphical semantics and properties

The semantic model we propose in this paper describes how the internal state of a program is updated
in reaction to an event. It does not specify how this internal state is related to the observable behavior
of the program. In particular, all the components used in the example (Frame, Rectangle, etc) have
graphical semantics: their activation, and the value of their property affects what is displayed on the
screen. Furthermore, the events that are modeled by spikes (close, released, etc) correspond to user
actions. The structure of graphical components could be formalized as a scene graph, while the behavior
of interactions could be specified using low-level events (click on the mouse at specific coordinates,
etc). Modeling these graphical and interactive semantics at the level of the Smala source language would
facilitate two high-level goals.

First, mechanize a compilation correctness proof for the code that binds the reactive program to
the system libraries that implement user interactions; for our prototype compiler, that would be SDL3.
Writing this proof would first require axiomatizing the behavior of all the SDL3 functions in use: drawing
functions would affect the scene graph, while event-listening functions would be related to low-level
events.

Second, it would be possible to reason on graphical properties of the system. Indeed, many safety-
critical interactive systems, such as airplane cockpit GUIs are bound by strict norms. For instance, the
ED 143 [9] specifies the behavior of the Traffic Alert and Collision Avoidance System (TCAS), which
prevents aircraft from crashing into each other by alerting the pilot of imminent collisions and requesting
altitude change. In particular, it specifies how incoming aircraft should be displayed on the screen.

In [21]], the authors present a technique to formally verify that this specification holds for a given
implementation, by generating Weakest Preconditions (WPs) and verifying them using the Z3 SMT
Solver [8]]. We could ground these results by proving the correspondence of the WP generation algorithm
with our semantics model, and using a tool such as SMTCoq [3] to transport the proof of correctness
generated by Z3 into Rocq logic. This would give us a mechanized Rocq proof that these properties hold
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for the source program and, by applying the compiler correctness proof mentioned in section that
they hold for the generated binary.

Another approach would be to reuse the work proposed in [[20} [19]], which proposes a denotational
semantic model based on bigraphs for a UIDL very similar to ours. It then uses the PRISM model
checker [11] to prove that the resulting bigraphical reactive system implies graphical properties of in-
terest. To take advantage of these results, we would first need to prove that our own relational semantic
model is equivalent to the bigraphical model.
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Departing from Larsen’s concept of parameterized bisimilarity of processes with respect to interac-
tion with environments, we start an exploration of its natural weakening: bisimilarity of unrestricted
join interactions with environments. Parameterized bisimilarity relates processes p and g with respect
to an environment e if p and g behave bi-similarly while joining—respectively the same—transitions
from e. The weakened variant relates processes p and g with respect to environment e if the join-
interaction processes p & e and g & e of p and g with e are bisimilar. (Hereby join interactions r & f
facilitate a step with label a to ¥ & f” if and only if r and f permit a-steps to r’ and f”, respectively.)

Join-interaction parameterized (ji-parameterized) bisimilarity coincides with parameterized bi-
similarity for deterministic environments, but that it is a coarser equivalence in general. We explain
how Larsen’s concept can be recovered from ji-parameterized bisimilarity by ‘determinizing’ inter-
actions. We show that by adaptation to simulatability (simulation preorder) the same concept arises:
parameterized simulatability coincides with ji-parameterized simulatability. For the discrimination
preorder of (ji-)parameterized simulatability on environments we obtain the same result as Larsen
did for parameterized bisimilarity. Also, we give a modal-logic characterization of (ji-)parameterized
simulatability. Finally we gather open problems, and provide an outlook on our current related work.

1 Introduction

With the motivation of developing flexible formal methods for proving correctness of software programs
incrementally, by showing compositional correctness under the formation of contexts, Larsen in [[11} [12]]
introduced parameterized bisimilarity of processes as a helpful concept. It turned out, more recently, to
be useful in an area with a similar motivation: contextual behavioural metrics (see work of Dal Lago and
Murgia [6,10]), which measure differences between programs as distances by means of pseudo-metrics.
This is because parameterized bisimilarity provides natural examples of contextual behavioural metrics.

The idea underlying parameterized bisimilarity is that the behaviors of two processes are compared
with respect to a third process that represents a common environment, in which both processes are
placed, and with which both can interact separately. The environment is able to ‘consume’ a transition
from a process by performing a transition with the same action label, after which both the process and
the environment move to the target state of the interaction transition on their side, respectively. Such
consumption interactions are intended to continue as long as possible. Yet in case that an environment
state permits no transition with the same label as the current process state (this is the case, for example, if
the environment or the considered process is in a deadlock state), the consumption process stops. Given
this setup, processes p and g are called bisimilar with respect to an environment process e if p and g
behave in a bisimilar way (fulfilling forth and back conditions as typical for bisimulations) for any pair
of runs of synchronous consumption interactions of the environment with the two processes in which the
environment takes the same transitions on its side.
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It is distinctive for Larsen’s concept of parameterized bisimilarity that the forth and back conditions
of two processes p and ¢, and subsequently, of states reached via transitions from p and ¢, have to
be verified separately for every run of the environment but while interacting synchronously with both
processes. Indeed, comparisons of possible further interactions have to be carried out in synchronicity of
the interactions, as long as the environment can interact with either of the processes. Thereby a mismatch
is detected in the following situation: Suppose that by successful comparisons in a synchronous run
derivative processes p’ and ¢’ as well as derivative environment ¢’ are reached. Suppose further that ¢’
permits, say, an a-transition that can be joined only with an a-transition from p’, but not from ¢’ (in case ¢’
does not permit a-transitions). Then it has been determined that p and ¢ are not bisimilar with respect to e.

Parameterized bisimilarity thus compares the behavior of two processes with respect to controlled
and synchronous interactions with an environment process. For determining whether two processes p
and ¢ are bisimilar with respect to an environment process e it is necessary to observe the consumption
interactions of p with e and of g with e in a synchronous step-wise manner. It is not sufficient to be
merely presented the completed processes that result from the interactions of p with e, and of ¢ with e,
respectively, and then to ask whether these results are bisimilar.

There are, however, conceivable practical situations, in which one lacks sufficient control over the
environment process in order to perform, or merely to analyze, controlled and synchronous interactions
with the considered processes. That is, situations in which a scientist has access only to the data of
completed interactions of two processes with a given environment, but in which she lacks sufficient
control over the environment in order to perform the two interactions synchronously in a step-by-step
manner so that she can compare the behaviors that remain after each step.

Here we define, and start to investigate, the weaker concept of parameterized bisimilarity in which
only the completed outcome processes of the possible interactions of two processes p and g with a
given environment are compared as to whether they are bisimilar. For this purpose we stipulate that
the consumption interaction takes place in the form of a ‘join’ operation (&) between each process and
the environment, which produces transitions with the same action labels as the two interaction transi-
tions. Indeed, only transitions with the same label from a process and the environment can be ‘joined’ to
interact, and produce a resulting transition with again that same label. We call the concept of bisimilar-
ity between the join interactions of each process with the environment ‘join-interaction parameterized’
(ji-parameterized) bisimilarity. Larsen briefly mentions this concept at the end of the article [12]]. He
calls it ‘perhaps more immediate’, but excludes it from further consideration on the basis that it lacks
some distinctive properties that he was able to show for parameterized bisimilarity. (For more details,
see the paragraph ‘Larsen on ji-parameterized bisimilarity ... in Section[3l) Although that is true, it
remains the case that ji-parameterized bisimilarity has a much easier, and appealingly natural definition,
and that it may be of practical use in cases in which parameterized bisimilarity cannot be used.

While these considerations may seem abstract, we got interested in studying ji-parameterized bisim-
ilarity when we made the following concrete observations (many of which are explained here later):

» parameterized bisimilarity and ji-parameterized bisimilarity do not coincide, so we try to un-
derstand the conceptual difference between them, also by means of concrete examples (for an
overview see Theorem [3.11));

* noticing that, for deterministic environments, parameterized bisimilarity and ji-parameterized bi-
similarity coincide (see Proposition [3.10);

* recognizing that also parameterized bisimilarity can be formulated as bisimilarity of a special kind
(&,) of join interaction (see Definition [3.4land Lemma[3.3));

* recognizing that simulation preorder adaptations of the two concepts of parameterized bisimilarity
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and ji-parameterized bisimilarity do in fact coincide (see Proposition [@):

* Larsens modal-logical characterization of parameterized bisimilarity for (ji-)parameterized can be
easily adapted to simulatabilit (see Theorem [4.2]in Section 4);

* a natural modal-logical characterization also for ji-parameterized bisimilarity is worth studying,
albeit we do not provide a solution to it in this work (see current work item [[WT)|in Section [5).

In Section 2] we summarize Larsen’s definition and main results on parameterized bisimilarity, and
we define parameterized simulatability In Section 3] we define ji-parameterized bisimilarity and simu-
latability, and develop basic results about their relationships with parameterized bisimilarity and simu-
latability. We discover that Larsen’s theorem about the discrimination preorder induced by parameterized
bisimilarity has an analogous version for the discrimination preorder that is induced by (ji-)parameterized
simulatability. Then in Section 4l we specialize Larsen’s modal-logical characterization of parameterized
bisimilarity to (ji-)parameterized simulatability. Finally in Section [/ we give a list that summarizes our
results, we report about the literature and our ongoing related work, and we sketch further ideas and plans.

2 Preliminaries on Larsen’s parameterized bisimilarity

In this section we summarize definitions and results by Larsen in [11} [12]] concerning parameterized
bisimilarity, its induced discrimination preorder, and a modal-logical characterization for it. Additonally
we define parameterized simulations, which relate to parameterized bisimulations in the same way as
how simulations relate to bisimulations. We start with the basic concept of labeled transition system.

Definition 2.1 (LTSs). A (simple) labeled transition system (LTS) is a triple .7 = (St,A,—) that consists
of a set St of states, a set A of actions, and a ternary transition relation — C St X A x St that represents
A-labeled transitions on the state set.

For LTSs we will use notation and terminology for basic properties as follows. For their stipulation,
we let .7 = (St,A,—) be an LTS. For (s,a,t) € — we usually write s = ¢, and say that “in state s there
is a transition with label a (symbolizing an action called a) to state ¢”. In this case we also say that 7 is
an a-derivative of s. For s € St and a € A we write s— if there is an a-transition from s in .7, and s
if there is no a-transition from s in .7.

We call an LTS 7 = (St,A,—) deterministic (respectively image-finite) if |{s' | s % s'}| < 1 (and
respectively if |{s' | s < s'}| < oo ) for all states s € St and actions a € A, that is, if every state of .7 has at
most one a-derivative (resp. has only finitely many a-derivatives), for all a € A. We say that a state s € St
is deterministic (resp. is image-finite) if every state of .7 that is reachable from s via a path of transitions
has at most one a-derivative (resp. has only finitely many a-derivatives), for all a € A.

Following well-known intuitions, bi-/simulations on such simple LTSs can be defined as follows.
Definition 2.2 (bisimulation/bisimilar, simulation/simulated by). Let .7 = (St,A,—) be an LTS.
(i) A bisimulation B on .7 is a non-empty binary relation B C St x St with the following property: If
s Bt for s,t € St, then the following two conditions hold:
(forth) (Vs €St)[s>s = (3 eS)[tS¢ As BY']],
(back) (V&' €St)[t>1 = (35’ €S)[s > A5 B]].

IWe use ‘simulatability’ instead of ‘similarity’ for ‘simulation preorder’ for two reasons: to prevent the impression that a
symmetrical relation were meant, and to avoid a possible confusion with ‘simulation equivalence’ that will also appear here.
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For processes s, € St, we write s ~ ¢ and say that s and t are bisimilar if there is a bisimulation B
on .7 such that s Bt.

(ii) A simulation B on 7 is a non-empty binary relation S C St x St with the following property: If
s Bt for s,t € St, then the condition (forth) in[()| holds for B := S (but not necessarily the condition
(back)). For processes s,t € St, we write s < ¢ and say that s can be simulated by t, and we write
t > s and say that ¢ can simulate s, if there is a simulation S on 7 such that s S z.

Rather than defining simulations as weakened versions of bisimulations as above, bisimulations can
also be defined from simulations, as follows. A relation B on an LTS .7 is a bisimulation if and only if
both B as its converse relation B~ := {(z,s) | s Bt} are simulations on .7 .

For modeling processes whose behavior is studied according to how they interact with environments,
both processes and environments are formalized as LTSs. However, in order to indicate their intended
roles for occurring LTSs, we distinguish in notation, name, and in how they are referenced between
process LTSs &7 = (Pr,A,—), whose states we call processes, and environment LTSs & = (Env,A,=>),
whose states we call environments. We follow Larsen [[11}[12]] in this terminology and in most of the no-
tation. Based on this distinction, Larsen defines parameterized bisimulation and bisimilarity as follows.

