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Preface

This volume contains the proceedings of EXPRESS/SOS 2022, the Combined 29th International Work-

shop on Expressiveness in Concurrency (EXPRESS) and the 19th Workshop on Structural Operational

Semantics (SOS).

The first edition of EXPRESS/SOS was held in 2012, when the EXPRESS and SOS communities

decided to organise an annual combined workshop bringing together researchers interested in the formal

semantics of systems and programming concepts, and in the expressiveness of computational models.

Since then, EXPRESS/SOS was held as one of the affiliated workshops of the International Conference

on Concurrency Theory (CONCUR). Following this tradition, EXPRESS/SOS 2022 was held affiliated

to CONCUR 2022, as part of CONFEST 2022, in Warsaw, Poland.

The topics of interest for the EXPRESS/SOS workshop series include (but are not limited to):

• expressiveness and rigorous comparisons between models of computation;

• expressiveness and rigorous comparisons between programming languages and models;

• logics for concurrency;

• analysis techniques for concurrent systems;

• theory of structural operational semantics;

• comparisons between structural operational semantics and other formal semantic approaches;

• applications and case studies of structural operational semantics;

• software tools that automate, or are based on, structural operational semantics.

This volume contains revised versions of the six full papers selected by the Program Committee, as

well as the following two invited papers, related to the topics presented by our invited speakers:

• From Legal Contracts to Legal Calculi: the code-driven normativity, by Silvia Crafa (University

of Padova, Italy);

• How advances in open bisimilarity help certify the privacy of contactless payments and ePassports,

by Ross Horne (University of Luxembourg, Luxembourg).

We would like to thank the authors of the submitted papers, the invited speakers, the members of the pro-

gram committee, and their subreviewers for their contribution to both the meeting and this volume. We

also thank the CONCUR 2022 and the CONFEST 2022 organizing committees for hosting the workshop.

Finally, we would like to thank our EPTCS editor Rob van Glabbeek for publishing these proceedings

and his help during the preparation.

Valentina Castiglioni and Claudio Antares Mezzina,
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This paper shows how we can make use of an asynchronous transition system, whose transitions
are labelled with events and which is equipped with a notion of independence of events, to define
non-interleaving semantics for the applied π-calculus. The most important notions we define are:
Start-Termination or ST-bisimilarity, preserving duration of events; and History-Preserving or HP-
bisimilarity, preserving causality. We point out that corresponding similarity preorders expose clearly
distinctions between these semantics. We draw particular attention to the distinguishing power of HP
failure similarity, and discuss how it affects the attacker threat model against which we verify security
and privacy properties. We also compare existing notions of located bisimilarity to the definitions we
introduce.

1 Introduction

Non-interleaving semantics is sometimes referred to as true concurrency. This reflects the idea that
parallel composition has a semantically distinct status from its interleavings obtained by allowing each
parallel process to preform actions one-by-one in any order. In this work, we explore a spectrum of non-
interleaving semantics for the applied π-calculus, which is motivated by some recent works on modelling
and verifying security and privacy properties of cryptographic protocols [9, 21]. The definitions intro-
duced are operational in style, bypassing denotations such as event structures.

We build on our recent work [4] that introduced a non-interleaving Structural Operational Semantics
(SOS) for the applied π-calculus that generates Labelled Asynchronous Transition Systems (LATS).
Compared with standard transition systems, whose transitions are labelled with actions, a LATS labels
its transitions with richer events, and is equipped with a notion of independence over adjacent events
(concurrently enabled or enabled one after another). A LATS allows independent events to be permuted
and hence techniques such as partial-order reduction to be applied. This work is part of a research agenda
where we wish to lay a foundation for exploring questions such as whether verification techniques are
enabled by adopting a semantics that is naturally compatible with an independence relation used for
partial-order reduction. Another research question is whether adopting a non-interleaving semantics
impacts the attacker model for certain problems. In particular, armed with our definitions, we may
ask whether our non-interleaving semantics may detect attacks that may be missed if we employ an
interleaving semantics.

The contribution of this paper towards addressing the questions above is the introduction of non-
interleaving equivalences and similarities that can be defined for the applied π-calculus equipped with a
LATS [4]. A well understood starting point is how to generate “located” equivalences [6] for CCS [7, 24]
and the π-calculus [27]. The former approach makes direct use of the LATS for CCS, while the latter
uses a cut down located transition system for the π-calculus which accounts for locations but does not
satisfy all properties of a LATS. We go further since, given our LATS, we can generate in an operational

http://dx.doi.org/10.4204/EPTCS.368.1
https://creativecommons.org
https://creativecommons.org/licenses/by/4.0/


4 Designing Semantics For the Non-interleaving Applied π-Calculus

Terminology Remarks Def.

i-similarity “Interleaving”-similarity is the notion of similarity most commonly ex-
plored in the literature.

Def. 8

ST-similarity “Start-Terminate”-similarity accounts for the fact that events have dura-
tion. It uses events to distinguish between actions with the same label, and
to ensure that two “terminate” events correspond to the same “start” event.

Def. 11

HP-similarity “History-Preserving”-similarity preserves the causal dependencies be-
tween events.

Def. 12

I-similarity “Independence”-similarity are parametrised by some notion of indepen-
dence I. We obtain “located bisimilarities” using the structural indepen-
dence relation Iℓ that considers only if two events are in different locations.

Def. 16

Table 1: Strategies in the interleaving/non-interleaving spectrum explored for the applied π-calculus.

style other notions of non-interleaving semantics, particularly those that preserve duration of events
(Start-Termination or ST semantics) [15] and those that preserve causality (History-Preserving or HP
semantics) [12, 26]. Since we cover the applied π-calculus, of course, we encompass the π-calculus,
where the later surprisingly benefits from adopting a modern applied π-calculus style when handling link

causality – the causal relationship between outputs and inputs that depend upon them. Our operational
approach also avoids the need to unfold to event structures [10, 30] or configuration structures [11] that
would track entire histories of causal dependencies; instead, we consider only what is happening or
enabled at a particular point in time.

We include in Tables 1 and 2 a glossary, including key standard and non-standard terminology em-
ployed in this paper. We emphasise similarity rather than bisimilarity for two reasons. Firstly, similarity
exposes more clearly than bisimilarity the differences between non-interleaving semantics as it allows
clearer separating examples. Secondly, similarity is known to have compelling attacker models in terms
of probabilistic may testing [13], and it is standard in computational security to consider probabilistic at-
tackers [8]. Table 1 presents the notions of similarity that we discuss in the interleaving/non-interleaving
spectrum we explore. Along this spectrum the attacker has different powers for observing concurrency.

While we draw attention to similarity, we are also interested in non-interleaving bisimilarity and other
notions in the linear-time/branching-time spectrum [16]. Indeed, all the notions in Table 1 also exist in
their other variants in the linear-time/branching time spectrum listed in Table 2, such as failure similarity.
Along this spectrum the observer has more or less power to observe and make choices. We also use the
term mutual, e.g., mutual ST-similarity, when some notion of similarity holds in both directions.

There are further spectra that could be explored: for the π-calculus there is the open/early spectrum,
including notions such as early, late, quasi-open [29], and open [28] variants of equivalences. This work
considers only early and strong semantics: early semantics means that the message input is chosen at
the moment the event starts, whereas the other variants allow different degrees of laziness in learning
what message was input retrospectively. This choice is made since the majority of equivalences for the
applied π-calculus in the literature are early, and early bisimilarity coincides with notions of testing via
concurrent processes [1]. Since our semantics are strong, every τ-transition is matched by exactly one
τ-transition in all our strategies. Many security and privacy problems that motivate us can be reduced
to a strong equivalence problem. However, the main reason for these choices is simply to focus on the
interleaving/non-interleaving spectrum. For example, it would be easy to define quasi-open variants of
our non-interleaving semantics, which coincide with a testing semantics making use of all contexts [22].
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Terminology Remarks Symb.

X-bisimilarity An equivalence ranging over all strategies of a particular type X. ∼X

X-similarity The preorder arising when we assume one player leads throughout a strat-
egy (except when testing equations, as explained around Def. 8).

�X

X-presimilarity A notion of similarity we introduce in this paper (Def. 7) to emphasise the
testing power of inequalities in the applied π-calculus.

⊑X

Xf-similarity X “failure” similarity is one of many variants of similarity in the linear-
time/branching-time spectrum, and is chosen due to its testing model al-
lowing us to test if something is not enabled. In particular, we look at
STf-similarity (Def. 13) and HPf-similarity (Def. 14).

�Xf

Table 2: Notions in the linear-time/branching-time spectrum explored for the applied π-calculus.

After briefly recalling our non-interleaving SOS generating a LATS (Sect. 2), we use interleaving se-
mantics to illustrate and motivate the genericity of static equivalences (Sect. 3). Sect. 4 is the core of our
proposal: it starts by introducing and stressing the importance of the independence relation (Sect. 4.1),
which is used throughout the rest of the article. ST and HP-similarities are then defined in Sect. 4.2 and
4.3 and compared in the context of privacy in Sect. 4.4. Sect. 4.5 discusses failure semantics for HP- and
ST-similarities. Some design decisions are justified in light of located bisimulations in Sect. 5.

2 Background: A Non-interleaving SOS for the Applied π-Calculus

This section recalls a non-interleaving structural operational semantics for the applied π-calculus. The
design decisions are discussed extensively in a companion paper [4]. What we present below is intended
only as a condensed summary of that operational semantics for ease of reference.

All variables x,y,z are the same syntactic category, but are distinct from aliases. Aliases range over
α ,β ,γ and consist of an alias variable, say λ , prefixed with a string s ∈ {0,1}∗, i.e., α = sλ . Messages

range over M,N,K, built from a signature of function symbols Σ. As standard, a substitution σ ,θ or ρ
is a function with a domain (dom(σ) = {α : α 6= ασ}) and a range (ran(σ) = {ασ : α ∈ dom(σ)}) that
are applied in suffix form. The identity substitution is denoted id and composition σ ◦θ .

Processes are denoted by P,Q,R, and in νx.P and a(x).P occurrences of x in P are bound. Sequences
of names ν~x.P abbreviate multiple name binders defined inductively such that νε .P = P and νx,~y.P =
νx.ν~y.P, where ε is the empty sequence. Active substitutions, denoted σ , θ , map aliases in their finite
domain to messages containing no aliases, and appear in extended processes, ranging over A,B,C. We
assume a normal form, where aliases do not appear in processes, and an equational theory E containing
equalities on messages, e.g., dec({M}K ,K) =E M. Figs. 1 and 2 give the syntax and semantics.

Definition 1 (freshness, α-equivalence, etc.). A variable x (resp. an alias α) is free in a message M if

x ∈ fv(M) (resp. α ∈ fa(M)) for

fv( f (M1, . . .Mn)) = ∪
n
i=1fv(Mi) fv(x) = {x} fv(α) = /0

fa( f (M1, . . .Mn)) = ∪
n
i=1fa(Mi) fa(x) = /0 fa(α) = {α} .

The fv function extends in the standard way to (extended) processes, letting fv(νx.P) = fv(P)\{x} and

fv(M(x).P) = fv(M)∪ (fv(P)\{x}), and similarly for fv(A). The functions for free variables and free
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PROCESSES:
P,Q,R ::= 0 deadlock

| νx.P new
| P | Q parallel
| G guarded process
| !P replication

GUARDED PROCESSES:
G,H ::= M(x).P input prefix

| M〈N〉.P output prefix
| [M = N]G match
| [M 6= N]G mismatch
| G+H choice

EXTENDED PROCESSES:
A,B ::= σ | P active process

| νx.A new

MESSAGES:
M,N ::= x variable

| α alias
| f (M1, . . . ,Mn) function

EARLY ACTION LABELS:
π ::= M N free input
| M(α) output
| τ interaction

Figure 1: Syntax of extended processes with guarded choices, where f ∈ Σ.

aliases extend to labels as follows.

fv(π) =







fv(M)∪ fv(N) if π = M N

fv(M) if π = M(α)
/0 if π = τ

fa(π) =







fa(M)∪ fa(N) if π = M N

fa(M) if π = M(α)
/0 if π = τ

We say a variable x is fresh for a message M (resp. process P, extended process A), written x # M

(resp. x # P, x # A) whenever x /∈ fv(M) (resp. x /∈ fv(P), x /∈ fv(A)), and similarly for aliases. Freshness

extends point-wise to lists of entities, i.e., x1,x2, . . .xm # M1,M2, . . . ,Mn, denotes the conjunction of all

xi # M j for all 1≤ i≤ m and 1≤ j ≤ n.

We define α-equivalence (denoted≡α ) for variables only (not aliases which are fixed “addresses”) as

the least congruence (a reflexive, transitive, and symmetric relation preserved in all contexts) such that,

whenever z # νx.P, we have νx.P≡α νz.(P{z/x}) and M(x).P≡α M(z).(P{z/x}). Similarly, for extended

processes, we have the least congruence such that, whenever z # νx.A, we have νx.A ≡α νz.(A{z/x}).
Restriction is such that θ↾~α (x) = θ(x) if x ∈~α and x otherwise.

Capture-avoiding substitutions are defined for processes such that (M(x).P)σ ≡α Mσ(z).P{z/x}σ
and (νx.P)σ ≡α νz.P{z/x}σ for z # dom(σ) , ran(σ) ,νx.P. For extended processes, it is defined such

that (νx.A)ρ ≡α νz.(A({z/x}◦ρ)) and (σ | P)ρ = (σ ◦ρ↾dom(σ) | Pρ), for z # dom(ρ) , ran(ρ) ,νx.A.

Definition 2 (structural congruence). Our minimal structural congruence (denoted ≡) is the least equiv-

alence relation on extended processes extending α-equivalence such that whenever σ = θ , P≡α Q and

A≡ B, we have: σ | P≡ θ | Q, νx.A≡ νx.B and νx.νz.A ≡ νz.νx.A.

Definition 3 (location labels). A location ℓ is of the form s[t], where s ∈ {0,1}∗ and t ∈ {0,1}∗. If s or

t is empty, we omit it (hence, we write ε [ε ] as []). A location label u is either a location ℓ or a pair of

locations (ℓ0, ℓ1), and we let c(ℓ0, ℓ1) = (cℓ0,cℓ1) for c ∈ {0,1}.

3 Handling located aliases, explained using interleaving similarities

Although the objective of this paper is to explore non-interleaving semantics, we begin by defining an
interleaving semantics. The reason is that we wish to expose clearly which parts of our definitions are
generic to any type of semantics, and which are specific to non-interleaving semantics.
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M =E K
INP

K(x).P
M N
−−→
[]

id | P
{

N/x

}

M =E K
OUT

K〈N〉.P
M(λ)
−−−→

[]

{

N/λ
}

| P

P
π
−→
u

ν~x.(σ | R) ~x # Q
PAR-L

P | Q
π
−→
0u

ν~x.(σ | R | Q)

Q
π
−→
u

ν~x.(σ | R) ~x # P
PAR-R

P | Q
π
−→
1u

ν~x.(σ | P | R)

P{z/x}
π
−→
u

A z # fv(π) ,νx.P
EXTRUDE

νx.P
π
−→
u

νz.A

A
π
−→
u

B x # fv(π)
RES

νx.A
π
−→
u

νx.B

P
Mσ (λ)
−−−−→

s[s′]
ν~x.

({

N/λ
}

| Q
)

~x # ran(σ) fa(M)⊆ dom(σ) sλ # dom(σ)

ALIAS-OUT

σ | P M(sλ)
−−−→

s[s′]
ν~x.

(

σ ◦
{

N/sλ
}

| Q
)

P
πσ
−→

u
ν~x.(id | Q) ~x # ran(σ) fa(π)⊆ dom(σ)

ALIAS-FREE
σ | P π

−→
u

ν~x.(σ | Q)

G
π
−→
[t]

A

SUM-L
G+H

π
−−→
[0t]

A

H
π
−→
[t]

A

SUM-R
G+H

π
−−→
[1t]

A

P | !P
π
−→
u

A
BANG

!P
π
−→
u

A

P
π
−→
u

A M =E N
MAT

[M = N]P
π
−→
u

A

P
π
−→
u

A M 6=E N
MISMAT

[M 6= N]P
π
−→
u

A

P
M(λ)
−−−→

ℓ0

ν~y.
({

N/λ
}

| P′
)

Q
M N
−−→
ℓ1

ν~w.
(

id | Q′
)

~y # Q ~w # P,~y

CLOSE-L
P | Q

τ
−−−−−→
(0ℓ0,1ℓ1)

ν~y,~w.
(

id | P′ | Q′
)

P
M N
−−→
ℓ0

ν~y.
(

id | P′
)

Q
M(λ)
−−−→

ℓ1

ν~w.
({

N/λ
}

| Q′
)

~w # P ~y # Q,~w

CLOSE-R
P | Q

τ
−−−−−→
(0ℓ0,1ℓ1)

ν~y,~w.
(

id | P′ | Q′
)

Figure 2: An early non-interleaving structural operational semantics.

The first shared trait by all equivalences for the applied π-calculus is that they make use of a static

equivalence. Its role is to prevent the attacker from using the data they know to form a test for one process
that does not hold for another process. In an extended process, one can think of the active substitution as a
record of the information available to an attacker observing messages communicated on public channels.
The attacker can then combine that information in various ways to try to pass a test, e.g., hashing the first
message and checking whether it is equal to the second message. We find it insightful to break down
static equivalence into simpler definitions, that we will employ to achieve the same effect. In particular,
we start with the following satisfaction relation.

Definition 4 (satisfaction). Satisfaction � is defined inductively as:

• νx.A � M = N whenever, for y # νx.A,M,N, we have A{y/x} � M = N, and also

• θ | P � M = N whenever Mθ =E Nθ .
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The above ensures that the private names in an extended process do not appear directly in M or
N, leaving only the possibility of using aliases in the domain of the active substitution in M and N to
indirectly refer to private names. That is, M and N are recipes that must produce the same message,
up to the equational theory E , given the information recorded in the active substitution of the extended
process. As a simple example, we have νx.

(

{x/0λ}◦
{

h(x)/1λ
}

| P
)

� h(0λ ) = 1λ .
Now we can make a generic point about all reasonable notions of equivalence based on our structural

operational semantics. As explained in related work [4], each alias has a location prefix, allowing each
location to have its unique pool of aliases, thus ensuring that the choice of alias is localised and not
impacted by choices of aliases made by concurrent threads. For example, the following process has two
transitions, labelled with (a(0λ ),0[]) and (b(1λ ),1[]) (cf. Def. 9 for a formal definition of those events):

νx.
(

{x/0λ} | 0 | b〈h(x)〉
) a(0λ)
←−−−

0[]
id | νx.

(

a〈x〉 | b〈h(x)〉
) b(1λ)
−−−→

1[]
νx.

({

h(x)/1λ

}

| a〈x〉 | 0
)

Clearly, any reasonable semantics should equate the above process with the one below, where the only
difference is that the parallel processes a〈x〉 and b〈h(x)〉 have been permuted (e.g., exchanged their
locations).

νx.
(

{x/1λ} | b〈h(x)〉 | 0
) a(1λ)
←−−−

1[]
id | νx.

(

b〈h(x)〉 | a〈x〉
) b(0λ)
−−−→

0[]
νx.

({

h(x)/0λ

}

| 0 | a〈x〉
)

Notice that the events labelling the transitions differ only in the prefix string 0 or 1, but that this change
impacts the domain of the active substitutions. Therefore, when defining any notion of equivalence
using this operational semantics, we must keep track of a substitution between aliases (which should
be a bijection), thereby allowing for differences in prefixes and making the particular choice of alias
irrelevant when performing equivalence checking.

Definition 5 (alias substitution). Alias substitutions ρ extend to labels such that (M N)ρ = Mρ Nρ and

(M(α))ρ = Mρ(αρ), and τρ = τ .

The following function is just a convenience to pick out the domain of an active substitution. This is
useful since the domain remembers the set of aliases that have already been extruded.

Definition 6. We extend the domain function to extended processes such that dom(ν~x.(θ | A))= dom(θ).
We make use of aliases substitution even for interleaving equivalences and similarities. For example,

the following1 defines a notion of interleaving “presimilarity” (a term coined here to distinguish it from
“similarity”, introduced in Def. 8) that disregards the locations but requires the aliases to be substituted.

Definition 7 (interleaving presimilarity). Let R be a relation between pairs of extended processes and ρ
be an alias substitution. We say R is an i-presimulation whenever if A Rρ B, then:

• If A
π
−→
u

A′ then there exists ρ ′, B′, u′, π ′ s.t. ρ↾dom(A) = ρ ′↾dom(A), B
π ′
−→
u′

B′, πρ ′ = π ′ and A′Rρ ′ B′.

• If A � M = N, then B � Mρ = Nρ.

We say process P i-presimulates Q, and write P ⊑i Q, whenever there exists a i-presimulation R such

that id | P R id id | Q.

Notice that i-presimilarity ⊑i is defined on processes: defining it on extended processes A and B

require bijective alias substitutions ρ such that dom(A)ρ = dom(B) that complicate later definitions.
Now consider again the processes examined above νx.

(

a〈x〉 | b〈h(x)〉
)

and νx.
(

b〈h(x)〉 | a〈x〉
)

. They
are mutually i-presimilar, i.e., there exist two i-presimulations that relate them in each direction. These

1We color what we want to stress or the “diff” with the previous definition or a definition indicated in footnote.
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presimulations involve building up a bijection on aliases ρ such that ρ : 0λ 7→ 1λ and ρ : 1λ 7→ 0λ . By
applying this bijection to the labels of each of the transitions presented above, indeed the actions of both
processes, a(0λ ) and a(1λ ) map to each other. Observe also that the final states these processes reach are
A = νx.

(

{x/0λ}◦
{

h(x)/1λ
}

| 0 | 0
)

and B = νx.
(

{x/1λ}◦
{

h(x)/0λ
}

| 0 | 0
)

. Since A � h(0λ ) = 1λ , we also
want this test to be satisfied by B, modulo the alias substitution ρ that has been built by the presimilarity,
i.e., B � (h(0λ ))ρ = (1λ )ρ , which indeed holds. Notice that it is necessary to apply ρ to the messages
when checking that equality tests are preserved, and that it must be applied before the active substitution.

One may ask whether it is possible to simply have a permutation of location prefixes, keeping alias
variables the same. Such an approach would not be sufficiently flexible to capture relations such as

νx.
(

b〈h(x)〉.a〈x〉
)

⊑i νx.
(

b〈h(x)〉 | a〈x〉
)

and νx.(a〈x〉 | x〈h(x)〉)⊑i νx.(a〈x〉.x〈h(x)〉) .

In both examples, on one side there are two locations, and on the other there is only one location. This
helps explain why we employ a bijection between aliases and not only between locations.

The above definition is an aesthetic preorder in that we always match a positive test on the left with
a positive test on right. The clause concerning equality tests effectively defines “static implication”
proposed in related work on applied process calculi [25]. However, there is a small gap compared to
the standard simulation we expect for the π-calculus. Indeed, the definition of presimilarity lets the
following hold:

νy.(a〈x〉+a〈y〉)⊑i a〈x〉

Therefore the above processes are mutually presimilar, since the other direction holds trivially. The
reason the above relation holds is that there is no equality that can distinguish the message x from the
private name y. That is, both

id | νy.(a〈x〉+a〈y〉)
a(λ)
−−→
[0]

νy.({x/λ} | 0) and id | νy.(a〈x〉+a〈y〉)
a(λ)
−−→
[1]

νy.({y/λ} | 0)

can only be matched by id | a〈x〉
a(λ)
−−→
[]
{x/λ} | 0, and there is no M and N such that νy.({y/λ} | 0) � M = N

and {x/λ} | 0 2 M = N. Notice this is despite the fact that {x/λ} | 0 � λ = x, but νy.({y/λ} | 0) 2 λ = x,
which would amount to νy.({y/λ} | 0) satisfying the inequality λ 6= x; hence such negative distinguishing
tests are not picked up on by presimilarity.

Intuitively, one can think of the above example modelling, with the left process, an “unreliable”
channel (i.e., output on channel a can either be the intended message x or anything else as y); whereas
the right process is a reliable channel where the receiver would always get the intended message x. Since
we expect that in a conservative extension of the π-calculus the above processes can be distinguished, we
strengthen presimilarity to obtain “similarity”. This strengthening amounts to demanding static equiva-
lence, even when considering similarity preorders.

Definition 8 (interleaving similarity). Let R be a relation between pairs of extended processes and ρ be

an alias substitution. We say R is a i-simulation whenever if A Rρ B, then:

• If A
π
−→
u

A′ then there exists ρ ′, B′, u′, π ′ s.t. ρ↾dom(A) = ρ ′↾dom(A), B
π ′
−→
u′

B′, πρ ′ = π ′ and A′Rρ ′ B′.

• A � M = N iff B � Mρ = Nρ .

We say process P i-simulates Q, and write P �i Q, whenever there exists an i-simulation R such that

id | P R id id | Q. If in addition the relation is symmetric, e.g., A Rρ B iff B Rρ−1
A, then P and Q are

i-bisimilar, written P∼i Q.
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The notions of bisimilarity obtained from presimilarity and similarity concide, hence we see similar-
ity as presimilarity with a little of the power of bisimilarity for equating tests. Note that νy.(a〈x〉+a〈y〉)
and a〈x〉 are not i-similar, since there is a a(λ )-transition after which only the right side satisfies λ = x.

Definitions in related work on the applied π-calculus do not require an alias substitution, as in the
definition above. Those papers [1, 21] allow the alias to be freely chosen, without indicating the location.
Notice also the location under the labelled transition is never used in these interleaving semantics. The
located aliases and location labels are however important for our non-interleaving equivalences, and for
concurrency diamonds required to extend techniques such as POR to the full applied π-calculus.

4 Using LATS to define semantics preserving duration or causality

We now make the transition from interleaving to non-intereaving semantics. The border between inter-
leaving and non-interleaving semantics was heavily debated in the early 1990’s. A common argument
at the time was that problems concerning non-interleaving semantics could be reduced to a problem in
terms of an interleaving semantics, since processes such as νx.(a〈x〉 | a〈x〉) and νx.(a〈x〉.a〈x〉) could
be distinguished by splitting each output actions into a “begin output” and “end output” action and then
considering the interleavings. This view was eventually dispelled by van Glabbeek and Vaandrager [18]
(based on works, such as [3, 19, 32]), who showed that, no matter how many times actions are split,
one cannot obtain an interleaving semantics that preserves desirable properties of a non-interleaving
semantics.

Their key example, translated here to the π-calculus, is that there is an interleaving simulation relating
the following processes.

νc,d.
((

d〈d〉| νn.a〈n〉.d(z).n(x)
)

| (c〈c〉| c(y))
)

�i νc,d.
((

d〈d〉| νn.a〈n〉.d(z)
)

| (c〈c〉| c(y).n(x))
)

(1)

Furthermore, even if we were to enhance similarity with the power to split actions, these processes
would still be related. What is happening here is that when a τ-transition both starts and terminates while
another τ-transition is running, the end of the longer and shorter τ-transition can be swapped, resulting
in a behaviour that can be simulated on the right. Such “swapping” semantics were investigated by
Vogler [32], when investigating the coarsest language theory robust against splitting.

Although the above example preserves event splitting, allowing it to hold can be considered prob-
lematic since we confuse the beginning and end of two distinct events that happen to be labelled in the
same way. A notion of similarity allowing the above example to hold, neither preserves the duration of
events, nor the causal dependencies between events. To see why, observe that the process on the left
above has a τ-transition that can start before any other event and terminate after all events have finished,
but there is no τ-transition on the right that can match that timing history. In this section, we lift two
truly non-interleaving semantics (ST and HP) to the applied π-calculus that do preserve such properties.

4.1 Independence and permutations of events

To define non-interleaving equivalences we make use of independence relations. Structural indepen-
dence, that looks only at the locations, is sufficient for calculi such as CCS. However, for the π-calculus
and its extensions, in addition, so called link causality should be accounted for to determine whether an
output must occur first before a subsequent event occurs.

Definition 9 (independence). Define Loc a function on location labels (Def. 3) such that Loc(ℓ) = {ℓ}
and Loc(ℓ0, ℓ1) = {ℓ0, ℓ1}. The structural independence relation Iℓ on location labels is the least relation
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defined by u0 Iℓ u1 whenever for all locations ℓ0 ∈Loc(u0) and ℓ1 ∈Loc(u1), there exist a string s ∈
{0,1}∗ and locations ℓ′0, ℓ

′
1, such that either: ℓ0 = s0ℓ′0 and ℓ1 = s1ℓ′1; or ℓ0 = s1ℓ′0 and ℓ1 = s0ℓ′1. Events

(π,u) are pairs of action labels π and location labels u. The independence relation ⌣ on events is the

least symmetric relation such that (π0,u0)⌣ (π1,u1) whenever u0 Iℓ u1 and if π0 = M(α), then α # π1.

Consider again Eq. 1, where we present its executions as a graph where the events are nodes and
edges represent dependencies (i.e., the absence of independence). Note M is any message such that
fa(M)⊆ {01λ}, and results from an input.

(a(01λ ),01[])

(τ ,(00[],01[]))

(01λ M,01[])

(τ ,(10[],11[])) v.s.

(a(01λ ),01[]) (τ ,(10[],11[]))

(τ ,(00[],01[])) (01λ M,11[])

On the left above, observe that the rightmost τ-transition is independent from all other transitions,
while all other events in that diagram are dependent on each other. In contrast, on the right above, both
τ-transitions are dependent on only one other event, and independent of the others. In what follows, we
make precise what it means for the processes producing these events to be incomparable.

4.2 ST-similarity and ST-bisimilarity, preserving duration

We define now ST semantics that preserve the duration of events, abstractly, without explicit time, by
providing mechanisms for modelling the start and termination of events. To avoid confusion about
which event terminates at a particular moment, definitions of ST equivalences make use of a device to
pair events that started at the same moment, which is done by a relation over events in this work. We
define some simple auxiliary functions to work with relations and sets of events.

Definition 10 (auxiliary functions). Given a relation over events S, we write dom(S) and ran(S) the sets

of events forming the domain and range of S, respectively. Given an event e and set of events E we write

e ⌣ E whenever for all e′ ∈ E we have e ⌣ e′.