Definition 2.3 (parameterized bisimulation (Larsen [11}[12])). Let & = (Pr,A,—) be a process LTS, and
let & = (Env,A,=) be an environment LTS. An &-parameterized bisimulation % on & is an Env-in-
dexed family % = {Bf} cgny of non-empty binary relations By C Pr x Pr such that the following holds@
If p B, q for e € Env, then if ¢ < ¢’ for a € A the following conditions hold:

(forth) (Vp' € Pr) [p L0 = 34 eP)gSd Ap By q’]],
(back) (Vq' € Pr) [q Lqd = @pePr)pSp Ap By q’]].

For processes p,q € Pr, and environments e € Env we write p ~, g and say that p and q are bisimilar
with respect to e if there is an &-parameterized bisimulation % = {B} scgny such that p B, q.

While simulation plays a crucial role in Larsen’s main theorem on parameterized bisimulation, see
Theorem 2.5]below, it is surprising that he did not also define the simulation version of this concept with
only the forth condition from its progression conditions. For the reason that it can be linked directly to the
simulation version of the concept of ‘ji-parameterized bisimulation’ that we will introduce in Section [3]
(see Definition 3.3)), we also define ‘parameterized simulation” here.

Definition 2.4 (parameterized simulation). Let &7 = (Pr,A, —) be a process LTS, and let & = (Env,A, =)
be an environment LTS. An &-parameterized simulation . on &7 is an Env-indexed family . =
{S¢}eEnv of non-empty binary relations Sy C Pr x Pr such that the following holds: If p S, g holds

for e € Env, then for all a € A, if ¢ = ¢’ the condition (forth) in Def. 2.3]for B, :=S, holds:

(forth) (Vp' € Pr) [p L0 = 34 eP)gSgd NP Sy CI’H-

For processes p,q € Pr, and environments e € Env we write p <, g and say that p can be simulated by q
with respect to e, and q >, p and say that g can simulate p with respect to e, if there is an &-parameterized
simulation . = {S¢} rcgny such that p S, g.

Also parameterized bisimulations can be defined from parameterized simulations: for process LTS 7,
and environment LTS &, . = {Sf} fcgny 18 an &-parameterized bisimulation on &7 if and only if

{S¢} fcEnv, and the family {S; } reEny Of converse relations of Sy are &-parameterized simulations.

2Note the occurrence of ¢’ (instead of e) in B, in both of the conditions (back) and (forth).
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Larsen’s main result on parameterized bisimilarity concerns the discrimination preorder T that or-
ders environments according to their power of discriminating between processes. It is defined, for a given
process LTS & = (Pr,A,—) and a given environment LTS & = (Env,A,=>) (so that, for all ¢ € Env, the
relations ~, are then fixed as subsets of Pr x Pr), for all e, f € Env by:

eL f 1= w0, C oy (= ~rC ). 2.1)

Now Larsen’s result characterizes C as coinciding with the simulation preorder < on environments. For
the ‘completeness’ direction of this characterization to hold (“<” in (2.2)), it is, however, necessary to
assume that the underlying process LTS is, as Larsen formulates it, ‘sufficiently rich’ structurally. The
weak natural assumption that he uses for the purpose of guaranteeing sufficient structural richness of any
considered process LTS is that its set of processes is closed under action prefixing and finite summation
(see Definition [3.2]in Section 3)).

Theorem 2.5 (Larsen [[11} [12])). The following logical equivalence holds, provided that the underlying
process LTS is closed under action prefixing and finite summation, for all image-finite environments e, f:

e<f <= eLf (= ~5 C ~). (2.2)

The implication “=" holds for all (thus also for not necessarily image-finite) environments e and f.

Specifically for the direction “<” in (2.2)) Larsen provides an impressive, technical proof, which he
found, as he writes, only after an intensive search that took several months.

We now turn to modal-logical characterizations of the relations of being able to be simulated by <,
of bisimilarity ~, and of parameterized bisimilarity ~,. For expressing properties of LTSs such as the
existence of a transition with label a from a given state such that at the target state property ¢ holds,
modal formulas should include a diamond modality (a) to build formulas like (a)@y. The set . of simple
modal formulas (and the set . of positive formulas) are now defined with these diamond modalities and
basic propositional connectives (resp. such connectives except negation) as constructors.

Definition 2.6 (modal formulas). For given sets A of actions, we define the following classes of formulas:
Z(A) of positive formulas, and .# (A) of (simple modal logic) formulas, via the following grammars:

Z(A) O:=T|oANQ | (a)o (where a € A), (2.3)
A (A) =T |=¢[oAQ [ ()¢  (WhereaeA). 2.4)

As above, we usually will keep the underlying set A of actions implicit, and write .Z and . for £ (A)
and .7 (A), respectively.

Definition 2.7 (satisfaction relation, sets of satisfied formulas). Let & = (Pr,A, —) be a process LTS.
The satisfaction relation E C Pr X 4 on &7 is defined by the following clauses:

pET 1< pePr, PEOING < pE¢ andpF ¢,
pE-@ 1= pF, pE(a)go <= 3p €Pr(p=p andp'=¢).
by induction on the structure of formulas in .. For all processes p € Pr we define by:
Z(p) ={9eZ|pFo}, AM(p) ={9ecA|pFo},

the set .Z(p) of positive formulas in .Z that are satisfied in p, and respectively, the set .# (p) of formulas
in ./ that are satisfied in p.
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The classical characterization result via modal-logical formulas of the relations bisimilarity ~, and
‘being able to be simulated by’ < is the following well-known theorem by Hennessy and Milner.

Theorem 2.8 (Hennessy, Milner [8]]). For all image-finite processes p and q the following statements hold:

p<q = Z(p)<CZ(q), (2.5)
p~q = Mp)=4(q). (2.6)

The implications “=-" hold for all (thus also for not necessarily image-finite) processes p and q.

For a modal-logical characterization of parameterized bisimilarity, the concept of negation closure
of positive formulas will be needed. By departing slightly from Larsen’s exposition in [11}12] we define
it via a projection of general formulas to positive formulas.

Definition 2.9 (positive-formula projection, negation closure). The positive-formula projection is the
function |-|, : .# — £ that maps formulas ¢ € ./ to positive formulas |¢|, € .Z, and that is defined
by induction on the structure of ¢ via the following clauses, for all formulas ¢y, ¢;, ¢, € A :

ITh=T, [l :=Il0l,, (@1 Al =[o] Aleal,  [a)gol, = (@)|gol, -

For every positive formula ¢ € .%, we define by ¢ := {y € .# | |y|, = ¢} the negation closure
of ¢ in A . For subclasses . C £ of positive formulas, we define the negation closure of F in M by
F=U{¢loeF}={yved|lyl €T}

Larsen presents [[11,[12] the following modal characterization theorem of parameterized bisimilarity,
which he attributes to Colin Stirling. The characterization restricts consideration for possible discrimi-
nating formulas to those in the negation-closure of positive formulas that are satisfied by the environment.

Theorem 2.10 (Stirling and Larsen, [[11}12]). For all image-finite processes p, q, and environments e.‘ﬁ

preq &5 ()N 2@ = Mg 2 2.7)

> Ve ZL[eFdo = Vo€ do(pEP < qFP)].

The implication “=""in (x) holds for all (thus also for not necessarily image-finite) p, q, and e.

3 Join-Interaction parameterized simulatability and bisimilarity

In this section we first define the weaker versions of parameterized bisimilarity and simulatability (simu-
lation preorder) that are based on a definition of ‘join-interaction” of LTSs (Definition[3.4): ji-parameter-
ized simulatability and bisimilarity (Definition 3.3)). Then we investigate the basic relationship between
the new concepts and parameterized bisimilarity and simulatability (Theorem [3.11]), and explain that also
parameterized bisimilarity and simulatability can be viewed as bisimilarity and simulatability, resp., with
respect to a special kind of join operation (Lemma[3.3)). Finally we present a theorem (Theorem[3.14)) that
characterizes the discrimination preorder of (ji-)parameterized simulatability in analogy with Larsen’s
characterization of the discrimination preorder of parameterized bisimilarity, see Theorem

3The condition of being image-finite can be dropped for the environments e. This can be verified by means of a careful
analysis of the proof in [[11}12] for this logical characterization.
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Definitions of ji-parameterized simulatablity and bisimilarity

In order to prepare for the definition of ji-parameterized bisimilarity we define ‘join-interaction LTSs’ by
using an operation of processes that Larsen calls ‘join’ [11} p.43,44]. Later we also need the subsequent
stipulation of when a single LTS is closed under the ‘join’ operation.

Definition 3.1 (join-interaction of LTSs). Let 7 = (Pr;,A,—) and % = (Pry,A, —;) two LTSs. By the
Jjoin-interaction of 7, and > we mean the LTS 7] & 95 = (Pr; &Pry,A,—) where — C (Pr; & Pr;) X
A X (Pr; &Prp) with Pry & Pry := {p; & p2 | p1 € Pry, p» € Pry} is defined via the transition system rule:

a ! a !
P1 —1 P} P2 —2 D)

p1&pr = pl & ph

The symbol “&” in processes p; & p, of 7 & 75 is to be understood as a term constructor that from any
two processes ¢; in Pr; and ¢; in Pr; constructs a formal join-interaction process pj & p; in Pr; & Pr».

Definition 3.2 (closure of an LTS under action prefixing, sum, and join). Let .7 = (St,A, —) be a labeled
transition system. We say that .7 is closed under action prefixing, resp. under sum, and resp. under join if
for every states s,s1,52 € St there exists a state a.s € St for all a € A, resp. there exists a state s; + s» € St,
and resp. there exists a state s; & s, € St such that the respective transition rule below is satisfied:

a. a. a.

(wherei € {1,2})
a a a /
a.s—s $1+ 82— s s1& sy — 5] &)

We now proceed to defining join-interaction versions of parameterized simulatability, simulation
equivalence, and bisimilarity as simulatability, simulation equivalence, and bisimilarity, respectively, of
join-interactions between two processes and an environment.

Definition 3.3. Let &2 = (Pr,A,—) be a process LTS, and let & = (Env,A, =) be an environment LTS.

For all environments e € Env, we define three binary relations on Pr: ji-parameterized simulatabil-
ity <ge, ji-parameterized bisimilarity ~g., and finally, ji-parameterized simulation equivalence (<>)g.
where <g.,~ge,(<>)ge C Prx Pr, are defined by the following clauses, for all processes p,q € Pr:

(p can be simulated by q

< = <
with respect to join-interaction with e) P =& q - p&e < q&e, G.h
(p is bisimilar to q )
with respect to join-interaction with e) P&eq - p&e~ q&e, (3-2)
and q are simulation equivalent
(pandq 7 P($2)&eq <= P<&eqd N q<geD, (3.3)

with respect to join-interaction with e)

where p & e and g & e on the right in (3.1)) and in (3.2)) are processes from the join-interaction LTS &2 & &.
By >&. we denote the converse of <,, and express g > g, p verbally by saying that g can simulate p with
respect to join-interaction with e.

Relationship of ji-parameterized bisimilarity with parameterized bisimilarity

In order to recognize Larsen’s parameterized bisimilarity as bisimilarity with respect to a specific form of
join-interaction, we introduce a ‘right-determinizing’ variant &, of the join operation &. For interactions
of a process p with an environment e this operation yields the process p &, ¢ from which transitions are la-
beled by pairs (a, ¢') that result from joining an a-transition from p with an a-transition from e to target ¢'.
In this way different environment steps that originally have the same action label are distinguished from
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&.-joins. Indeed, by making different targets of environment transitions visible as different transitions
from p &, e for processes p and g and an environment e, a correspondence arises between bisimulations
that link p &, e and g &, € and parameterized bisimulations that link p and g with respect to e.

Definition 3.4 (right-determinizing join-interaction with environment LTSs). Let & = (Pr,A,—) be a
process LTS, and & = (Env,A,=>) be an environment LTS. By the right-determinizing join-interaction
of & and & we understand the LTS of the form & &, & = (Pr&, Env,A x Env,—) with Pr&, Env :=
{p&ee| p€Pr,ecEnv}and where — C (Pr&, Env) x (A X Env) x (Pr&s, Env) is defined by as tran-
sitions that are generated by the following rules:

PSP eS¢

p&ee M>p’&. e

Hereby “&,” in processes p &, ¢ of & &, Env has to be understood as a term constructor that from any
process p € Pr and environment e € Env constructs a formal join-interaction process p &, € in Pr &, Env.

Now this variant “&,” of the join operation “&” facilitates characterizations of parameterized simu-
latability and bisimilarity that are analogous in kind to the definitions of ji-parameterized simulatability
and bisimilarity in Definition As stated by logical equivalences in the following lemma, parame-
terized simulatability, and parameterized bisimilarity correspond to simulatability, and respectively to
bisimilarity, of &,-interactions between two processes and an environment. From this we obtain inclu-
sions of parameterized simulatability and bisimilarity in ji-parameterized simulatability and bisimilarity.

Lemma 3.5. For all processes p and g, and environments e the following two chains of statements hold:

P<eq = (p&ee) <(q&ee) pr~eq = (p&ee) ~(g&ee) (3.4)
= (p&e) <(q&e) = (p&e) ~(q&e) (3.5)
— PS&e% <~ D ~&e{q,

where p&,e e and q&, e are processes from the right-determinizing join-interaction LTS & &, &, and
p&e and q& e are processes from the join-interaction LTS & & &.

Proof (Sketch). We consider a process LTS & = (Pr,A, —), and an environment LTS & = (Env,A,=).

We only argue for the chain of equivalences and implications on the right for ~,, ~, and ~g,, since
the chain of statements on the left for <,, <, and <g, can be demonstrated analogously.

We first consider statement (3.4). For showing “=-" it suffices to demonstrate that if 2 = {B, } ,.p,, is
an &-parameterized bisimulation on Z, then B:= {(p &, ¢,q & €) | p B, q} is a bisimulation on & &, &.
For “«" it suffices to show that if B is a bisimulation on & &, &, then % = {B,} ., With the defining
clause B.:= {(p,q) | (p&ee,q&e €) €B} for e € Env is an &-parameterized bisimulation on 7. Both
auxiliary statements can be shown by using the conditions (forth) and (back) from the assumed (param-
eterized) bisimulation in order to demonstrate the conditions (forth) and (back) of the (parameterized)
bisimulation in the conclusion of the implication.

The implication in (3.3) can be easily verified similarly: by showing that whenever B, is a bisimula-
tion on & &, &, then B:= {(p&e,q&e) | (p&ee,q&e €) €B,} is a bisimulation on Z & &'. O

In Figure [Tl we illustrate the characterization (3.4)) of parameterized bisimilarity ~, as bisimilarity of
&,-interactions by an example. By using Lemmal[3.5]we can now show that with respect to deterministic
environments no difference arises between parameterized bisimilarity and ji-parameterized bisimilarity.

Proposition 3.6. ~, = ~g, holds for all deterministic environments e.
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¢ P p&.e"/’/X\\\‘q&.e
e e e gl b
b 0 b b0 b&b b& 0  b&eb 0&b b& 0 080
S
0 0 0 0&. 0 0&, 0

Figure 1: Example that witnesses the correspondence (3.4) in Lemma For the environment e :=
a.b + a and the processes p := a.b and g := e, it holds that p »~, ¢ (indicated by the mismatches x when
building a parameterized bisimulation on the left), and also p &, e ~ g &, e (indicated by the mismatches
x when building a bisimulation on the right). Note that in contrast p ~g. ¢ holds p, g, e, see Fig.[2llater.

Proof. Let & = (Pr,A,—) be a process LTS, and & = (Env,A,=>) be an environment LTS. The Proposi-
tion follows from Lemma[3.3] once the converse implication “<" in (3.3]), which is the only implication
that is missing there for ~, to coincide with ~g, , is shown to hold for deterministic environments e:

eis deterministic = [(p&ee) ~ (g&.e) < (p&e) ~ (q&e)]. (3.6)

For this, it suffices to show, that whenever B is a bisimulation on & & & in which all environments
that occur in joins in pairs in B are deterministic, then B, := {(p&ee,q&ee€) | (p&e,q& e) € B} is a
bisimulation on & &, &. The assumption that only deterministic environments occur in B is not too
restrictive, because derivatives of deterministic environments are deterministic again.

We let B be a bisimulation on &2 & & as described, and let B, be defined as above. We have to show
that B, is a bisimulation on & &, &.

For showing the condition (forth) for B, to be a bisimulation on & &, &, we let (p &, €, g &, €) € B,,
and a transition p &, e L) r be arbitrary, where r € Pr&, Env, [ some label in A x Pr. Due to operational

(a.¢)

semantics of &2 &, &, this transition must actually be of the form p&, e — p' &, ¢/, for p’ € Pr and

¢’ € Env. We have to show that there is s € Pr&, Env such that g &, e L), ¢ and (r,s) = (p' &e€,s) €B,.

(a,¢)

From p&, e — p' &, ¢ it follows that p % p’ and e = ¢/. By the definition of 2 & & it follows
that there is also the transition p&e % p' &e' in 2 & &. From (p&ee,q&e €) € B, it follows by the
definition of B, that (p & e, g& ¢) € B, and by the assumption on B also that e is deterministic. Then it fol-
lows from the condition (forth) of B as a bisimulation on & & & that there is some s € Pr & Env such that
g&e % sand (p' &e',s) € B. By the definition of & & & we find that s = ¢’ &¢” and (p' & ¢', ¢’ & ") € B
for some ¢’ € Pr and ¢’ € Env with ¢ = ¢/ and e = ¢”. But now from ¢ = ¢’ and ¢ = ¢” we can con-
clude, because e is deterministic, that ¢’ = ¢/. From this we obtain (p'&¢', ¢’ &€’} € B, which entails

(a,¢)

(P &€, q &a€') € B,. From ¢ = ¢’ and ¢ = ¢’ we also obtain ¢ &, ¢ —— ¢’ &, ¢’. Therefore we have

(a,¢)

found in s := ¢’ &, € the desired s € Pr&, Env with ¢&. ¢ —— s and (r,s) = (p’ &e €', s) € Ba.
In this way we have established the condition (forth) for B, to be a bisimulation on & &, &. Since the
condition (back) can be verified analogously, we conclude that B, is indeed a bisimulation on & &, &.
By having shown that B, is a bisimulation on & &, & under the assumption that B is a bisimulation
on & & & in which only deterministic environments occur, we have established (3.6), from which the
proposition follows from Lemma[3.3]as argued above. O
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q p&e q&e

A A

b&b b&0  b&b 0&bH _b&0 __0&0

Figure 2: Example for witnessing ~, # ~g,: For e :=a.b + a, p := a.b, and g := e it holds that
p ~. q (indicated by the mismatches x when building a parameterized bisimulation), but p&e ~ g&e
(indicated by the bisimulation links) and hence p ~g. g.

The proposition below clarifies which inclusions hold in general between ~,, ~g,, and (<>)ge.

Proposition 3.7. The following set-theoretical relationships hold between parameterized bisimilarity ~.,,
Ji-parameterized bisimilarity ~g,, and ji-parameterized simulation equivalence (<>)g,:

(i) ~. C ~g. forall environments e.
(i) ~¢ # ~ge for some environments e, for which then ~, ; ~&e holds due to(i)]
(iii) ~ge C (<>)ge for all environments e.
(iv) ~ge # (<>)ge for some environments e, for which then ~g, ;Cé (<>)&e holds due to(iii)|

The counterexample statements [(ii)|and|(iv)|hold under the proviso that environments are included among
processes, they permit at least two actions, and are closed under action prefixing and sums. This can be
weakened to merely require that a.b + a and a.b are contained among environments and processes.

Proof. Statement [(1)] follows directly from the chain of implications as guaranteed by Lemma[3.5]

A counterexample for[(iD)|is in Figure[2} We have that p ~g, g holds due to p& e = (a.b+a) & (a.b) ~
a.b+a~ab+at+a+a~(a.b+a)&(a.b+a) = q&e, where ~ denotes being isomorphic, which
shows p&e ~ g&e. However, p ~, g holds for the following reason: Suppose that p ~, g holds.
Then due to e = a.b+a = b, and the condition (back) of an underlying parameterized bisimilar-
ity the transition ¢ > 0 must be matched by the transition p % b so that b ~;, 0 holds. However
the latter is false, because b ~;, 0 holds, as the environment b and the process b can make a b-step,
but O cannot. Staternent [(ii1)] follows from the fact that bisimilarity is symmetric and it is a simu-
lation [20]. For [(iv)] let p and g be as in Figure [2] and let ¢ = p. Then p (<>)g. ¢ holds due
to p&e = (a.b)&(a.b) ~ab<>ab+a~(a.b+a)&(a.b) = qg&e. However, p =g, q: indeed,
g&e 2 b&0 ~ 0, to which p& e can only answer by reducing to b& b ~ b, and clearly 0 L b. O

Parameterized simulatability coincides with ji-parameterized simulatability

While parameterized bisimilarity and ji-parameterized bisimilarity are two different relations in general
by Proposition it turns out that this does not hold for the corresponding two concepts of param-
eterized simulatability. For us it was surprising to find the proof of the first of the following two lemmas,
which together show that parameterized simulatability and ji-parameterized simulatability coincide.

Lemma 3.8. <g. C <, holds for all environments e.

Proof. We fix a process LTS & = (Pr,A,—), and an environment LTS & = (Env,A,=).
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As the crucial stepping stone, we show that . = {S, }.cgny as defined by, for all e € Env:
Se = {(p,q> €Pr | dey € Env[p&e < q&ez]} CPrxPr (3.7)

is an &-parameterized simulation on 2. For this, we let e € Env, and (p, g) € S, be arbitrary. We assume
that ¢ = ¢/, and p 5 p' for some a € A, ¢ € Env, and p’ € Pr. We have to show that there exists ¢’ € Pr
with ¢ % ¢’ such that (p',¢') € S,.

From e = ¢/ and p % p’ we find that p&e % p' &€’ holds. Due to (p, q) € S, we can pick e, € Env
with p&e < g&ep. It follows, by the forward-property (forth) of the (largest) simulation < applied to
p&e < g&e, and p&e = p' &¢', and by the operational semantics of the join operation, that there are
¢’ €Prand ¢} € Env such that g& ey = ¢' & €}, as well as ¢ = ¢’ and e = ¢} and with p' & e’ < ¢’ & é).
The latter shows that (p’,¢’) € S., and thus we have found g = ¢ such that (p’,¢') € S,. In this way we
have verified that . = {S, }.cgny as defined in (3.7) is an &-parameterized simulation on &.

For showing <g, C <., suppose now that p <g, g holds, for some p,q € Pr and ¢ € Env. By the
definition of <g,, this means that p&e < g&e holds. That, however, implies (p,q) € S, due to (3.7).
But since we have recognized .¥ as an &-parameterized simulation, we conclude that p <, g holds. [J

Lemma 3.9. <, C <g. holds for all environments e.

Proof. The inclusion as stated by the lemma follows from the chain of implications displayed on the left
in Lemma [3.3] which as stated in its proof can be proved analogously as the implications on the right
there. But since we dropped the argument there, we also provide the sketch of a direct proof here.

Let . = {S.},cpyy be an &-parameterized simulation on a process LTS & = (Pr,A, —) with respect
to an environment LTS & = (Env,A,=>). Then it is easy to verify that:

S:={(p&e,q&e) | p,q € Prand e € Env such that p S, g} C Pr&Env

is a simulation on # & & = (Pr&Env,A,—). This statement implies that if p <, ¢, then p&e < g&e
follows, and hence p <g. g. O

Proposition 3.10. For all environments e the following two statements hold:
(l) L&e = Ze-
(”) (Sz)&e = (SZ)e

Proof. The inclusions “C” and “2” that make up statement [(i)] are guaranteed by Lemma [3.8] and by
Lemma[3.9] respectively. Then|[(i1)] follows from [(D)]by: (<>)ge=<ge N Zge=<.N>,=(<>),. O

The theorem below collects results we have obtained about which inclusions hold in general between
parameterized bisimilarity, ji-parameterized bisimilarity, and (ji-)parameterized simulation equivalence.
Theorem 3.11. The following set-theoretical relationships hold between parameterized bisimilarity,
Ji-parameterized bisimilarity, and (ji-)parameterized simulation equivalence, for environments e, f,g:

~ < ~& - (=) = (£>)& (for all e)
Prop.3.7I(1)] ¢ Prop.3.71 ¢ Prop. ¢ ’
~ S ~&f - <>)r = (<>) (for some f)
& = >z <2)&
! Prop. / Prop.3.7] Prop. f ’
~ = ~& S (£=) = (£>)& (for some g)
Prop. § Prop.3.7] 8 Prop.[3.10l(11)| 8 ’

where the statements that guarantee the relationship in question are indicated.
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Discrimination preorder induced by (ji-)parameterized similarity

Larsen noted in [12], p.209-210]: “Due to the modal characterization [see Theorem 2.10] and the simple
characterization of the discrimination ordering presented [see Theorem 2.3]], we are confident that the
notion of parameterized bisimulation equivalence proposed is indeed a natural one”. Indeed Larsen also
explains that “the simulation ordering does not characterize the discrimination ordering generated by this
alternative parameterized version [namely ~g.]”.

This is witnessed by the following proposition. Indeed it demonstrates that a characterization of
the discrimination preorder induced by ji-parameterized bisimilarity ~g, cannot, in analogy with Theo-
rem[2.3for ~,, be of the form e < f <= ~gs C ~g,, for all environments e and f.