Our definition of ST-similarity below enhances the definition of interleaving similarity such that we
not only preserve the transitions, but also respect the fact that some events may have started already
and are running concurrently with the new event. This is captured by ensuring that we only consider a
transition labelled with event (π,u) if the condition (π,u)⌣ dom(S) holds, which ensures that all events
currently running in S are independent of (π,u). We then demand that the corresponding transition,
labelled with (π ′,u′), is also independent of all events currently started, which is ensured by the condition
(π ′,u′)⌣ ran(S). Notice that the relation on events strongly associate (π,u) and (π ′,u′), and thus, when
we appeal to the second clause below they will be removed from the relation simultaneously.2 This
models the termination of the events. Thus we only record in relation S those events that are concurrently
running now, which is suited to our independence relation that is only well-defined on transitions enabled
in the same state or subsequent states.

Definition 11 (ST-similarity). Let R be a relation between pairs of extended processes, ρ be an alias

substitution, and S be a relation over events. We say R is an ST-simulation whenever if A Rρ ,S B, then:

2Using a relation has the same effect as employing a bijection between the labels of events in other formulations of ST-
bisimilarity [15, p. 14].
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• If A
π
−→
u

A′ and (π,u)⌣ dom(S) then there exists ρ ′, B′, u′, and π ′ s.t. ρ↾dom(A) = ρ ′↾dom(A), B
π ′
−→
u′

B′,

πρ ′ = π ′, (π ′,u′)⌣ ran(S), and A′ Rρ ′,S∪{((π,u),(π ′ ,u′))} B′.

• If S′⊆S then A Rρ ,S′ B.

• A � M = N iff B � Mρ = Nρ .

We say process P ST-simulates Q, and write P �ST Q, whenever there exists a ST-simulation R s.t.

id | P R id, /0 id | Q. If in addition R is symmetric, e.g., A Rρ ,S B iff B Rρ−1,S−1
A, then P and Q are

ST-bisimilar, written P∼ST Q.

Consider the following, which are i-bisimilar, but can be distinguished by ST-similarity.

νx.a〈x〉 | νx.a〈x〉�ST νx.a〈x〉.νx.a〈x〉

To see why the above does not hold, observe that two events can be concurrently started on the left, but
the second cannot be matched on the right. That is, when playing the ST-simulation game, we reach the
following states, where ρ : 0λ 7→ λ ′ and (a(0λ ),0[]) S (a(λ ′), []).

νy.({y/0λ} | 0 | νx.a〈x〉) Rρ ,S νy.({y/λ ′} | νx.a〈x〉)

Now observe that the extended process on the left can perform an event (a(1λ ),1[]) independent of
dom(S), but the process on the right cannot perform any action independent of ran(S). From this we
conclude that the above processes cannot be related by any ST-simulation.

We still however obtain many relations that also hold according to interleaving semantics. For exam-
ple, observe that the following holds.

νx,y,z.(a〈x〉.(b〈y〉| c〈z〉))�ST νx,y,z.(a〈x〉.b〈y〉| c〈z〉). (2)

Indeed, the left term’s only transition

id | νx,y,z.(a〈x〉.(b〈y〉| c〈z〉))
a(λ)
−−→

[]
νx,y,z.({x/λ} | b〈y〉| c〈z〉)

can easily be matched by the right term

id | νx,y,z.(a〈x〉.b〈y〉| c〈z〉)
a(0λ)
−−−→

0[]
νx,y,z.({x/0λ} | b〈y〉| c〈z〉)

and ρ : λ 7→ 0λ , S= {((a(λ ), []),(a(0λ ),0[]))} satisfies our definition. Then, one needs to show that the
resulting two terms are in Rρ ′,S and Rρ ′, /0. For Rρ ′,S, since νx,y,z.({x/λ} | b〈y〉| c〈z〉)’s only transitions
(with events (b(0λ ′),0[]) and (c(1λ ′),1[])) are not independent with dom(S) = (a(λ ), []), they do not
need to be matched by νx,y,z.({x/0λ} | b〈y〉| c〈z〉). For Rρ ′, /0, it is straightforward to pair (b(0λ ′),0[])
and (c(1λ ′),1[]) with themselves, and to map 0λ ′ and 1λ ′ to themselves.

Interestingly, two processes that are unrelated by ST-similarity can be in the limit identified even by
ST-bisimilarity. Consider for example the following.

νx.a〈x〉 | νx.a〈x〉�ST νx.a〈x〉.νx.a〈x〉 and yet !νx.a〈x〉∼ST !(νx.a〈x〉.νx.a〈x〉)

To establish the equation on the right above, we construct the relation below and prove that it is an ST-
bisimulation by checking that each condition holds. Firstly, S is downward closed, since it is not required
to be defined for all i ∈ φ ∪ψ . When the right side leads, it can either start an action in a component that
has not fired (in L or greater than n), or it can start a second component that is not blocked (i.e., in φ , such
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that (a(1i0λ ),1i0[]) /∈ ran(S)), either of which can be matched on the left by starting a new independent
component. When the left side leads it can only fire a new component, which can be matched by starting
a new component on the right. Those transitions are preserved by Rρ ,S; notably, there can never be more
concurrently started actions on the left than there are started components on the right. Let R be the least
symmetric relation containing the following (upto ≡).

ν~z.(θ | Q0 | . . .(Qm | !νx.a〈x〉) . . .) R
ρ ,S ν~y.(σ | P0 | . . . (Pn | !νx.a〈x〉.νx.a〈x〉) . . .)

{0, . . .m}= χ ∪ J {0, . . .n}= ψ ∪φ ∪L

with χ and J disjoint and m /∈ J with ψ , φ and L disjoint and n /∈ L

Qi =

{

0 if i ∈ χ
νx.a〈x〉 if i ∈ J

Pi =











0 if i ∈ ψ
νx.a〈x〉 if i ∈ φ
νx.a〈x〉.νx.a〈x〉 if i ∈ L

~zi =

{

zi if i ∈ χ
ε if i ∈ J

~z =
⋃m

i=0~zi ~yi =











xi,yi if i ∈ ψ
xi if i ∈ φ
ε if i ∈ L

~y =
⋃n

i=0~yi

θi =

{

{zi/1i0λ} if i ∈ χ
id if i ∈ J

θ = ∏m
i=0 θi σi =











{xi/1i0λ}◦{
yi/1i0λ ′} if i ∈ ψ

{xi/1i0λ} if i ∈ φ
id if i ∈ L

σ = ∏n
i=0 σi

with ρ : dom(θ)→ dom(σ) any bijection such that (1 f (i)0λ )ρ =

{

1i0λ if i ∈ φ
1i0λ ′ if i ∈ ψ

, for

f : φ ∪ψ→ χ any injection and

{

(a(1 f (i)0λ ),1 f (i)0[]) S (a(1i0λ ),1i0[]) only if i ∈ φ
(a(1 f (i)0λ ),1 f (i)0[]) S (a(1i0λ ′),1i0[]) only if i ∈ ψ

4.3 History-Preserving similarity: preserving causality

Besides observing the duration of events as in ST semantics, History-Preserving semantics observe also
the partial order of causal dependencies between events. We define here HP-similarity as a strengthen-
ing of our definition of ST-similarity such that we observe not only independence but also dependence,
thereby, step-by-step, ensuring that exactly the same dependencies are satisfied by the events produced
by both processes. Technically this is achieved in the definition below, by partitioning the relation rep-
resenting concurrently started events S according to the firing event (π,u) into: S1 consisting of events
that are independent of the current event (i.e., (π,u) ⌣ dom(S1)); S2 consisting of those events that are
not independent (i.e., (π,u) 6⌣ dom(S2)). Thus S2 is the minimal set of events that must have terminated
before the new event can proceed. This partitioning must be reflected by the matching transition on the
right, thereby preserving both independence and dependence. Since only the independent events and the
new event are retained at the next step, the relation over events always consists of independent events.

Definition 12 (HP-similarity3). Let R be a relation between pairs of extended processes, ρ be an alias

substitution, and S be a relation over events. We say R is an HP-simulation whenever if A Rρ ,S B, then:

• If A
π
−→
u

A′, S1 ∪ S2=S, (π,u) ⌣ dom(S1) and (π,u) 6⌣ dom(S2), then there exists ρ ′, B′, u′,

and π ′ s.t. ρ↾dom(A) = ρ ′↾dom(A), B
π ′
−→
u′

B′, πρ ′ = π ′, (π ′,u′) ⌣ ran(S1), (π ′,u′) 6⌣ ran(S2), and

A′ Rρ ′,S1∪{((π,u),(π ′,u′))} B′.

3This definition is "diffed" against Def. 11. The clause “If S′⊆S then A Rρ ,S′ B.” was replaced by the partitioning of events.
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• A � M = N iff B � Mρ = Nρ .

We say process P is HP-simulated by Q, and write P�HP Q, whenever there exists an HP-simulation R

s.t. id | P R id, /0 id | Q. If in addition R is symmetric, then P and Q are HP-bisimilar, written P∼HP Q.

When we consider similarity the difference between ST-similarity and HP-similarity is clear. For
example, although Eq. 2 proved the ST-similarity of the following, they are not HP-similar.

νx,y,z.(a〈x〉.(b〈y〉| c〈z〉))�HP νx,y,z.(a〈x〉.b〈y〉| c〈z〉)

To see this, observe that when attempting to construct an HP-simulation we can reach the following pair
of processes, where ρ : λ 7→ 0λ and (a(λ ), []) S (a(0λ ),0[]).

νx,y,z.
(

{x/λ} | b〈y〉| c〈z〉
)

R
ρ ,S νx,y,z.

(

{x/0λ} | b〈y〉| c〈z〉
)

At this moment, the left side can perform a transition on channel c that is dependent on (a(λ ), []) in
dom(S). Yet, although the right side can perform a transition on channel c, it cannot match the depen-
dency, since (c(1λ ),1[]) and (a(0λ ),0[]) are independent.

When we consider bisimilarity, the gap is more subtle for finite processes. An example separating
ST-bisimilarity from HP-bisimilarity is the following.

νa,b.
(

(a〈a〉| (a(x)+b(x))) | c〈c〉.b〈b〉
)

∼ST νa.((a〈a〉| a(x)) | c〈c〉) (3)

To see that they are unrelated by HP-similarity (hence certainly unrelated by HP-bisimilarity), observe
that the two processes can perform the following transitions

id | νa,b.
(

(a〈a〉| (a(x)+b(x))) | c〈c〉.b〈b〉
) c(1λ)
−−−→

1[]
νa,b.

(

{c/1λ} | (a〈a〉| (a(x)+b(x))) | b〈b〉
)

and id | νa.((a〈a〉| a(x)) | c〈c〉)
c(1λ)
−−−→

1[]
νa.({c/1λ} | (a〈a〉| a(x)) | 0) .

The relation on events at this moment is such that (c(1λ ),1[]) S (c(1λ ),1[]) where alises are related by
the identity function. Notice now that νa,b.

(

{c/1λ} | (a〈a〉| (a(x)+b(x))) | b〈b〉
)

can perform a transition
labelled with (τ ,(01[1],1[])), which is not independent from (c(1λ ),1[]); yet, although the other process
can perform a τ-transition, it cannot match the dependency constraints. In contrast, since ST-similarity
would not require dependency constraints to be matched, a matching τ-transition can be performed at
the corresponding point in any ST-bisimulation game.

The distinction between ST and HP is less subtle when we consider replicated processes. Consider

!(νx.a〈x〉.νx.a〈x〉)�HP !(νx.a〈x〉) and yet !(νx.a〈x〉.νx.a〈x〉)∼ST !(νx.a〈x〉).

The latter relation above we have already established previously, p. 12. Now we attempt to construct
an HP-simulation containing the relation on the left. Observe that a possible first transition can be
matched by both processes as follows.

id | !(νx.a〈x〉.νx.a〈x〉)
a(0λ)
−−−→

0[]
νy.({y/0λ} | νx.a〈x〉| !(νx.a〈x〉.νx.a〈x〉))

id | !(νx.a〈x〉)
a(1n0λ)
−−−−→

1n0[]
νy.({y/1n0λ} | 0 | (νx.a〈x〉 . . . (νx.a〈x〉 | !νx.a〈x〉)))
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At this point we have (a(0λ ),0[]) S (a(1n0λ ),1n0[]) and aliases substitution such that ρ : 0λ 7→ 1n0λ .
Then, νy.({y/0λ} | νx.a〈x〉| !(νx.a〈x〉.νx.a〈x〉)) can perform an event (a(0λ ′),0[]) that is not indepen-

dent of (a(0λ ),0[]), but the other process can only perform an independent transition, violating the
condition of HP-similarity that the transition on the right must have the same dependencies.

Similarly, we have !νx,y.
(

a〈x〉.b〈y〉+b〈y〉.a〈x〉
)

6∼HP !νx.a〈x〉 | !νx.b〈x〉 which are equated by the
ST similarity. We interpret these kinds of examples as follows. From the perspective of the ST-semantics,
executing the processes in an interleaved manner on one server that can be duplicated is the same as
executing them on two servers that can be duplicated. This is because the same duration of events can be
achieved by both, and in some settings this may be the desirable effect. However, this comes at the cost
of a loss of awareness in the number of servers required (seen as resources), and of a sense of partition
tolerance, since the right process needs up to half as much servers as the left process requires to complete
the same task. This can be problematic if an attacker has the power to partition a system, e.g., by DDoS
on a connection link, thereby isolating a small number of servers from the rest. In that situation, the
difference picked out by HP-similarity becomes evident, and one can notice moreover that HP-similarity
behaves the same in the finite case and in the limit.

There is related work on “causal” bisimilarity for the π-calculus [5], which is strictly finer than HP-
bisimilarity. This is because causal bisimilarity only accounts for structural causality and not for link
causality. Thus, for example although νn.(a〈n〉 | n(x)) ∼HP νn.(a〈n〉.n(x)) holds, these processes are
distinguished by causal bisimilarity, because “there is both a subject and an object dependency between
the actions [in the former], whereas in [the latter] there is only an object dependency” [5, p. 387].

4.4 Discussion on ST and HP in the context of privacy

We now revisit the essence of a privacy problem in the literature [14, 21]. The following compares two
systems containing a process ready to respond to a message sent using a one-time key k, i.e., there is
only one input action capable of responding to that key. The left process allows processes in distinct
locations to send a message using k, while on the right there is only one location with that capability.
Letting Pok , b(x).[snd(dec(x,k)) = hi]a〈{ok}k〉, we have :

νk.
(

(νr.a〈{r,hi}k〉| (νm.a〈m〉+νr.a〈{r,hi}k〉)) | Pok

)

�i νk.
(

(νr.a〈{r,hi}k〉| νm.a〈m〉) | Pok

)

The above processes are trace equivalent, yet these processes are distinguished by interleaving similarity
as indicated above. Note that we assume a standard symmetic key Dolev-Yao equational theory E such
that dec({M}K ,K) =E M, fst(〈M,N〉) =E M and snd(〈M,N〉) =E N.

Now compare this example above with the example below, where we essentially replicate some of the
processes, and notice that, by doing so, these processes become i-bisimilar—they are even ST-bisimilar.

νk.
(

(!νr.a〈{r,hi}k〉| !νm.a〈m〉) | Pok

)∼ST

�HP

νk.
(

(νr.a〈{r,hi}k〉| !νm.a〈m〉) | Pok

)

(4)

The problem is that there is no way for an observer to tell the difference between the output on
channel a after the match and a parallel random output on channel a (in the finite case all such parallel
actions can be used up before performing the input, so it becomes clear whether or not {ok}k is triggered,
even without the attacker being able to read the message). Of course, creating a channel for each process
can be a solution to this modelling problem [21]. But the question we ask here is different: is the

difference in locations picked up only by non-interleaving semantics?.
The fact that the processes in Eq. 4 are ST-bisimilar shows that observing differences in the duration

of events does not affect the problem. Indeed, while the output {ok}k can only occur after the input,
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there is always another parallel action indistinguishable to the attacker ready to fire for the same duration.
Therefore ST-bisimilarity is not distinguishing sufficiently the localities for this problem.

In contrast to the above, HP-similarity can detect the difference in localities. This is because {ok}k

is triggered after the input, and HP-similarity ensures that the same dependencies are preserved on the
right hand side of the simulation.

This problem is encapsulated by the following ST-bisimilar, but not mutually HP-similar, processes:

!νn.a〈n〉 | b(x).νn.a〈h(n)〉
∼ST

�HP

!νn.a〈n〉 | b(x)

Hence, HP semantics is better at preserving structure, since we know that there is a success message
(represented by {ok}k here) caused by the input action, while ST semantics confuses this with other
indistinguishable messages on channel a.

4.5 Failure semantics

Considering simulations, not only bisimulation, allows to explore more of the linear-time/branching-time
spectrum. For example, we can define ST failure similarity [2], which extends ST-similarity such that if
an action is enabled by the process on the right, then it should be enabled on the left.

Definition 13 (STf-similarity4). Let R be a relation between pairs of extended processes, ρ be an alias

substitution, and S be a relation over events. We say R is an STf-simulation whenever if A Rρ ,S B, then:

• If A
π
−→
u

A′ and (π,u)⌣ dom(S) then there exists ρ ′, B′, u′, and π ′ s.t. ρ↾dom(A) = ρ ′↾dom(A), B
π ′
−→
u′

B′,

πρ ′ = π ′, (π ′,u′)⌣ ran(S), and A′ Rρ ′,S∪{((π,u),(π ′ ,u′))} B′.

• If B
π ′
−→
u′

B′ and (π ′,u′)⌣ ran(S) then there exists ρ ′, A′, u and π s.t. ρ↾dom(A) = ρ ′↾dom(A), A
π
−→
u

A′,

πρ ′ = π ′, and (π,u)⌣ dom(S).

• If S′⊆S then A Rρ ,S′ B.

• A � M = N iff B � Mρ = Nρ .

We say process P is STf-simulated by Q, and write P�ST f Q, whenever there exists an STf-simulation R

such that id | P R id, /0 id | Q.

Tantalisingly, the above definition appears to preserve more dependencies than ST-similarity. Not
only can we detect differences in the branching structure, as expected for interleaving failure similarity,
but we can also detect the differences in the independence structure. For instance we have:

νx,y.(a〈x〉.a〈y〉)�ST f νx,y.(a〈x〉| a〈y〉)

The distinguishing strategy is as follows. Both processes are free to perform the first output on a to
reach the following indexed pair.

ρ : λ 7→ 0λ (a(λ ), []) S (a(0λ ),0[]), νx,y.({x/λ} | a〈y〉) R
id,S νx,y.({x/0λ} | 0 | a〈y〉)

At this moment, the right hand side can perform a transition labelled with event (a(1λ ),1[]), since
that event is independent of (a(0λ ),0[]); yet the process on the left cannot match this event. Stated

4This definition is "diffed" against Def. 11.
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otherwise, the process on the left fails to perform the next output on a while the other output on a is still
being performed, but the process on the right can. This represents a failure measurable by observing the
concurrency of events. Also, νx,y,z.(a〈x〉.(b〈y〉| c〈z〉)) �ST f νx,y,z.(a〈x〉.b〈y〉| c〈z〉) since an action on
channel c is not enabled on the left initially.

Observing failures however does not allow us to distinguish the processes in Eq. 3 nor in Eq. 4, since
they are ST-bisimilar, hence mutually STf-similar.

We now adapt our privacy-inspired example of Sect. 4.4 to show the power of failure similarity. The
following are mutually ST-similar (and failure interleaving trace equivalent, which we do not define
here), yet they are distinguished by STf-similarity. Letting Per , b(x).[snd(dec(x,k)) 6= hi]a〈{er}k〉:

νk.
(

(νr.a〈{r,hi}k〉| (νm.a〈s〉+νr.a〈{r,hi}k〉)) | Per

) �ST

�ST f

νk.
(

(νr.a〈{r,hi}k〉| νm.a〈m〉) | Per

)

The difference compared to the example of Sect. 4.4 is that we can detect whether the outputs from
the two locations are the same by not seeing an error (er) after the input. This kind of negative testing
is part of the vocabulary of failure semantics. However, similarly to Eq. 4, if we include replication then
the processes become ST-bisimilar, and hence cannot be distinguished by STf-similarity.

νk.
(

(!νr.a〈{r,hi}k〉| !νm.a〈m〉) | Per

) ∼ST

�HPf

νk.
(

(νr.a〈{r,hi}k〉| !νm.a〈m〉) | Per

)

(5)

Despite the above processes being mutually STf-similar, they are distinguished using HPf-similarity:

Definition 14 (HPf-similarity5). Let R be a relation between pairs of extended processes, ρ be an alias

substitution, and S be a relation over events. We say R is an HPf-simulation whenever if A Rρ ,S B, then:

• If A
π
−→
u

A′, S1 ∪ S2=S, (π,u) ⌣ dom(S1) and (π,u) 6⌣ dom(S2) then there exists ρ ′, B′, u′,

and π ′ s.t. ρ↾dom(A) = ρ ′↾dom(A) B
π ′
−→
u′

B′, πρ ′ = π ′, (π ′,u′) ⌣ ran(S1), (π ′,u′) 6⌣ ran(S2), and

A′ Rρ ′,S1∪{((π,u),(π ′,u′))} B′.

• If B
π ′
−→
u′

B′, S1 ∪ S2=S, (π ′,u′)⌣ ran(S1) and (π ′,u′) 6⌣ ran(S2) then there exists ρ ′, A′, u and π

s.t. ρ↾dom(A) = ρ ′↾dom(A) A
π
−→
u

A′, πρ ′ = π ′, (π,u)⌣ dom(S1), and (π,u) 6⌣ dom(S2).

• A � M = N iff B � Mρ = Nρ .

We say process P is HPf-simulated by Q, and write P�HPf Q, whenever there exists an HPf-simulation

R such that id | P R id, /0 id | Q.

To see why HPf-similarity can be used to distinguish the processes in Eq. 5, observe that after input-
ing a message encrypted with k in two possible ways, we can tell that, on the right, in at least one case
there will be an output message on channel a that is dependent on the input. Yet on the left it is possible,
in both cases, that neither can perform such an output. An important part of this is the dependencies of
the error message that we do not see, since all messages are indistinguishable to the attacker who does
not know k, and hence cannot tell by looking at the message whether it is an error message.

Interestingly, anything coarser than HPf-similarity would not distinguish the processes in Eq. 5, since
we use branching-time (so they are pomset failure trace equivalent6), failures (so they are HP-similar),
and causality preservation (so they are ST-bisimilar): we need all the features of HPf-similarity.

5This definition is "diffed" against Def. 12.
6We do not define failure trace semantics in this paper, however it is easy to see how to obtain it via our approach to located

aliases in Sect. 3 combined with classic definitions [2, 31].
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5 Comparison to located bisimulations

This section compares our definitions to located equivalences, to help explain some less obvious design
decisions. Early work on LATS for CCS defined a notion of bisimilarity preserving independence [24].
A key difference compared to our definition of HP-bisimilarity is that all events are accumulated in a
history of events, whereas our definition remembers only those events that are currently active, and need
not yet have terminated. Remembering all events may appear to simplify things, but we explain in this
section that doing so gives rise to located equivalences that preserve the location of events, but forget
about causal dependencies. To see this, consider the following processes, which are equivalent, even
with respect to HP-bisimilarity.

L1 , νb.
(

a〈a〉.b〈b〉| b(x).c〈c〉
)

∼HP νb.
(

b〈b〉| a〈a〉.b(x).c〈c〉
)

, L2

To see why these processes are HP-bisimilar observe there are only three possible transitions for both
processes, and one choice of alias substitution, as follows.

id | L1
a〈0λ〉
−−−→

0[]

τ
−−−−→
(0[],1[])

c〈1λ〉
−−−→

1[]
id | L2

a〈1λ〉
−−−→

1[]

τ
−−−−→
(0[],1[])

c〈1λ ′〉
−−−→

1[]
ρ : 0λ 7→ 1λ ρ : 1λ 7→ 1λ ′

There are no other transitions (modulo renaming λ , of course), and none of these events can be permuted.
Notice that after each step the next transition is not independent of the currently started transitions, hence
any started event must be removed from the set of active independent transitions S1 for the game to
continue. Therefore, we can pair the four states of these processes to form an HP-bisimulation.

In contrast, for the established located bisimilarities based on a LATS, the set of all events that have
happened is accumulated in E , and the independence of our LATS is preserved over all events. That is,
we remember all pairs of events, and preserve independence everywhere, as captured by the following
definition.

Definition 15 (I-consistent relation). For some symmetric relation over events I, an I-consistent relation

over a set of events, say E , is such that if (e0,d0) ∈ E and (e1,d1) ∈ E then e0 I e1 iff d0 I d1.

The definition above can be instantiated with any notion of independence over events, such as Iℓ or
⌣ as in Def. 9, denoted here by I.

Now if we accumulate all pairs of events for our example above we obtain, after three transitions, the
relation over events E defined as follows.

(a〈0λ 〉,0[])E (a〈1λ 〉,1[]) (τ ,(0[],1[]))E (τ ,(0[],1[])) (c〈1λ 〉,1[])E
(

c
〈

1λ ′
〉

,1[]
)

Taking the relation I to be ⌣, we have that the above is not ⌣-consistent, since (a〈0λ 〉,0[]) Iℓ (c〈1λ 〉,1[])
holds but (a〈1λ 〉,1[]) Iℓ (c〈1λ ′〉,1[]) does not.

An immediate consequence of the above is that the definition of bisimulation based on I-consistency,
defined below, preserves the location of events more strongly than HP-bisimilarity, which preserves
causal relationships. Indeed when we take I to be Iℓ, obtaining Iℓ-bisimilarity, we obtain a located
bisimilarity and located bisimilarities and HP-bisimilarities are known to be incomparable.

Definition 16 (I-similarity). Let R be a relation between pairs of extended processes and ρ be an alias

substitution. We say R is an I-simulation whenever if A Rρ ,E B, then:

• E is I-consistent.
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• If A
π
−→
u

A′ then there exists ρ ′, B′, u′, and π ′ s.t. ρ↾dom(A) = ρ ′↾dom(A), B
π ′
−→
u′

B′, πρ ′ = π ′, and

A′ Rρ ′,E∪{((π,u),(π ′,u′))} B′.

• A � M = N iff B � Mρ = Nρ .

We say process P I-simulates Q, and write P �I Q, whenever there exists an I-simulation R s.t. id |
P R id, /0 id | Q. If in addition R is symmetric, then P and Q are I-bisimilar, written P∼I Q.

In a sense, it is just a coincidence that for CCS, the above definition exploits nicely the independence
relation of CCS, which coincides with Iℓ since there is no link causality, and hence is strongly linked to
the definition of a LATS for CCS. If we try to use ⌣-bisimilarity, using the full independence relation
⌣ from Def. 9, that accounts for link causality, we end up with an awkward relation. This has to do with
the fact that independence for a LATS for the π-calculus must respect link causality, which means, for
example, that the following processes are ⌣-bisimilar:

νn.(a〈n〉 | n(x)) ∼⌣ νn.a〈n〉.n(x)

This is because for both processes, the two events can only execute in one order, and neither is indepen-
dent of the other, hence the set of events are ⌣-consistent. Yet these processes are not Iℓ-bisimilar, since
their pairing S is not Iℓ-consistent. This is rather troubling when juxtapositioned with the observation
that the following are not ⌣-bisimilar.

νn.
(

a〈n〉 | n(x).ok〈ok〉
)

6∼⌣ νn.a〈n〉.n(x).ok〈ok〉

Similarly to the above we have that the three events may only be fired in a given order. However, the
resulting relation over events is not ⌣-consistent, since the first and third events are independent for the
left process above, but are not independent for the right process above. This seems strange that the first
event of the sub-process n(x).ok〈ok〉 is somehow not location-sensitive, yet the second is. To us, this
is morally broken, hence ∼⌣ is ill-defined. On the other hand ∼Iℓ consistently distinguishes these two
examples, where the former involves two locations while the latter involves only one location.

Indeed ∼Iℓ is the notion of bisimilarity that would be obtained from the notion of trace equivalence
implemented in the equivalence checking tool DeepSec [9]. They call their equivalence session equiv-
alence and define it for a fragment of the applied π-calculus only. It is clear that a notion of trace
equivalence that ensures that the events in compared traces are Iℓ-consistent is the session equivalence of
DeepSec. Intuitively, this is because session equivalence forms a bijection between processes in distinct
locations and matches the behaviours in each location, which is exactly what Iℓ-consistency would de-
mand. Interestingly, that tool employs partial order reduction to improve equivalence checking; which is
evidence that POR might be lifted to other notions of equivalence defined in this paper.

Thus, for the π-calculus and its extensions, there seems to be no real connection between ⌣ and
located bisimilarity; effectively we throw away part of the LATS to obtain a located bisimilarity [27].
The above observations help explain two things. Firstly, why we chose to target equivalences related
to ST-similarity and HP-similarity rather than located bisimilarities in this work. Secondly, why our
definitions are more complicated than those for located bisimilarities for CCS in the literature.

6 Conclusion

Having introduced a LATS for the applied π-calculus [4], we have shown that a world of non-interleaving
operational semantics opens up for value passing process calculi. Notably, by using the independence re-
lation (Def. 9) of a LATS, we capture ST-bisimilarity (Def. 11) and HP-bisimilarity (Def. 12) that reflect
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correctly link causality, which were not preserved by established located bisimilarities for the π-calculus.
Both semantics have their merits: for infinite processes, ST-semantics are very close to interleaving se-
mantics, while being naturally compatible with the independence relation of a LATS; while HP-semantics
better preserves the testing of finite subcomponents, even when we consider limits and infinite process.
Eq. 4 showed that HP-similarity is able to detect attacks that are detectable using interleaving similarity
for finite systems, yet are not detectable even by the strictly more powerful ST-bisimilarity when we
take limits. This observation is reinforced in Eq. 5 where we show that HP failure similarity picks up
on attacks that would be missed by anything coarser in any dimension (ST-bimilarity, HP-similarity, or
even pomset failure traces). Since HP-bisimilarity would equally pick up on the attacks, we suggest
HP-bisimilarity may be a good choice for security.

Having these definitions opens up formal and practical questions. It is non-trivial to verify that
these definitions are the same as what we would expect if we pass via the more denotational world
of event structures, configuration structures, or ST-structures [17, 23]. It is also non-trivial to provide
characterisations using tests and modal logics [20]. What is fairly clear is that the relationship between
these notions, since we start with the minimal notion of presimilarity and grow from there, providing
separating examples at each step. The practical questions are more pressing, in particular, whether we
can make use of ST- and HP-semantics in tools for protocol verification.
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Using dedicated software to represent or enact legislation or regulation has the advantage of solving
the inherent ambiguity of legal texts and enabling the automation of compliance with legal norms.
On the other hand, the so-called code-driven normativity is less flexible than the legal provisions it
claims to implement, and transforms the nature of legal protection, potentially reducing the capability
of individual human beings to invoke legal remedies.

In this article we focus on software-based legal contracts; we illustrate the design of a legal calcu-
lus whose primitives allow a direct formalisation of contracts’ normative elements (i.e., permissions,
prohibitions, obligations, asset transfer, judicial enforcement and openness to the external context).
We show that interpreting legal contracts as interaction protocols between (untrusted) parties enables
the generalisation of formal methods and tools for concurrent systems to the legal setting.

1 Code is law, really?

Ethereum’s smart contracts popularised the Code is Law principle1, that is the idea of relying on software
code to provide unambiguous definition and automatic execution of transactions between (mutually un-
trusted) parties; and when in disputes, the code of the contract, which is always publicly available, shall
prevail. This principle is rooted in the blockchain’s dogma that trust is hardwired into intermediary trans-
parent algorithms. On this account, several governments have recognised that smart contracts, and more
generally programs operating over distributed ledgers, may indeed have legal value [8, 6, 3].

This approach encompasses the blockchain technologies, since most of the benefits of digitally en-
coding legally binding agreements come from the precise definition and the automatic execution of a
piece of programmable software, not necessarily operating over a blockchain. Accordingly, there is an
increasing trend, called Code-Driven Law [5], using dedicated software to represent or enact legislation
or regulation. Technologies like Rules as Code [7], Catala [9] or Akoma Ntoso [2] propose to create
a machine-consumable version of some types of rules issued by governments and public administra-
tions, e.g., the tax office, student grant provision or social security agency. This helps identify potential
inconsistencies in regulation, reduce the complexity and the ambiguity of legal texts and support the
automation of legal decisions by the code-driven enforcement of rules: instead of relying on ex-post
enforcement by third parties (i.e., courts and police), the rules hardwired into code are enforced ex-ante,
making it very difficult for people to breach them in the first place [26].

However, transposing legal rules into technical rules is a delicate process, since the inherent ambi-
guity of the legal system is necessary to ensure a proper application of the law on a case-by-case basis.
Regulation by code is instead always more specific and less flexible than the legal provisions it purports

1originally proposed by Lawrence Lessing [29]
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to implement, thereby giving software developers and engineers the power to embed their own interpreta-
tion of the law into the technical artefacts that they create [26]. More precisely, the process of translating
parties’ intentions, promises, actions, powers and prohibitions into computer code, although public and
unambiguous for the machine, is problematic and does not solve the problem but moves it into another
dimension ([20]). Secondly, the code-driven law is based on the the automation of compliance with pre-
set rules: if certain conditions are met the code will self-execute whatever it was programmed to do, not
leaving room for disagreement about the right way to interpret the norms. Even if the need for judicial
arbitration cannot be eliminated (e.g. one always has the right to appeal to the court if the code adopted
an incorrect tax rate), the code-driven normativity transforms the nature of legal protection potentially
reducing the capability of individual human beings to invoke legal remedies [5].

As an example, the Ethereum’s code-is-law dogma declined with the famous TheDAO attack [34].
Indeed, from the code-is-law perspective, a problem in the source code leading to unexpected behaviour
of the smart contract, is a feature of the code and not an error. But the first hard fork of the Ethereum
blockchain showed that this principle is not satisfactory in practice: when large volumes of money are at
stake, no one is really willing to consider a security error in a program as part of the contract they have
signed. Moreover, a less naive look nowadays leads us to state that blockchain does not hardwire trust
into algorithms, but rather reassigns trust to a whole series of actors (miners, programmers, companies
and foundations) who implement, manage and enable the functioning of this technological platform.

2 Form Legal Contracts to Legal Calculi

Despite the difficulties highlighted above, a sensible process of digitisation of legal texts has clear ad-
vantages. In this article we discuss a specific line of research, conducted in collaboration with Cosimo
Laneve and Giovanni Sartor, focusing on a specific subset of legal documents, that is the legal contracts
([19, 21, 18] and other submitted articles). Legal contracts are defined as “those agreements that are
intended to give rise to a binding legal relationship or to have some other legal effect” [35]. The prin-
ciple of freedom of form in contracts, which is shared by modern legal systems, says that parties are
free to express their agreement using the language and medium they prefer, including a programming
language. Therefore, by this principle, software-based contracts may count as legal contracts. However,
a contract produces the intended effects, declared by the parties, only if it is legally valid: the law may
deny validity to certain clauses (e.g., excessive interests rate) and/or may establish additional effects that
were not stated by the parties (e.g., consumer’s power to withdraw from an online sale, warranties, etc.).
Moreover, the contract’s institutional effects are guaranteed by the possibility of activating judicial en-
forcements. That is, each party may start a lawsuit if she believes that the other party has failed to comply
with the contract. Therefore, the assimilation of software-based contracts to legally binding contracts, or
rather the double nature of digital contracts as computational mechanisms and as legal contracts, raises
both legal and technological issues.

First of all, in [19] we observe that different kinds of software-based solutions can be valuable
in the different phases of the lifecycle of a legal contract, which goes through negotiation, contract
storage/notarizing, performance, enforcement and monitoring, possible modification and dispute res-
olution. Accordingly, several projects are being developed for defining code-driven legal contracts,
e.g. [30, 17, 37, 28, 24, 11, 31]. We focus here in the problem of defining suitable programming lan-
guages to write legal contracts, since finding the suitable abstraction level for legal languages is still an
open issue. Indeed, such a language should be easy-to-use and to understand for legal practitioners, but
at the same time, the language should be fairly expressive, have a running environment with a precise
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semantics, and possibly supply sensible analyzers.
The solution we discuss in this article is the Stipula programming language, whose design is based

on the following main remarks:
• it is an intermediate domain-specific language: a core calculus more concrete than a user-friendly

contract specification language, and more abstract than a full-fledged programming language. This
is in line with the research approach of desugaring the high level programming language into a core
Legal Calculus [12, 25], pivoted on few selected, concise and intelligible primitives, together with
a precise formalisation. This is the case of the Catala [31] language for modelling statutes and
regulations clauses, the Orlando [11] language for modelling conveyances in property law, and the
Silica language [16] language for generic smart contracts;

• the basic primitives of Stipula has been designed to easily map the building blocks of legal con-
tracts into template programs and design patterns. Therefore, the direct formalisation of normative
elements (i.e., permissions, prohibitions, obligations, judicial enforcement and openness to the ex-
ternal context) as programming patterns, increases the transparency and the understanding of the
link between executable instructions and institutional-normative effects;

• a legal contract is interpreted as an interaction protocol, that dynamically regulates permissions,
prohibitions and obligations between parties, which behave concurrently as time flows. Accord-
ingly, the definition of Stipula is influenced by the theory of concurrent systems, both in the defi-
nition of the operational semantics (with a precise control of nondeterminism) and in the definition
of a bisimulation-based observational equivalence, that equates contracts that are syntactically dif-
ferent but are legally equivalent since they exhibit the same observable normative elements;

• the language definition is implementation-agnostic, and can be either implemented as a centralised
platform or it can be run on top of a distributed system, such as a blockchain. Implementing
Stipula in terms of smart contracts (e.g., compiling in Solidity), would bring in the advantages of
a public and decentralised blockchain platform. However, digital legal contracts are more general
and encompass smart contracts: they can provide benefits in terms of automatic execution and
enforcement of contractual conditions, traceability, and outcome certainty even without using a
blockchain. In particular, running a legal contract over a secured centralised system allows for
more efficiency, energy save, additional privacy. Moreover, a controlled level of intermediation
can better monitor the contract enforcement, dealing with disputes between contract’s parties and
carrying out judicial enforcements. A prototype centralised implementation of Stipula as a Java
application is available in [22].

We think that, even if only a concrete implementation can properly address specific issues, studying
the theory of a domain-specific legal calculus is a first interesting step, that sheds some light on the
digitalisation of legal texts.

3 Stipula and the code-driven normativity

A preliminary interdisciplinary research recognised that most real legal contracts are written by combin-
ing the following basic elements:

1. the meeting of the minds, that involves the contract’s subscribers to accept the terms of the contract,
and identifies the moment when legal effects are triggered;

2. a number of permissions, prohibitions and obligation clauses that may dynamically change, e.g.,
the permission to use a good until a deadline;
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legal contracts Stipula contracts

meeting of the minds agreement primitive

permissions, prohibitions state-aware programming

obligations event primitive

currency and tokens asset-aware programming

openness to the environment intermediary pattern

judicial enforcement and exceptional behaviours authority pattern

Figure 1: Correspondence between legal elements and Stipula features

3. transfer of currency or other assets, e.g., the property of a physical or digital good, to be used for
payments, escrows and securities;

4. the openness to external conditions or data, e.g., a triggering condition depending on the value of
a stock at a given date;

5. the possibility of activating judicial enforcements triggered by a dispute resolution mechanism or
by a third party monitoring conditions that can be hardly digitalised, as the diligent care or the
good faith.

Accordingly, the basic primitives of Stipula has been designed to easily map these building blocks of
legal contracts into template programs and design patterns, as summarised in Figure 1. More precisely,
the agreement construct directly encodes the meeting of the minds. Normative elements are expressed
by a strictly regimented behaviour in legal contracts: permissions and empowerments correspond to the
possibility of performing an action at a certain stage, prohibitions correspond to the interdiction of doing
an action, while obligations are recast into commitments that are checked at a specific time limit and issue
a corresponding penalty if the obligation has not been met. Moreover, to model the dynamic change of
the set of normative elements according to the actions that have been done (or not), Stipula commits to
a state-aware programming style, inspired by the state machine pattern widely used in smart contracts
(c.f. Solidity [1] and Obsidian [4]). This technique allows one to enforce the intended behaviour by
prohibiting, for instance, the invocation of a function before another specific function is called.

In order to promote an asset-aware programming ([33, 23, 13]), assets are a specific value type, and
asset manipulation is syntactically distinguished from standard operations, to stress the fact that assets
cannot be destroyed nor forged but only transferred. Contract clauses depending on external data are
implemented by means of a party that takes the role of intermediary and assumes the legal responsibility
of timely retrieving data from the external source agreed in the terms of the contract (see the bet contract
below). The contract’s intermediary need not to be a third party authority, but one of the party can assume
also the role of intermediary, provided that all the others agree. This is different from relying on Oracles
web services, to whom legal responsibilities can hardly be attributed. Finally, dispute resolutions, judicial
enforcement of legal clauses and exceptional behaviours due, e.g., to force majeure, are implemented by
including in the contract a party that takes the legal responsibility of interfacing with a court or an Online
Dispute Resolutions platform2.

2as The European ODR platform at https://ec.europa.eu/consumers/odr.
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1 stipula Subscription {
2 assets wallet
3 fields cost , deposit
4

5 agreement (Editor ,Buyer) {
6 Editor , Buyer: cost , deposit
7 } ⇒ @Inactive
8

9 @Inactive Buyer : subscribe [h]
10 (h == deposit) {
11 h ( wallet
12 now + 1 month � @To_Pay { wallet ( Editor } ⇒ @End
13 } ⇒ @To_Pay
14

15 @To_Pay Buyer : annualFee [h]
16 (h == cost) {
17 h ( Editor
18 now + 1 year � @Payed {} @To_Pay
19 now + 1 year + 1 month � @To_Pay { wallet ( Editor } ⇒ @End
20 } ⇒ @Payed
21

22 @Payed Buyer : terminate {
23 wallet ( Buyer
24 }⇒ @End
25 }

Listing 1: The subscription contract

We illustrate the expressivity of Stipula by showing the contracts for a set of archetypal acts (taken
form [19]). They are simple but they represent the distinctive elements that can be found in most con-
tracts.

3.1 Subscription contract: obligation of periodic payment

We define a simple contract representing the annual subscription to a magazine or a service. Upon
subscription the buyer must pay a deposit, then she must pay the annual fee. If she has not paid within
one month, the deposit is transferred to the editor. At the end of the year an event changes the status of
the contract so to enable the payment of the annual fee with a maximum delay of one month. If the buyer
is up to date with the payments, she can terminate the subscription and get back the deposit.

The code in Listing 1 shows that a contract is similar to a class in an OOL, containing a set of fields,
a constructor and a number of functions. Contract’s fields are distinguished into standard fields (cost
and deposit store numbers corresponding to the fees and the deposit) and assets. The contract’s asset
field wallet is initially empty and will hold the buyer’s money in escrow. The agreement (lines 5-7) is a
sort of constructor for the contract: it is intended as a multiparty synchronization between the parties, i.e.
Editor and Buyer, who have to agree about the initial values of cost and deposit. After the agreement
has been reached, the contract enters into the initial state @Inactive.

The possible states of the contract are @Inactive, @To_Pay, @Payed, and the contract’s functions
subscribe, annualFee and terminate are defined so that only the buyer (who subscribed the agree-
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ment) can call them, and subscribe can be called only once at the beginning. The parameter h is an
amount of assets, and a pre-condition checks that it corresponds to the expected amount. The operation
h ( wallet transfers the assets h into the constract’s wallet, while h ( Editor moves them to the
editor.

Lines 12,18 and 19 issue the events corresponding to the annual payment obligation. Line 12 and 19,
schedule an event that, after one month from now, resp. form the end of the paid year, check whether
the (first) annual fee has not been paid (i.e. the state is still To_Pay), and in that case transfer the deposit
to the editor and terminate the contract. Line 18 issues an event that in a year’s time will allow the new
payment by moving the contract’s state from @Payed back to @To_Pay. Finally, the buyer is allowed to
terminate the subscription only if all payments are regular; accordingly, the function terminate can be
invoked only in state @Payed and the deposit is refunded to the buyer.

3.2 The Digital Licensee contract: usage and purchase, dispute resolution

Let us consider a contract corresponding to a licence to access a digital service, like a software or
an ebook: the digital service can be freely accessed for a while, and can be permanently bought with
an explicit communication within the evaluation period (for a similar example, see [27]). The licensing
contractual clauses can be described as follows:

Article 1. Licensor grants Licensee for a licence to evaluate the product and fixes (i) the evaluation
period and (ii) the cost of the product if Licensee will bought it.

Article 2. Licensee will pay the product in advance; he will be reimbursed if the product will not be
bought with an explicit communication within the evaluation period. The refund will be the 90%
of the cost because the 10% is payed to the Authority (see Article 3).

Article 3. Licensee must not publish the results of the evaluation during the evaluation period and
Licensor must reply within 10 hours to the queries of Licensee related to the product; this
is supervised by Authority that may interrupt the licence and reimburse either Licensor or
Licensee according to whom breaches this agreement.

Article 4. This license will terminate automatically at the end of the evaluation period, if the Licensee
does not buy the product.

Compared to the previous example, the licence contract holds two different assets: an indivisible
non fungible token providing an handle to the digital service, and a wallet that is a fungible asset
corresponding to the amount of currency kept in custody inside the contract.

A further important feature of the contract is Article 3 that defines specific constraints about the
off-line behaviour of Licensor and Licensee, that is their behaviour in the physical world. This exem-
plifies the very general situations where contract’s violations cannot be fully monitored by the (on-line)
software, i.e. by the platform that runs the software (either a blockchain or a centralized application),
such as the publication of a post in a social network, or the leakage of a secret password, or any non-
automatically verifiable contextual circumstance. The intrinsic open nature of legal contracts is exactly
this mix of external behaviour and automatic enforcement of contract clauses by means of software.
The code in Listing 2 illustrates the Stipula programming pattern that relies on a trusted third party, the
Authority included in the agreement, to supervise the disputes occurring from the off-line monitoring
and to provide a trusted on-line dispute resolution mechanism.

The agreement of Listing 2 involves three parties: Licensor and Licensee, which agree to the
parameters of the contract, according to Article 1. (line 6), and Authority, which does not need to agree
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1 stipula Licence {
2 assets token , wallet
3 fields cost , t_start , t_limit
4

5 agreement (Licensor ,Licensee ,Authority ){
6 Licensor , Licensee : cost , t_start , t_limit
7 } ⇒ @Inactive
8

9 @Inactive Licensor : offerLicence [t] {
10 t ( token
11 now + t_start � @Proposal { token ( Licensor } ⇒ @End
12 } ⇒ @Proposal
13

14 @Proposal Licensee : activateLicence [h]
15 (h == cost){
16 h ( wallet
17 wallet *0,1 ( wallet , Authority
18 uses(token ,Licensee) → Licensee
19 now + t_limit � @Trial {
20 wallet ( Licensee
21 token ( Licensor
22 } ⇒ @End
23 } ⇒ @Trial
24

25 @Trial Licensee : buy {
26 wallet ( Licensor
27 token ( Licensee
28 } ⇒ @End
29

30 @Trial Authority : compensateLicensor {
31 wallet ( Licensor
32 token ( Licensor
33 } ⇒@End
34

35 @Trial Authority : compensateLicensee {
36 wallet ( Licensee
37 token ( Licensor;
38 } ⇒ @End
39 }

Listing 2: The contract for a digital licence
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upon the contracts’ parameters, but it is important that it is involved in the agreement synchronization.
By calling the function offerLicence, the Licensor transfers to the contract the token corresponding
to the full access to the digital service. This transfer is necessary to implement the fact that, after the
activation of the the licence (within the agreed time limit t_start, see the event in line 11), the licensor
has the legal prohibition of preventing the access to the digital service. The Licensee can then call
activateLicence together with an amount of assets equal to the fixed cost of the license, that is then
stored in the wallet (line 16). In line 17 a fraction of asset is moved towards the authority as a fee, while
in line 18 a personal usage code associated to the token is communicated to the Licensee.

Once entered in the Trial state, the contract can terminate in three ways: (i) the licensee expresses
its willingness to buy the licence by calling the function buy which grants him the full token, or (ii)
the time limit for the free evaluation period is reached, thus the event scheduled in line 19 refunds the
licensee (but for the fees) and gives the token back to the licensor, or (iii) during the evaluation period a
violation to Article 3 is identified and the authority pre-empts the license by calling either the function
compensateLicensor or compensateLicensee. Notice that it is important that the code guarantees
that in all possible cases the assets, both the token and the wallet, are not indefinitely locked in the
contract.

3.3 Bike Rental contract: access to a good without transfer of ownership

We now consider a realistic contract for a city bike rental service3, which exemplifies a general rental
contract (this is taken from [18]). It involves two parties, the lender and the borrower, which initially
agree about what good is rented, what use should be made of it, the time limit (or in which case it must
be returned), the estimated of value and any defects in the good. Upon agreement, the payment triggers
the legal bond, that is the borrower has the permission to use the bike and the lender has the prohibition
of preventing him from doing so. Note that there is no transfer of ownership, but only the right to use
the good. The contract terminates either when the borrower returns the bike, or when the time limit is
reached. Litigations could arise when the borrower violates the obligations of diligent storage and care,
the obligations of using the good only as intended, and not granting the use to a third party without the
lender’s consent. In these cases the lender may demand a compensation for the damage. On the other
hand, the borrower is entitled to compensation if the good has defects that were known to the lender but
that he did not initially disclose.

This example puts forward the fact that, when a legal contract refers to a physical good, the digital
contract needs a digital handle (an avatar) for that good. Moreover, the rent legal contract grants just the
usage of a good without the transfer of ownership. Many technological solutions, such as smart locks
of IoT devices, are actually available. In Stipula we abstract from the specific nature of such a digital
handle, and we simply represent it as an asset, which intuitively corresponds to a non fungible token
associated to the physical good. Moreover, while the communication of the token provides full control
of the associated physical good, we assume an operation uses(token) (resp. use_once(token) or
uses(token,A)) that generates a usage-code, say a string, providing access to the object associated to
the token (resp. a usage-code only valid (once) for the party A). Therefore, a physical object can be
handled as a digital one using the same pattern used in the digital license contract above.

Figure 2 uses connected boxes to highlight the correspondence between the normative elements of
a standard bike rental contract and the corresponding editing in Stipula. The parties agrees on the time
limit for the rental and the cost of the service, which corresponds to the double of the fee in order to

3For instance see the contract in http://www.thebicyclecellar.com/wp-content/uploads/2013/10/Bike-Rental-
Contract-BW.pdf
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BIKE RENTAL CONTRACT 
1. Term.  
This Agreement shall commence on the day the Borrower takes possession of the Bike and remain in full force and 
effect until the Bike is returned to Lender at location _______. Borrower shall return the Bike  _____  hours after the 
rental date and will pay Euro _________ in advance where half of the amount is of surcharge for late return or loss or 
damage of the Bike.  

2. Payment.  
Borrower shall pay on _________ the amount specified in Article 1. The Rental Date starts at the same time.  

3. Return of the Bike. 
Renter shall return the Bike on the Rental Date specified in Article 2 plus the hours specified in Article 1 at location 
specified in Article 1. If the Bike is not returned at the agreed location or it is damaged or loss, Lender reserves the right 
to take any action necessary to get reimbursed. 

4. Termination.  
This Agreement shall terminate on the date specified in Article 3 

5. Disputes. 
Every dispute arising from the relationship governed by the above general rental conditions will be managed by the 
Court the Lender company is based, which will decide compensations for Lender and Borrower. 
 
 
 

1 stipula Bike_Rental {

2 assets wallet

3 fields cost , rentingTime , code

4 agreement (Lender ,Borrower ,Authority )( rentingTime ,cost){

5 Lender , Borrower: rentingTime , cost

6 } ñ @Inactive

7 @Inactive Lender : offer(x) {

8 x Ñ code

9 } ñ @Payment

10 @Payment Borrower : pay[h]

11 (h == cost) {

12 h ( wallet

13 code Ñ Borrower

14 now + rentingTime "

15 @Using {

16 "End_Reached" Ñ Borrower

17 } ñ @Return

18 } ñ @Using

19 @Using Borrower : end {

20 now Ñ Lender

21 } ñ @Return

22 @Return Lender : rentalOk {

23 0.5* wallet ( wallet , Lender

24 wallet ( Borrower

25 } ñ @End

26 @Using ,@Return Lender ,Borrower : dispute(x) {

27 x Ñ _

28 } ñ @Dispute

29 @Dispute Authority : verdict(x,y)

30 (y>=0 NN y<=1) {

31 x Ñ Lender , Borrower

32 y*wallet ( wallet , Lender

33 wallet ( Borrower

34 } ñ @End

35 }

Listing 1.1. The rent for free contract

10

{

Figure 2: A standard Bike Rental contract and its modelling in Stipula



32 From Legal Contracts to Legal Calculi

safeguard lender from damages, late returns or loss of the bike. For simplicity, in this code the Lender
sends to the contract a simple usage code for the bike by calling the function offer. Then the Borrower
pays the expected amount and receives the bike’s usage code. Lines 14-18 issue an event corresponding
to the obligation of returning the bike within the agreed time limit. Indeed, at time now + rentingTime
the event is automatically triggered by the systems, and if the bike has not been already returned (i.e.,
the state of the contract is still @Using), a message of returning the bike is sent to the borrower and the
contract moves to the state @Return. The termination of the rental requires the Borrower to call the
function end, after which the Lender has to confirm the absence of damages by invoking rentalOK.
Only this sequence of actions allows the lender to be payed and the borrower to get back the money
deposited as security. For the sake of simplicity this contract does not impose a penalty to the borrower
for late return, but it is not difficult to modify the code with an additional state @LateReturn so to let
the Lender keep the entire contract’s wallet when rentalOK is called in the state @LateReturn.

The function dispute may be invoked either by the Lender or by the Borrower, either in state
@Using or @Return, and carries the reasons for kicking the dispute off (x is intended to be a string). Once
the reasons are communicated to every party (we use the abbreviation “--” instead of writing three times
the sending operation) the contract transits into a state @Dispute where the Authority will analyze the
issue and emit a verdict. This is performed by permitting in the state @Dispute only the invocation of the
verdict function, that has two arguments: a string of motivations x, and a coefficient y that denotes the
part of the wallet that will be delivered to Lender as reimbursement; the Borrower will get the remaining
part. It is worth to spot this point: the statement y*wallet ( wallet, Lender takes the y part of
wallet (y is in [0..1]) and sends it to Lender; at the same time the wallet is reduced correspondingly.
The remaining part is sent to Borrower with the statement wallet ( Borrower (which is actually a
shortening for 1*wallet ( wallet, Borrower) and the wallet is emptied.

3.4 Bet contract: dependency on external data

The bet contract is a simple example of a legal contract that contains an element of randomness (alea),
i.e. where the existence of the performances or their extent depends on an event which is entirely inde-
pendent of the will of the parties. The main element of the contract is a future, aleatory event, such as
the winner of a football match, the delay of a flight, the future value of a company’s stock.

A digital encoding of a bet contract requires that the parties explicitly agree on the source of data,
usually an accredited web page or a specific online service – stored in the field data_source – that
will publish the final value of the aleatory event. This value will be communicated by the party that
assumes the role of DataProvider, taking the legal responsibility of supplying the correct data from
the agreed source. In particular, it is not necessary that the actual data is directly provided by a trusted
institution or an accredited online service, such as an Oracle service, who could hardly take an active
legal responsibility in a bet contract. But two betters, say Alice and Bob, can agree to rely on a third
party Carl for supplying data, or they can simply agree on the fact that Alice takes both the role of
Better1 and DataProvider.

It is also important that the digital contract provides precise time limits for accepting payments and
for providing the actual value of the aleatory event. Indeed there can be a number of issues: the legal
bond must be established before the occurrence of the aleatory event, the aleatory event might not happen,
e.g. the football match is cancelled, or the data provider might fail to provide the required value, e.g. the
online service is down.

The Stipula code in Listing 3 corresponds to the case where Better1 and Better2 place in val1
and val2 their bets, while the agreed amount of currency is stored in the contract’s assets wallet1 and
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1 stipula Bet {
2 assets wallet1 , wallet2
3 fields alea_fact , val1 , val2 , data_source , fee , amount , t_before , t_after
4

5 agreement(Better1 ,Better2 ,DataProvider ){
6 DataProvider , Better1 , Better2 : fee , data_source , t_after , alea_fact
7 Better1 , Better2 : amount , t_before
8 } ⇒ @Init
9

10 @Init Better1 : place_bet(x)[h]
11 (h == amount ){
12 h ( wallet1
13 x → val1
14 t_before � @First { wallet1 ( Better1 } ⇒ @Fail
15 } ⇒ @First
16

17 @First Better2: place_bet(x)[h]
18 (h == amount ){
19 h ( wallet2
20 x → val2
21 t_after � @Run {
22 wallet1 ( Better1
23 wallet2 ( Better2 } ⇒ @Fail
24 } ⇒ @Run
25

26 @Run DataProvider : data(x,y,z)[]
27 (x == data_source && y== alea_fact ){
28 if (z==val1 && z != val2){ // The winner is Better1
29 fee ( wallet2 ,DataProvider
30 wallet2 ( Better1
31 wallet1 ( Better1
32 }
33 else if (z==val2 && z != val1){ // The winner is Better2
34 fee ( wallet1 ,DataProvider
35 wallet1 ( Better2
36 wallet2 ( Better2
37 }
38 else { //No winner
39 fee *0.5 ( wallet1 ,DataProvider
40 fee *0.5 ( wallet2 ,DataProvider
41 wallet2 ( Better1
42 wallet1 ( Better1
43

44 }
45 } ⇒ @End
46 }

Listing 3: The contract for a bet
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Figure 3: Safe Remote Purchase

wallet24. Observe that both bets must be placed within an (agreed) time limit t_before (line 14), to
ensure that the legal bond is established before the occurrence of the aleatory event. The second timeout,
scheduled in line 21, is used to ensure the contract termination even if the DataProvider fails to provide
the expected data, through the call of the function data.

Compared to the Authority pattern in the Digital Licence and Bike Rental examples, the role of the
DataProvider here is less pivotal than that of the Authority. While it is expected that Authority will
play its part, DataProvider is much less than a peer of the contract, that is entitled (and legally bound)
to call the contract’s function to supply the expected external data. The crucial point of trust here is the
data_source, not the DataProvider. As usual, any dispute that might render the contract voidable or
invalid, e.g., one better knew the result of the match in advance, or the DataProvider supplied an incorrect
value, can be handled by including an Authority party, according to the pattern illustrated above.

3.5 Safe Remote Purchase contract: a distributed interaction protocol

In a remote purchase5, the buyer would like to receive an item from the seller and the seller would like to
get money (or an equivalent) in return. The problematic part is the shipment: there is no way to determine
for sure that the item arrived at the buyer. The typical solution is to define the interaction protocol so that
both parties have an incentive to resolve the situation or otherwise their money is locked forever.

The idea is that both parties have to put an amount into the contract as escrow. As soon as this hap-
pened, the money will stay locked inside the contract until the buyer confirms that he received the item.
The intended protocol is the following sequence of actions (depicted in black in Figure 3): (1) the seller
starts the transaction sending its escrow to the contract, (2) the buyer confirms the purchase by sending
to the contract the money corresponding to the price of the good plus the escrow, (3) upon reception of
the good, the buyer has to confirm the reception to the contract in order to get back the escrow, (4) finally
the seller can receive from the contract the price of the good and the money he deposited in escrow.

Besides the intended sequence of actions, many situations can happen in a remote purchase:

4For simplicity, this code requires Better1 to place its bet before Better2, however it is easy to add similar function to let
the two bets be placed in any order.

5This example is taken from https://docs.soliditylang.org/en/develop/solidity-by-example.html
#safe-remote-purchase, but most of e-commerce platforms has similar use cases.
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• if the seller starts but the buyer does not confirm the purchase, seller can take back its escrow with
a call to abort,

• if the seller does not start, the buyer does not send the escrow, so no money is locked,

• if the buyer confirms the purchase, the seller cannot take back its escrow (and the payment) until
he sends the good (and it is received),

• if the buyer has confirmed the purchase but he does not confirm the reception, either because the
good is not arrived or because the Buyer is cheating, nobody can take back escrow. Therefore we
add to the contract a time limit, after which it is up to an Authority party to decide off-line who is
to blame and then implement the decision by calling refund. In other terms, the mutual escrow
is used as an incentive for the parties to collaborate, but progress is not ensured thus the contract
requires timeouts.