Proposition 3.12. There are environments e and f such that:

e<f N ~gp € ~ge- (3.8)
Proof. Lete=a.b and f =a.b + a. We have that e < f. Set p = e and g = f. We have that p ~g ¢ ¢
but p =g, g, hence ~r is not contained in ~g,. O

Unfortunately we have not yet found an appealing characterization of the discrimination preorder that
is induced by ~g,.. We formulate this question together with a perhaps also interesting specialization as
the open problems and [(P2)]in the conclusion.

However, and somewhat surprisingly, we do obtain characterizations analogous to Theorem for
the discrimination preorder on environments e with respect to (ji-)parameterized similarity <g, and <,,
and with respect to (ji-)parameterized simulation equivalence (<>)g,. and (<>),.

Similar to the proviso for the ‘completeness’ direction “=-" in ([2.2)) of Theorem 2.5 our characteriza-
tion of (<>)g, requires an assumption that guarantees that the structure of the underlying process LTS is
sufficiently rich in relation to the environment LTS. While Larsen assumed closure under the formation
of action prefixing and finite sums, we will assume the existence of a ‘universal’ process, and that the
underlying process LTS contains the environment LTS, and is closed under the formation of joins. (The
assumption of a universal process simplifies the proof, but can be dropped.)

Let & = (Pr,A,—) be a process LTS. We say that a process u € Pr is universal if for all a € A there
is a transition u = ' with &’ € Prin & such that u’ ~ u (consequently it permits all actions in transitions
from any of its reachable states). Note that all universal processes in & are bisimilar. If & is additionally
closed under the formation &, then u& p ~ p & u ~ p holds for all p,u € Pr where u is universal.

For proving our characterization below, Theorem [3.14] we will use the following lemma.

Lemma 3.13. For all environments e, f it holds, provided that the environment LTS is closed under joins:
e< f&e <= e<f.

Proof. For showing the direction “=-", and the direction “<” in the statement of the lemma, it suffices
to prove that the relation {(e, f) | ¢ < f &e}, and respectively, that the relation {(e, f&e) | e < f} is a
simulation. Both of these statements can be verified in a straightforward manner. O

We now are in a position to show characterizations of the discrimination preorders of (ji-)parameter-
ized simulatability and (ji-)parameterized simulation equivalence, as formulated by the theorem below.
Theorem 3.14. The following logical equivalences hold, for all environments e and f, provided that:
the underlying process LTS contains a universal process and the environment LTS, and additionally is
closed under the formation of joins (but note that image-finiteness as in Theorem is not required):

e<f <= <& C <&e; (3.9)
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e<f <= 2&r C >&e, (3.10)
e<f = (<2)&f C (£2)&e - (3.11)

Proof. Welet & = (Env,A,=>) be an environment LTS, and we let &7 = (Pr,A, —) be a process LTS that
contains the universal process U.

We first note that follows from, and is equivalent, to (3.9)), because > r is the converse relation
of <g,.. Furthermore follows from (3.9) and (3.10), due to (<>)ge=<ge N >g.. Therefore it
remains to prove (3.10). For that we show the two directions of and proceed as follows:

“=": Weshow thate < f = <; C <,. Then (3.9) follows from Proposition 3.10,[D)} So, let {S},cgn
be a &-parameterized family of binary relations S, C Pr x Pr that is defined, for all ¢ € Env by:

pS.q = EIfZe[pgfq]

It suffices to show that {S.},cgny
p < q for some f > e. Suppose p = p’ and e = ¢/. Then f = f’ for some f’ > ¢, and hence

is an &-parameterized simulation. So, suppose p S, g. Then

g~ ¢ for some ¢’ such that p’ <; ¢. Then it follows that p’ S, ¢’ holds, as required.

“<" Assume <gy C <g.. Let u be a universal process in &. Then u& f ~ f. Moreover, f < f& f
(which is easy to show), and then u <g s f. By the assumption <g; C <g, we have that u <g, f.
In other words: e ~ u& e < f & e. By Lemmal[3.13] we get e < f, as required. O

4 Modal characterization of (ji-)parameterized simulatability

In this section we adapt the modal characterization of parameterized bisimilarity ~,, see Theorem
for (ji-)parameterized simulatability <, and <g,. The crucial observation for our adaptation is Lemmal4.1l
below which states that the set of positive formulas that a join interaction p; & p, satisfies is the intersec-
tion of the sets of positive formulas satisfied by the constituent processes p; and p,. Finally we explain
why a similar line of argument is not possible in order to adapt the modal characterization for ~, to
obtain one for ji-parameterized bisimilarity ~g,.. In doing so we provide some evidence for Larsen’s
assessment, that (in view of that ~, ; ~ge holds in general, see Proposition [3.7) “the modal characteri-
zation for ~, does not hold for ~., and no other modal characterization seems immediate” [12,, p.210].

However, we report about further work of ours on this issue in the final section (see [(W1)|in Section [3).

Lemma 4.1. For all processes p and q of a process LTS &7 = (Pr,A,—) it holds:
ZL(p&q)=Z(p)NL(q)- (4.1)

Proof. Statement can be established by induction on the structure of positive modal formulas ¢
according to their definition in grammar (2.4) of Definition

The base case of for ¢ = T is obviously true, because T is satisfied for any process. It remains
to establish the induction step for formulas of the forms ¢ = ¢; A ¢, and ¢ = (a)@y. Since in the first
case the induction step is easy to demonstrate, we only treat the more interesting case of ¢ = (a)¢@y. For
this we argue as follows:

(a)po € L (p&q) <= p&qF (a)po
— 3p.deP)[pSpP NgSd AP &G E ]
= 3Bp.deP)[pSpP NgSd Nope LD &G)]
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L 3pdeP)[pSp AgSd AdeLP)NL{)]
= FPeP)[pSpP ApeZP)|NEBdEP)[qg5d NdoeL(d)]
— (a)po € ZL(p) A(a)go € .Z(q)

(

— (@)¢o € ZL(p)NZL(q),

where we have marked by (IH) the logical equivalence in which the induction hypothesis is used. O

Based on this lemma, a modal characterization of <g, and <, is now an easy consequence of the
modal characterization of the simulation preorder < on processes, see (2.3)) in Theorem 2.8] In this way
we obtain, in analogy with Theorem 2.10], the following modal characterizations of (ji-)parameterized
similarity and of (ji-)parameterized simulation equivalence with respect to positive formulas.

Theorem 4.2. For all image-finite environments e, the following characterizations of <g. and <., as
well as of (<>)ge and (<>), hold for all image-finite processes p, q:

P<seqd (= p<cq) = Z{PNZLe) < ZL@nZLle), 4.2)
P(2)geq (= p(£2)eq) = ZL(p)NL() = L@NL(e). 4.3)

The implications “=""in (A.2) and @.3) hold also for not necessarily image-finite p, q, and e.

Proof. For we argue as follows for all image-finite processes p and ¢, and environments e:

P<eq <= p<aeq (by Prop. 3.101 [D)
— p&e<gke (by the definition of <g,)
— ZL(p&e) T L(q&e) (by (2.3) in Thm.[2.8)

— Z(p)NnLe) C ZL(qNLle) (by using Lem. [A.T)).

The implication “=-" in the third equivalence statement holds also for not necessarily image-finite p, g,
and e due to the Hennessy—Milner Theorem Together with the fact that “=-" also holds for the other
three equivalence statements above, this demonstrates that “=-" in (£.2)) holds for all p, ¢, and e.
Statement for the (ji-)parameterized simulation equivalences (<>)g, and (<>), follows from
(4.2)) due to the definition of (<>)g, from <g, in (3.3)), and of (<>), from <, in Definition 2.4 O

There is no obvious generalization of Lemma F.1] that applies to all formulas of .#. In particular,
A (p1 & p2) = A (p1) N A (p2) does not hold, because certainly “C” is violated: in case that p; and
p2 are such that p; % and p, + holds for some a € A, then —(a)T € .# (p1 & p2) due to (p; & p2) +,
but —~(a)T ¢ .4 (p:1), and hence —~(a) T ¢ .# (p1) N .4 (p2). Therefore the proof of the characterization
above cannot be extended, at least not in an analogous manner, to obtain a modal characterization of
ji-parameterized bisimilarity ~g.. (But see the report about our current work [[WT)]in Section[3])

Yet an interesting specialization of Lemmald. Tl concerns the specialized join operation &, introduced
in Definition 3.4t [.# (p & €)|,, = -4 (p) N % (e) holds for all processes p and environments e, where
||z, Projects modalities ((a,e)) in formulas to their action components (a). This observation can be
used, together with the characterization of parameterized bisimilarity ~, via &, in (3.4) of Lemma[3.3]
to obtain, for Larsen’s characterization of ~, in Theorem 2.10] an alternative proof that is similar to the
proof of Theorem 4.2] above.
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S Conclusion (summary, literature, current work, open problems, plans)

Here we first summarize our contributions in a list with references to statements in earlier sections. We
then explain our path to the definition of ji-parameterized bisimilarity, and Larsen’s comments on the
shortcomings of this concept. Furthermore we collect some references to the literature concerning work
that has been done based on parameterized bisimilarity in the meantime. Subsequently we report about
our current work on a modal characterization of (ji-)parameterized bisimilarity, and about generalizations
of the modal characterizations here and by Stirling and Larsen. We also describe some open problems
of which the solutions have evaded us thus far. Finally we mention our plan to investigate whether ji-pa-
rameterized bisimilarity can be used to refine Larsen’s results in his thesis [11]] on a method to show
program correctness under the formation of contexts.

Contribution. Below we provide a summary by listing the concepts that we have defined and the results
we have obtained, together with references to the appertaining formal statements:

(C1) We complemented Larsen’s parameterized bisimilarity ~, with respect to ‘synchronous’ interac-
tion with environments e by also defining parameterized simulatability, the simulation preorder <,,
on processes with respect to ‘synchronous’ interaction with environment e (see Definition 2.4)).

(C2) We defined weaker versions <g, of <, and ~g, of ~, by relaxing the synchronicity condition of
environment interaction for <, and ~, to require only the existence of simulations, and respectively
of bisimulations, between free join interactions (&) with environments e (see Definition 3.3).

(C3) We showed that <, and ~, can be characterized similarly to the definitions of <g,., and ~g,
via join interactions (&) as the existence of a simulation, and as bisimilarity, respectively, of free
interactions with the specific form &, (see Definition [3.4) of join interactions that record targets of
environment transitions in action labels (see Lemma[3.3]).

(C4) We established that ~, and ~g, coincide for deterministic environments e (see Proposition [3.6)).

(C5) We settled the relationships between (ji-)parameterized bisimilarity ~, and ~g., and the (ji-)pa-
rameterized simulation equivalences (<>), and (<>)g,: for all environments ~, is contained in
~g&e» and furthermore ~g, is contained in both of (<>), and (<>)g., which coincide. The two
inclusions in this chain are proper in general. (See Theorem .

(C6) Larsen’s main technical result about ~, (see Theorem [2.3)), that the discrimination preorder in-
duced by ~, on environments coincides with the simulation preorder < on environments, does not
hold analogously for the discrimination preorder induced by ~. (see Proposition [3.12)). However,
we showed that this coincidence with the simulation preorder < on environments does hold anal-
ogously for the discrimination preorders induced both by (ji-)parameterized similarity <, = <g.
and by (ji-)parameterized simulation equivalence (<>), = (<>)g, (see Theorem .

(C7) We adapted Stirling and Larsen’s modal characterization of parameterized bisimilarity ~, (see
Theorem [2.1Q) to obtain a modal characterization of (ji-)parameterized similarity <, = <g, and
also of (ji-)parameterized simulation equivalence (<>), = (<>)g, (see Theorem [4.2).

Larsen on ji-parameterized bisimilarity, and our way to its definition. We formulated ji-parameter-
ized bisimilarity and ji-parameterized simulatability while reading Larsen’s article [12] from 1987, and
trying to improve our intuitive understanding of parameterized bisimilarity. Afterwards we developed,
in stages, the results that we report here. Only when diving deeper into the intricate proof of Larsens
main result, the characterization of the discrimination preorder induced by parameterized bisimilarity ~,
as simulatability of environments (see Theorem 2.3)), did we find his remarks about an “alternative and
perhaps more immediate parameterized version [of bisimulation equivalence]”. This passage appears on
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page 210 in [12]], at the end of Section 5 that is devoted to this central result. The version of bisimulation
equivalence that Larsen sketches there coincides with ji-parameterized bisimilarity ~ge.

Larsen refers to ji-parameterized bisimilarity in order to “give further support for the proposed pa-
rameterized version of bisimulation equivalence”, in addition to the following assessment: “Due to the
modal characterization presented [...] and the simple characterization of the discrimination ordering
presented [...], we are confident that the notion of parameterized bisimulation equivalence proposed is
indeed a natural one.” As for the mentioned further evidence Larsen notes that ji-parameterized bisimi-
larity “lacks many of the properties presented in this paper”. Concretely he mentions three properties.