1 stipula Purchase {
2 asset wallet
3 field value , escrow
4

5 agreement(Buyer ,Seller ,Authority ){
6 Seller , Buyer , Authority , : value , escrow , time_limit
7 } => @Init
8

9 @Init Seller : start [h] (h == escrow) { h ( wallet } =>@Created
10

11 @Created Seller: abort { wallet ( Seller } =>@Inactive
12

13 @Created Buyer : confirmPurchase [h] (h == value + escrow) {
14 h ( wallet
15 now + time_limit >> @Locked {
16 "nothing received (maybe !)" → Buyer
17 "nothing received (maybe !)" → Seller
18 }=> @Dispute
19 } =>@Locked
20

21 @Locked Buyer : confirmReceived { escrow ( wallet , Buyer } =>@Release
22

23 @Release Seller : refundSeller {
24 wallet ( Seller // equal to (value+escrow) ( wallet , Seller
25 } =>@Inactive
26

27 @Dispute Authority : refund(x,y) (wallet ==x+y) {
28 x ( wallet , Buyer
29 y ( wallet , Seller
30 } =>@Inactive
31 }

Listing 4: The safe remote purchase contract

We remark that the contract in Listing 4 does not solve all legal issues. For instance in a purchase
the consumer has the power to withdraw from an online sale, and there are usually warranties if the good
was damaged or different from the sellers’ description. To deal with all these situations the contract can
be enriched with a more complex Authority pattern as in the previous examples.
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3.6 Mutual Dissent and contract modification

There is a last distinctive element in legal contracts that deserves a comment: the management of ex-
ceptional behaviours, that is all those behaviours that cannot be anticipated due to the occurrence of
unforeseeable and extraordinary events. For instance, legal contracts can always be dissolved if the
parties agree.

We can model the mutual dissent by including a specific function in the contract, which can be
activated with the agreement of both parties, that causes the contract to go into a stand-by state, which
blocks the execution of all functions not yet performed. This prevents the contract from continuing when
both parties no longer want it to. More precisely, the following code shows the Mutual Dissent pattern
for a generic contract C where parties P1 and P2 may express mutual dissent:

stipula Rescindable_C {
assets a1, ..., an
fields ...
agreement(P1,P2 ,.... , Authority) ....

// add a copy of this function for any state X of the contract C
@X P1: dissent { now + 1 day >> @OneDissented { }=>@X } =>@OneDissented
@OneDissented P2: dissent {} => @Rescinded

@X P2: dissent { now + 1 day >> @TwoDissented { }=>@X } =>@TwoDissented
@TwoDissented P1: dissent {} => @Rescinded

@Rescinded Authority : terminate {
a1 --o Authority
...
an --o Authority

} =>@End

Listing 5: The mutual dissent pattern

To prevent assets being locked indefinitely in the contract, the function terminate sends all the
assets to the authority. More complex assets reallocation to the parties can also be implemented, provided
that they mutually agree on the reallocation.

Finally, parties have the power of dynamically change the terms of the contract if they agree to it.
Contract modification can be modelled by the termination of the running contract C (with the mutual
dissent pattern), and the activation of a new contract C’, to which the assets remaining in C are trans-
ferred. The basic Stipula language does not allow to pass contracts’ names as arguments, nor allows
to invoke external contracts’ activations or inter-contracts functions invocations (differently from, e.g.
Solidity smart contracts). Therefore, the bridge between the termination of C and the activation of C’
with remaining assets must be performed off-line by the Authority.

4 Legal contracts and the power of formal methods

As already discussed, the advantage of using a Legal Calculus to draft legal contracts is that a concise and
well-defined language reduces the ambiguities (and therefore the grey areas) characteristics of traditional
legal drafting. In particular, we remark that there are three levels of formalisation, corresponding to three
different aspects of a language: the syntax, the semantics, and the analysis and verification tools.
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Almost all projects for Code-Driven Law put forward a legal language based on a well-defined syn-
tax. This is indeed the base to mechanise the writing of dedicated software that encodes legal content
–not just legal contracts but any kind of legal data. These projects often come with templates for stan-
dard legal documents, that can be customised by setting template’s parameters with appropriate values.
There are legal language definitions based on context free grammars (as Lexon [30]), or domain specific
markup languages and ontologies to wrap logic and other contextual informations around traditional le-
gal prose (as OpenLaw [37], Accord [17], SLCML [24]), or legal specification languages based on visual
programming interfaces (as in [32, 36]).

More complex is instead the formalisation of the semantics of a programming language, which is
however essential to have the full understanding of the software, and the certainty of the dynamic con-
tract’s behaviour. Legal calculi, such as Catala [31], Orlando [11] and Stipula [19], have the suitable size
to fully handle their formal semantics. We discuss below the case of Stipula, which acknowledges the
concurrent nature of legal contracts as interaction protocols, and resorts to concurrency theory to define
the semantics of contracts and to precisely control complex aspects like nondeterminism.

Finally, the most powerful benefit of formal methods is the deployment of automated tools to (stati-
cally) analyse the legal software in order to check safety properties, verify the absence of specific errors
and possibly the reachability of convenient states. This level of formalisation is still at an initial stage in
the literature, since it requires a robust definition (and implementation) of the language semantics, and
because the identification of the desirable properties of legal software is still an open question.

4.1 Defining a formal semantics

The full definition of Stipula’s operational semantics (currently submitted to publication, but a prelim-
inary version is available in [19]) is given in terms of a labelled transition system C,t

µ−→ C′,t′ that
highlights the open nature of the contracts’ behaviour, whose execution requires the interaction with the
external context. The runtime configuration C,t is a pair where C is the runtime status of the running
contract (storing its current state and the pending events), and t is the time value of the system’s global
clock. The actions that can be performed by a contract time t are the following

µ ::= τ | (A, Ai : vi
i∈1,..,n) | A : f(u)[v] | v→ A | a ( A .

where the label (A, Ai : vi
i∈1,..,n) observes the agreement that the parties are going to sign, that is who

is taking the legal responsibility for which contract’s role, and what are the terms of the contract, i.e.,
the agreed initial values of the contract’s fields. The label A : f(u)[v] observes the possibility (at time t)
for the party A to call the function f . The labels v→ A and a ( A observe that (at time t) the party A
can receive a value and an asset, respectively. Contract’s field updates, internal asset moves and event
scheduling, as well as time progress, are not observed (label τ).
The behaviour of a Stipula legal contract can be described as the following procedure:

1. the first action is always an agreement, which moves the contract to an idle state;

2. in an idle state, if there is a ready event with a matching state, then its handler is completely
executed, moving again to a (possibly different) idle state;

3. in an idle state, if there is no event to be triggered, either advance the system’s clock or call any
permitted function (i.e. with matching state and preconditions). A function invocation amounts to
execute its body until the end, which is again an idle state.
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Therefore, the semantics has three sources of nondeterminism: (i) the order of the execution of ready
events’ handlers, (ii) the order of the calls of permitted functions, and (iii) the delay of permitted function
calls to a later time (thus, possibly, after other event handlers). We remark that a nondeterministic
behaviour is not necessarily an error: even the execution of legal contracts written in natural language
might lead to nondeterministic executions, in particular when the contract leaves room for a participant
not to timely perform an action that was expected to do. Depending on how the contract is written,
this may be admissible or may cause a legally uncertain situation that can only be solved by a court.
Therefore, the precise formalisation of a contract’s behaviour in terms of an operational semantics has
the advantage of explicitly knowing what are the sources of nondeterminism, and allows to precisely
control it.

4.2 Observing legal contracts through Normative Equivalence

One of the difficulties of writing contracts in natural language is the fact that the same legal bindings
can be expressed with many similar texts. Then it is often difficult to properly check when two contracts
that are syntactically different are instead legally equivalent, meaning that the parties using them cannot
distinguish one from the other. By relying on the operational semantics, that formally defines the observ-
able actions of a contract behaviour, we can define a bisimulation-based observation equivalence, where
two contracts are deemed to be legally equivalent if they involve the same parties observing the same
interactions during the contracts’ lifetime.

More precisely, the so-called Normative Equivalence (see [19]) equates two contracts if

• they provide the same agreement, that is the same parties take the same legal responsibility and
agree on the same terms of the contract (expressed by the action (A, Ai : vi

i∈1..n));

• every party is subject to the same dynamic set of permissions, prohibitions and obligations;

• every party receives from the contract the same assets and values (actions v→ A and a ( A);

• the bisimulation game abstracts away the ordering of the observations within the same time clock,
and enforces a transfer property that shifts the time of observation to the next time unit.

To observe the permissions and prohibitions at time t, we observe whether any party can invoke, resp.
cannot invoke, any function (expressed by the action A : f(u)[v]). Obligations are captured implicitly by
shifting the observation at a specific point in time, and observing –in the future– the effects of executing
the event that encodes the legal commitment. In particular, the system’s clock needs not to be directly
observed: by checking the set of permissions and prohibitions at any time units, and since only a con-
tract’s state change can modify the set of valid permissions and prohibitions, it is sufficient to observe
whether a function can be executed before of after another function or an event, disregarding its precise
execution time unit.

As a consequence, the Normative Equivalence safely abstracts away the ordering of the observations
within the same time unit: if a party receives two messages in different order it might be due to delays
of communications, rather to sensible differences in the contracts. Nevertheless, the equivalence does
not overlook essential precedence constraints, which are important in legal contracts, as the requirement
that a function delivering a service can only be invoked after another specific function, say a payment.
Additionally, the Normative Equivalence abstracts away from the names of the contract’s assets, fields
and internal states, and it is also independent from future clock values, allowing to garbage-collect events
that cannot be triggered anymore because the time for their scheduling is already elapsed.



S. Crafa 39

4.3 Verification of contracts’ properties

By looking at legal contracts as interaction protocols and by relying on a well defined operational se-
mantics, the rich theory of formal methods for concurrent systems can be a great source of inspiration to
develop analysis and verification tools. However, first of all it is essential to conduct an interdisciplinary
investigation to properly identify what are the errors and the properties that should be targeted by the
techniques providing safety and liveness guarantees.

An important class of errors are those related to unsafe usage of assets, which must obey to a linear
semantics (no forging, no duplication, no loss) and whose content must be meaningful. For instance, in
Stipula the assets corresponding to currency, as the asset wallet in the examples above, must always
contain a non negative amount of money. Accordingly, an asset transfer what would leave a contract’s
asset with a negative (unsafe) asset, e.g., 100 ( wallet,A when wallet holds less than 100 coins, is
not executed and results in a stuck configuration. Similarly, if the contract’s asset token already contains
a non fungible token providing access to a good, say a digital service, then the operation t ( token
that would accumulate or overwrite the token with the asset t must not be executed. Moreover, assets
must not be indefinitely locked into contracts: at any time it should be possible, at least for some party, to
redeem the assets stored into the contract; this is often called liquidity property ([10]). These issues are at
the core of the research about resource-aware languages as Obsidian [4, 15] Nomos [23, 14], Flint [33]
and Move [13]; and even the questions "What is the type Money in a programming language? What are
its suitable abstractions?" and "What is the difference between the more general type Asset and the type
Money?" are still open issues.

Other kinds or errors are those related to non collaborative parties, that might prevent the progress of
the contract or might move it to a problematic state. We have described Stipula design patterns, as the
authority pattern or the mutual dissent pattern, that can be inserted in the drafting of the digital contract
as a sort of escape hatch; however, a static analysis of the runtime behaviour of the contract would be
very useful.

5 Conclusions

In this article we discussed the role of Legal Calculi in the process of digitisation of legal contracts.
We illustrated the design choices of Stipula, whose primitives naturally support the encoding of con-
tracts’ normative elements (permissions, prohibitions, obligations, asset transfer, judicial enforcement
and openness to the external context). We also remarked that legal contracts can be interpreted as in-
teraction protocols between concurrent parties, leading to a fruitful connection with the rich toolset of
formal methods available for concurrent systems.

Studying the theory of domain-specific legal calculi is a useful research line, that supplement the de-
velopment of the Code-Driven Law trend. On the other hand, it is important to keep a lively connection
between these calculi and other two fundamental abstraction levels: the effective implementation and the
interdisciplinary assessment. The actual implementation of legal calculi brings in specific challenges,
such as the legally robust management of the identities of the parties and their valid agreement to the
legal bonds. Moreover, the implementation of obligations by scheduling an event that issues a corre-
sponding penalty if the obligation has not been met, may not be always feasible, and asks for an accurate
management of time, which is a well-known challenge in distributed platforms.

Finally, the dialogue with legal researchers and professionals provides valuable insights, non just on
the usability of legal programming languages, but mainly on the actual meaning (in the epistemic sense)
of their abstractions. This is important to unveil when partial or erroneous interpretations of the law
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has been embedded in the technical artefacts, and to understand the actual extent of the legal protection
provided by the software normativity. A main lesson that we learned is the intrinsic open nature of
legal contracts, that is incompatible with the automatic execution of software-based rules claimed by the
Code-Driven Law. Indeed, a contract produces the intended effects, declared by the parties, only if it is
legally valid: the law may deny validity to certain clauses, as an excessive interests rate. The intervention
of the law is particularly significant when the contractor (usually the weaker party, such as the worker in
an employment contract or the consumer in an online purchase) agrees without having awareness of all
clauses in the contract, nor having the ability to negotiate them, due to the existing unbalance of power
([19]). Therefore, any technical solution based on a legal programming language must provide an escape
mechanism (as the authority pattern in Stipula) that allows a flexible, and legally valid, link between
what is true on-line and off-line.
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The Higher-Order Ψ-calculus framework (HOΨ) is a generalisation of many first- and higher-order
extensions of the π-calculus. It was proposed by Parrow et al. who showed that higher-order calculi
such as HOπ and CHOCS can be expressed as HOΨ-calculi. In this paper we present a generic
type system for HOΨ-calculi which extends previous work by Hüttel on a generic type system for
first-order Ψ-calculi. Our generic type system satisfies the usual property of subject reduction and can
be instantiated to yield type systems for variants of HOπ , including the type system for termination due
to Demangeon et al.. Moreover, we derive a type system for the ρ-calculus, a reflective higher-order
calculus proposed by Meredith and Radestock. This establishes that our generic type system is richer
than its predecessor, as the ρ-calculus cannot be encoded in the π-calculus in a way that satisfies
standard criteria of encodability.

1 Introduction

Process calculi are formalisms for modelling and reasoning about concurrent and distributed computations;
a prominent example being the π-calculus of Milner et al. [19, 25], which models computation as
communication between processes, by passing messages on named channels. Since its inception, a
multitude of variants of the π-calculus have appeared; e.g. Dπ [11], the calculus of explicit fusions [9], the
spi-calculus with correspondence assertions [1] and the eπ-calculus [6]. These calculi are all first-order,
in the sense that only atomic channel names can be passed around, not processes themselves. Bengtson et
al. [3, 4] created Ψ-calculi as a generalisation of these first-order variants and extensions, allowing a range
of calculi, including all of the aforementioned, to be expressed as instances of the Ψ-calculus framework
through appropriate settings of a small number of parameters. However, there also exist higher-order
variants of the π-calculus, such as the Higher-Order π-calculus, HOπ , [24, 23], that also allow processes
to be sent across channels. Parrow et al. [21] have extended the Ψ-calculus framework with a construct
for higher-order communication, creating the Higher-Order Ψ-calculus, HOΨ. Calculi such as HOπ and
CHOCS [26] can now be represented as HOΨ-instances, as well as every calculus that the ‘first-order’
Ψ-calculus framework can represent.

One of the techniques for reasoning about processes is that of type systems. The first type system
for a process calculus is due to Milner [19] and deals with the notion of correct usage of channels in the
π-calculus: In a well-typed process only names of the correct type can be communicated. Pierce and
Sangiorgi [22] later described a type system that uses subtyping and capability tags to control the use
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of names as input or output channels; and also many of the aforementioned first-order extensions of the
π-calculus have been given type systems to capture such properties as secrecy, authenticity and access
control.

In [12], Hüttel noted that these type systems, despite arising in different settings, share certain
characteristics: The type judgments for processes P are all of the form Γ ` P where Γ is a type environment
recording the types of the free names in P, so processes are only classified as being either well-typed
or not. On the other hand, terms M are given a type T , so type judgements for terms are of the form
Γ ` M : T . Based on these shared characteristics, Hüttel then created a generic type system for the
first-order Ψ-calculus framework, that generalises several of the type systems for the π-calculus and
its variants. This generic type system can similarly be instantiated through parameter settings to yield
both well-known and new type systems for the calculi that are representable as first-order Ψ-calculi. An
important advantage of this approach is that a general result of type system soundness can be formulated,
which is then inherited by all instances of the type system.

There has been some other works on generic type systems, notably those of König [16], Caires [5]
and Igarashi and Kobayashi [15]. However, these are formulated for variants of the first-order π-calculus,
which thus limits their applicability to languages that can be represented in the first-order paradigm. Stated
otherwise, they exclude languages such as the aforementioned eπ-calculus, which cannot be encoded into
the first-order π-calculus, as shown in [6], but which nevertheless can be given a type system using the
generic approach of Hüttel, indicating that the latter is a more general framework for first-order calculi.

However, the generic type system of Hüttel can only type first-order calculi; it cannot be instantiated
to yield type system for higher-order calculi, such as HOπ or CHOCS. Both of these higher-order calculi
can be encoded into the first-order π-calculus, as shown by Sangiorgi in [24], and may therefore also
be represented in just the first-order Ψ-calculus. Not surprisingly, there is therefore little work on type
systems for higher-order calculi, since these encodings allow us to disregard the higher-order behaviour
and instead just type the first-order translations. One exception is the type system for termination in
variants of HOπ , due to Demangeon et al. [7]. As these authors argue, it may not always be desirable
(or even possible) to type a higher-order language through a first-order representation, if the language
contains features that are difficult (or impossible) to encode. For example, higher-order behaviour may
alternatively be viewed as a special case of reflection; i.e. the ability of a program to turn code into data,
modify or compute with it, and reinstantiate it as running code; and process mobility here appears as a
special case where data (code/processes) are transmitted without modification.

This reflective capability is inherent in the Reflective Higher-Order (RHO or ρ) calculus of Meredith
and Radestock [18], and this calculus cannot be uniformly encoded in the π-calculus, as shown in [17].
This calculus therefore gives us an example of a language that cannot easily be represented in the first-order
paradigm, thus making it difficult (or impossible) to adapt any of the existing first-order type systems to
this language. Yet it can be instantiated as a HOΨ-calculus, as we shall show in the following.

The goal of the present paper is therefore to extend the aforementioned generic type system by
Hüttel, to create a generic type system for the HOΨ-calculus framework that will allow us to capture
typability in the higher-order paradigm. It allows us to identify what should be required of type systems
for higher-order process calculi that are instances of the HOΨ-calculus, and these requirements here take
the form of a number of assumptions that must hold for each instance. Like its predecessor, our generic
type system also satisfies a general subject reduction property that is inherited by all instances. We use
this to formulate simple type systems for HOπ , and we show that the type system for termination by
Demangeon et al. also can be captured as an instance of our type system. Lastly, we show that our generic
type system can be instantiated to yield a type system for the ρ-calculus, which establishes that our type
system is richer than the first-order type systems. To our knowledge, no type system has hitherto been
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published for this calculus, so we regard this instance as a further contribution of the present paper. A
technical report with full proofs of most results is available in [2].

2 The higher-order Ψ-calculus

The Higher-Order Ψ-calculus extends the original Ψ-calculus [3] with primitives for higher-order commu-
nication, i.e. process mobility. In this section we first review the syntax of HOΨ as given in [21], and then
proceed to give a reduction semantics for the calculus.

2.1 Syntax

The Higher-Order Ψ-calculus is a general framework, which is intended to allow many different calculi
to be obtained as instances, by setting a small number of parameters which takes the form of definitions
of three (not necessarily disjoint) sets of terms, conditions and assertions. To allow the framework to
be as general and flexible as possible, the authors of [3, 21] identify only a few restrictions that must be
imposed on these sets: they must be nominal datatypes. Informally, a nominal set, in the sense of Gabbay
and Pitts [8], is a set whose members can be affected by names being bound or swapped. If a,b are names
and X is an element of a nominal set, then the transposition of a and b on X , written (a,b)·X , swaps all
occurrences of a for b in X and vice versa. A function on a nominal set is equivariant, if it is unaffected
by name swapping; and a nominal datatype is a nominal set together with a set of equivariant functions
on it. This requirement is very mild and allows e.g. non-well-founded sets to be used in an instantiation.
The utility of this shall become apparent later, when we create a HOΨ-calculus instance where the set of
processes (which itself contains terms) is included in the set of terms.

Another important notion is that of support: if X is an element of a nominal set, the support of X ,
written n(X), is the set of names that occur in X . Conversely, a name a is fresh for X , written a#X , if
a /∈ n(X); and we extend this to sets of names A such that A#X if it is the case that ∀a ∈ A.a /∈ n(X). This
is pointwise extended to lists of elements X1, . . . ,Xn, so we write A#X1, . . . ,Xn for A#X1∧ . . .∧A#Xn.

As mentioned above, any Ψ-calculus instance requires a specification of three nominal datatypes: the
terms, conditions and assertions. The datatype of terms, ranged over by M,N ∈ T, contains the terms
that can be communicated and used as channels. These could be e.g. single names, as in the monadic
π-calculus, vectors of names as in eπ and the polyadic π-calculus; or elements of a composite datatype
(e.g. the integers). The datatype of conditions, ranged over by ϕ ∈ C contains the conditions that can
be used in conditional process expressions. Finally, and importantly, we have the nominal datatype
of assertions, ranged over by Ψ ∈A. Each of the datatypes T, C and A must include an equivariant
substitution function, written (·) [ã := M̃], substituting tuples of terms M̃ for tuples of names ã of equal
arity. It must be defined such that it satisfies the following substitution laws:

1. If ã⊆ n(X) and b ∈ n
(
Ỹ
)

then b ∈ n
(

X [ã := Ỹ ]
)

2. If ũ#X , ṽ then X [ṽ := Ỹ ] =
(
(ũ, ṽ)·X

)
[ũ := Ỹ ]

The requirements are quite general and should be satisfied by any ordinary definition of substitution:
The first law states that names cannot be lost in substitution, i.e. the names present in Ỹ must also be
present when the substitution has been performed; whilst the second law states that substitution cannot be
affected by transposition.

Since the calculus allows arbitrary terms to be used as channels, any Ψ-calculus instance requires
a definition of two equivariant operators, channel equivalence •←→ and assertion composition ⊗, a unit
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element 1 of assertions, and an entailment relation , defined on the respective nominal datatypes and
with the following signatures:

•←→ :T×T→ C channel equivalence
⊗ :A×A→A assertion composition

1 ∈A assertion unit
⊆A×C entailment relation

We write the entailment relation as Ψ  ϕ instead of (Ψ,ϕ) ∈  to denote that the condition ϕ holds,
given the assertions Ψ. Note that comparison by channel equivalence M1

•←→ M2 is itself a condition,
which may or may not be entailed by some assertions Ψ, according to the definition of the entailment
relation.

The set of HOΨ-calculus processes PΨ is generated by the formation rules:

P ∈PΨ ::= 0
∣∣ P1 | P2

∣∣ MN.P
∣∣ M(λ x̃ : T̃ )N.P∣∣ run M

∣∣ case ϕ̃ : P̃
∣∣ (νx : T )P

∣∣ !P
∣∣ LΨM

where ϕ̃ : P̃, ϕ1 : P1 [] . . . [] ϕn : Pn.
Most of these constructs are similar to those of the π-calculus; the input and output prefixes generalise

those of the π-calculus, since here both subject and object are terms rather than just names. Thus MN.P
outputs the term N on M and continues as P, whilst M(λ x̃ : T̃ )N.P receives a term (e.g. K) on M that
must match the pattern N. Here, x̃ is a list of pattern variables, binding into N and P, that is used to
extract subterms from K that will then be substituted for the occurrences of x̃ within the continuation P.
Unlike the presentation in [21], we here use a typed version of the language: thus the types of the pattern
variables are found in the list T̃ where |x̃|= |T̃ |, and likewise, in the restriction (νx : T )P, we annotate
the name x bound in P with its type T .

The selection construct case ϕ̃ : P̃ is a shorthand for a list of cases and is to be understood as saying: If
condition ϕi is entailed by the assertions Ψ, we continue as Pi. If more than one condition is entailed, the
process is chosen non-deterministically. This construct thus generalises the choice and matching operators
of the π-calculus.

Higher-order communication is handled by representing processes as terms, thus allowing them to be
communicated. We assume the existence of assertions of the form M⇐ P. By writing such an assertion,
M becomes a handle of the process P, and we can then send P by sending its handle. Thence M may be
used to activate the process P, and for this we use the only construct that is new to the higher-order setting,
the invocation construct run M. Note that the set of processes may itself be included in the set of terms,
thus allowing assertions of the form P⇐ P whereby a process becomes a handle for itself.

Lastly, an assertion LΨM is said to be guarded, if it occurs as a subterm of an input or output, and
unguarded otherwise. The authors in [21] impose the restriction that no assertion may occur unguarded
in the processes in a conditional expression case ϕ̃ : P̃, nor in a replicated process !P, nor in processes
spawned by a run M operator. We say that processes conforming to this criterion are well-formed, and we
shall only consider well-formed processes in the following.

2.2 Reduction semantics

Unlike previous presentations such as [4, 21] we here use reduction semantics, as this will simplify our
account of the generic type system. As in other reduction semantics for process calculi, we introduce a
notion of structural congruence, ≡S, as the least congruence on process terms containing α-equivalence,
the commutative monoidal rules for parallel composition, and the rule for scope extrusion:

[S-SCOPE] (νx : T )P | Q≡S (νx : T )(P | Q) if x#Q
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[E-RES]
ΨB P≫P′

ΨB (νx : T )P≫(νx : T )P′
(x#Ψ)

[E-STRUCT]
P≡S P′

ΨB P≫P′

[E-CASE]
Ψ  ϕi

ΨB case ϕ̃ : P̃≫Pi

[E-RUN]
Ψ M⇐ P

ΨB run M≫P

[E-PAR]
Ψ⊗FΨ(Q)B P≫P′

ΨB P | Q≫P′ | Q
(Fν(Q)#Ψ,Fν(P) ,P) [E-REP]

ΨB !P≫P | !P

[R-COM]
Ψ M •←→ K

ΨBMN[x̃ := L̃].P | K(λ x̃ : T̃ )N.Q→ P | Q[x̃ := L̃]

[R-EVAL]
ΨB P≫Q ΨB Q→ P′

ΨB P→ P′
[R-RES]

ΨB P→ P′

ΨB (νx : T )P→ (νx : T )P′
(x#Ψ)

[R-PAR]
Ψ⊗FΨ(Q)B P→ P′

ΨB P | Q→ P′ | Q
(Fν(Q)#Ψ,Fν(P) ,P)

Figure 1: Reduction semantics for the HOΨ-calculus

We introduce a parametrised, asymmetric evaluation relation · B ·≫ · to properly handle case
expressions and unfolding of run M terms, both of which may depend on the assertions currently in effect.
It replaces the usual structural congruence rule in the reduction semantics to ensure that neither of these
operations may be reversed by a reverse reading of the rules, whilst including ≡S for the other kinds
of process rewrites where symmetry is unproblematic. The reduction relation · B · → ·, including the
evaluation relation, is then given by the rules in figure 1, and reductions are thus on the form ΨB P→ P′,
i.e. relative to a global Ψ containing the assertions currently in effect.

New assertions LΨM may also appear in the syntax and therefore become enabled during the evolution
of the program. These are collected by the frame function FΨ(P) in the [R-PAR] and [E-PAR] rules; and
likewise are any new names (νx : T ) collected by Fν(P), used in the side conditions to ensure freshness
of x w.r.t. Ψ and the process in parallel composition. The relevant clauses for FΨ(P) and Fν(P) are:

FΨ(P | Q) ,FΨ(P)⊗FΨ(Q)

FΨ((νx : T )P) ,FΨ(P)
FΨ(LΨM) ,Ψ

Fν(P | Q) ,Fν(P)∪Fν(Q)

Fν((νx : T )P) , {x}∪Fν(P)

and with all remaining clauses of the forms FΨ(P), 1 and Fν(P), /0 respectively.

3 The generic type system

The goal of our generic type system is to be able to instantiate it such that we obtain a sound type system
for a given HOΨ-calculus instance. As in other type systems, we need to describe when processes
are well-typed, but since we in the HOΨ-calculus also have terms, conditions and assertions, we shall
therefore also need a way to decide when they are well-typed. However, since these nominal datatypes are
parameters to the HOΨ-calculus, we cannot specify a set of type rules for them, as we can with processes.
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Instead, such rules must likewise be provided as parameters to create an instance of the generic type
system, and these rules must then satisfy a number of requirements, here denoted instance assumptions,
which we shall need in the proof for subject reduction. We describe them in detail below, in section 3.3.

3.1 Types and type judgements

Types can contain names, and we assume that the set of types Types is a nominal datatype ranged over
by T ; however, we do not allow substitution of terms for names inside types.1 Furthermore, we need
the concept of a type environment Γ to record the types of free names; thus Γ is a partial function with
finite support Γ : N ⇀ Types. We can think of Γ as a set of tuples Γ⊆N ×Types where (x,T ) ∈ Γ if
Γ(x) = T , and we write Γ,x : T to denote the type environment Γ extended by the name x with type T .

As usual, our type judgments will be relative to a type environment Γ. However, due to the presence
of assertions which may affect the well-typedness of a process, term, condition, or indeed an assertion,
our type judgments must also be relative to a global assertion Ψ. As it may be composed with assertions
appearing in a process, we shall therefore also need the notion of a specialisation preorder on assertions.
We say that Ψ1 ≤Ψ2 if there exists a Ψ such that Ψ2 = Ψ1⊗Ψ, and n(Ψ1)⊆ n(Ψ2).

Given the above, type judgements for processes will be of the form Γ,Ψ ` P. As previously mentioned,
the type rules for terms, assertions and conditions will depend on how these parameters are defined for a
specific instance of the HOΨ-calculus, and they must therefore be provided as part of the instantiation of
the generic type system. However, like type judgments for processes, they must also be relative to a type
environment Γ and a global Ψ, so we require that they be of the form Γ,Ψ `J , where J is defined by
the formation rules:

J ,M : T
∣∣ ϕ

∣∣ Ψ

3.2 Channel compatibility

When we type an input or output prefix term, the type of the subject M and the type of the object (the
term transmitted on channel M) must be compatible w.r.t. a compatibility predicate " that describes
which types of values can be carried by channels of a given types. Thus, T1" T2 denotes that channels
of type T1 can carry terms of type T2, and we require that the set of types be defined such that this holds.
Furthermore, we distinguish between output compatibility"+, and input compatibility"−, and we write
T1" T2 if both T1"+ T2 and T1"− T2.