First, that “~, is strictly included in ~g,. for all environments e” (in general is meant [we use our
notation for ~g, here]), corresponding to Proposition [3.7] [()] and [(i1)). Second, that “thus the modal
characterization for ~, does not hold for ~g., and no other modal characterization seems immediate.”
This assessment stimulates us to work out

Finally third, Larsen writes that: “More important though is that the simulation ordering does not
characterize the discrimination ordering generated by this alternative parameterized version[.]”, in con-
trast with his impressive and surprising main result in [12]], Theorem[2.3lhere, which shows that that is the
case for parameterized bisimilarity ~,. For this observation Larsen uses a counterexample that is slightly
different from the one we use for Proposition 3.12] the corresponding statement here. Ji-parameterized
bisimilarity fits nicely in the recently proposed framework [} 2]]: the authors thereof advocate to make a
clear distinction between processes and what they call tests. The composition of processes with tests give
rise to instrumentations, which are to be understood as “compiled binaries ready to be executed” [2, page
6]. Environments in our setting can be seen as tests, and hence join is a notion of composition. In contrast,
~, lacks the composition operation (but still distinguishes processes and tests/environments). Below we
formulate the question of a characterization of the discrimination preorder induced by ji-parameterized
bisimilarity as the open problem [(P1)] and a specialization of this question as the open problem [(P2)]

Literature on parameterized versions of bisimilarity. Parameterized bisimilarity proved to be a very
fruitful concept since its inception by Larsen in [11} [12]]. His definition has been applied, specialized,
and adapted in multiple ways in the meantime. Please see below for a few examples. But to the best
of our knowledge this does not hold for the ji-parameterized concepts of simulatability and bisimilarity,
apart from the passages in [12]] that we cited and described above.

Parameterized bisimilarity in Larsen’s definition [11} [12]] has later been called ‘relative bisimilarity’
and ‘relativized bisimilarity’ in [[14] by Larsen and Milner, who used it also for the practical purpose
of verifying the Alternating Bit Protocol [[14]. As pointed out in [7], it was also the basis for ‘modal
transition systems’ to which a large body of work has been devoted since, see for example [[16} 15} (3] 9]].

Environment parameterized bisimulations in the sense of Larsens’ definition or adapted and spe-
cialized variants of it have been used frequently, for example in [[14} [13]. [19] introduces a notion of
equivalence parameterized with respect to typing information, which, quoting from [19]: “can be seen
as a disciplined instance of Larsen’s, in which one uses types to express constraints on the behaviors of
the observers, rather than explicitly writing all their possible behavior”.

Current Work. We investigate modal-logical characterizations of (ji-)parameterized bisimilarity and
simulatability, and of refinements of the modal characterizations already obtained by Larsen, and here.

(W1) We are working out a modal-logical characterization for ji-parameterized bisimilarity ~g, that
is based on a game characterization of ~g,. However, our characterization will not just be of a
simple form comparable to Theorem and Theorem [4.2] for all environments e:

P r~&eq < M(p)NF(e) = M (q)NF(e) (forall image-finite processes p, q).
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where .% C .# would be appropriately defined formulas with then % (g) := {¢ € ¥ |gE ¢}
defined for all environments g. It is nevertheless interesting to note that since ~g, C ~, holds
(due to ~, C ~g, by Proposition 3.7] [0))), that whenever p =g, g holds, always p =, g follows,
and a formula ¢ € (Z(p)N Z(e)) A (A (q)" Z(e)) (where A denotes symmetric difference)
that distinguishes p and g can always be found via Larsen’s characterization, Theorem 2.10l

(W2) The restriction to image-finite processes for the modal characterizations of simulatability < and
bisimilarity ~ by Hennessy and Milner (Theorem 2.8) can be dropped by permitting infinitary
formulas with infinite conjunctions. Indeed, Milner has described such an adaptation for infinitary
formulas in [18]].

We want to obtain similar extensions to not necessarily image-finite processes for Larsen’s charac-
terization of ~, (Theorem [2.10)) and our ones of <, = <g, and (<>), = (<>)ge (Theorem .

Open problems. As problems to which (satisfactory) answers have evaded us so far, we want to mention:

(P1) How can the discrimination order for ~g,. be characterized? Note that a similar characterization in
terms of simulatability < as for the discrimination order of ~, in Thm.[2.3]by Larsen, and for <g,
and (<>)ge in Theorem. 3.14] is not possible due to Proposition 312

(P2) Does equality of ji-parameterized bisimilarity with respect to environments e and f coincide with
bisimilarity of e and f? Equivalently, does the implication “<" hold in the following statement (of
which “=>"is easy to verify), for all environments ¢ and f:

9

—
eNf — N&e:/\/&f.

Future research. As two lines of research for which the concept of ji-parameterized bisimilarity may
lead to new insights we mention: a continuation of Larsen’s work in his thesis [11] towards flexible
formal methods for showing compositionality of program correctness (see (F1)), and consequences for
finding interesting contextual behavioural metrics as introduced in [6] (see (F2)):

(F1) An interesting future work is the study of compositionality properties of ~g., that is the behavior
of ~g,. up to context. A context is typically defined as a syntactic process C (expressed in some
process algebra) with a hole []. Notation C[p] is used for the process obtained upon substitution of p
for the hole in C. In general, ~, is not preserved by contexts: Consider processes p =a+b, g =a,
environment e = a.b and context C = a.[]. We have that p~g.q, but C[p] =a.a+ b fg.a.a=Clg|.
Notice that the above example also applies to ~,. Indeed, including a process in a context intuitively
also affects the environment, as shown in a study of the compositionality of ~, in [12]]. The idea
in that work is to introduce parametric environment-transformer} Tc which preserves ~, in the
following sense:

P ~T1ce) 4 — <(C,p>=,<Cq>,

where <C,p> =, <C,q> intuitively means that “C[p] ~g. C[g] with C interacting identically
with p and ¢” [12] (we omit the formal definition for brevity). We speculate that, for ~g,, the
requirement “C interacting identically with p and ¢” could be removed. If so, the compositionality
of ~g. could be expressed as follows (for an appropriate environment- transformer 77.):

p~sarie 9 = Clp] ~& Clql.

4We use a different notation than [12]. There, T¢-(e) is rendered as wieg (C,e)
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(F2) The relatively recent work [6]] shows that from ~, (and quantitative generalizations of it) one can

extract a generalized pseudo-metric between processes, where the codomain of the metric is the set
of environments (under some closure assumptions). The idea is that the distance d(p,q) between
processes p,q is defined as the largest environment e (according to (2.I)) such that p ~, g. An
obvious future work is exploring whether a metric can be extracted for ~,. The main challenge is
finding the right notion of “largest environment” for ~g,, which is related to open problem (P1).
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bisimilarity since its inception, and concerning our work on the logical characterization of ~g,.. We are
also grateful for lists of comments that pointed us to necessary corrections and adaptations of details.
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Reversible concurrent calculi are abstract models for concurrent systems in which any action can
potentially be undone. Over the last few decades, different formalisms have been developed and their
mathematical properties have been explored; however, none have been machine-checked within a
proof assistant. This paper presents the first Beluga formalization of the Calculus of Communicating
Systems with Keys and Proof labels (CCSKY), a reversible extension of CCS. Beyond the syntax and
semantics of the calculus, the encoding covers state-of-the-art results regarding three relations over
proof labels — namely, dependence, independence and connectivity — which offer new insights into the
notions of causality and concurrency of events. As is often the case with formalizations, our encoding
introduces adjustments to the informal proof and makes explicit details which were previously only
sketched, some of which reveal to be less straightforward than initially assumed. We believe this work
lays the foundations for future reversible concurrent calculi formalizations.

1 Introduction

Concurrency in computer science refers to the simultaneous execution of multiple operations or com-
putations in a shared environment. It is a fundamental aspect of modern computing, with practical use
in several domains such as operating systems, networking and distributed systems. Process calculi like
CCS [16] and the z-calculus [[17] are well-studied and established mathematical models for formally
describing and reasoning about concurrent systems.

In recent years, reversing computations in concurrent systems has gained significant attention, with
applications in fields like hardware, software and biochemistry [22]]. Enriching concurrent systems with
reversibility poses its own set of challenges: for instance, it requires providing some kind of history-
preserving mechanism to take track of past actions. Additionally, undoing computation steps in a parallel
setting is more complex than in a sequential system: as explained in Fig. (1] reversing a specific action
performed by a single thread may require knowing, and eventually undoing, the actions of the other
threads it has previously interacted with.

Reversible concurrent calculi address such challenges in various ways. For example, Reversible
CCS (RCCS) [11] equips processes with a memory that records information about past computations;
conversely, CCS with Keys (CCSK) [20] associates unique keys to each forward action. The latter has
been recently upgraded to CCSK with Proof labels (CCSKF) [4], which features a proved transition
system in the fashion of Degano and Priami [12]; proof labels enable the definition of dependence and
independence for both forward and backward transitions. In this framework, the contributions brought by
Aubert et al. 3] merit attention. The authors are the first to introduce separate axioms for the relations
of dependence, independence and connectivity on proof labels: such relations are proved to be sound,
interrelated, and linked to the broader notions of concurrency and causality of events. Additionally, the
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The diagram on the left illustrates the dupli-
| cation of a thread, followed by a message ex-
[ change between the resulting branches and
|
|

~

/ some further independent computation steps.
— < To undo the computation step marked in red,
7 which belongs to one of the two threads and
\ / precedes their interaction, it is necessary to first
7 undo each of the steps marked in blue, including
those of the other thread.

~
~

Figure 1: Example of reversal of computation steps in a concurrent setting.

authors outline the difference between various kinds of bisimulations, such as the history preserving
bisimulation for CCS.

Formal verification has become a cornerstone in the development of new systems, certifying the
correctness of their syntax, semantics and behavioral properties in the most reliable way. In the case of
concurrent calculi, there is a long tradition which spans from the early mechanizations by [[18]] and [15] in
HOL to the recent contributions of the Concurrent Calculi Formalisation Benchmark [6]]; we also recall
the Rocq formalization of the z-calculus by Honsell et al. [[14], which has been the baseline for numerous
higher-order abstract syntax (HOAS) [19] mechanizations. When it comes to reversible concurrent calculi,
however, the landscape looks rather different. Despite the availability of C# and Java implementations of
CCSK [10][L], no machine-checked formalization of reversible concurrent calculi currently exists — at
least to the best of our knowledge.

This paper presents the first formalization of CCSK® in Beluga [21]]. Our encoding covers the core
definitions of the system: its syntax, semantics, and the relations of dependence, independence and
connectivity on proof labels. Additionally, this work formalizes the central results presented in Sections 3
and 4 of [3], including the complementarity of dependence and independence and the relationship between
connectivity of transitions and proof labels. The proofs come along with a library of auxiliary lemmas
regarding processes, keys and transitions.

Formalizations typically require small adjustments to fit the proof assistant’s framework, while
carefully addressing any of the details which are taken for granted in the informal proof. This encoding is
no exception: the formalization process led to minor refinements in the definition of connectivity over
proof labels and clarified the proof of one of the aforementioned results, which called for a different
approach separating base and inductive cases. Beluga, as a proof assistant, is ideal for reasoning about
deductive systems together with their meta-theory, as it naturally supports encodings of object-level
binding constructs through higher-order abstract syntax and allows pairing terms with the contexts that
give them meaning [21]]. Although our HOAS encoding leverages Beluga’s strengths and showcases its
versatility, it also deals with limitations such as the lack of syntactic sugar for existentials or conjunctions;
considerations on its adoption are further elaborated in the conclusions.

The paper is structured as follows. Section [2| provides an informal description of CCSKF and the
results under our study. Section [3| presents the Beluga formalization of such notions and properties.
Section ] contains a technical overview of the formalization, a summary of our contributions and possible
future work directions. The artifact is archived in Zenodo [7] and available in the associated GitHub
repository https://github.com/CinRC/A-Beluga-Formalization-of-CCSKP.
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2 CCSKP

In this section we recall the main definitions and properties of CCSKPF, as outlined in [3]]. We assume
familiarity with the basic notions of CCS. Definitions are hyperlinked to their encoding in the repository.

2.1 Syntax

As in the standard CCS, we assume the existence of an infinite set N of names, ranged over by a, b, c, with
a bijection =: N — N denoting the complement of a name; names and complementary names respectively
denote input and output ports for processes. We define the set of labels L as NUN U {7}, where 7 denotes
the interaction of concurrent processes. L is ranged over by «, while L\ {7} is ranged over by 1.

To introduce reversibility, CCSK extends the syntax of CCS with a denumerable set K of keys, ranged
over by k,m,n. Labels are paired with keys to define keyed labels, which are elements of the cartesian
product L x K and are represented as a[k], b[m]; the set of keyed labels is also denoted as L.

Processes|are defined as in the ordinary CCS, with the addition of keyed prefixes and without operators
for recursion or replication:

XY = 0 (Inactive) | . X (Prefix)
| a[k].X  (Keyed prefix) |X+Y (Sum)
| X |Y  (Parallel composition) |X\a (Restriction)

The set of processes is denoted as X. When preceded by a (keyed) prefix, the inactive process 0 is usually
omitted; the binding power of the operators, from highest to lowest, is \a, a[k], , | and +. In restrictions
X \ a, the occurrences of the name a in X are said to be bound; all other occurrences of names and keys in
processes are considered free. Processes that are a-equivalent, i.e., that differ only in the choice of their
bound names, will be identified. Unlike [3]], restrictions only bind names and not complementary names:
this choice does not rule out any significant process (since X \ a or X \ @ have the same behaviour) and
leads to a clearer correspondence between processes and their encoding.

The set of keys occurring in a process is denoted as keys(X). A process for which keys(X) is empty is
said to be standard: in this case, we write that std(X) holds.

2.2 Semantics

The key feature of CCSKY is the notion of proof keyed labels:
6 =valk] | v{LviAlk], |Rv2A[K])

where v,v; and v, range over strings of symbols {|L, |r,+L,+r }. We denote the set of proof keyed labels
as LE, and refer to its elements simply as “proof labels” for brevity. The following functions ¢/ and |2 map
each proof label to its underlying label and key, respectively:

lvalk])=a LAk Rvak) =7 A@valk]) =k AV(AlK], [Rv2AlK])) =k

Semantics is given by the [labelled transition system (X, Lﬁ, »2»), where & denotes the union of the
forward and backward transitions displayed in Fig.[2] We will refer to the union of forward and backward
transitions as combined|transitions. Given a transition X & Y, the process X is said to be its source, while
Y is said to be its target.
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Prefix and Keyed Prefix
Forward Backward
std(X) 7 pref std(X) ol pref
a.X 8, alk].X alk] X wosa X
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alk]. X = alk].X’ alk]. X' v alk].X
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Forward Backward
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X\a+> X"\a X"\av»X\a

Figure 2: Forward and backward transition rules for CCSKPY (right rules for | and 4 omitted).

Example 1 Consider a webpage that allows the user to interact via two independent buttons: one to
toggle between light and dark mode, and another to switch between two different languages. The initial

state of the system can be modeled as the parallel composition m

[, where the labels m and / represent

the actions to switch the visual mode and the language, respectively.
The action of changing the visual mode can be represented by the following forward transition:

|Lmlk]

m |1 **== mlk] | I. The target process preserves the label m and pairs it with a fresh key k. The proof
label | m[k] not only stores the label m and key k used in the transition, but also indicates that the action
occurred on the left-hand side of a parallel composition.

Suppose the user now wishes to revert to the previous visual mode: pressing the mode button again

can be interpreted as undoing the previously executed action. This can be modeled by the fo]llowing
backward transition, which removes the key associated with the earlier forward step: m[k] | / M, | 1.

Two transitions are said to be composable if they can be performed consecutively — that is, the target
of the first transition is the source of the second transition. A path is a (potentially empty) sequence of

composable transitions and can be denoted as X —* Y, where X is the source of the first transition (also
called the source of the path) and Y is the target of the last transition (also called the farget of the path); in
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other words, +* is the reflexive and transitive closure of —». A process X is |reachable|if there exists a
path whose target is X and whose source is a standard process. This process, which can be proved to be
unique (cf. Lemma B.13 in [2]), is called the origin of X and is denoted as Ox.

Reachability allows to rule out faulty processes which are syntactically well-formed, but whose
particular selection of keys is inconsistent. For instance, this arises when the same key denotes successive
actions, as in the process a[k].b[k], or when keys internally form a cycle, as in the deadlocked process
alk].b[m] | b[m).a[k], where neither action can be undone because of the presence of its associated key in
the other thread. From this point on, each process will be assumed to be reachable.

The loop lemmal (cf. Lemma 3.8 in [3]) is an important result characterizing reversible labelled
transition systems. It states that any transition X 95 Y can be reversed, yielding a transition Y s X
moreover, the reversing operator is an involution (i.e., reversing a transition twice returns the original
transition). The validity of the loop lemma follows directly from the symmetry of the LTS (Labelled
Transition System) rules presented in Fig. 2]

Connectivity Relation

Action Choice
A A B el &
alk] ¥ 0 6 alA] Ta01 Y +a0, ¢ Hab1 Y Hgh
Parallel Synchronization
af1 Y 302 d d
la61 Y 462 d a6 Y (|L6L,|rOR) (|61, |ROR) Y |46
01Y 9/1 6> Y 9/2 g3
(IL61,[rO2) Y (ILOY,[R0S)
Dependence Relation Independence Relation
Action Action
Al A?
alk] <6 0 < ak] (empty)
Choice / . Choice
6x<6 1 —— C /
_ d 0106
146 = +46' Ca o yox+g0/ — G
d d +q60 1 +46
Parallel / P o Parallel
06 pl (0) =#(6") P 016 #(0) £ #(0)
|d9 = |d9/ ‘de < |79/ , 4d g Pd
a lab 1 [a0 ab 1 [g0
Synchronization Synchronization
0 x 04 S(lj 64 <6 Sﬁ 0164 . 64106 g2
— s} 2
146 > (|L6L, |ROR) (ILoL,|r6R) > |46 a6 1 (|L6L, |ROR) (lLoL, [ROR) U [aB
0i<0; 0;Y0, ije{l,2}i#] ¢ 0116) 6,10, X
S
([L61,[r62) = (|67, |Rr65) (IL61,[r62) 1 {|L67,[R6S)

Figure 3: Causality relations on proof labels.
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Finally, the binary relations of connectivity,|dependence and independence|on proof labels, respectively
denoted as Y, > and 1, are defined by the rules displayed in Fig. 3| where the label d ranges over {L,R}
and d denotes the opposite of d (i.e., L = R and R = L). Such relations will be referred to as causality
relations for brevity. Compared to [3]], the rule A? for connectivity and dependence has been slightly
modified, ensuring that each relation is symmetric and simplifying their encoding. This comes at the cost
of losing uniqueness in derivations of judgements such as 8; Y 6;; however, this property has been shown

not to be required for the purposes of our development.
Example 2 The process m | [, introduced in Example [I| to model a webpage, can perform a forward
transition labelled by |, m|k;], representing the toggling of the visual mode. It can also perform a transition
m|l ety | I[[kz], denoting the change of the language of the webpage. The two transitions are
independent, as the order in which they are executed does not affect the resulting state. This is reflected in
the independence of the two proof labels | m[k;] and |rl[k2], which follows from the P? rule in Fig.
Conversely, consider the process a.b | b. It can perform a forward transition labelled by |ra[k],
followed by another forward transition labelled by | b[n]. However, these transitions cannot be performed
in reverse order, since the input action along b is only enabled after the input action along a has occurred;
the two transitions are thus causally related. This is reflected in the dependence of the two proof labels

|La[k] and |1b[n], which follows from the P! and A rules in Fig.

2.3 Properties of causality relations

We now turn to the theorems and lemmas object of our study. Their complete proof can be found in
[2], the technical report accompanying [3]. The following theorem specifies the relationship between
connectivity of transitions and connectivity of proof labels:

Theorem 2.1 (cf. Proposition 4.4 in [3])
(i) Ift; : Xy LI X{ andty: X, 92, X}, are connected, then 6, Y 0,. 3
(ii) If 01 Y 6y, then there exist t) : X 1y Xl' and ty : Xo 92, Xz’ such that t; and t, are connected. 7

The proof of Theorem [2.1(1)|relies on the fact that Ox, = Ox, and proceeds by induction over such origin
process: recall that each process is assumed to be reachable and, therefore, has an origin. The equality of
Ox, and Oy, follows from the two lemmas:

Lemma 2.2 For all reachable processes X and Y, there exists a path X —* Y iff Ox = Oy.
Lemma 2.3 If 1 : X 1y X{ andty: X, B2, X}, are connected, then Ox, = Ox,.

Conversely, the proof of Theorem |2.1(11)| proceeds by structural induction over the given hypothesis
01 Y 6, and relies on the following:

Definition 2.4 (Realisation) A process X realises the proof label 6 if there exist X; and X, such that
XX % X0

Lemma 2.5 For every proof label 0, there exists a process that realises it, and we denote it r(6). &

Next, the following theorem states the complementarity of the dependence and independence relations:
Theorem 2.6 (cf. Theorem 4.9 in [3]])
For all 64, 05,
(i) If 6116, then ) Y 6.7
(ii) If 01 < 0 then 61 Y 6,. 0
(iii) If 01 Y 0, then either 61 1 6, or 0 x 0>, but not both. %

This theorem is proved by induction over the structure of the given binary relation.
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3 Beluga Formalization

In this section we outline the key points of the Beluga formalization of the notions presented in Section 2]
Definitions and proofs omitted for brevity are hyperlinked to their encoding in the repository.

3.1 Syntax

Beluga is structured in two layers: the LF (Logical Frameworks [[13]]) level, which is used to specify the
formal system under study, and the computation level, which supports programming with LF data [21]].
To encode the syntax of our system, only the former level is deployed. Names, keys, labels and processes
are encoded using the LF types displayed in Fig. 4]

LF names: type =; LF proc: type =
LF keys: type = | null: proc % 0

| z: keys | pref: labels — proc — proc % A.X

| s: keys — keys; | kpref: labels — keys — proc — proc /% A[k].X
LF labels: type = | sum: proc — proc — proc % X+Y

| inp: names — labels | par: proc — proc — proc % XY

| out: names — labels | nu: (names — proc) — proc; % X\a

| tau: labels;

Figure 4: Encoding of the syntax of CCSKP.

Since names in CCSKP are an infinite set without any additional assumption, they are represented by a
type names without constructors; as explained in [8], this type will be dynamically inhabited by variables
introduced through contexts. This is enabled by the following line of code:

schema ctx = names;

This line declares contexts made of a finite collection of distinct variables of type names, identified via
the keyword ctx. Thanks to this setup, we can work with contextual processes of the form [g F X],i.e.,
processes X whose free names are drawn from the context g. Contextual objects live in the computation
level.

Keys are by assumption denumerable, and the LTS rules for keyed prefixes require equality of keys to
be decidable. Both conditions are satisfied by encoding keys explicitly as natural numbers.E] An alternative
approach would be to rely on contexts, as is done for names: however, this would require managing mixed
contexts of names and keys, and having a more complex encoding of transitions and paths.

Restrictions X \ a are represented by terms of the form (nu \a. (X a)), where \x. (f x) is Beluga’s
notation for functions £ mapping x to f (x) : following the higher-order abstract syntax (HOAS) paradigm,
the bound name a is represented as the implicit argument of a meta-language function \a. (X a) from
names to proc. In this way, we leverage the meta-language implementation of binders to achieve
o-renaming and capture-avoiding substitutions for free.

An important but often overlooked aspect of formalizations is the adequacy of the encoding: the
encoding must constitute a faithful representation of the original system into study [9]. Adequacy is
generally established by proving the existence of a compositional bijection between the mathematical
model and its formalized counterpart. The discussion of the adequacy of our encoding is omitted due to
space constraints.

INote that properties such as decidability of equality must be stated and proved manually, as Beluga does not provide a
built-in library of properties of natural numbers.




62 A Formalization of the Reversible Concurrent Calculus CCSK? in Beluga

3.2 Semantics

Proof labels are encoded by the type pr_lab in Fig.[5] Rather than directly modeling the informal
definition of proof labels, by defining strings over the symbols {|., |r,+1,+r} as lists, we are introducing
four constructors (pr_suml, pr_sumr, etc.) that build proof labels incrementally by appending one
symbol at a time. This provides a stronger induction principle and streamlines the encoding of LTS rules
and subsequent proofs.