As an example, consider the channel types in the sorting system by Milner [19]. Here, a name has type
ch(T ), if it is a channel that can be used to transmit names of type T , so in that case we would therefore
require that ch(T )" T .

In our definition of compatibility, we assume given a subtype ordering ≤ on types. If T1 ≤ T2, then a
term of T1 can be used wherever a term of type T2 is needed. Thus we require the usual subsumption rule
for types, namely that a term of a given type T1 can also be typed with a supertype T2:

[SUBSUME]
Γ,Ψ `M : T1 T1 ≤ T2

Γ,Ψ `M : T2

The compatibility predicate for a type T must further satisfy the following requirements w.r.t. the subtyping
relation:

1As we shall see in our examples of instantiations of the type system, a type T may itself contain a type environment Γ, which
thus may contain names with type annotations. By this requirement, we disallow that such names may be substituted for terms.
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[T-ENV-WEAK] Γ,Ψ `J =⇒ Γ,x : T,Ψ `J

[T-ENV-STRENGTH] Γ,x : T,Ψ `J ∧ x 6∈ n(J ) =⇒ Γ,Ψ `J

[T-COMP-TERM] Γ,Ψ `M[x̃ := L̃] : F(T̃ ) =⇒ Γ,Ψ ` L̃ : T̃

[T-ASS-WEAK] Γ,Ψ `J ∧Ψ≤Ψ
′∧n(Ψ′)⊆ dom(Γ) =⇒ Γ,Ψ′ `J

[T-WEAK-CHANEQ] Ψ M1
•←→M2 =⇒ Ψ⊗Ψ

′ M1
•←→M2

[T-SUBS] Γ,Ψ ` L̃ : T̃ ∧Γ, x̃ : T̃ ,Ψ `J =⇒ Γ,Ψ `J [x̃ := L̃]

[T-EQUAL] Γ,Ψ `M : T ∧Ψ M •←→ N =⇒ Γ,Ψ ` N : T

[T-ENV-CLAUS] Γ,Ψ `M : T ∧T x Γ
′ =⇒ dom(Γ)⊆ dom(Γ′)

[T-WEAK-ASS-CLAUS] Ψ M⇐ P∧Γ,Ψ `M⇐ P∧Ψ≤Ψ
′∧n(Ψ)⊆ Γ =⇒ Ψ

′ M⇐ P

[T-SUBS-RUN] Γ,Ψ `M : T ∧T x Γ
′∧Ψ M[x̃ := L̃]⇐ P =⇒ Γ

′,Ψ ` P

Figure 2: Instance assumptions for the generic type system.

1. If a channel type can carry two distinct types, then the types have to be related by the subtype
ordering. That is, if d ∈ {+,−}, T "d T1 and T "d T2 with T1 6= T2, then T1 ≤ T2 or T2 ≤ T1.

2. Output compatibility is contravariant. That is, if T "+ T2 and T1 ≤ T2, then also T "+ T1. This
requirement mirrors that of [22]. If T1 ≤ T2, then a term of type T1 can be used where ever a term of
type T2 is needed, and a channel that outputs terms of the more general type T2 can therefore be
used, where ever a channel of the specialized type T1 is required.

3. Input compatibility is covariant. That is, if T "− T1 and T1 ≤ T2, then also T "− T2. This
requirement, too, mirrors that of [22]. Here, if T1 ≤ T2, a channel that accepts terms of type T1 can
also be used to accept terms of type T2.

3.3 Instance assumptions

In order to ensure soundness, we introduce a collection of assumptions, given in Figure 2, that must hold
for an instance of the generic type system to be valid. They pertain to the type judgments Γ,Ψ `J for
terms, conditions and assertions, which, as previously mentioned, we cannot specify in advance, but on
which we must nevertheless impose certain restrictions to allow us to prove subject reduction for the
generic type system. Specifically, the assumptions will guarantee that the properties of weakening and
strengthening and the substitution lemma will hold for any instance that satisfies these assumptions.

Firstly, we require every instance of our generic type system to satisfy certain natural requirements
about the use of type environments Γ; these are similar to those of Hüttel in [12]. The assumptions
[T-ENV-WEAK], [T-ENV-STRENGTH], [T-COMP-TERM] and [T-ASS-WEAK] are the usual requirements of
weakening and strengthening; these must hold for type environments as well as for assertions. [T-WEAK-
CHANEQ] tells us that channel equivalence is closed under weakening of assertions. The assumptions [T-
SUBS] and [T-EQUAL] tell us that typability must be invariant under substitution and channel equivalence.

Other assumptions are particular to the higher-order setting and thus new. Here, one particularly
important question is which type environment Γ a process P should be typed in relation to, if P is
transmitted using the higher-order process mobility construct, with M as a handle for P. To solve this,
we write T x Γ to express that if M is a handle for some process P and has type T , then we can extract
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[T-IN]

T " T ′

Γ,Ψ `M : T

Γ, x̃ : T̃ ,Ψ `N : T ′

Γ, x̃ : T̃ ,Ψ `P

Γ,Ψ `M(λ x̃ : T̃ )N.P
[T-RUN]

T x Γ
′

Γ,Ψ `M : T

Ψ M⇐ P

Γ
′,Ψ `P

Γ,Ψ ` run M
[T-OUT]

T " T ′

Γ,Ψ `M : T

Γ,Ψ `N : T ′

Γ,Ψ `P

Γ,Ψ `MN.P

[T-PAR]
Γ,Fν(Q) ,Ψ⊗FΨ(Q) ` P Γ,Fν(P) ,Ψ⊗FΨ(P) ` Q

Γ,Ψ ` P | Q

(
Fν(P)#Ψ,Fν(Q) ,Q

Fν(Q)#Ψ,Fν(P) ,P

)

[T-NEW]
Γ,x : T,Ψ ` P

Γ,Ψ ` (νx : T )P
(x#Ψ) [T-NIL]

Γ,Ψ ` 0 [T-REPL]
Γ,Ψ ` P

Γ,Ψ ` !P

[T-CASE]
Γ,Ψ ` ϕi Γ,Ψ ` Pi

Γ,Ψ ` case ϕ̃ : P̃
[T-ASSERT]

Γ,Ψ `Ψ′

Γ,Ψ ` LΨ′M

Figure 3: Type judgements for processes

the type environment Γ for typing P from the type T of the handle M. This is thus another requirement
we impose on how the set of types must be defined. As a simple example, suppose that every type of a
term would consist of a channel component and a run type component (T,Γ); then we could define the x
relation to be (T,Γ)x Γ.

The new assumptions are as follows:

• The assumption [T-ENV-CLAUS] tells us that that the type environment extracted from the type of a
handle M must mention at least the free names of M.

• The assumption [T-WEAK-ASS-CLAUS] is necessary to prove weakening of assertion environments;
i.e. by allowing unused assertions to be added. It states that if M is a handle for P, then M must still
remain a handle for the same process P if the assertion environment is weakened.

• The assumption [T-SUBS-RUN] is needed to ensure that typability is preserved by substitution also
in the higher-order case. It states that if a term M becomes a handle for a new process P after a
substitution, then the new process must still be well-typed in the environment we obtain from M’s
type T .

3.4 Type rules for processes

Unlike the aforementioned type rules for terms, conditions and assertions, the type rules for processes are
common to every instance. As in [12], we only consider type judgements that are well-formed; that is, if
n(Ψ)∪n(P)⊆ dom(Γ), so every name mentioned in the term or process in the judgement is bound in the
type environment. The rules are given in Figure 3; they are mostly similar to those of [12], except for the
rule [T-RUN] used to type the run M construct, which is the only construct that is new to the higher-order
setting.

We shall comment on the rules in some detail: In the rule for input, [T-IN], the subject M must have
type T , which must be compatible with the type T ′ according to the aforementioned compatibility relation
". The pattern N must then have this type T ′, given the assumptions that the variables x̃ have types T̃ ,
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and lastly, the continuation P must be well-typed given these assumptions. The output rule, [T-OUT] then
mirrors the input rule as usual. In both cases, the type judgment Γ,Ψ `M : T appears in the premise, and
as previously mentioned, the rules for this judgment must be provided as part of the instantiation.

In the rule [T-PAR] we require that for a parallel composition P | Q to be typable, P and Q must
both be typable within type environments and assertions that add information extracted from the other
component; thus we here overload the function Fν(·) for (νx : T )P to mean Fν((νx : T )P), x : T,Fν(P).
This is a natural requirement, since P can, among other things, mention handles for processes established
in Q. The side condition then asserts that all new names declared in P, using the (νx : T ) construct, must
be fresh for Ψ and both the free and new names occurring in Q, and vice versa for Q, similar to the side
conditions for the [E-PAR] and [R-PAR] rules in the semantics.

Likewise in the rule [T-NEW], we require that the new name x must be fresh for Ψ, again mirroring the
side conditions in the corresponding semantic rules [E-RES] and [R-RES], and P must then be well-typed
given the assumption that x has type T .

The rules for the nil process and replication, [T-NIL] and [T-REPL] are as usual, and the rule for
case ϕ̃ : P̃ is also quite straightforward. Here, we write Γ,Ψ ` ϕi and Γ,Ψ ` Pi to say that every condition
ϕi in the list of conditions ϕ̃ , and every process Pi in the list of processes P̃, must be well-typed w.r.t. the
same Γ and Ψ. As in the cases for input and output above, the rules for concluding Γ,Ψ ` ϕi must be
provided as part of the instantiation; and likewise for concluding Γ,Ψ `Ψ′, which appears in the premise
of the [T-ASSERT] rule.

Lastly, since a key motivation for the present type system is the ability to type higher-order behaviour,
we must be able to describe what can happen when a handle M⇐ P is released by a run M. This is
handled by the rule [T-RUN], which states that run M is well-typed for Γ and Ψ if M is a handle for P in
Ψ and P is well-typed in the environment Γ′ extracted from M, using the aforementioned x relation.

4 Properties of the generic type system

Type systems normally ensure two properties of well-typed programs: a subject reduction property
guarantees that a well-typed program remains well-typed under reduction; and a safety property ensures
that if a program is well-typed then a certain safety predicate holds. The latter will depend on the
particular instance of the type system and must therefore be shown individually, for each instance, but
subject reduction can be shown for the generic type system. We establish this through a series of lemmas,
beginning with the usual results of weakening and strengthening of the type environment:

Lemma 1 (Weakening and strengthening).
• If Γ,Ψ ` P then Γ,x : T,Ψ ` P

• If Γ,x : T,Ψ ` P and x#P,Ψ then Γ,Ψ ` P

A similar result holds for assertions. Any process that is well-typed remains well-typed after a
composition of any assertion in the assertion environment, so long as all names in the new assertion
environment are in the support of the type environment:

Lemma 2 (Assertion environment weakening). If Γ,Ψ ` P, n(Ψ′)⊆ dom(Γ) and Ψ≤Ψ′ then Γ,Ψ′ ` P.

This lemma is necessitated by the syntax of the HOΨ-calculus itself, which allows guarded assertions
in continuations to become unguarded after a reduction. It is in the proof of this result that the instance
assumptions [T-ASS-WEAK], [T-ENV-CLAUS] and [T-WEAK-ASS-CLAUS] become important.

As we here use reduction semantics with an asymmetric evaluation relation to handle unfolding of
case and run expressions, we shall also need two results that describe how frames can evolve during
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evaluation. The former, given in Lemma 3 is used in the proof of subject reduction (Theorem 1) to find
any new assertions that may have become composed onto the pre-existing assertion environment after
a reduction. The latter, given in Lemma 4 states that the assertions in a process are unaltered by an
evaluation: This is mainly ensured by the criterion for well-formed processes, asserting that all processes
under replication or in a case expression, and all processes spawned by a run M operator, may not contain
unguarded assertions. The proof then establishes that the property of being assertion-guarded is preserved
by the evaluation relation≫.

Lemma 3 (Frame post reduction). If ΨB P→ P′ then FΨ(P)≤FΨ(P′)

Lemma 4 (Frame post evaluation). If ΨB P≫P′ then FΨ(P) = FΨ(P′).

The above lemmas can now be used to prove that a well-typed process remains well-typed after an
evaluation:

Lemma 5 (Subject evaluation). If Γ,Ψ ` P∧ΨB P≫P′ then Γ,Ψ ` P′.

Lastly, we need a standard result of substitution, which states that a well-typed process remains
well-typed after a well-typed substitution. The proof of this lemma requires the instance assumptions
[T-SUBS] and [T-SUBS-RUN].

Lemma 6 (Subject substitution). If Γ, x̃ : T̃ ,Ψ ` P and Γ,Ψ ` L̃ : T̃ then Γ,Ψ ` P[x := L̃].

This, at last, gives us our main result:

Theorem 1 (Subject reduction). If Γ,Ψ ` P∧ΨB P→ P′ then Γ,Ψ ` P′.

Outline. Induction in the reduction rules. In many of the cases, the instance assumptions are needed.
An example is that in the case of the [R-COM] rule, the substitution assumption [T-SUBS] is needed to
ensure that the substitution of the received message can be well-typed and the weakening assumptions
[T-ENV-WEAK] and [T-ASS-WEAK] are needed to ensure that the resulting process can be typed within the
same type environment as before.

The subject reduction theorem holds for all valid instances of the generic type system. This is all
that we can guarantee in our generic setting, as a notion of safety will also depend on a definition of
runtime error, which will be specific to each instance. Safety must therefore be proved individually for
each instance.

5 Instances of the generic type system

We now show how our generic type system can be applied to provide sound type systems for higher-order
process calculi. We first consider type systems for a version of the HOπ-calculus [24], and then a type
system for the ρ-calculus [18] introduced by Meredith and Radestock.

5.1 The Higher-Order π-calculus

Parrow et al. [21] give several examples of HOΨ-instances with process mobility: for example, by
including the set of processes PΨ in T, a process P may appear as the object of an output. If for all
P ∈PΨ.P⇐ P is entailed by all assertions, a language similar to Thomsen’s Plain CHOCS [27] is
obtained, and by further allowing both names and processes to appear as objects of an output, we get a
simplified version of Sangiorgi’s HOπ-calculus, similar to the one described in [20]. We set the parameters
for T,C and entailment thus:
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T ,N ∪PΨ

C ,
{

a •←→ b | a,b ∈N
}
∪
{

P⇐ Q | P,Q ∈PΨ

}
∪{>}

 ,
{
(1,a •←→ a) | a ∈N

}
∪{(1,P⇐ P) | P ∈PΨ }∪{(1,>)}

and (initially) with A , { /0}, ⊗ , ∪ and 1 , /0. We also include the symbol > in C to represent a
condition that is entailed by all assertions, and use that for every condition in a case ϕ̃ : P̃ construct to
obtain a representation of non-deterministic choice. This parameter setting obviously allows unwanted
processes such as

aP.0 | a(λx)x.xb.0→ Pb.0

where the process P is substituted for the subject x in the output construct xb.0 after a reduction step.
However, we can now use our generic type system to create an instantiation that will disallow such
possibilities. We define the types of terms as:

T ∈ Types ::= ch(T )
∣∣ drop(Γ)

The behaviour of channels and first-order variables is captured in the same manner as the simple sorting
system for the π-calculus [19]. Process terms and higher-order variables will have the type drop(Γ),
where the processes are well-typed in Γ. Type errors can then be expressed as a simple error predicate,
with

Γ,Ψ `M : drop(Γ′)
Γ,Ψ `M(λx)x.Q→WRONG

Γ,Ψ `M : ch(T )
Γ,Ψ ` run M→WRONG

as the most relevant rules. We now define the instance parameters:

[T-CON]
Γ,Ψ ` >

[T-CHA]
ch(T )" T

[T-ASS]
P : drop(Γ) ∈Ψ′

Γ,Ψ ` LΨ′M

[TERM1]
Γ(x) = ch(T )

Γ,Ψ ` x : ch(T )

[T-END]
drop(Γ)x Γ

[TERM2]
P : drop(Γ′) ∈Ψ Γ′,Ψ ` P

Γ,Ψ ` P : drop(Γ′)

Here we let the type environment in a drop type be the same type environment that is exposed to
the processes, when it is defined as an object in an output prefix, i.e. if we have Γ,Ψ ` aP, we want
Γ,Ψ ` P : drop(Γ). In this way, when we run the process, we can recall the bound variables and their
types at the time when the process was sent. To implement this, we shall use the (previously unused)
assertions Ψ as type environments for processes. Thus we redefine A as follows:

A,℘
({

P : T
∣∣ P ∈P ∧T ∈ Types

})
We can now show safety for the type system instance:

Theorem 2. If Γ,Ψ ` P then P 6→WRONG.

The proof is by induction in the rules of Γ,Ψ ` P. Details are given in [2].

5.2 A type system for termination

We now turn our attention to an instance of the generic type system that captures a liveness property.
Demangeon et al. [7] present a type system for checking termination in variants of the HOπ-calculus: for
any well-typed process P we have that P→∗ P′ 6→. These authors study HOpi2, a higher-order process
calculus in which only processes can be communicated. The syntax of HOpi2 is given by the formation
rules
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P ::= 0
∣∣ a(X).P

∣∣ a<Q>.P
∣∣ P1 | P2

∣∣ (νa : T )P
∣∣ X

In this type system, processes P are typed with a type n, where n is a natural number called the level
of P. Names a have types of the form chk(�), where � denotes the type of processes and k is a natural
number, the level of a. This is interpreted as saying that a is only used to carry processes whose level n is
less than k. Type judgements are of the form Γ ` P : n. The type rules, shown below, ensure that the level
of processes that are sent on any channel a will be strictly smaller than that of a.

[IN]

Γ,X : (k−1) `P : n

Γ(a) = chk(�)
Γ ` a(X).P : n

[OUT]

Γ ` Q : m Γ ` P : n

Γ(a) = chk(�) m < k
Γ ` a<Q>.P : max(k,n)

[NIL]
Γ ` 0 : 0

[NEW]
Γ,a : chk(�) ` P : n
Γ ` (νa : T )P : n

[PAR]
Γ ` P : m Γ ` Q : n

Γ ` P | Q : max(m,n)
[VAR]

Γ(X) = n
Γ ` X : n

It is straightforward to represent the HOpi2 calculus as an instance of the Higher-Order Ψ-calculus,
using a variant of the parameter setting described in section 5.1. In order to represent the type system, we
introduce assertions of the form

Ψ ::= n
∣∣ n−

∣∣ n+

We use assertions to indicate in which way a channel is to be used; an input use can only be typed
in the presence of an assertion n− and output use must be used with an assertion n+. We have that
n⊗n− = n−⊗n = n; that n⊗n+ = n+⊗n = n; and that n1⊗n2 = max(n1,n2). We distinguish explicitly
between input uses (chk

−(�)) and output uses (chk
+(�)) of channels:

T ∈ Types ::= n
∣∣ chk

−(�)
∣∣ chk

+(�)
and we let chn(�)x (n−1) and chn(�)x k whenever k < n. Type judgements are of the form Γ,m`M : T
for terms and Γ,m ` P for processes. We represent the judgement Γ ` P : n as Γ,n ` P. The type rules for
channels are thus:

[CH-IN]
Γ(a) = chk

−(�)
Γ,n− ` a : chk

−(�)
[CH-OUT]

Γ(a) = chk
+(�)

Γ,n+ ` a : chk
+(�)

5.3 The ρ-calculus

The Reflective Higher-Order calculus of Meredith and Radestock [18] is less well-known than e.g. CHOCS
and HOπ , so we recall it in some detail. Unlike other calculi, the ρ-calculus does not assume an infinite
set of names: instead, names and processes are both built from the same syntax, so names are structured
terms, rather than atomic entities. The syntax for both processes and names is given by the formation
rules:

P ::= 0
∣∣ P | P

∣∣ x〈|P|〉
∣∣ x(y).P

∣∣ qxp
x,y ::= pPq

where the syntax for names is simply pPq, pronounced quote P. Names can be passed around as in the
π-calculus, as well as un-quoted (called drop), and thus higher-order behaviour becomes an inherent
property of the calculus, rather than just an extension on top of an already computationally complete
language.
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The parallel, and the input construct x(y).P, are similar to their π-calculus counterparts. The lift
operation, x〈|P|〉 is an output construct that quotes the process P, thereby creating the name pPq, and sends
it out on x; thus the calculus can generate new names at runtime without the need of a ν-operator. The
converse of lift is the drop operation, qxp: it is a request to run the process within a name, by removing
the quotes around it. This is not performed by a reduction, but rather by a form of substitution

qxp
{
pPq/x′

}
= P if x≡N x′

where the entire process qxp is replaced with the process P found within the substituted name, similar
to how process variables are replaced by processes in e.g. HOπ . Notably, this means that if x is a free
name, then qxp will be a deadlock, since x can never be touched by a substitution at runtime. Otherwise,
substitution is the standard, capture-avoiding substitution of names for names, and note in particular that
substitution does not recur into processes under quotes; i.e. pPq{x/y}= pPq if y 6≡N pPq regardless of
whether the name y exists somewhere within pPq.

The reduction semantics is given by the standard rules for parallel composition and structural congru-
ence (as in e.g. the π-calculus) plus the following rule for communication:

[ρ -COM]
x1 ≡N x2

x1(y).P | x2 〈|Q|〉 → P{pQq/y}
One subtlety of this calculus concerns the notion of structural congruence, ≡. It is the usual least

congruence on processes, containing α-equivalence, ≡α , and the abelian monoid rules for parallel
composition with 0 as the unit element. However, with structured terms as names, ≡α in turn requires a
notion of name equivalence, written ≡N , that is also used for comparing subjects in the [ρ -COM] rule
above. It is defined as the smallest equivalence relation on quoted processes, closed forward under the
rules:

[ρ -NAMEEQ1]
P≡ Q

pPq≡N pQq
[ρ -NAMEEQ2]

pqxpq≡N x
This yields a mutual recursion between name equivalence, structural congruence and α-equivalence,

albeit one that always terminates as proved in [18], because both the sets of names and processes are
well-founded; their smallest elements being 0 (the inactive process) and p0q respectively.

5.3.1 Instantiation as a Ψ-calculus

The ρ-calculus is interesting in the present setting, because it cannot be encoded in the π-calculus in a
way that satisfies a number of generally accepted criteria of encodability, similar to those of [10]. This has
been established by one of the authors in [17].

The key reason for this impossibility lies in the ability of the ρ-calculus to generate new, free, and
hence observable, names at runtime, whilst this is not possible in the π-calculus; and, dually, its use of
name equivalence, which will equate more names than strict syntactic equality. However, the ρ-calculus
can be represented in the HOΨ-framework as follows. We define

T ,N ∪{pPq | P ∈PΨ }∪{〈|pPq|〉 | P ∈PΨ }
C ,

{
M •←→ N | M,N ∈T

}
∪ {P1 ≡ P2 | P1,P2 ∈PΨ }

∪ {M⇐ P | M ∈T∧P ∈PΨ }

and (initially) with A , { /0}, ⊗ , ∪ and 1 , /0 as before. Note the two different kinds of terms: we
use terms of the form pPq to represent a statically quoted name in the ρ-calculus, which can never be
dropped and never substituted into. Conversely, we use 〈|pPq|〉 for the equivalent of the object of a x〈|P|〉,
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which in the ρ-calculus is a process that therefore can be substituted into, and which later may be dropped.
Furthermore, we shall assume that all bound names are implemented as distinct atomic names x ∈N ;
this is a trivial conversion, since their structure has no semantic meaning in the ρ-calculus. The encoding
is then given by the translation:

J0K = 0
JP1 | P2K = JP1K | JP2K
Jn(x).PK = JnK(λx)〈|x|〉 .JPK

Jn〈|P|〉K = JnK〈|pJPKq|〉 .0

JqxpK = run x
JqpPqpK = 0

JpPqK = pN JPKq
JxK = x

where N JPK is similar to JPK except that N JqpPqpK = run pN JPKq.
Note the two translations of drop for processes: the process qpPqp has no reduction in the ρ-calculus

and is therefore behaviourally equivalent to 0; but its counterpart run pPq might have a reduction,
since run M is not evaluated eagerly in the HOΨ-calculus. For the purpose of preserving operational
correspondence, we therefore translate the drop of a free name pPq as 0, and the drop of an atomic name
x as run x, since atomic names are bound by construction. However, we cannot do this within names,
since name equivalence is determined by the structure, rather than the behaviour of the process within
quotes. Thus we use the second level translation N JPK for statically quoted names, since these can never
be dropped.

Lastly, we shall define entailment such that it contains the rule Ψ  pPq⇐ P, making every term pPq
a handle for the process P within, to mirror the duality of names and processes in the ρ-calculus. We
furthermore include the following rules for entailment of channel equivalence •←→, mirroring the rules
[ρ -NAMEEQ1] and [ρ -NAMEEQ2] for concluding name equivalence:

[CHANEQ1]
Ψ  prun Mq •←→M

[CHANEQ2]
Ψ  P1 ≡ P2

Ψ  pP1q
•←→ pP2q

including the symmetric and transitive closure of •←→. We then let the entailment relation for conditions of
structural congruence ≡ be defined such that ≡ contains α-equivalence; that (P/≡, | ,0) is an abelian
monoid; and containing the four congruence rules derived from the above translation:

[PAR]
Ψ  P1 ≡ P2

Ψ  P1 | R≡ P2 | R
[IN]

Ψ M1
•←→M2 Ψ  P1 ≡ P2

Ψ M1(λx1)〈|x1|〉 .P1 ≡M2(λx2)〈|x2|〉 .P2

[RUN]
Ψ M1

•←→M2

Ψ  run M1 ≡ run M2
[OUT]

Ψ M1
•←→M2 Ψ  P1 ≡ P2

Ψ M1 〈|pP1q|〉 ≡M2 〈|pP2q|〉
This translation is sound and complete w.r.t. operational correspondence up to a reasonable notion of

behavioural equivalence ':

Theorem 3 (Operational correspondence). Let ' be a notion of behavioural equivalence for processes
of the HOΨ-instance of the ρ-calculus, that includes at least structural congruence and the axiom
run pJPKq' JPK. Then P→ P′ ⇐⇒ JPK→' JP′K.

Outline. The proof requires a number of steps. First we show that the translation preserves name
equivalence; i.e. x1 ≡N x2 ⇐⇒ 1  Jx1K •←→ Jx2K by induction in the rules of name equivalence and
structural congruence. Then we show that substitution can be moved out of the translation; i.e. JPσK'
JPKJσK and 1  J(n)σK •←→ (JnK)JσK, where σ , {pQq/x} and JσK , [JxK := JpQqK], by induction in
the clauses of the translation function. This step relies on our assumption about '. Lastly we can show
soundness and completeness w.r.t. operational correspondence by induction in the two semantics. In both
cases, the interesting clauses are the communication rules, which require the aforementioned substitution
and name equivalence preservation results. Details are available in [2].
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5.3.2 A type system for reflection

Other higher-order calculi such as CHOCS and HOπ can be encoded in the π-calculus and may thus be
typable through translation, but as we noted above there cannot be such an encoding of the ρ-calculus into
the π-calculus. Thus, we cannot hope to create a type system for the ρ-calculus by adapting an existing
first-order type system. In fact, we are not aware of any type system for the ρ-calculus, so we shall now
create one by instantiating our generic type system. We let types for names be of the form

T ∈ Types ::= 〈T,Γ〉
∣∣ 〈B,Γ〉

where B is a basis type, and Γ is a type environment representing the possibility of executing the process
within the name. Furthermore we shall use assertions as type environments for processes as we previously
did with HOπ , so we update the definition accordingly.

A,℘({pPq : T | P ∈PΨ∧T ∈ Types}∪{〈|pPq|〉 : T | P ∈PΨ∧T ∈ Types})

with assertion unit and composition as 1 , /0 and ⊗ , ∪ respectively. Note that by construction ∀x ∈
N .x#pPq, so substitution can only occur in terms of the form 〈|pPq|〉 : T . We then append an assertion to
the encoding of input and output:

JpRq〈|P|〉K, pJRKq〈|pJPKq|〉 .0 | L
{
pJRKq : T,〈|pJPKq|〉 : T ′

}
M

JpRq(x).PK, pJRKq(λx)〈|x|〉 .JPK | L{pJRKq : T }M

Lastly, we also need to take the type information into account when concluding channel equivalence, to
ensure that two terms with initially dissimilar types cannot become channel equivalent after a substitution.
Thus we redefine the entailment rule [CHANEQ2] as follows:

[CHANEQ2]
Γ,Ψ  P1 ≡ P2 Γ,Ψ ` pP1q : T ⇐⇒ Γ,Ψ ` pP2q : T

Γ,Ψ  pP1q
•←→ pP2q

Now we can instantiate the generic type system by defining the instance parameters:

[TERM-1]
pPq : 〈T,Γ′〉 ∈Ψ Γ′,Ψ ` P

Γ,Ψ ` pPq : 〈T,Γ′〉
[TERM-2]

〈|pPq|〉 : 〈T,Γ′〉 ∈Ψ Γ′,Ψ ` P
Γ,Ψ ` 〈|pPq|〉 : 〈T,Γ′〉

[T-ASS]
P : T ∈Ψ′ =⇒ T x Γ

Γ,Ψ ` LΨ′M
[T-CHA] 〈T,Γ〉" T [T-END] 〈T,Γ〉x Γ [TERM-3]

Γ(x) = T
Γ,Ψ ` x : T

Note in particular the rules [TERM-1] and [TERM-2]: these rules say that the process within a
term must be well-typed w.r.t. the type environment in the second component of its type, and that the
process-type pair must be represented in the assertion.

Since we include [CHANEQ2] in order to properly simulate the ρ-calculus, all names that eventually
become equal during reduction must have the same type. This amounts to requiring that the programmer
must know in advance all the names that will be generated by the program during execution. We have yet
to find a type system for the ρ-calculus without this constraint.

6 Conclusions and future work

We have presented a generic type system for higher-order Ψ-calculi, which extends a previous type system
for first-order Ψ-calculi. Like its predecessor, type judgements for processes are of the form Γ ` P and are
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given by a fixed set of rules. Terms, assertions and conditions are assumed to form nominal datatypes, and
only a few requirements on type rules are imposed.

The generic type system allows us to identify what should be required of type systems for higher-
order process calculi that are instances of the Ψ-calculus; these requirements take the form of instance
assumptions. Thus it may also yield important insights into the general structure of type systems for
higher-order calculi, and it may therefore also be taken as a starting point for developing more advanced
type systems for any language that can be shown to be an instance of higher-order Ψ-calculi.

Our type system satisfies a general subject-reduction property and can be instantiated to yield type
systems with a notion of channel safety for higher-order calculi such as CHOCS, HOπ and also the
ρ-calculus. The latter in particular is interesting, as there is no valid encoding of the ρ-calculus into
the π-calculus, and thus we cannot capture higher-order typability in a purely first-order setting. This
establishes that our generic type system is richer than first-order type systems. However, typability in the
ρ-calculus comes at the cost of necessitating that we include type information directly in the definition of
channel equivalence. This amounts to saying that the programmer must know (and specify) in advance the
type of all names that will be generated during the course of program evaluation. We do not know whether
it is possible to create other (non-trivial) type systems for the ρ-calculus without such a restriction.

There are two important lines of future work in this direction: In [13], Hüttel extends the generic
type system to consider more general notions of subtyping and resource awareness, and in [14] he also
considers session types for psi-calculi. Both of these extensions are formulated for first-order Ψ-calculi
only, and they would therefore be relevant to also consider in the higher-order setting.
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[14] Hans Hüttel (2016): Binary Session Types for Psi-Calculi. In Atsushi Igarashi, editor: Programming Languages
and Systems, Springer International Publishing, Cham, pp. 96–115, doi:10.1007/978-3-319-47958-3 6.

[15] Atsushi Igarashi & Naoki Kobayashi (2004): A generic type system for the Pi-calculus. Theoretical Computer
Science 311(1), pp. 121–163, doi:10.1016/S0304-3975(03)00325-6.

[16] Barbara König (2005): Analysing input/output-capabilities of mobile processes with a generic type system.
The Journal of Logic and Algebraic Programming 63(1), pp. 35–58, doi:10.1016/j.jlap.2004.01.004. Special
issue on The pi-calculus.

[17] Stian Lybech (2022): Encodability and Separation for a Reflective and Higher-Order Language. Elec-
tronic Proceedings in Theoretical Computer Science 368, Open Publishing Association, pp. 95–112,
doi:10.4204/EPTCS.368.6.

[18] L.G. Meredith & Matthias Radestock (2005): A Reflective Higher-order Calculus. Electronic Notes in
Theoretical Computer Science 141(5), pp. 49 – 67, doi:10.1016/j.entcs.2005.05.016. Proceedings of the
Workshop on the Foundations of Interactive Computation (FInCo 2005).

[19] Robin Milner (1993): The Polyadic π-Calculus: a Tutorial. In: Logic and Algebra of Specification, Springer
Berlin Heidelberg, pp. 203–246, doi:10.1007/978-3-642-58041-3 6.

[20] Joachim Parrow (2001): An introduction to the π-calculus. In: Handbook of Process Algebra, Elsevier, pp.
479–543, doi:10.1016/B978-044482830-9/50026-6.

[21] Joachim Parrow, Johannes Borgström, Palle Raabjerg & Johannes Åman Pohjola (2014): Higher-order
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We present an alternative translation from CCS to an extension of CSP based on m-among-n syn-

chronisation (called CSPmn). This translation is correct up to strong bisimulation. Unlike the g-star

renaming approach ([4]), this translation is not limited by replication (viz., recursion with no nested

parallel composition). We show that m-among-n synchronisation can be implemented in CSP based

on multiway synchronisation and renaming.

1 Introduction

In [4], the authors present a translation from CCS [1] into CSP [22, 20], ccs2csp, which is correct up to

strong bisimulation (cf. [10]). This means that a CCS process is strong bisimilar to its CSP translation.

ccs2csp has been implemented in Haskell (cf. [23]), which allows using the model-checker FDR [7] for

analysing translated CCS terms. In the course of the same work, the authors have proposed an alternative

translation, ccs2csp2, correct up to failure equivalence. Both translations differ in the translation of the

prefix term τ .P, translated into (tau → ccs2csp(P))\
csp
{tau} in the first case, and ccs2csp2(P) in the

second case.

In this paper we present yet a third alternative, ccs2csp3, achieved by first extending CSP with m-

among-n synchronisation [9], from which we can derive multiway (or n-among-n) synchronisation, the

default CSP synchronisation mechanism, and binary syncronisation (used in CCS). Then, we translate

CCS parallel composition into the binary version of CSP parallel operator. The resulting translation is

correct up to strong bisimulation.

The translations in [4] were achieved by hard coding binary synchronisation into CCS before going

to CSP. Using a renaming function, g∗, the translations generated unique pairs of indices between any

two pairs of complementary prefixes in a parallel composition, e.g., (a, ā) 7→ {(a12, ā12),(a13, ā13)}. This

effectively made synchronising prefix pairs unique. Although these indices were generated in CCS, the

g∗-renaming approach shows how to enforce binary synchronisation even in CSP: given a CSP process

P ‖
a

Q ‖
a

R, to ensure binary synchronisations on a, assign unique indices to a accordingly, through re-

naming. E.g., P[{a12,a13}/a] ‖ Q[a12/a] ‖ R[a13/a] ensures that pairs of processes (P,Q) and (P,R) can

synchronise respectively, but not (Q,R). This approach, which we call the Gstar approach, has been

encoded in the translation tool and the resulting CSP terms can be analysed in FDR immediately.

m-among-n synchronisation [9] demands adding new rules to CSP, hence it would require updating

FDR first. In other words, the CSP terms resulting from our new translation, ccs2csp3, cannot immedi-

ately be analysed in FDR. Nonetheless, function g∗ implements binary synchronisation, hence, can be

taken for an implementation of 2-among-n synchronisation.

The Gstar approach does not allow translating recursive terms with nested parallelism (or replica-

tion). That is because function g∗ needs to generate every synchronisation index so the translation can

http://dx.doi.org/10.4204/EPTCS.368.4
https://creativecommons.org
https://creativecommons.org/licenses/by/4.0/
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terminate. With m-among-n synchronisation, we need only one index to separate interleaving from syn-

chronisation, i.e., we map every CCS name unto two CSP events, e.g., a 7→ {a,aS}, where aS is the

synchronisation event. Therefore, this new translation is not limited by parallel under recursion.

Our main contribution in this paper hence is a new translation from CCS into CSP which is correct

up to strong bisimulation, is not limited by parallel under recursion, but cannot be immediately anal-

ysed with FDR. As a byproduct, we define m-among-n synchronisation for CSP processes. We call the

corresponding extension CSPmn. We show that CSPmn preserves CSP axioms by defining m-among-n

sysnchronisation in terms of both multiway synchronisation and renaming. The translation from CSPmn

into CSP is limited by parallel under recursion as it requires generating unique indices for all possible

combinations of synchronising processes.

2 Correct Translation, CCS(Tau), CSP, CCS-to-CSP

2.1 Correct Translations

A correct translation of one language into another is a mapping from the valid expressions in the first

language to those in the second, that preserves their meaning (for some definition of meaning). Below

we recall the two main definitions of correctness from [10].

Let L =(TL ,JKL ) denote a language as a pair of a set TL of valid expressions in L and a surjective

mapping JKL : TL →DL from TL to some set of meanings DL . Candidate instances of JKL are traces

and failures (cf. [14, 21]).

Definition 1 (Correct Translation up to Semantic Equivalence [10]). A translation T : TL → TL ′ is

correct up to a semantic equivalence ≈ on DL ∪DL ′ when JEKL ≈ JT(E)KL ′ for all E ∈ TL .

Operational correspondence allows matching the transitions of two processes, which can help deter-

mine the appropriate relation (semantic equivalence) between a term and its translation. Let the opera-

tional semantics of L be defined by the labelled transition system (TL ,ActL ,−→L ), where ActL is the

set of labels and E
λ
−→L E ′ defines transitions with E,E ′ ∈ TL and λ ∈ ActL .

Definition 2 (Labelled Operational Correspondence, [8, 19]). Let T : TL → TL ′ be a mapping from

the expressions of a language L to those of a language L ′, and let f : ActL → ActL ′ be a mapping

from the labels of L to those of L ′. A translation 〈T, f〉 is operationally corresponding w.r.t. a semantic

equivalence ≈ on DL ∪DL ′ if it is:

• Sound: ∀E,E ′ : E
λ
−→L E ′ imply that ∃F : T(E)

f(λ)
−−→L ′ F and F ≈ T(E ′)

• Complete: ∀E,F : T(E)
λ ′

−→L ′ F imply that ∃E ′ : E
λ
−→L E ′ and F ≈ T(E ′) ∧ λ ′ = f(λ )

The previous two definitions coincide when the semantic equivalence ≈ is strong bisimulation (Def.3)

and f is the identity.

2.2 CCS, CCSTau

CCS. CCS (Calculus of Communicating Systems) [17, 1] is a process algebra that allows reasoning

about concurrent systems. CCS represents programs as processes, whose behaviour is determined by
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Table 1: SOS rules for CCS

Pre f ix : α .P
α
−→ P Sum :

P
α
−→ P′

P+Q
α
−→ P′

Par :
P

α
−→ P′

P|Q
α
−→ P′|Q

Com :
P

a
−→ P′ Q

a
−→ Q′

P|Q
τ
−→ P′|Q′

Res :
P

α
−→ P′ α /∈ B

P ↾ B
α
−→ P′ ↾ B

Rec :
P[µX .P/X ]

α
−→ P′

µX .P
α
−→ P′

rules specifying their possible execution steps. The syntax of CCS processes is defined by the following

BNF:

CCS ::= 0 |α .P |P+Q |P|Q |P ↾ B |µX .P

α ::= τ |a |a

Let N denote an infinite set of names; let a,b,c, ... range over N . Let N = {ā|a ∈ N } denote

the set of conames. Let a = a. Let L = N ∪N denote the set of all possible labels. The set of labels

of a process P is denoted by L (P) ([17, Def.2, p52]). Let τ denote the silent or invisible action. Let

Act = N ∪N ∪{τ} denote the set of all possible actions that a process can perform. Let α ,β , .. range

over Act. The SOS semantics of CCS are given in Table 1.

Informally: 0 (or NIL) is the process that performs no action. α .P is the process that performs an

action α and then behaves like P. P+Q is the process that behaves either like P or like Q. P|Q is the

process that executes P and Q in parallel: if both P and Q can engage in an action a then, their execution

corresponds to interleaving, e.g. a.0|a.0 ≡ a.a.0; if P can engage in action a, Q in the complementary

action ā, then, either P and Q interleave on a or they synchronise and the result of synchronisation is the

invisible action τ , e.g. a.0|ā.0 ≡ a.ā.0+ ā.a.0+ τ .0. P ↾ B is the process that cannot engage in actions

in B except for synchronisation, e.g., (a.0|ā.0) ↾ {a} ≡ τ .0, (a.0) ↾ {a} ≡ 0. µX .P is the process that

executes P recursively.

Equivalence based on bisimulations is the preferred choice for discriminating among CCS processes.

We will use strong bisimulation to prove the correctness of our translation.

Definition 3 (Strong Bisimulation [21, 17]). A strong bisimulation is a symmetric binary relation R on

processes satisfying the following: PRQ and P
α
−→ P′ imply that

∃Q′ : Q
α
−→ Q′ ∧ P′

RQ′

P is strong bisimilar to Q, written P ∼ Q, if PRQ for some strong bisimulation R.

CCSTau. CCSTau [4] extends CCS with visible synchronisations, viz., the result of synchronisation

on a pair (a, ā) is the visible action τ [a, ā] instead of the visible action τ . This makes it easier to guarantee

that when two processes synchronise in CCS(Tau), their CSP translation also synchronises. The syntax



G.Ekembe, V. Koutavas, A. Butterfield 63

of CCSTau processes is defined by the following grammar:

P,Q,R ::= 0 | α .P | P+Q | P|
T
Q | P ↾ B | µ X .P | P\

T
B | X

α ::= τ | a | a

β ::= α | τ [a|a]

The parallel operator in CCSTau is denoted |
T
. CCSTau also defines a hiding operator, denoted \

T
, which

can hide all actions including τ [a, ā] actions. The restriction operator behaves as in CCS, does not apply

to τ [a, ā] actions. Rules for these operators are given hereafter:

Par :
P

β
−→ P′

P|
T
Q

β
−→ P′|

T
Q

Com :
P

a
−→ P′ Q

a
−→ Q′

P|
T
Q

τ [a|a]
−−−→ P′|

T
Q′

Res :
P

β
−→ P′ β = τ [a|a] or β /∈ B

P ↾ B
β
−→ P′ ↾ B

Hide :
P

β
−→ P′ β /∈ B

P\
T
B

β
−→ P′\

T
B

P
β
−→ P′ β ∈ B

P\
T
B

τ
−→ P′\

T
B

All other CCS operators are also CCSTau operators.

CCS-to-CCSTau. Translation function c2ccsτ [4] translates CCS processes into CCSTau, is correct

up to strong bisimulation. For any CCS process P other than CCS-parallel operator, c2ccsτ(P) = P. For

the parallel operator: 1

c2ccsτ(P|Q) =̂ (c2ccsτ(P)|
T
c2ccsτ(Q))\

T
{τ [a|a] |a ∈ L (P), ā ∈ L (Q)} (c2ccsτ-par-def)

2.3 CSP

CSP (Communicating Sequential Processes) [14, 22] is a process algebra that allows reasoning about

concurrent systems. In CSP, a (concurrent) program is represented as a process, whose behaviour is

entirely determined by the possible actions of the program, represented as events. The set of events that

a process P can possibly perform is denoted by A (P). Event τ denotes invisible actions, hidden from

the environment; event X denotes successful termination, by opposition say to deadlock and abortion.

Both denotational and operational semantics have been defined for CSP processes, in terms of traces.

The syntax of some CSP processes is defined by the following BNF:

CSP ::= SKIP |STOP |α ❀ P |P ⊓ Q |P ✷ Q |P ‖
B

Q | f (P) |P\B |µX .P

α ::= a |a?x |a!m

The SOS semantics of CSP processes are given in Table 2. Informally: SKIP is the process that

refuses to engage in any event, terminates immediately, and does not diverge. STOP is the process that is

unable to interact with its environment. α ❀ P is the process that first engages in event α then behaves

like P. P ✷ Q is the process that behaves like P or Q, where the choice is decided by the environment.

1The set of labels of a CCS process P, L (P), corresponds to the set of events A (Q) for a CSP process Q.
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Table 2: SOS rules for CSP [22]

Pre f ix : (a ❀ P)
a
−→ P Skip : SKIP

X
−→ STOP

IntChoice : P1 ⊓ P2
τ
−→ P1 P1 ⊓ P2

τ
−→ P2

ExtChoice :
P1

a
−→ P′

P1 ✷ P2
a
−→ P′

P1
τ
−→ P′

P1 ✷ P2
τ
−→ P′ ✷ P2

I f acePar :
P1

a
−→ P′ [a /∈ BX]

P1 ‖
B

P2
a
−→ P′ ‖

B

P2

P1
a
−→ P′

1 P2
a
−→ P′

2 [a ∈ BX]

P1 ‖
B

P2
a
−→ P′

1 ‖
B

P′
2

Hide :
P

a
−→ P′ [a /∈ B]

P\B
a
−→ P′ \B

P
a
−→ P′ [a ∈ B]

P\B
τ
−→ P′ \B

FwdRen :
P

a
−→ P′

f (P)
f (a)
−−→ f (P′)

P
τ
−→ P′

f (P)
τ
−→ f (P′)

Rec :
P

µ
−→ P′ [N = P]

N
µ
−→ P′

P ‖
B

Q behaves like the parallel execution of P and Q where the latter must both synchronise on the set

of events B. When B = {}, we say that P and Q interleave, denoted by P ||| Q; if B = A (P)∩A (Q) we

also write P ‖ Q. f (P) engages in f (a) whenever P engages in a. P\B is the process that engages in all

events of P except those in B. µX .P is the process that executes P recursively.

Equivalence based on (enriched versions of) traces is the preferred choice for distinguishing CSP

processes. We kindly refer the reader to [14, 22] for details.

2.4 CCS-to-CSP Translation

Notation. Given two functions, say f1 and f2, f1 ◦ f2 denotes functional composition, viz., f1( f2).

In this section, we present ccs2csp [4], the translation from CCS-to-CSP, correct up to strong bisim-

ulation.

Definition 4 (ccs2csp [4]). Let P be a CCS process. Then:

ccs2csp(P) =̂ ai2a◦ (t2csp◦ c2ccsτ(P))\
csp
{ai j|ai j ∈ A

(
t2csp(c2ccsτ(P))

)
}

t2csp(P) =̂ (tl ◦ conm◦g∗{} ◦ ix(P))\
csp
{tau}

g∗S =̂ {τ 7→ τ ,ai 7→ {ai}∪{ai j|ā j ∈ S, i < j}∪{a ji|ā j ∈ S, j < i}}

conm =̂ {τ 7→ τ ,ai 7→ ai, āi 7→ āi,ai j 7→ ai j, āi j 7→ ai j}

ai2a =̂ {ai 7→ a}

where ix generates unique indexed prefixes such that a name b maps to a set of indexed names bi, i ≥
1; g∗ generates unique double-indexed names for every pair of synchronising names; conm renames every
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synchronising coname into the corresponding name (so they can synchronise in CSP); and tl translates

CCS operators into corresponding CSP operators. We kindly refer the reader to [4] for details.

Example 1 ([4]). The translation of CCS binary synchronisation into CSP can be illustrated succinctly

as follows:

ccs2csp(a.0|ā.0) (ccs2csp-def)

=ai2a◦ t2csp
(
c2ccsτ(a.0|ā.0)

)
\

csp
{ai j|..} (c2ccsτ-par-def)

=ai2a◦ t2csp
(
(a.0|

T
ā.0)\

T
{τ [a|ā]}

)
\

csp
{ai j|..} (t2csp-def)

=ai2a◦ tl ◦ conm◦g∗({}, ix
(
(a.0|

T
ā.0)\

T
{τ [a|ā]}

)
)\

csp
{tau}\

csp
{ai j|..} (ix-def)

=ai2a◦ tl ◦ conm◦g∗
(
(a1.0|T ā2.0)

)
\

csp
{tau}\

csp
{ai j|..} (gstar-def)

=ai2a◦ tl ◦ conm
(
(a1.0+a12.0)|T (ā2.0+ ā12.0)

)
\

csp
{tau}\

csp
{a12} (conm-def)

=ai2a◦ tl
(
(a1.0+a12.0)|T (ā2.0+a12.0)

)
\

csp
{tau,a12} (tl-def)

=ai2a◦
(
(a1 ✷ a12 ❀ STOP) ‖

{a12}

(ā2 ✷ a12 ❀ STOP)
)
\

csp
{tau,a12} (ai2a-def)

=
(
(a ✷ a12 ❀ STOP) ‖

{a12}

(ā ✷ a12 ❀ STOP)
)
\

csp
{tau,a12}

In CCS, a name can be used both for interleaving and for synchronisation. This is reflected in the

translation above by generating indexed names a1 and ā2 for interleaving; then for the synchronisation

pair (a1, ā2), a unique synchronisation name a12 is generated. More generally, there will be as many ai j

synchronisation names as there are of synchronisation on name a.

In the next section, we extend CSP with m-among-n synchronisation, then derive 2-among-n (binary)

synchronisation. In the end, we will be able to translate CCS binary synchronisation into CSP binary

synchronisation.

3 CSP plus m-among-n Synchronisation

Multiway synchronisation in CSP is maximal, viz., all processes that can synchronise must synchronise.

This is also called the maximal (or n-ary) coordination paradigm ([9]): if n processes are ready to syn-

chronise on event a, then all n processes must synchronise together. Can we generalise this to allow only

m-among-n (2 ≤ m ≤ n) processes to synchronise instead? If the answer is yes then binary synchroni-

sation can be defined as 2-among-n coordination and n-ary synchronisation as n-among-n coordination.

Garavel and Sighireanu [9] define m/n coordination for the language E-LOTOS.

First, let us generalise CSP (n-ary) interface parallel operator ([22]).

IndxI f acePar :
Pj

a
−→ P′ [a /∈ BX,k 6= j]

‖
B

Pi
a
−→ (‖

B

Pk) ‖
B

P′

P1
a
−→ P′

1 ... Pn
a
−→ P′

n [a ∈ BX]

‖
B

Pi
a
−→‖

B

P′
i

Definition 5 (a#m clause [9]). Let I = {1, ..,n},n ∈ N,n ≥ 2. Let m be a natural number in the range

2, ..,n associated to an a-event such that a clause a#m denotes that m processes are allowed to synchro-

nise on event a at once. Each clause #m is optional: if omitted, m has default value n.
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The rules for m/n indexed interface paralell composition are given hereafter.2

M/N−IndxI f acePar :
Pj

a
−→ P′ [a#m /∈ BX×{2, ..,n},k 6= j]

‖
B×{2,..,n}

Pi
a
−→ ( ‖

B×{2,..,n}

Pk) ‖
B×{2,..,n}

P′

P1
a
−→ P′

1 ... Pn
a
−→ P′

n [a#m ∈ BX×{2, ..,n}, j ∈ J,k 6= j]

‖
B×{2,..,n}

Pi
a
−→ ⊓

{J⊆I|card(J)=m}

(
( ‖

B×{2,..,n}

Pk) ‖
B×{2,..,n}

( ‖
B×{2,..,n}

P′
j)

)

We can then derive binary-only synchronisation by imposing that every event in set B allows 2(only)-

among-n processes to synchronise.

2/N−IndxI f acePar :
P1

a
−→ P′

1 ... Pn
a
−→ P′

n [a#2 ∈ AX×{2}, j ∈ J,k 6= j]

‖
B×{2}

Pi
a
−→ ⊓

{J⊆I|card(J)=2}

(
( ‖

B×{2}

Pk) ‖
B×{2}

( ‖
B×{2}

P′
j)

)

Similarly, we derive n-ary-only synchronisation by imposing that every event in set B allows n-among-n

processes to synchronise. We easily verify that rules N/N-IndxIfacePar and IndxIfacePar (synchronisa-

tion) are the same.

N/N−IndxI f acePar :
P1

a
−→ P′

1 ... Pn
a
−→ P′

n [a#n ∈ BX×{n}]

‖
B×{n}

Pi
a
−→ ‖

B×{n}

P′
i

Correctness of M/N-IndxIfacePar rule. Let us call CSPmn the extension of CSP with m-among-n

synchronisation. We argue here that CSPmn is a conservative extension of CSP, i.e., CSPmn preserves

the axioms of CSP.

The proof method is suggested to us by function g∗ [4]. For binary synchronisation, select process

pairs that must synchronise and assign them a unique synchronisation index. E.g.,

a ‖
a#2

a ‖
a#2

a maps to (a12 ✷ a13) ‖ (a12 ✷ a23) ‖ (a13 ✷ a23)

Then, for m processes to synchronise among n, generate a unique index for all possible combinations of

m processes among n, e.g.,

a ‖
a#2

a ‖
a#2

a ‖
a#2

a maps to (a12 ✷ a13 ✷ a14) ‖ (a12 ✷ a23 ✷ a24) ‖ (a13 ✷ a23 ✷ a34) ‖

(a14 ✷ a24 ✷ a34)

a ‖
a#3

a ‖
a#3

a ‖
a#3

a maps to (a123 ✷ a124 ✷ a134) ‖ (a123 ✷ a124 ✷ a234) ‖ (a123 ✷ a134 ✷ a234) ‖

(a124 ✷ a134 ✷ a234)

a ‖
a#4

a ‖
a#4

a ‖
a#4

a maps to a1234 ‖ a1234 ‖ a1234 ‖ a1234

2The rules in [9] use a different rule format than CSP rules: they use predicates.
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From what precedes, there exists a relational renaming, say G, such that

‖
a#m, j

Pj ∼ ‖
G(a), j

Pj[G(a)/a]

We can thus define (CSPmn parallel operator) ‖
a#m

in terms of both (CSP parallel operator) ‖
a

and (CSP

relational renaming) G(a). Therefore, CSPmn is a conservative extension of CSP, viz., preserves CSP

axioms (cf. Appendix A for a full proof).

4 CCSTau Transformations

CCS
c2ccsτ
−−−→ CCSTau

g2

−→
conm
−−−→ CCSTau

tl3−→
\{tau}
−−−→

\{aS}
−−−→ CSPmn

Figure 1: CCS-to-CSPmn Translation workflow

The different stages of our translation are shown in Fig. 1.

Pairwise vs. Multiway Synchronisation Recall, a CCSTau name has both interleaving and synchro-

nisation semantics. We hence have to generate two distinct CSP events for a single CCS name. Also,

it is possible to hide τ [a|ā] synchronisation actions in CCSTau (typically, to obtain a CCS process—cf.

Def.c2ccsτ-par-def). Then, it will be convenient to ignore them. Let g2 define the function that generates

a synchronisation name for any CCS name.

Definition 6 (g2(α)).

g2(S,τ) =̂ τ g2(S,a) =̂ {a}∪{aS | ā ∈ S}

g2(S,τ [a|ā]) =̂ {τ [a, ā]} g2(S,B) =̂ {g2(S,a) |a ∈ B, ā ∈ S}

Given a set of names generated by g2, a-names denote interleaving, whilst aS-names denote synchro-

nisation. The application of g2 to processes is given hereafter.

Definition 7 (g2(P)). Let P be a CCS process. Let g2(P) =̂ g2({},P).

g2(S,0) =̂ 0

g2(S,α .P) =̂ Σ
b∈g2(S,α)

b.g2(S,P)

g2(S,P+Q) =̂ g2(S,P)+g2(S,Q)

g2(S,P|
T
Q) =̂ g2(S∪A (Q),P)|

T
g2(S∪A (P),Q)

g2(S,P ↾ B) =̂ g2(S,P) ↾ g2(S,B)

g2(S,P\
T
B) =̂ g2(S,P)\

T
g2(S∪B,B)

g2(S,µ X .P) =̂ µ X .g2(S,P)

g2(S,X) =̂ X

Note the difference between restriction and hiding. Names g2(S,B) are generated between a process

and its environment. Only those names will be restricted, understood that (restricted) B names cannot

interact with their environment. Internal synchronisation on B names, however, will not be restricted

(until later in CSP). In contrast, for hiding, internal synchronisation on B must be hidden as well, hence

we hide names g2(S∪B,B) instead.
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Example 2. Let us illustrate the translation of restriction.

g2
(
{},(a.0|

T
ā.0) ↾ {a}

)
(g2-def)

= g2
(
{},a.0|

T
ā.0

)
↾ g2({},{a}) (g2-res-def)

=
(
g2({ā},a.0)|

T
g2({a}, ā.0)

)
↾ {a} (g2-par-def)

=
(
(a.0+aS.0)|T (ā.0+ āS.0)

)
↾ {a}

Contrast with hiding, which hides both a and aS. (Recall \
T
{a}=\

T
{a, ā}.)

g2
(
{},(a.0|

T
ā.0)\

T
{a}

)
(hide-def)

= g2
(
{},(a.0|

T
ā.0)\

T
{a, ā}

)
(g2-def)

= g2
(
{},a.0|

T
ā.0

)
\

T
g2({a, ā},{a, ā}) (g2-hide-def)

=
(
g2({ā},a.0)|

T
g2({a}, ā.0)

)
\

T
{a, ā,aS, āS} (g2-par-def, hide-def)

=
(
(a.0+aS.0)|T (ā.0+ āS.0)

)
\

T
{a,aS}

Finally, consider hiding the synchronisation action τ [a|ā], this turns out to be vacuous.

g2
(
{},(a.0|

T
ā.0)\

T
{τ [a|ā]}

)
(g2-def)

= g2
(
{},a.0|

T
ā.0

)
\

T
g2({a},{τ [a|ā]}) (g2-hide-def)

=
(
g2({ā},a.0)|

T
g2({a}, ā.0)

)
\

T
{τ [a|ā]} (g2-par-def)

=
(
(a.0+aS.0)|T (ā.0+ āS.0)

)
\

T
{τ [a|ā]}

Parallel Composition. In CSP, synchronisation pairs (aS, āS) will not be able to synchronise. We hence

update the coname function to translate conames into names.

Definition 8 (conm). conm =̂ {τ 7→ τ ,a 7→ a, ā 7→ ā,aS 7→ aS, āS 7→ aS}.

Link CCSTau-to-CSPmn In [4], function tl translates CCSTau operators into CSP operators, without

consideration for differences in their respective alphabets. Hereafter, we define tl3, to map CCS binary

synchronisation into CSPmn binary synchronisation. All other operators are translated as before, viz.,

tl3(P) = tl(P) for all process expressions other than parallel composition. Additionally, because of the

possibility to hide τ [a, ā] synchronisation actions in CCSTau, we translate CCSTau hiding operator also,

translation which was not needed for tl.

Definition 9 (tl3). Let tau be a CSP event that cannot synchronise.

tl3(0) =̂ STOP

tl3(τ .P) =̂ tau ❀ tl3(P)

tl3(a.P) =̂ a ❀ tl3(P)

tl3(P ↾ B) =̂ tl3(P) ↾csp B

tl3(P\T
B) =̂ tl3(P)\csp

B

tl3(P+Q) =̂ tl3(P) ✷ tl3(Q)

tl3(P|T Q) =̂ tl3(P) ‖
{a#2|a∈A (P)∩A (Q)}

tl3(Q)

tl3(µ X .P) =̂ µ X .tl3(P)

tl3(X) =̂ X

Note that tl3(P\T
{τ [a|ā]}) = tl3(P)\csp

{τ [a|ā]} = tl3(P), since τ [a|ā] actions do not occur in the

translated term, tl3(P). This is necessary, as illustrated subsequently.
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Example 3. CCS process a | ā |a, by c2ccsτ , corresponds to CCSTau process

(
(a|

T
ā)\

T
{τ [a|ā]}|

T
a
)
\

T
{τ [a, ā]}

By g2, this becomes process

(
((a+aS)|T (ā+ āS))\T

{τ [a|ā]}|
T
(a+aS)

)
\

T
{τ [a|ā]}

Then, by tl3, it becomes

(
((a ✷ aS) ‖

aS#2

(ā ✷ āS))\csp
{τ [a|ā]} ‖

aS#2

(a ✷ aS)
)
\

csp
{τ [a|ā]}

= (a ✷ aS) ‖
aS#2

(ā ✷ āS) ‖
aS#2

(a ✷ aS)

Thanks to \
csp
{τ [a, ā]} being vacuous, there will be two possible synchronisations on aS, corresponding

to the original CCS behaviour.