LF pr_lab: type = LF lab: pr_lab — labels — type =
| pr_base: labels — keys — pr_lab | lab_base: lab (pr_base A K) A
| pr_suml: pr_lab — pr_lab | lab_suml: lab T A — lab (pr_suml T) A
| pr_sumr: pr_lab — pr_lab | lab_sumr: lab T A — lab (pr_sumr T) A
| pr_parl: pr_lab — pr_lab | lab_parl: lab T A — lab (pr_parl T) A
| pr_parr: pr_lab — pr_lab | lab_parr: lab T A — lab (pr_parr T) A
| pr_sync: pr_lab — pr_lab — pr_lab; | lab_sync: lab (pr_sync T1 T2) tau;
LF valid: pr_lab — type =
| v_base: valid (pr_base A K)
| v_suml: valid T — valid (pr_suml T)
| v_sumr: valid T — valid (pr_sumr T)
| v_parl: valid T — valid (pr_parl T)
| v_parr: valid T — valid (pr_parr T)
| v_synl: valid T1 — valid T2 — lab T1 (inp A) — key T1 K
— lab T2 (out A) — key T2 K — valid (pr_sync T1 T2)
| v_synr: valid T1 — valid T2 — lab T1 (out A) — key T1 K
— lab T2 (inp A) — key T2 K — valid (pr_sync T1 T2);
LF fstep: proc — pr_lab — proc — type =
| fs_pref: std X — fstep (pref A X) (pr_base A K) (kpref A K X)
| fs_kpref: fstep X T X — key TM — neq K M
— fstep (kpref A K X) T (kpref A K X’)
| fs_suml: fstep X T X> — std Y — fstep (sum X Y) (pr_suml T) (sum X’ Y)
| fs_sumr: fstep YT Y’ — std X — fstep (sum X Y) (pr_sumr T) (sum X Y’)
| fs_parl: fstep X T X> — key T K — notin K Y
— fstep (par X Y) (pr_parl T) (par X’ Y)
| fs_parr: fstep YT Y’ — key T K — notin K X
— fstep (par X Y) (pr_parr T) (par X Y’)
| fs_synl: fstep X T1 X’ — lab T1 (inp L) — key T1 K
— fstep Y T2 Y’ — lab T2 (out L) — key T2 K
— fstep (par X Y) (pr_sync T1 T2) (par X’ Y’)
| £fs_synr: fstep X T1 X> — lab T1 (out L) — key T1 K
— fstep Y T2 Y> — lab T2 (inp L) — key T2 K
— fstep (par X Y) (pr_sync T1 T2) (par X’ Y’)
| fs_nu: ({a:names} fstep (X a) T (X’ a)) — fstep (nu X) T (nu X’);

Figure 5: Encoding of the semantics of CCSKP.

In Beluga, predicates are encoded as type families, i.e., types parametrized by arguments: a predicate
P(x1,...,x,) holds iff the corresponding type (P x; ... xy) is not empty. Type families are also used
to encode functions, identified with their graph, as in the case of the functions ¢ and £ returning the
label and key of a proof label: the former is encoded by the type family 1ab in Fig.[5] while the latter is
encoded by the type family key, here omitted for brevity. For example, given a proof label 6 and a label
a, represented as T and A in the encoding, the type 1ab T A is inhabited iff £(0) = a.
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Our encoding of proof labels pays the price of being over-expressive: the constructor pr_sync
accepts any two proof labels regardless of their key or label, generating terms that fall outside the original
definition. For example, the term (pr_sync (pr_base A K) (pr_base B M)) has type pr_lab for
any labels A, B and keys K, M, while its counterpart (| a[k], |[r[m]) is well-defined only if § = @ and
k = m. While this is harmless in most of our development, since such spurious terms do not label any
actual transition, it becomes an issue when proving theorems universally quantified on proof labels, such
as Lemma[2.5] To address this problem, we introduce an additional predicate valid, displayed in Fig.[5]
which filters out the spurious terms. It can be proved the existence of a bijection between proof labels and
the set of elements T of type pr_1lab for which valid T holds. From this point forward, we will refer to
such terms as valid proof labels.

Forward and backward LTS rules are defined through the type families fstep and bstep in Fig.[5]
(with the latter omitted here for brevity). These rules rely on the additional type families std, notin
and neq, hyperlinked to their formalization in the repository, which respectively hold when a process is
standard, when a key does not occur in a process, and when two keys are not equal. The parameters X and
X’ in the fs_nu rule are functions from names to proc, whose arguments represent the binders of the
restrictions. The universal quantification {a:names} is used to abstract over the particular choice of the
binder; moreover, a or @ does not occur in the proof label T, since such parameter does not depend on a
within the body of the universal quantification.

Combined transitions, paths, reachable processes and connected transitions are defined as follows:

LF step: proc — pr_lab — proc — type =
| fw: fstep X T X’ — step X T X°
| bw: bstep X> T X — step X> T X;
LF step*: proc — proc — type =
| id_s*: step* X X
| st_s*: step X T Y — stepx X Y
| tr_s*: stepx X Y — stepx Y Z — stepx X Z;
LF reachable: proc — type =
| rch: std X — step* X Y — reachable Y;
LF conn_tr: step X T1 X’ — step Y T2 Y’ — type =
| ct: {Sl:step X T1 X’}{S2: step Y T2 Y’} step* X Y’ — conn_tr S1 S2;

Paths, or multi-step transitions, can be encoded equivalently using only two constructors; in this
development, the more verbose version has been adopted as it simplified the proof search.

Finally, the relations of connectivity, dependence and independence are encoded through three type
families conn, dep and [indepl. The former is displayed in Fig.[6] While some of the rules in Fig. [3are
grouped together, by using the label d in the place of L and R, the encoding requires each rule to be stated
separately, with its own constructor.

3.2.1 Basic properties of keys, proof labels and transitions

Before diving into the theorems related to the causality relations, our encoding requires a small library
of properties of keys, proof labels and transitions: these include the decidability of equality of keys, the
ffunctionality of ¢ and £/, the fact that standard processes have no keys, or the |loop lemma. To provide an
overview of how proofs are carried out in Beluga, we will walk through the proof of the following result:
“for all proof labels 6, there exists a label o such that £(0) = o”. Its code is displayed in Fig.
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LF conn: pr_lab — pr_lab — type =
| c_al: conn (pr_base A K) T
| c_a2: conn T (pr_base A K)
| c_c1l: conn T1 T2 — conn (pr_suml T1) (pr_suml T2)
| c_clr: conn T1 T2 — conn (pr_sumr T1) (pr_sumr T2)
| c_c21l: conn (pr_suml T1) (pr_sumr T2)
| c_c2r: conn (pr_sumr T1) (pr_suml T2)
| c_pll: conn T1 T2 — conn (pr_parl T1) (pr_parl T2)
| c_plr: conn T1 T2 — conn (pr_parr T1) (pr_parr T2)
| c_p2l: conn (pr_parl T1) (pr_parr T2)
| c_p2r: conn (pr_parr T1) (pr_parl T2)
| c_s1l: conn T TL — conn (pr_parl T) (pr_sync TL TR)
| c_sir: conn T TR — conn (pr_parr T) (pr_sync TL TR)
| c_s21: conn TL T — conn (pr_sync TL TR) (pr_parl T)
| c_s2r: conn TR T — conn (pr_sync TL TR) (pr_parr T)
| c_s3: conn T1 T1’> — conn T2 T2’ — conn (pr_sync T1 T2) (pr_sync T1’ T2’);

Figure 6: Encoding of the connectivity relation on proof labels.

LF ex_lab: pr_lab — type =
| ex_1: lab T A — ex_lab T;
rec existence_of_lab: (g:ctx) {T:[g F pr_labl} [g F ex_lab T] =
/ total t (existence_of_lab _ t) /
mlam T = case [_ F T] of
| [gF pr_base _ _] = [g F ex_1l lab_basel

| [gt pr_suml T’] = let [g F ex_1 L] = existence_of_lab [g F T’] in
[g F ex_1 (lab_suml L)]

| [gF pr_sumr T’] = let [g F ex_1 L] = existence_of_lab [g F T’] in
[g - ex_1 (lab_sumr L)]

| [g F pr_parl T’] = let [g - ex_1 L] = existence_of_lab [g - T’] in
[g F ex_1 (lab_parl L)]

| [g - pr_parr T’] = let [g F ex_1 L] = existence_of_lab [g F T’] in
[g - ex_1 (lab_parr L)]

| [gF pr_sync _ _1] = [gF ex_1 lab_sync];

Figure 7: Proof of the existence of a label in a proof label.

The first two lines of code in Fig. [7]introduce a type family ex_lab, which captures the conclusions
of the lemma to be proved: the type ex_lab T is inhabited whenever there exists a label A for which
lab T A holds. Defining such additional type families is the standard workaround to the lack of syntactic
sugar for existentials and conjunctions in Beluga.

Thanks to the Curry-Howard isomorphism, proofs by induction are encoded through recursive
functions. In Beluga, these are computation-level entities introduced by the keyword rec. The function
existence_of_lab takes as input a context g of schema ctx and a contextual object T of type pr_lab
and returns an object of type ex_lab T. The second line of the proof asserts that the built function is total
and is recursive on the second argument. These conditions are verified by Beluga’s totality checker and
guarantee that the function constitutes a valid proof.

The proof itself begins by introducing the argument T through the keyword m1am; the other argument,
the context g, is implicit due to the use of round brackets in the function declaration. The proof proceeds by
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pattern matching on the object T, which by the Curry-Howard isomorphism corresponds to case analysis
on the structure of T in the informal proof. Underscores are used to omit parameters that Beluga can infer
automatically. The pr_base and pr_sync cases are handled immediately, since we can already provide
the required object of type ex_lab T; for the remaining four cases, the proof proceeds by recursively
applying the function existence_of_lab to a subterm T’ of T, and then using the result to build the
desired object. Recursive calls on structurally smaller objects correspond to applications of the inductive
hypothesis in the informal proof.

We conclude this subsection by addressing the symmetry and irreflexivity of the causality relations.
We report the signature of the function which proves that connectivity is symmetric:

rec symmetric_conn: (g:ctx) [g F conn T1 T2] — [g F conn T2 T1] = ...

These lemmas are proved by straightforward inductions on the structure of the given predicate.

3.3 Properties of causality relations

Although the theorems in Section [2.3]are presented in a different order, here we start with the encoding of
Theorem [2.6] as it is straightforward and mirrors the structure of the informal proof.

3.3.1 Encoding of Theorem 2.6|

The three statements of the theorem are addressed by four recursive functions: this is because Theo-
rem actually consists of two separate assertions, which here we prove separately. Moreover, the
disjunction in the conclusions requires defining an additional type family dep_or_indep. Fig.[8|displays
the proof of the final assertion: “two proof labels cannot be both dependent and independent”. We also
present the signatures of the other recursive functions below.

rec indep_impl_conn: (g:ctx) [g F indep T1 T2] — [g F conn T1 T2] = ...
rec dep_impl_conn: (g:ctx) [g F dep T1 T2] — [g F conn T1 T2] = ...
LF dep_or_indep: pr_lab — pr_lab — type =
| or_dep: dep T1 T2 — dep_or_indep T1 T2
| or_ind: indep T1 T2 — dep_or_indep T1 T2;
rec conn_impl_dep_or_indep: (g:ctx) [g F conn T1 T2] — [g F dep_or_indep T1 T2] = ...

The proof in Fig.[§]is an example of proof by contradiction: given two objects of type dep T1 T2 and
indep T1 T2, the function impossible_dep_and_indep aims to derive an object of the empty type
false, thereby establishing a contradiction. After introducing the arguments d and i, the proof proceeds
by pattern matching on d; depending on the case, the contradiction is reached in one of three distinct
ways.

In case d is built, e.g., through the constructor d_a1 (corresponding to the case A': a[k] = 6 in the
informal proof), it is immediately clear that an object i of type indep T1 T2 (i.e., a]k] 1 6) does not
exist: this contradiction is exhibited through the keyword impossible. In other subcases, such as when
d is built via d_c11 (corresponding to Ci: +1.6 < +1.6', given 0 x 8'), the contradiction is obtained by
recursively invoking impossible_dep_and_indep on smaller arguments. Finally, in the d_p21 subcase
(L @ < |r 6', under the assumption £(6) = £(6')), we first examine the structure of i and find that it must
have been constructed using i_p21. This gives us an object N witnessing the inequality £(8) # £(6'),
which clearly contradicts our assumption; however, to complete the proof in Beluga, it is first necessary to
apply the auxiliary function uniqueness_of _key for some variable unification, yielding £(8) # £(0),
followed by the function irreflexive_neq, which states the irreflexivity of the inequality of keys.
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rec impossible_dep_and_indep: (g:ctx) [g F dep T1 T2] — [g F indep T1 T2]
— [g F false] =

/ total d (impossible_dep_and_indep _ _ _ d _) /

fn d,i = case d of
| [gF d_al]l] = impossible i
| [g F d_a2] = impossible i
| gt d_c1ll D] = let [gF i_c1l I] = i in impossible_dep_and_indep [g F D] [g F I]
| [gF d_clr D] = let [gF i_clr I] = i in impossible_dep_and_indep [g F D] [g + I]
| [g - d_c21] = impossible i
| [g F d_c2r] = impossible i
| [gt d_pll D] = let [gF i_pll I] = i in impossible_dep_and_indep [g F D] [g F I]
| [g F d_pir D] = let [gF i_plr I] = i in impossible_dep_and_indep [g F D] [g F I

|

[g F d_p21 H1 H2] = 1let [g F i_p21 H1’> H2’> N] = i in

let [g F refk] = uniqueness_of_key [g - H1] [g - H1’] in

let [g F refk] = uniqueness_of_key [g - H2] [g - H2’] in irreflexive_neq [g - N]
| [gF d_p2r H1 H2] = let [g F i_p2r H1’> H2’> N] = i in

let [g - refk] = uniqueness_of_key [g - H1] [g F H1’] in

let [g F refk] = uniqueness_of_key [g F H2] [g - H2’] in irreflexive_neq [g F NI]

[g F d_s11 D] let [g F i_s1l I] = i in impossible_dep_and_indep [g - D] [g F I
[g F d_sir D] let [g F i_sir I] in impossible_dep_and_indep [g - D] [g F IJ

| =
I =
| [g - d_s21 D] = 1let [g F i_s21 I] in impossible_dep_and_indep [g F D] [g F II
I =
| _]

He B B B

[g - d_s2r D] let [gF i_s2r I] = i in impossible_dep_and_indep [g - D] [g F Il
[g - d_s31 D1 = let [ghFH i_s3 I1 _] =1 in
impossible_dep_and_indep [g F D1] [g F I1]
| [gF d_s3r _ D2] = let [gt i_s3 _ I2] = 1i in
impossible_dep_and_indep [g F D2] [g + I2];

Figure 8: Proof of the statement “two proof labels cannot be both dependent and independent”.