The following abbreviation translates CCSTau into CSPmn.

Definition 10 (CCSTau to CSPmn). Let P be a CCSTau process. Then:

t2csp3(P) =̂ (tl3 ◦ conm◦g2(P))\
csp
{tau}

Link CCS-to-CSPmn. We obtain the translation from CCS to CSP by translating CCS into CCSTau

first, using c2ccsτ (Def.c2ccsτ-par-def), then translating CCSTau into CSPmn, using t2csp3 (Def.10),

and finally hiding every aS synchronisation event.

Definition 11 (CCS to CSPmn). Let P denote a CCS process. Then:

ccs2csp3(P) =̂ (t2csp3 ◦ c2ccsτ(P))\
csp
{aS|aS ∈ A (t2csp3 ◦ c2ccsτ(P))}

Example 4. The translation of CCS binary synchronisation into CSPmn can be illustrated succinctly as

follows:

ccs2csp3(a.0|ā.0) (ccs2csp3-def.11)

=
(
t2csp3 ◦ c2ccsτ(a.0|ā.0)

)
\

csp
{aS|..} (c2ccsτ-par-def)

= t2csp3

(
(a.0|

T
ā.0)\

T
{τ [a|ā]}

)
\

csp
{aS} (t2csp3-def.10)

= tl3 ◦ conm◦g2({},(a.0|
T
ā.0)\

T
{τ [a|ā]})\

csp
{tau}\

csp
{aS} (g2-def.6)

= tl3 ◦ conm
((

(a.0+aS.0)|T (ā.0+ āS.0)
)
\

T
{τ [a|ā]}

)
\

csp
{tau}\

csp
{aS} (conm-def.8)

= tl3

((
(a.0+aS.0)|T (ā.0+aS.0)

)
\

T
{τ [a|ā]}

)
\

csp
{tau}\

csp
{aS} (tl3-def.9, CSP)

=
(
(a ✷ aS ❀ STOP) ‖

{aS#2}

(ā ✷ aS ❀ STOP)
)
\

csp
{tau,aS}

Example 5. The translation of recursion with nested parallel can be illustrated as follows.

Let P =̂ µ X .(a|ā.X) (or equiv. P =̂ a.0 | ā.P) be a CCS process. Then, ix(P) = a1 |a2.ix{3..}(P), where

ix{3..} denotes that indexing excludes indices 1 and 2. Let us unfold P one step, then:

P = a | ā.(a | ā.P)

ix(P) = a1 | ā2.(a3 | ā4.ix{5..}(P))
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The synchronisation pairs are thus (a1, ā2),(a1, ā4), .., that is, the set {(a1, ā2k)|k ≥ 1}. Then:

g∗(P) = (a1 + Σ
k≥1

a1∗2k) |(ā2 + ā12).g
∗(P)

We will not be able to generate all the a1∗2k indices since recursion is unbounded. For closure, we give

the temptative translation of P with ccs2csp: 3

ccs2csp(P) =
(
(a ✷ ✷

k≥1

a1∗2k) ‖
{a1∗2k |k≥1}

(ā2 ✷ a12)❀ ai2a◦ t2csp◦ c2ccsτ(P)
)
\

csp
{ai j|..}

In contrast, let us define ccs2csp3(P). Then:

g2(P) = (a+aS) |(ā+ āS).g
2(P)

= (a+aS) |(ā+ āS).
(
(a+aS) |(ā+ āS).g

2(P)
)

We can unfold P multiple times, we only ever generate a single name for synchronisation. Then:

ccs2csp3(P) =
(
(a ✷ aS) ‖

aS#2

(ā ✷ aS)❀ t2csp3 ◦ c2ccsτ(P)
)
\

csp
{aS}

5 Gstar Implements 2/n-Synchronisation

We discuss here the relation between g∗-renaming ([4]) and m-among-n synchronisation (§3) approaches.

Recall, function g∗ (Def.4, [4]) computes for a CCSTau process P all the substitute names corre-

sponding to distinct synchronisation possibilities of P with its environment, plus interleaving. We have

proposed an alternative solution based on extending CSP with 2-among-n synchronisation, derived from

first extending CSP with m-among-n synchronisation. Whilst this second solution is more elegant than

the gstar-renaming one, the problem of its immediate implementability in a tool like FDR has been raised.

Given the current version of FDR, m-among-n synchronisation cannot be implemented directly. We

remark, however, that one effect of m-among-n synchronisation is to select, using non-deterministic

choice, the m processes that are allowed to synchronise; effect which is precisely what function g∗

achieves through renaming. We discuss how to relate both results.

Let us refer by CSPgstar the CSP process expressions resulting from translation ccs2csp. We can

translate CSPgstar expressions into CSPmn expressions as follows.

Definition 12 (gstar2m/n). Let ai j be an g∗ name, aS an g2 name. Then: g∗2g2 =̂ {τ 7→ τ ,ai j 7→ aS}

While g∗2g2 is a simple renaming function, its application to CSP processes is modified specifically

for the parallel operator such as to map ‖
{ai j}

unto ‖
{aS#2}

(instead of ‖
{aS}

).

Definition 13. Let P be a CSP process.

g∗2g2(STOP) =̂ STOP

g∗2g2(α ❀ P) =̂ g∗2g2(α)❀ g∗2g2(P)

g∗2g2(P ⊓ Q) =̂ g∗2g2(P) ⊓ g∗2g2(Q)

g∗2g2(P ‖
{ai j}

Q) =̂ g∗2g2(P) ‖
{aS#2}

g∗2g2(Q)

g∗2g2(P\
csp

B) =̂ g∗2g2(P)\
csp

g∗2g2(B)

g∗2g2(P ✷ Q) =̂ g∗2g2(P)✷ g∗2g2(Q)
3We are lucky that we can tell in advance what the synchronisation indices are, because process P is a simple case.
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Theorem 1. Let P be a CCS processes. Then: g∗2g2 ◦ ccs2csp(P) = ccs2csp3(P).

Proof. By induction on the structure of CCS processes. When P does not mention CCS parallel, the

proof is straightforward. We develop the proof for the parallel case only. We have:

g∗2g2 ◦ ccs2csp(P |Q) (ccs2csp-def.4)

=g∗2g2 ◦ai2a◦ (t2csp(P) ‖
{ai j}

t2csp(Q))\
csp
{tau,ai j} (CSP hide law)

=g∗2g2 ◦ (ai2a◦ t2csp(P)\
csp
{tau} ‖

{ai j}

ai2a◦ t2csp(Q)\
csp
{tau})\

csp
{ai j} (g*2g2-def.12)

=
(
g∗2g2 ◦ai2a◦ t2csp(P)\

csp
{tau} ‖

{aS#2}

g∗2g2 ◦ai2a◦ t2csp(P)\
csp
{tau}

)
\

csp
{aS}

(Induction Hyp., ccs2csp3-def.11)

=ccs2csp3(P |Q)

We say that g∗ implements 2-among-n synchronisation.

6 Conclusion and Future Work

[4] proposes a translation of CCS into CSP based on the g∗-renaming approach whereby if two processes

can synchronise on an action b, then a name unique to these two processes, say bi j , is generated to

substitute b. Thus, if more than two processes could initially synchronise on b, only two processes will

ever be able to synchronise on bi j after application of g∗.

In this paper, we propose an alternative, the m-among-n synchronisation approach, whereby we

first extend CSP multiway synchronisation (or n-among-n) to m-among-n synchronisation (extension

called CSPmn), from which we derive 2-among-n or binary synchronisation for CSP processes. We

then translate CCS binary synchronisation into CSPmn binary synchronisation. Unlike the g∗-renaming

approach, the m/n-approach is not limited by parallel under recursion since we can generate a single

synchronisation name, say aS, independently of the number of processes meant to synchronise on aS.

We have also shown that CSPmn is a conservative extension of CSP (viz., preserves CSP axioms)

by defining (CSPmn) m-among-n synchronisation in terms of both (CSP) multiway (or n-among-n) syn-

chronisation and relational renaming.

We are tempted to affirm that m-among-n synchronisation is more expressive than both 2-among-

n and n-among-n synchronisation. However, Hatzel et al. [11] propose an encoding from CSP into

CCS whereby they encode CSP multiway synchronisation based on CCS binary synchronisation. Our

work suggests that in trying to translate CSP into CCS, it would be easier to extend CCS with multiway

synchronisation, as we have done here for CSP. Other works on the translation from CSP into CCS

include [2], [3], [12], and [10].
We have proposed here the translation from CCS to CSP only. The main reason for this is our interest

in using CSP tools such as FDR for reasoning about CCS processes. With regard to this concern, the
g∗-renaming approach is more readily implementable than the m/n-approach. The latter would require
extending FDR with semantics (viz. rules) for m-among-n synchronisation. Alternatively, m-among-n
synchronisation can be implemented using function g∗# (Def.15), however, with the limitation on parallel
under recursion similar to g∗ (cf. [4]). Mechanising our results in Isabelle theorem prover is also to be
explored in the future.
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A Proof that CSPmn is a Conservative Extension

In order to prove that CSPmn is conservative, we need to define some auxillary functions. First, we

uniquely index the prefixes of CSP processes.

Property 1. Let P be a CSP process.

ix(ST OP) = STOP

ix(a ❀ P) = ai ❀ ix−i(P)

ix(P ⊓ Q) = ix1(P) ⊓ ix2(Q)

ix(P ✷ Q) = ix1(P)✷ ix2(Q)

ix(P ‖
a#m

Q) = ix1(P) ‖
B

ix2(Q)

B =̂ {ai#m|ai ∈ A (ix1(P))∪A (ix2(Q))}

ix(P\
csp
{a}) = ix(P)\

csp
{ai|ai ∈ A (ix(P))}

ix(µ X .P) = µ X .ix(P)

ix(X) = X

where ix−i is some indexing scheme which does not assign the i-index, and ix1, ix2 are indexing schemes

that assign disjoint indices.

Then, using ix-generated indices we generate unique synchronisation indices. Given a set {ai} of

parallel prefixes and a number m of processes meant to synchronise together, g∗ai#m generates a unique

synchronisation index ai1..im .

Definition 14. Let S,B denote sets of indexed events.

g∗ai1
#m(S,ai1) =̂ {ai1 ..im | i1 < .. < im,{aik |1 < k ≤ m} ⊆ S} ∪{aim..i1 | im < .. < i1,{aik |1 < k ≤ m} ⊆ S}

g∗{ak#mk|k∈N}(S,ai) =̂

{
ai ai /∈ {ak |k ∈ N}

g∗ai#mi
(S,ai)

Although g∗a#m denotes relational renaming, we overload its application to processes such that it

translates ‖
a#m

into ‖
a

. This corresponds to the following.

Definition 15. Let P be an ix-indexed CSP processes. Let S be a set of ix-indexed events. Let a#m denote

the set {ak#mk |k ∈ N}, b#n the set {b j#n j | j ∈ N}. Let g∗a#m(P) =̂ g∗a#m({},P).

g∗a#m(S,STOP) =̂ STOP g∗a#m(S,a ❀ P) =̂ Σ
b∈g∗a#m(a)

b ❀ g∗a#m(S,P)

g∗a#m(S,P ⊓ Q) =̂ g∗a#m(S,P) ⊓ g∗a#m(S,Q) g∗a#m(S,P ✷ Q) =̂ g∗a#m(S,P) ✷ g∗a#m(S,Q)

g∗a#m(S,µ X .P) =̂ µ X .g∗a#m(S,P) g∗a#m(S,X) =̂ X

g∗a#m(S,P\csp
{a}) =̂ g∗a#m(S,P)\csp

g∗a#m(S,a)

g∗a#m(S,P ‖
b#n

Q) =̂ g∗a#m∪b#n(S∪A (Q),P) ‖
B

g∗a#m∪b#n(S∪A (P),Q)

B =̂
⋃
{g∗a#m∪b#n(S∪A (Q),b j)|b j ∈ A (P)} ∪

⋃
{g∗a#m∪b#n(S∪A (P),b j)|b j ∈ A (Q)}

When a#m denotes the empty set, we write g∗# for the corresponding function g∗a#m. Then, the trans-

lation of CSPmn into CSP is given by the following.
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Definition 16. Let P be a CSPmn process. mn2csp(P) =̂ g∗# ◦ ix(P)

The following theorem establishes a labelled operational correspondence (Def. 2), which turns out a

strong bisimulation (Def. 3), between CSPmn and CSP.

Theorem 2. Let P be a CSPmn process. Let I denote a given sequence of natural numbers.

1. If P
a
−→ P′ then ∃ I : mn2csp(P)

a
I−→ Q and Q ≡ mn2csp(P′)

2. If mn2csp(P)
a

I−→ Q then ∃!P′ : P
a
−→ P′ and Q ≡ mn2csp(P′)

Proof. When P does not mention ‖
a#m

, mn2csp behaves like the identity function, hence the theorem

holds. By induction, we prove the case for parallel.

(Thrm.2.1.) [Induction step:Parallel]. Let P1
a
−→ P′

1. Let P2, ..,Pn denote processes such that m−1 among

them can perform an a-transition. For ease, we select one such combinations, P2..Pm. The following

result applies for all possible combinations. —(Hyp-combine)— Then, by M/N-IndxIfacePar rule (§3),

P1 ‖
a#m

.. ‖
a#m

Pn
a
−→ P′

1 ‖
a#m

P′
2.. ‖

a#m

P′
m ‖

a#m

Pm+1 ‖
a#m

.. ‖
a#m

Pn

Assume for each Pi that every occurrence of a in Pi is indexed into ai. (The following applies even if we

separate i into distinct indices, e.g., i1, i2, .., as many as there are of instances of a in Pi.) —(Hyp-indx)—

Then, by (Hyp-combine), (Hyp-indx), and Def.15, g∗#(a) = a12..m and:

mn2csp(P1 ‖
a#m

.. ‖
a#m

Pn) = P1[a12..m/a] ‖
a12..m

.. ‖
a12..m

Pm[a12..m/a] ‖
{}

Pm+1 ‖
{}

.. ‖
{}

Pn

By IndxIfacePar rule (§3) and definition of renaming (Tab.2):

P1[a12..m/a] ‖
a12..m

.. ‖
a12..m

Pm[a12..m/a] ‖
{}

Pm+1 ‖
{}

.. ‖
{}

Pn
a12..m−−−→

P′
1[a12..m/a] ‖

a12..m

.. ‖
a12..m

P′
m[a12..m/a] ‖

{}

Pm+1 ‖
{}

.. ‖
{}

Pn

Then, by induction hypothesis.

(Thrm.2.2.) [Induction step: Prallel.] Let mn2csp(P)
a

I−→ Q. By Par rule, mn2csp(P) ‖
a

I

mn2csp(P2)
a

I−→

Q ‖
a

I

mn2csp(P2), a
I
/∈ A (mn2csp(P2)). By induction hypothesis, ∃!P′ : P

a
−→ P′ and Q ≡ mn2csp(P′).

Then, by Par rule, P ‖
a#m

P2
a
−→ P′ ‖

a#m

P2. Moreover, Q ‖
a

I

mn2csp(P2) ≡ mn2csp(P′) ‖
a

I

mn2csp(P2) =

mn2csp(P′ ‖
a#m

P2), by Def.16.

As a consequence, when m-among-n CSPmn processes, ‖
a#m, j

Pj, will synchronise on a, m-among-n

CSP processes, ‖
a12..m, j

Pj[a12..m/a], will synchronise on a12..m, where 12..m denotes any combination of

m potential synchronising processes. We say that mn2csp implements m-among-n synchronisation.
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We present Concurrent GV (CGV), a functional calculus with message-passing concurrency gov-

erned by session types. With respect to prior calculi, CGV has increased support for concurrent

evaluation and for cyclic network topologies. The design of CGV draws on APCP, a session-typed

asynchronous π-calculus developed in prior work. Technical contributions are (i) the syntax, seman-

tics, and type system of CGV; (ii) a correct translation of CGV into APCP; (iii) a technique for

establishing deadlock-free CGV programs, by resorting to APCP’s priority-based type system.

1 Introduction

The goal of this paper is to introduce a new functional calculus with message-passing concurrency gov-

erned by linearity and session types. Our work contributes to a research line initiated by Gay and Vas-

concelos [8], who proposed a functional calculus with sessions here referred to as λsess; this line of work

has received much recent attention thanks to Wadler’s GV calculus [26], which is a variation of λsess.

Our new calculus is dubbed Concurrent GV (CGV); with respect to previous work, it presents three

intertwined novelties: asynchronous (buffered) communication; a highly concurrent reduction strategy;

and thread configurations with cyclic topologies. The design of CGV rests upon a solid basis: an op-

erationally correct translation into APCP (Asynchronous Priority-based Classical Processes), a session-

typed π-calculus in which asynchronous processes communicate by forming cyclic networks [13].

We discuss the salient features of CGV by example, using a simplified syntax. As in λsess, communi-

cation in CGV is asynchronous: send operations place their messages in buffers, and receive operations

read the messages from these buffers. Let us write send (u,x) to denote the output of message u along

channel x, and recv y to denote an input on y. The following program expresses the parallel composition

(‖) of two threads:

letx = send (u,x) in
let(v,y) = recv y in ()

∣

∣

∣

∣

∣

∣

∣

∣

lety = send (w,y) in()

In variants of λsess with synchronous communication, such as GV and Kokke and Dardha’s PGV [17, 18],

this program is stuck: the send on y (underlined, on the right) cannot synchronize with the receive on y

(on the left): it is blocked by the send on x (on the left), and there is no receive on x. In contrast, in CGV

the send on x can be buffered after which the communication on y can take place.

In CGV, reduction is “more concurrent” than usual call-by-value or call-by-name strategies. Con-

sider the following program:

(

λx . let(u,y) = recv y in

letx = send (u,x) in()

)

(

send (v,z)
)

In λsess, reduction is call-by-value and so the function on x can only be applied on a value. However, the

function’s parameter (send on z) is not a value, so it needs to be evaluated before the function on x can

http://dx.doi.org/10.4204/EPTCS.368.5
https://creativecommons.org
https://creativecommons.org/licenses/by/4.0/
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be applied. Hence, this program can only be evaluated in one order: first the send on z, then the receive

on y. In contrast, the semantics of CGV evaluates a function and its parameters concurrently: the send

on z and the receive on y can be evaluated in any order. Note that asynchrony plays no role here: both

buffering a message and synchronous communication entail a reduction in the function’s parameter.

The third novelty is cyclic thread configurations: threads can be connected by channels to form cyclic

networks. Consider the following program:

let (u,x) = recv x in

lety = send (u,y) in ()

∣

∣

∣

∣

∣

∣

∣

∣

letx = send (v,x) in
let(w,y) = recv y in()

Here we have two threads connected on channels x and y, thus forming a cyclic thread configuration.

Clearly, this program is deadlock-free. In λsess, the program is well-typed, but there is no deadlock-

freedom guarantee: the type system of λsess admits deadlocked cyclic thread configurations. In GV and

Fowler et al.’s EGV [7] (an extension of Fowler’s AGV [6]) there is a deadlock-freedom guarantee for

well-typed programs; however, their type systems only support tree-shaped thread configurations—this

limitation is studied in [4, 5]. Hence, the program above is not well-typed in GV and EGV.

These novelties are intertwined, in the following sense. Asynchronous communication reduces the

synchronization points in programs (as output-like operations are non-blocking), therefore increasing

concurrent evaluation. In turn, reduced synchronization points can streamline verification techniques for

deadlock-freedom based on priorities [16, 22, 23, 3], which unlock the analysis of process networks with

cyclic topologies. Indeed, in an asynchronous setting only input-like operations require priorities.

We endow CGV with a type system with functional types and session types; we opted for a design

in which well-typed terms enjoy subject reduction / type preservation but not deadlock-freedom. To

validate our semantic design and attain the three novelties motivated above, we resort to APCP. In our

developments, APCP operates as a “low-level” reference programming model. We give a typed trans-

lation of CGV into APCP, which satisfies strong correctness properties, in the sense of Gorla [10]. In

particular, it enjoys operational correspondence, which provides a significant sanity check to justify our

key design decisions in CGV’s operational semantics. Interestingly, using our correct translation and the

deadlock-freedom guarantees for well-typed processes in APCP, we obtain a technique for transferring

the deadlock-freedom property to CGV programs. That is, given a CGV program C, we prove that if the

APCP translation of C is typable (and hence, deadlock-free), then C itself is deadlock-free. This result

thus delineates a class of deadlock-free CGV programs that includes cyclic thread configurations.

In summary, this paper presents the following technical contributions: (1) CGV, a new functional cal-

culus with session-based asynchronous concurrency; (2) A typed translation of CGV into APCP, which

is proven to satisfy well-studied encodability criteria; (3) A transference result for the deadlock-freedom

property from APCP to CGV programs. An extended version contains omitted technical details [14].

2 Concurrent GV

2.1 Syntax and Semantics

The main syntactic entities in CGV are terms, runtime terms, and configurations. Intuitively, terms

reduce to runtime terms; configurations correspond to the parallel composition of a main thread and

several child threads, each executing a runtime term. Buffered messages are part of configurations. We

define two reduction relations: one is on terms, which is then subsumed by reduction on configurations.

The syntax of terms (L,M,N) is given and described in Figure 1. We use x,y, . . . for variables;

we write endpoint to refer to a variable used for session operations (send, receive, select, offer). Let
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Terms (L,M,N):

x (variable) new (create new channel)

() (unit value) spawn M (execute pair M in parallel)

λx .M (abstraction) send (M,N) (send M along N)

M N (application) recv M (receive along M)

(M,N) (pair construction) selectℓM (select label ℓ along M)

let(x,y) = M inN (pair deconstruction) caseM of {i : M}i∈I (offer labels in I along M)

................................................................................................................................................

Runtime terms (L,M,N) and reduction contexts (R):

L,M,N ::= . . . |M⦃N/x⦄ | send′(M,N)

R ::= [] |R M | spawn R | send R | recv R | let(x,y) = R inM

| selectℓR | caseR of {i : M}i∈I | R⦃M/x⦄ |M⦃R/x⦄ | send′(M,R)

................................................................................................................................................

Structural congruence for terms (≡M) and term reduction (−→M):

SC-SUBEXT x /∈ fn(R)⇒ (R[M])⦃N/x⦄ ≡M R[M⦃N/x⦄]

E-LAM (λx .M) N−→MM⦃N/x⦄

E-PAIR let(x,y) = (M1,M2) inN−→MN⦃M1/x,M2/y⦄

E-SUBSTNAME M⦃y/x⦄−→MM{y/x}

E-NAMESUBST x⦃M/x⦄−→MM

E-SEND send (M,N)−→M send
′(M,N)

E-LIFT M−→MN⇒R[M]−→M R[N]

E-LIFTSC M≡M M
′∧M

′−→MN
′∧N

′ ≡M N⇒M−→MN

Figure 1: The CGV term language.

fn(M) denote the free variables of a term. All variables are free unless bound: λx .M binds x in M,

and let(x,y) = M inN binds x and y in N. We introduce syntactic sugar for applications of abstractions:

letx = M inN denotes (λx .N) M. For (λx .M) N, we assume x /∈ fn(N), and for let(x,y) = M inN, we

assume x 6= y and x,y /∈ fn(M).

Figure 1 also gives the reduction semantics of CGV terms (−→M), which relies on runtime terms

(L,M,N), reduction contexts (R), and structural congruence (≡M). Note that this semantics comprises

the functional fragment of CGV; we define the concurrent semantics of CGV hereafter.

Runtime terms, whose syntax extends that of terms, guide the evaluation strategy of CGV; we discuss

an example evaluation of a term using runtime terms after introducing the reduction rules (Example 2.1).

Explicit substitution M⦃N/x⦄ enables the concurrent execution of a function and its parameters. The

intermediate primitive send′(M,N) enables N to reduce to an endpoint; the send primitive takes a pair

of terms as an argument, inside which reduction is not permitted (cf. [8]). Reduction contexts define the
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Markers (φ ), messages (m,n), configurations (C,D,E), thread (F ) and configuration (G ) contexts:

φ ::= � | ♦ m,n ::= M | ℓ

C,D,E ::= φ M |C ‖D | (νννx[~m〉y)C |C⦃M/x⦄

F ::= φ R |C⦃R/x⦄ G ::= [] | G ‖C | (νννx[~m〉y)G | G⦃M/x⦄

................................................................................................................................................

Structural congruence for configurations (≡C):

SC-TERMSC M≡M M
′⇒φ M≡C φ M

′

SC-RESSWAP (νννx[ε〉y)C ≡C (νννy[ε〉x)C

SC-RESCOMM (νννx[~m〉y)(νννz[~n〉w)C ≡C (νννz[~n〉w)(νννx[~m〉y)C

SC-RESEXT x,y /∈ fn(C)⇒ (νννx[~m〉y)(C ‖D)≡C C ‖ (νννx[~m〉y)D

SC-RESNIL x,y /∈ fn(C)⇒ (νννx[ε〉y)C ≡C C

SC-SEND’ (νννx[~m〉y)(F̂ [send′(M,x)]‖C) ≡C (νννx[M,~m〉y)(F̂ [x]‖C)

SC-SELECT (νννx[~m〉y)(F [select ℓx]‖C)≡C (νννx[ℓ,~m〉y)(F [x]‖C)

SC-PARNIL C ‖♦()≡C C

SC-PARCOMM C ‖D ≡C D‖C

SC-PARASSOC C ‖ (D‖E)≡C (C ‖D)‖E

SC-CONFSUBST φ (M⦃N/x⦄)≡C (φ M)⦃N/x⦄

SC-CONFSUBSTEXT x /∈ fn(G )⇒ (G [C])⦃M/x⦄ ≡C G [C⦃M/x⦄]

................................................................................................................................................

Configuration reduction (−→C):

E-NEW F [new]−→C (νννx[ε〉y)(F [(x,y)])

E-SPAWN F̂ [spawn (M,N)]−→C F̂ [N]‖♦M

E-RECV (νννx[~m,M〉y)(F̂ [recv y]‖C)−→C (νννx[~m〉y)(F̂ [(M,y)]‖C)

E-CASE j ∈ I⇒ (νννx[~m, j〉y)(F [case yof {i : Mi}i∈I ]‖C)−→C (νννx[~m〉y)(F [M j y]‖C)

E-LIFTC C−→CC′⇒G [C]−→C G [C′]

E-LIFTM M−→MM
′⇒F [M]−→C F [M′]

E-CONFLIFTSC C ≡C C′∧C′−→C D′∧D′ ≡C D⇒C−→C D

Figure 2: The CGV configuration language.

non-blocking parts of terms, where subterms may reduce. We write R[M] to denote the runtime term

obtained by replacing the hole [] in R by M, and fn(R) to denote fn(R[()]); we will use similar notation

for other kinds of contexts later.

We discuss the reduction rules. The Structural congruence rule SC-SUBEXT allows the scope ex-

trusion of explicit substitutions along reduction contexts. Rule E-LAM enforces application, resulting

in an explicit substitution. Rule E-PAIR unpacks the elements of a pair into two explicit substitutions
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(arbitrarily ordered, due to the syntactical assumptions introduced above). Rules E-SUBSTNAME and

E-NAMESUBST convert explicit substitutions of or on variables into standard substitutions. Rule E-

SEND reduces a send into a send′ primitive. Rules E-LIFT and E-LIFTSC close term reduction under

contexts and structural congruence, respectively. We write M−→k
M
N to denote that M reduces to N in

k steps.

Example 2.1. We illustrate the evaluation of terms using runtime terms through the following example,

which contains a send primitive and nested abstractions and applications. In each reduction step, we

underline the subterm that reduces and give the applied rule:

(

λx . send ((),x)
) (

(λy . y) z
)

(E-LAM)

−→M

(

send ((),x)
)

⦃
(

(λy . y) z
)

/x⦄ (E-SEND)

−→M

(

send′((),x)
)

⦃
(

(λy . y) z
)

/x⦄ (E-LAM)

−→M

(

send′((),x)
)

⦃(y⦃z/y⦄)/x⦄ (SC-SUBEXT)

≡M send
′
(

(),x⦃(y⦃z/y⦄)/x⦄
)

(E-NAMESUBST)

−→M send
′((),y⦃z/y⦄) (E-SUBSTNAME)

−→M send
′((),z)

Notice how the send primitive needs to reduce to a send′ runtime primitive such that the explicit substi-

tution of x can be applied. Also, note that the concurrency of CGV allows many more paths of reduction.

Note that the concurrent evaluation strategy of CGV may also be defined without explicit substitu-

tions. In principle, this would require additional reduction contexts specific to applications on abstrac-

tions and pair deconstruction, as well as variants of Rules E-SUBSTNAME and E-NAMESUBST specific

to these contexts. However, it is not clear how to define scope extrusion (Rule SC-SUBEXT) for such a

semantics. Hence, we find that using explicit substitutions drastically simplifies the semantics of CGV.

Concurrency in CGV allows the parallel execution of terms that communicate through buffers. The

syntax of configurations (C,D,E) is given in Figure 2. The configuration φ M denotes a thread: a

concurrently executed term. The thread marker helps to distinguish the main thread (φ = �) from child

threads (φ = ♦). The configuration C ‖D denotes parallel composition. The configuration (νννx[~m〉y)C
denotes a buffered restriction: it connects the endpoints x and y through a buffer [~m〉, binding x and y

in C. The buffer’s content, ~m, is a sequence of messages (terms and labels). Buffers are directed: in

x[~m〉y, messages can be added to the front of the buffer on x, and they can be taken from the back of the

buffer on y. We write [ε〉 for the empty buffer. The configuration C⦃M/x⦄ lifts explicit substitution to

the level of configurations: this allows spawning and sending terms under explicit substitution, such that

the substitution can be moved to the context of the spawned or sent term.

The reduction semantics for configurations (−→C, also in Figure 2) relies on thread and configuration

contexts (F and G , respectively) and structural congruence (≡C). We write F̂ to denote a thread context

in which the hole does not occur under explicit substitution, i.e. the context is not constructed using the

clause R⦃M/x⦄; this is used in rules for send′, spawn, and recv, effectively forcing the scope extrusion

of explicit substitutions when terms are moved between contexts (cf. Example 2.4).