3.3.2 Encoding of Theorem [2.1

Recall that, throughout our development, each process is assumed to be reachable. Although this
hypothesis is not explicitly stated in theorems and lemmas, it is in fact essential for proving Theorem [2.1]
and some of its auxiliary lemmas. For this reason, before outlining its encoding, we refine its statement,
making the reachability assumption explicit:

Theorem 2.1 (Refined)
(i) Ift; : X, LI X{ andty: X, B2, X}, are connected and X, is reachable then 61 Y 6.

(ii) If 61 Y 05, then there exist t| : X, LA X{ andty: X, LN X}, with X, reachable, such that t) and t,
are connected.

Since the two statements are encoded by two distinct functions, we discuss them separately. The proof
of Theorem [2.1(1)|is given by the following function conn_rel_one:

rec conn_rel_one: (g:ctx) {Sil:[g I step X1 T1 X1°]1} {S2:[g - step X2 T2 X2°]}
[g - reachable X1] — [g F conn_tr S1 S2] — [g+ conn T1 T2] = ...

2The reachability of the only X; is enough to deduce the reachability of any other process in the statement, given the existence
of a path from X; to such processes.
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The function takes as inputs two transitions S1 and S2, whose typing judgments introduce the names
of each involved parameter, such as the process X1; these are followed by the further assumptions of
reachability of X1 and connectivity of S1 and S2. The function returns a derivation of the connectivity of
the proof labels T1 and T2.

Although our encoding may appear different — and somewhat longer — than the proof presented in
[2], it is, in essence, faithful to the same underlying structure. The original proof leverages Lemma[2.3]to
establish the equality of the processes Oy, and Oy,, the origins of the sources of the connected transitions
Xy LN X{and 1, : X» 2, X]. It proceeds by induction on Oy,, observing that its structure determines
that of the processes and transitions in the same environment (e.g., if the outermost operator of Oy, is
a sum, the same applies to X;). The proof then concludes either directly or by applying the induction
hypothesis to transitions involving specific subprocesses.

Below, we outline the changes and technical considerations brought by our encoding of this argument:

* The formalized proof proceeds by pattern matching on an object D of type std 0X1, rather than
directly on the process 0X1. This is essentially equivalent, since the type family std proc, which
asserts that a process is standard, is itself defined by pattern matching on the underlying process.

* It is not necessary to encode Lemma[2.3] The reachability of X;, together with the existence of a
path from Xj to X5, provides us a path between Oy, and Xj; this path is enough to determine the
structure of X», known the structure of Oy, .

* The proof requires analyzing the structure of the given transitions S1 and S2. Since combined
transitions are either forward or backward, and each have their own constructors, this results in four
levels of nested pattern matching. While most of the subcases can be unified in the informal proof,
Beluga requires them to be treated separately: this is the primary reason for the proof’s length. To
improve efficiency, certain assertions have been moved earlier in the proof tree compared to their
position in the informal version.

* The informal proof takes for granted structural properties such as: “given a path whose source is a
sum process, the target is also a sum process”, or “given a path between two sum processes, there
exists a path between their left addends”. In the encoding, these results must be explicitly stated
and proved, resulting in 16 additional lemmas. Some of these require classical techniques such as
mutual recursion or strengthening of contextual judgments, which are described in [8]]. We report
the signatures of two of these functions:

% Type family encoding sum processes
LF is_sum: proc — type =
| sm: is_sum (sum X Y);
% A path starting from a sum process ends in a sum process
rec stepx_from_sum: (g:ctx) [g - stepx (sum X Y) Z] — [g F is_sum Z] = ...
% Given a path between sum processes, there is a path between their left addends
rec stepx_betw_sums_left: (g:ctx) [g F step* (sum X1 X2) (sum Y1 Y2)]
— [g F stepx X1 Y1] = ...

The formalization of Theorem requires encoding Lemma[2.5] which states that every proof
label 6 is realised by some process r(6) — that is, there exist processes X;, X, and r(6) such that
r(8) —* X; ¥ X,. The original proof in [2], however, goes further: it builds a process () which
is standard and directly performs a single forward transition () *% X, (in other words, () and X,
coincide). Our encoding reflects this stronger formulation by specializing the original Definition [2.4] with
the following type family realised:
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LF realised: pr_lab — type =
| rl: std X — fstep X T X> — realised T;

For any proof label T, realised T is non empty iff std X and fstep X T X’ hold for some X and X’.
The following recursive function pr_lab_is_realised encodes the proof of Lemmal[2.5}

rec pr_lab_is_realised: (g:ctx) [g I valid T] — [g I realised T] = ...

The proof is a straightforward induction on the structure of the assumption valid T.

Other than relying on Lemma [2.5] the proof of Theorem [2.1(i1)|in [2] assumes auxiliary results such
as the following: “if Ox realises X and Oy realises Y, then Oy | Oy realises X | Y. While this result holds
in the particular context of Theorem where X | Y is known to be reachable and is able to perform a
synchronization, it does not hold in general. For instance, consider X; = a[k] and X, = b[k|: the parallel
composition alk] | b[k] is not reachable from a | b. Moreover, even when such conditions are met, building
a constructive proof is far from straightforward. These issues led us to revisit the entire argument and
develop the following proof strategy for Theorem [2. (D}

1. First, we consider the case where neither £(6;) nor £(65) is T and prove that the diagram in Fig. 94|
holds. The hypothesis excludes the cases in which 6; and 6, label synchronizations, thus ruling out
the scenarios in which the aforementioned auxiliary lemma occurs. The proved result goes beyond
establishing the connectivity of two combined transitions labelled by 6 and 6,: both transitions
are forward, and the processes X; and X} are either identical or connected by a single combined
transition. Additionally, we show that at least one among X, and Xj, is standard.

2. We then move to the general case, proving that for any connected pair of proof labels 6, and 6, the
diagram in Fig.[9blholds. Analogously to the previous point, the transitions labelled by 6; and 6,
are forward, meaning that our statement is slightly more specific than the original formulation of
Theorem [2.1(ii)] This refinement helps eliminating non-existent subcases that would arise in the
nested pattern matching of combined transitions.

X2 X2
I I
X Xj Xp — o —— X}
o] o]
X X
(a) Base case of the proof strategy. (b) General case of the proof strategy.

Figure 9: Proof strategy for Theorem [2.1(ii)

In the general case, when 6, and 6; label synchronizations (e.g., when 6] = (|1.6}, |[r6%)), the labels
of their subterms (e.g., 6 i and 6 11e) are not 7: this detail allows us to apply the base case of the proof
strategy, which provides richer information than the inductive hypothesis of the general Theorem
That additional information is essential: it enables us to build the desired path between X; and X}, actually
with at most two transition steps.

The encoding of Theorem follows the plan outlined. The base case makes use of the fol-
lowing elements: a type family 1ab_not_tau, characterizing proof keyed labels whose label is not 7;
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a type family max_one_step, encoding the conclusions of the statement; and the recursive function
conn_rel_two_base, which proves it.

LF lab_not_tau: pr_lab — type =
| nt_inp: lab T (inp _) — lab_not_tau T
| nt_out: lab T (out _) — lab_not_tau T;
LF max_one_step: pr_lab — pr_lab — type =
| c_id: std X1 — fstep X1 T1 X1’ — fstep X1 T2 X2 — max_one_step T1 T2
| c_fw: std X1 — fstep X1 T1 X1’ — fstep X1 T3 X2’ — fstep X2’ T2 X2
— lab T1 L1 — lab T3 L1 — max_one_step T1 T2
| c_bw: std X2° — fstep X1 T1 X1’ — bstep X1 T3 X2’ — fstep X2’ T2 X2
— lab T2 L2 — lab T3 L2 — max_one_step T1 T2;
rec conn_rel_two_base: (g:ctx) [g F valid T1] — [g + valid T2] — [g - conn T1 T2] —
[g - lab_not_tau T1] — [g F lab_not_tau T2] — [g | max_one_step T1 T2] = ...

The proof of this result is given by a long induction on the structure of the given connectivity relation.
The predicates (lab Ti Lj), for i,j in {1,2,3}, which occur in the type family max_one_step, are a
technical detail which helps completing few subcases of the proof.

Next, the general case of the proof is addressed by the recursive function conn_rel_two_fstep
below, which relies on a dedicated type family as well:

LF ex_conn_fstep: pr_lab — pr_lab — type =
| ex_cf: fstep X1 T1 X1’ — fstep X2’ T2 X2 — stepx X1 X2°
— reachable X1 — ex_conn_fstep T1 T2;
rec conn_rel_two_fstep: (g:ctx) [g F valid T1] — [g F valid T2] — [g F conn T1 T2]
— [g F ex_conn_fstep T1 T2] = ...

The proof is given by a long induction on the structure of the given connectivity relation. It requires
encoding auxiliary lemmas such as the following: “given a path between two processes X and X', there
is a path between X +0 and X’ + 07, or: “given a forward transition X ¥ X’ where X is standard and
%(6) = k, then any key m # k does not occur in X'”.

Finally, Theorem is encoded by the following function conn_rel_two. It calls the function
conn_rel_two_£fstep, applies the loop lemma to reverse one of the two forward transitions, and has all
the ingredients to conclude:

LF ex_conn_tr: pr_lab — pr_lab — type =

| ex_c: {S1: step X T1 X’} {S2: step Y T2 Y’} reachable X — conn_tr S1 S2
— ex_conn_tr T1 T2;

rec conn_rel_two: (g:ctx) [g F valid T1] — [g - valid T2] — [g F conn T1 T2]
— [g F ex_conn_tr T1 T2] =

/ total c¢ (conn_rel_two _ _ _ _ _ c) /

fn vi,v2,c =

let [g - ex_cf F1 F2 Sx (rch D SO*)] = conn_rel_two_fstep vl v2 c in

let [g F B2] = loop_lemma_one [g - F2] in

[g F ex_c (fw F1) (bw B2) (rch D SO0x*) (ct (fw F1) (bw B2) S*x)];

4 Conclusions and Future Work

We begin with a brief technical overview of the encoding. The complete formalization consists of less
than 2000 lines of code and includes a total of 49 theorems and lemmas. Among them, 13 are direct
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translations of results stated in Section [2] while the remaining 36 are technical and auxiliary lemmas
introduced to support the encoding.

Beluga has proved to be a reliable and expressive proof assistant, well-suited to represent the definitions
and properties of CCSKP. Its use of higher-order abstract syntax (HOAS) offers a convenient approach
to handling restrictions — even though CCSKY does not feature a particularly complex binding structure,
unlike, for instance, the n-calculus. Furthermore, Beluga’s explicit proof style provides a transparency
that is often lost in proof assistants that rely heavily on automation.

However, the lack of automation also comes with drawbacks, mainly the increased length of proof
terms. This also follows from the lack of syntactic sugar for existentials, conjunctions and disjunctions,
which leads to defining additional type families or splitting theorem statements. Additionally, Beluga
provides no built-in mechanism to simplify repeated proof patterns, requiring each similar subcase to be
handled individually.

Whether the overall outcome is favorable depends largely on the specific system one aims to formalize.
For languages with rich binding structures, the benefits of HOAS alone may outweigh the trade-offs. In
our case, however, this advantage is less significant, and we believe that other proof assistants (such as
Rocq [5]) might be a better fit for formalizing the system at hand.

To the best of our knowledge, this work provides the first formalization of a reversible concurrent
calculus in a proof assistant. We have formally verified the correctness of the notions and results presented
in Section 2] We gained a deeper understanding of the system itself, leading to refinements in both
definitions and proofs; in particular, we provided an alternative way to represent proof labels compared to
the informal definition.

This work lays the foundations for future reversible concurrent calculi formalizations. The encoding
can be adapted to cover the subsystems of CCSKP, i.e., CCS and CCSK, and can be mapped to existing
CCS formalizations. Moreover, it could be extended to include additional portions of [3]]. Additionally,
it could be translated into other proof assistants, such as Rocq, which are potentially better suited
for representing this reversible process calculus. Finally, it can serve as a reference point for future
formalizations of other reversible concurrent calculi, such as RCCS.
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