We comment on some of the congruences and reduction rules. Rule SC-RESSWAP allows to

swap the direction of an empty buffer; this way, the endpoint that could read from the buffer

before the swap can now write to it. Rule SC-RESCOMM allows to interchange buffers, and

Rule SC-RESEXT allows to extrude their scope. Rule SC-RESNIL garbage collects buffers of closed

sessions. Rule SC-CONFSUBST lifts explicit substitution at the level of terms to the level of threads, and
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Rule SC-CONFSUBSTEXT allows the scope extrusion of explicit substitution along configuration con-

texts. Notably, putting messages in buffers is not a reduction: Rules SC-SEND’ and SC-SELECT equate

sends and selects on an endpoint x with terms and labels in the buffer for x, as asynchronous outputs are

computationally equivalent to messages in buffers.

Reduction rule E-NEW creates a new buffer, leaving a reference to the newly created endpoints in the

thread. Rule E-SPAWN spawns a child thread (the parameter pair’s first element) and continues (as the

pair’s second element) inside the calling thread. Rule E-RECV retrieves a term from a buffer, resulting

in a pair containing the term and a reference to the receiving endpoint. Rule E-CASE retrieves a label

from a buffer, resulting in a function application of the label’s corresponding branch to a reference to

the receiving endpoint. There are no reduction rules for closing sessions, as they are closed silently. We

write C −→k
C

D to denote that C reduces to D in k steps. Also, we write −→+
C

to denote the transitive

closure of −→C (i.e., reduction in at least one step).

We illustrate CGV’s semantics by giving some examples. The following discusses a cyclic thread

configuration which does not deadlock due to asynchrony:

Example 2.2. Consider configuration C1 below, in which two threads are spawned and cyclically con-

nected through two channels. One thread first sends on the first channel and then receives on the second,

while the other thread first sends on the second channel and then receives on the first. Under synchronous

communication, this would determine a configuration that deadlocks; however, under asynchronous com-

munication, this is not the case (cf. the third example in Sec. 1). We detail some interesting reductions:

C1 = � (let( f ,g) = new inlet(h,k) = newinspawn











let f ′ = (send (u, f )) in
let(v′,h′) = (recv h) in (),

letk′ = (send (v,k)) in
let(u′,g′) = (recv g) in ()











)

−→8
C
(νννx[ε〉y)(νννw[ε〉z)(� (spawn

(

let f ′ = (send (u,x)) in
let(v′,h′) = (recv w) in(),

letk′ = (send (v,z)) in
let(u′,g′) = (recv y) in ()

)

) (1)

−→C (νννx[ε〉y)(νννw[ε〉z)(�

(

letk′ = (send (v,z)) in
let(u′,g′) = (recv y) in ()

)

‖♦

(

let f ′ = (send (u,x)) in
let (v′,h′) = (recv w) in()

)

) (2)

−→2
C
(νννx[ε〉y)(νννw[ε〉z)(�

(

(let(u′,g′) = (recv y) in())
⦃send (v,z)/k′⦄

)

‖♦

(

(let (v′,h′) = (recv w) in())
⦃send (u,x)/ f ′⦄

)

) (3)

−→2
C
(νννx[ε〉y)(νννw[ε〉z)(�

(

(let(u′,g′) = (recv y) in())
⦃send′(v,z)/k′⦄

)

‖♦

(

(let (v′,h′) = (recv w) in())
⦃send′(u,x)/ f ′⦄

)

) (4)

≡ (νννx[u〉y)(νννz[v〉w)(� ((let(u′,g′) = (recv y) in ())⦃z/k′⦄)‖♦((let (v′,h′) = (recv w) in())⦃x/ f ′⦄))
(5)

−→2
C
(νννx[u〉y)(νννz[v〉w)(� (let(u′,g′) = (recv y) in())‖♦ (let (v′,h′) = (recv w) in()))

−→2
C
(νννx[ε〉y)(νννz[ε〉w)(� (let(u′,g′) = (v,y) in ())‖♦(let (v′,h′) = (v,w) in ()))−→4

C
� () (6)

Intuitively, reduction (1) instantiates two buffers and assigns the endpoints through explicit substitutions.

Reduction (2) spawns the left term as a child thread. Reduction (3) turns lets into explicit substitutions.

Reduction (4) turns the sends into send′s. Structural congruence (5) equates the send′s with messages in

the buffers. Reduction (6) retrieves the messages from the buffers. Note that many of these steps represent

several reductions that may happen in any order.

The following example illustrates CGV’s flexibility for communicating functions over channels:
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Example 2.3. In the following configuration, a buffer and two threads have already been set up (cf.

Example 2.2 for an illustration of such an initialization). The main thread sends an interesting term to

the child thread: it contains the send primitive from which the main thread will subsequently receive

from the child thread. We give the configuration’s major reductions, with the reducing parts underlined:

(νννx[ε〉y)(�

(

letx′ = send
(

λ z . send ((),z),x
)

in

let(v,x′′) = recv x′ inv

)

‖♦

(

let(w,y′) = recv y in

lety′′ = (w y′) in()

)

)

−→3
C
(νννx[λ z . send ((),z)〉y)

(

�

(

let (v,x′′) = recv x inv
)

‖♦

(

let(w,y′) = recv y in

lety′′ = (w y′) in()

)

)

−→C (νννy[ε〉x)
(

�

(

let(v,x′′) = recv x inv
)

‖♦

(

let(w,y′) = (λ z . send ((),z),y) in

lety′′ = (w y′) in()

)

)

−→C (νννy[ε〉x)
(

�

(

let(v,x′′) = recv x inv
)

‖♦

(

(

lety′′ = (w y′) in()
)

⦃
(

λ z . send ((),z)
)

/w,y/y′⦄
))

−→2
C
(νννy[ε〉x)

(

�

(

let(v,x′′) = recv x inv
)

‖♦

(

lety′′ =
(

(

λ z . send ((),z)
)

y
)

in()
))

−→2
C
(νννy[ε〉x)

(

�

(

let(v,x′′) = recv x inv
)

‖♦

(

lety′′ = send ((),y) in ()
)

)

−→3
C
(νννy[()〉x)

(

�

(

let (v,x′′) = recv x inv
)

)

−→4
C
�()

The following example illustrates why the restricted thread context F̂ is used:

Example 2.4. Consider the configuration C = (νννx[ε〉y)

(

�

(

(

send′(z,x)
)

⦃v/z⦄
)

‖D

)

. Suppose Struc-

tural congruence rule SC-SEND’ were defined on unrestricted thread contexts; then the rule applies

under the explicit substitution of z: C ≡C (νννx[z〉y)
(

�

(

x⦃v/z⦄
)

‖D
)

. Here, C and the right-hand-side are

inconsistent with each other: in C, the variable z is bound by the explicit substitution, whereas z is free

on the right-hand-side. With the restricted thread contexts we are forced to first extrude the scope of the

explicit substitution before applying Rule SC-SEND’, making sure that z remains bound:

C ≡C

(

(νννx[ε〉y)
(

�

(

send′(z,x)
)

‖D
)

)

⦃v/z⦄ ≡C

(

(νννx[z〉y)(� x‖D)
)

⦃v/z⦄.

2.2 Type System

We define a type system for CGV, with functional types for functions and pairs and session types for

communication. The syntax and meaning of functional types (T ,U ) and session types (S) are as follows:

T ,U ::= T ×U (pair) | T ⊸U (function) | 111 (unit) | S (session)

S ::= !T .S (output) | ?T .S (input) |⊕{i : T}i∈I (select) | &{i : T}i∈I (case) | end

Session type duality (S) is defined as usual; note that only the continuations, and not the messages, of

output and input types are dualized.

!T .S = ?T .S ?T .S = !T .S ⊕{i : Si}i∈I = &{i : Si}i∈I &{i : Si}i∈I =⊕{i : Si}i∈I end= end

Typing judgments use typing environments (Γ,∆,Λ) consisting of types assigned to variables (x : T ).

We write /0 to denote the empty environment; in writing ‘Γ,∆’, we assume that the variables in Γ and ∆
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T-VAR

x : T ⊢M x : T

T-ABS

Γ,x : T ⊢M M : U

Γ ⊢M λ x .M : T ⊸U

T-APP

Γ ⊢M M : T ⊸U ∆ ⊢M N : T

Γ,∆ ⊢M MN : U

T-UNIT

/0 ⊢M () : 111

T-PAIR

Γ ⊢M M : T ∆ ⊢M N : U

Γ,∆ ⊢M (M,N) : T ×U

T-SPLIT

Γ ⊢M M : T ×T ′ ∆,x : T ,y : T ′ ⊢M N : U

Γ,∆ ⊢M let(x,y) =M inN : U

T-NEW

/0 ⊢M new : S× S

T-SPAWN

Γ ⊢M M : 111×T

Γ ⊢M spawnM : T

T-ENDL
Γ ⊢M M : T

Γ,x : end ⊢M M : T

T-ENDR

/0 ⊢M x : end

T-SEND

Γ ⊢M M : T × !T .S

Γ ⊢M sendM : S

T-RECV

Γ ⊢M M : ?T .S

Γ ⊢M recv M : T × S

T-SELECT

Γ ⊢M M : ⊕{i : Ti}i∈I j ∈ I

Γ ⊢M select jM : Tj

T-CASE

Γ ⊢M M : &{i : Ti}i∈I ∀i ∈ I. ∆ ⊢M Ni : Ti ⊸U

Γ,∆ ⊢M caseMof {i : Ni}i∈I : U

T-SUB

Γ,x : T ⊢M M : U ∆ ⊢M N : T

Γ,∆ ⊢M M⦃N/x⦄ : U

T-SEND’
Γ ⊢M M : T ∆ ⊢M N : !T .S

Γ,∆ ⊢M send
′(M,N) : S

................................................................................................................................................

T-BUF

/0 ⊢B [ε〉 : S′ > S′

T-BUFSEND

Γ ⊢M M : T ∆ ⊢B [~m〉 : S′ > S

Γ,∆ ⊢B [~m,M〉 : S′ > !T .S

T-BUFSELECT

Γ ⊢B [~m〉 : S′ > S j j ∈ I

Γ ⊢B [~m, j〉 : S′ >⊕{i : Si}i∈I
................................................................................................................................................

T-MAIN

Γ ⊢M M : T

Γ ⊢�

C
�M : T

T-CHILD

Γ ⊢M M : 111

Γ ⊢♦

C
♦M : 111

T-PARL

Γ ⊢♦

C
C : 111 ∆ ⊢

φ
C

D : T

Γ,∆ ⊢
♦+φ
C

C ‖D : T

T-PARR

Γ ⊢
φ
C

C : T ∆ ⊢♦

C
D : 111

Γ,∆ ⊢
φ+♦

C
C ‖D : T

T-RES

Γ ⊢B [~m〉 : S′ > S ∆,x : S′,y : S ⊢
φ
C

C : T

Γ,∆ ⊢
φ
C
(νννx[~m〉y)C : T

T-RESBUF

Γ,y : S ⊢B [~m〉 : S′ > S ∆,x : S′ ⊢
φ
C

C : T

Γ,∆ ⊢
φ
C
(νννx[~m〉y)C : T

T-CONFSUB

Γ,x : T ⊢
φ
C

C : U ∆ ⊢M M : T

Γ,∆ ⊢
φ
C

C⦃M/x⦄ : U

Figure 3: Typing rules for terms (top), buffers (center), and configurations (bottom).

are pairwise distinct. Figure 3 (top) gives the type system for (runtime) terms. Judgments are denoted

Γ ⊢M M : T and have a use-provide reading: term M uses the variables in Γ to provide a behavior of type

T (cf. Caires and Pfenning [1]). When a term provides type T , we often say that the term is of type T .

Typing rules T-VAR, T-ABS, T-APP, T-UNIT, T-PAIR, and T-SPLIT are standard. Rule T-NEW

types a pair of dual session types S×S. Rule T-SPAWN types spawning a 111-typed term as a child

thread, continuing as a term of type T . Rules T-ENDL and T-ENDR type finished sessions. Rule T-

SEND (resp. T-RECV) uses a term of type !T .S (resp. ?T .S) to type a send (resp. receive) of a term of

type T , continuing as type S. Rule T-SELECT uses a term of type ⊕{i : Ti}i∈I to type selecting a label
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j ∈ I, continuing as type Tj. Rule T-CASE uses a term of type &{i : Ti}i∈I to type branching on labels

i ∈ I, continuing as type U—each branch is typed Ti ⊸U . Rule T-SUB types an explicit substitution.

Rule T-SEND’ types sending directly, not requiring a pair but two separate terms.

Figure 3 (bottom) gives the typing rules for configurations. The typing judgments here are annotated

with a thread marker: Γ ⊢
φ
C

C : T . The thread marker serves to keep track of whether the typed configu-

ration contains the main thread or not (i.e. φ = � if so, and φ = ♦ otherwise). When typing the parallel

composition of two configurations, we thus have to combine the thread markers of their judgments. This

combination of thread markers (φ +φ ′) is defined as follows:

�+ ♦ = � ♦+ �= � ♦+ ♦= ♦ (�+ � is undefined)

Typing rules T-MAIN and T-CHILD turn a typed term into a thread, where child threads may only

be of type 111. Rules T-PARL and T-PARR compose configurations: one configuration must be of type 111

and have thread marker ♦ (i.e., it does not contain a main thread), providing the other configuration’s

type. Rule T-RES types buffered restriction, with output endpoint x and input endpoint y used in the

configuration. It is possible to send the endpoint y on x, so there is also a Rule T-RESBUF where y is used

in the buffer. Unlike with usual typing rules for restriction, the types S′ of x and S of y do not necessarily

have to be duals. This is because the restriction’s buffer may already contain messages sent on x but not

yet received on y, such that the restricted configuration only needs to use x according to a continuation

of S. To ensure that S′ is indeed a continuation of S in accordance with the messages in the buffer, we

have additional typing rules for buffers, which we explain hereafter. Finally, Rule T-CONFSUB types an

explicit substitution on the level of configurations.

For typing buffers, in Figure 3 (center), we have judgments of the form: Γ ⊢B [~m〉 : S′ > S. The

judgment denotes that S′ is a continuation of S, in accordance with the messages ~m, which use the

variables in Γ. The idea of the typing rules is that, starting with an empty buffer at the top of the typing

derivation (Rule T-BUF) where S′ = S, Rules T-BUFSEND and T-BUFSELECT add messages to the end

of the buffer. Rule T-BUFSEND then prefixes S with an output of the sent term’s type, and Rule T-

BUFSELECT prefixes S with a selection such that the sent label’s continuation is S.

Example 2.5. Figure 4 (top) shows the typing derivation of a configuration reduced from C1 in Exam-

ple 2.2 (following an alternative path after Reduction (5)). Figure 4 (bottom) shows the typing of the

configuration (νννx[M, ℓ,()〉y)C, which has some messages in a buffer; notice how the type of x in C is a

continuation of the dual of the type of y.

In the configuration (νννx[let (z,y) = recv y iny〉y)C, the endoint y is inside the buffer connecting it

with x; to type it, we need Rule T-RESBUF (omitting the derivation of the buffer):

y : ?end . end ⊢B [let(z,y) = recv y iny〉 : end> !end . end Γ,x : end ⊢
φ
C

C : U

Γ ⊢
φ
C
(νννx[let (z,y) = recv y iny〉y)C : U

Note that such buffers will always deadlock: the message in the buffer can never be received.

Type Preservation Well-typed CGV terms and configurations satisfy protocol fidelity and commu-

nication safety. These properties follow from type preservation: typing is consistent across structural

congruence and reduction. In both cases the proof is by induction on the derivation of the congruence

and reduction, respectively; we include full proofs in the extended version of this paper [14].

Theorem 2.6. If Γ ⊢
φ
C

C : T and C ≡C D or C−→C D, then Γ ⊢
φ
C

D : T .
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/0 ⊢M z′ : end /0 ⊢B [ε〉 : end> end

/0 ⊢B [z
′〉 : end> S

y : S ⊢M y : S

y : S ⊢M revc y : end× end

/0 ⊢M () : 111

y0 : end ⊢M () : 111

z : end,y0 : end ⊢M () : 111

y : S ⊢M let(z,y0) = recv y in () : 111

y′ : end,y : S ⊢M let(z,y0) = recv y in() : 111

y′ : end,y : S ⊢�

C
�(let (z,y0) = recv y in ()) : 111

/0 ⊢�

C
(νννy′[z′〉y)(� (let(z,y0) = recv y in())) : 111

................................................................................................................................................

/0 ⊢M () : 111

Γ ⊢M M : T /0 ⊢B [ε〉 : S′ > S′

Γ ⊢B [M〉 : S′ > !T .S′

Γ ⊢B [M, ℓ〉 : S′ >⊕{ℓ : !T .S′, ℓ′ : S′′}

Γ ⊢B [M, ℓ,()〉 : S′ > !111 .⊕{ℓ : !T .S′, ℓ′ : S′′}

∆,x : S′,y : ?111 .&{ℓ : ?T .S′, ℓ′ : S′′} ⊢
φ
C

C : U

Γ,∆ ⊢
φ
C
(νννx[M, ℓ,()〉y)C : U

Figure 4: Derivation of configurations (cf. Example 2.5): (top) reduced from the initial one in Exam-

ple 2.2 (S = ?end . end); (bottom) a buffer containing several messages.

3 APCP (Asynchronous Priority-based Classical Processes)

APCP [13] is a linear type system for π-calculus processes that communicate asynchronously (i.e., the

output of messages is non-blocking) on connected channel endpoints. The type system assigns to end-

points types that specify two-party protocols, in the style of binary session types [15]. In APCP, well-

typed processes may be cyclically connected: types rely on priority annotations, which enable cyclic

connections while ruling out circular dependencies between sessions. Properties of well-typed APCP

processes are type preservation (Theorem 3.4) and deadlock-freedom (Theorem 3.5).

Syntax and Semantics We write x,y,z, . . . to denote endpoints (or names), and write x̃, ỹ, z̃, . . . to denote

sequences of endpoints. Also, we write i, j,k, . . . to denote labels and I,J,K, . . . to denote sets of labels.

Figure 5 (top) gives the syntax and meaning of processes. In APCP, all endpoints are used strictly

linearly: each endpoint can be used for exactly one communication only. However, we want to assign

session types to endpoints, so we have to be able to implement sequences of communications. Therefore,

each communication action carries an additional continuation endpoint to continue the session on.

The output action x[y,z] sends a message endpoint y and a continuation endpoint z along x. The input

prefix x(y,z) .P blocks until a message and a continuation endpoint are received on x, binding y and z

in P. The selection action x[z] ⊳ i sends a label i and a continuation endpoint z along x. The branching

prefix x(z)⊲{i : Pi}i∈I blocks until it receives a label i ∈ I and a continuation endpoint z on x, binding z in

each Pi. Restriction (νννxy)P binds x and y in P to form a channel for communication. The process P |Q
denotes parallel composition. The process 000 denotes inaction. The forwarder process x↔y is a primitive

copycat process that links together x and y.

Endpoints are free unless they are bound somehow. We write fn(P) for the set of free names of P.
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Process syntax:

P,Q ::= x[y,z] (output) | x(y,z) .P (input)

| x[z]⊳ i (selection) | x(z)⊲ {i : P}i∈I (branching) | (νννxy)P (restriction)

| P |Q (parallel) | 000 (inaction) | x↔y (forwarder)

Structural congruence:

P ≡ P′ (if P ≡α P′) P |Q ≡ Q |P x↔ y ≡ y↔x

P | (Q |R)≡ (P |Q) |R P |000 ≡ P (νννxy)x↔ y ≡ 000

P | (νννxy)Q ≡ (νννxy)(P |Q) (if x,y /∈ fn(P)) (νννxy)000 ≡ 000

(νννxy)(νννzw)P ≡ (νννzw)(νννxy)P (νννxy)P ≡ (νννyx)P

Reduction:

z,y 6= x

(νννyz)(x↔y |P)−→P{x/z}
�ID

(νννxy)(x[a,b] | y(v,z) .P)−→P{a/v,b/z}
�⊗

&

j ∈ I

(νννxy)(x[b]⊳ j | y(z)⊲{i : Pi}i∈I)−→Pj{b/z}
�⊕&

P ≡ P′ P′−→Q′ Q′ ≡ Q

P−→Q
�≡

P−→Q

(νννxy)P−→ (νννxy)Q
�ν

P−→Q

P |R−→Q |R
�|

Figure 5: Definition of APCP’s process language.

Also, we write P{x/y} to denote the capture-avoiding substitution of the free occurrences of y in P for x.

We write sequences of substitutions P{x1/y1} . . .{xn/yn} as P{x1/y1, . . . ,xn/yn}.

The reduction relation for processes (P−→Q) formalizes how complementary actions on connected

endpoints may synchronize. As usual for π-calculi, reduction relies on structural congruence (P ≡ Q),

which relates processes with minor syntactic differences; it is the smallest congruence on the syntax of

processes (Fig. 5 (top)) satisfying the axioms in Figure 5 (center).

We define the reduction relation P −→ Q by the axioms and closure rules in Figure 5 (bottom).

Rule �ID implements the forwarder as a substitution. Rule �⊗

&synchronizes an output and an input

on connected endpoints and substitutes the message and continuation endpoints. Rule �⊕& synchro-

nizes a selection and a branch: the received label determines the continuation process, substituting the

continuation endpoint appropriately. Rules �≡, �ν , and �| close reduction under congruence, restriction,

and parallel composition, respectively. We write −→∗ for the reflexive, transitive closure of −→.

The Type System APCP types processes by assigning binary session types to channel endpoints. Fol-

lowing Curry-Howard interpretations, we present session types as linear logic propositions (cf. Caires et

al. [2] and Wadler [26]) extended with priority annotations. Intuitively, actions typed with lower priority

cannot be blocked by those with higher priority.

We write o,κ ,π,ρ , . . . to denote priorities, and ω to denote the ultimate priority that is greater than

all other priorities and cannot be increased further. That is, ∀o ∈ N. ω > o and ∀o ∈ N. ω +o= ω .
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000 ⊢ /0
EMPTY

P ⊢ Γ

P ⊢ Γ,x : •
•

x↔y ⊢ x : A,y : A
ID

P ⊢ Γ Q ⊢ ∆

P |Q ⊢ Γ,∆
MIX

P ⊢ Γ,x : A,y : A

(νννxy)P ⊢ Γ
CYCLE

x[y,z] ⊢ x : A⊗o B,y : A,z : B
⊗

P ⊢ Γ,y : A,z : B o< pr(Γ)

x(y,z) .P ⊢ Γ,x : A

&

o B

&

j ∈ I

x[z]⊳ j ⊢ x : ⊕o{i : Ai}i∈I,z : A j

⊕
∀i ∈ I. Pi ⊢ Γ,z : Ai o< pr(Γ)

x(z)⊲{i : Pi}i∈I ⊢ Γ,x : &o{i : Ai}i∈I

&

Figure 6: The typing rules of APCP.

Definition 3.1. The following grammar defines the syntax of session types A,B. Let o ∈ N.

A,B ::= A⊗o B (output) | A

&

o B (input) | ⊕o {i : A}i∈I (select) | &o{i : A}i∈I (branch) | • (end)

Note that type • does not require a priority.

Duality, the cornerstone of session types and linear logic, ensures that the two endpoints of a channel

have matching actions. Furthermore, dual types must have matching priority annotations.

Definition 3.2. The dual of session type A, denoted A, is defined inductively as follows:

A⊗o B := A

&

o B ⊕o{i : Ai}i∈I := &o{i : Ai}i∈I • := •

A

&

o B := A⊗o B &o{i : Ai}i∈I :=⊕o{i : Ai}i∈I

The priority of a type is determined by the priority of the type’s outermost connective:

Definition 3.3. For session type A, pr(A) denotes its priority:

pr(A⊗o B) := pr(A

&

o B) := pr(⊕o{i : Ai}i∈I) := pr(&o{i : Ai}i∈I) := o pr(•) := ω

The priority of • is ω : it denotes a “final” action of protocols without blocking behavior. Although

associated with non-blocking behavior, ⊗ and ⊕ do have a non-constant priority: they are connected to

&

and &, respectively, which denote blocking actions.

The typing rules of APCP ensure that actions with lower priority are not blocked by those with higher

priority (cf. Dardha and Gay [3]). To this end, typing rules enforce the following laws:

1. An action with priority o must be prefixed only by inputs and branches with priority strictly smaller

than o—this law does not hold for output and selection, as they are not prefixes;

2. dual actions leading to a synchronization must have equal priorities (cf. Def. 3.2).

Judgments are of the form P ⊢ Γ, where P is a process and Γ is a context that assigns types to endpoints

(x : A). A judgment P ⊢ Γ then means that P can be typed in accordance with the type assignments for

names recorded in Γ. The context Γ obeys exchange: assignments may be silently reordered. Γ is linear,

disallowing weakening (i.e., all assignments must be used) and contraction (i.e., assignments may not be

duplicated). The empty context is written /0. In writing Γ,x : A we assume that x /∈ dom(Γ). We write

pr(Γ) to denote the least priority of all types in Γ (cf. Def. 3.3).

Figure 6 gives the typing rules. Rule EMPTY types an inactive process with no endpoints. Rule •
silently removes a closed endpoint from the typing context. Rule ID types forwarding between endpoints
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JT ×UK = (JTK &

•)⊗ (JUK &

•)

9
9
9 J!T .SK = (JT K⊗•)

&JSK J⊕{i : Ti}i∈IK = &{i : JTiK}i∈I

JT ⊸UK = (JTK⊗•)

&JUK

9
9
9 J?T .SK = (JT K &

•)⊗ JSK J&{i : Ti}i∈IK =⊕{i : JTiK}i∈I

J111K = •

9
9
9 JendK = •

Figure 7: Translation of CGV types into session types.

of dual type. Rule MIX types the parallel composition of two processes that do not share assignments on

the same endpoints. Rule CYCLE types a restriction, where the two restricted endpoints must be of dual

type. Rule ⊗ types an output action; this rule does not have premises to provide a continuation process,

leaving the free endpoints to be bound to a continuation process using MIX and CYCLE. Similarly,

Rule ⊕ types an unbound selection action. Priority checks are confined to Rules

&

and &, which type

input and branching prefixes, respectively. In both cases, the used endpoint’s priority must be lower than

the priorities of the other types in the continuation’s typing context, thus enforcing Law 1 above.

Well-typed processes satisfy protocol fidelity, communication safety, and deadlock-freedom. The

first two properties follow from type preservation. Here we only state these results; see [13] for details.

Theorem 3.4 (Type Preservation). If P ⊢ Γ and P ≡ Q or P−→Q, then Q ⊢ Γ.

Theorem 3.5 (Deadlock-freedom). If P ⊢ /0, then either P ≡ 000 or P−→Q for some Q.

4 Translating CGV into APCP

4.1 The Translation

In this section, we translate CGV into APCP. We translate entire typing derivations, following, e.g.,

Wadler [26]. Given the structure of CGV and its type system, the translation is defined in parts: for (run-

time) terms, for configurations, and for buffers. The translation is defined on well-typed configurations

which may be deadlocked, so our translation does not consider priority requirements. As we will see,

typability in APCP will enable us to identify deadlock-free configurations in CGV (cf. Sec. 4.3).

The translation is informed by the semantics of CGV. It is crucial that subterms may only reduce

when they occur in reduction contexts. For example, M1 and M2 may not reduce if they appear in a

pair (M1,M2). The translation must thus ensure that subterms are blocked when they do not occur in

reduction contexts. Translations such as Wadler’s hinge on blocking outputs and inputs; for example,

the pair (M1,M2) is translated as an output that blocks the translations of M1 and M2. However, outputs

in APCP are non-blocking and so we use additional inputs to disable the reduction of subterms. For

example, the translation of (M1,M2) adds extra inputs to block the translations of M1 and M2.

Figure 7 gives the translation of CGV types into APCP types (JT K), which already captures the oper-

ation of the translation: our translation is similar to the one by Wadler, but includes the aforementioned

additional inputs. It may seem odd that this translation dualizes CGV session types (e.g., an output ‘!’

becomes an input ‘

&

’). To understand this, consider that a variable x typed !T .S represents access to a

session which expects the user to send a term of type T and continue as S, but not the output itself. Hence,

to translate an output on x into APCP, we need to connect the translation of x to an actual output. Since

this actual output would be typed with ⊗, this means that the translation of x would need to be dually

typed, i.e., typed with

&

. A more technical explanation is that the translation moves from two-sided

CGV judgments to one-sided APCP judgments, which requires dualization (see, e.g., [9, 12]).
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Importantly, the translation preserves duality of session types (by induction on their structure):

Proposition 4.1. Given a CGV session type S, JSK = JSK.

We extend the translation of types to typing environments, defined as expected. Similarly, we extend

duality to typing environments: Γ denotes Γ with each type dualized. In this section, we give simplified

presentations of the translations, showing only the conclusions of the source and target derivations; we

include the translations with full derivations in the extended version of this paper [14].

A remark on notation. Some translated terms include annotated restrictions (
↔
ννν xy). These so-called

forwarder-enabled restrictions can be ignored in this subsection, but will be useful later when proving

soundness (one of the correctness properties of the translation; cf. Section 4.2).

We define the translation of (the typing rules of) terms. Since a term has a provided type, the transla-

tion takes as a parameter a name on which the translation provides this type. Figure 8 gives the translation

of terms, denoted JΓ ⊢M M : T Kz, where the type T is provided on z. By abuse of notation, we write JMKz

to denote the process translation of the term M, and similary for configurations and buffers. Notice the

aforementioned additional inputs to block behavior of subterms in rules such as Rule T-PAIR. Before

moving to buffers and configurations, we illustrate the translation of terms by an example:

Example 4.2. Consider the following subterm from Example 2.3:
(

λ z . send ((),z)
)

y. We gradually

discuss how this term translates to APCP, and how the translation is set up to mimick the term’s behavior.

J
(

λ z . send ((),z)
)

yKq = (νννab)
(

Jλ z . send ((),z)Ka | (νννcd)(b[c,q] |d(e, ) . JyKe)
)

The function application translates the function on a, which is connected to b. The output on b serves to

activate the function, which will subsequently activate the functions parameter (JyKe = y↔ e) by means

of an output that will be received on d.

Jλ z . send ((),z)Ka = a( f ,g) . (
↔
ννν hz)((ννν ) f [h, ] | Jsend ((),z)Kg)

The translation of the function is indeed blocked until it receives on a. It then outputs on f to activate the

function’s parameter (which receives on d), while the function’s body appears in parallel.

Jsend ((),z)Kg = (νννkl)
(

J((),z)Kk | l(m,n) . (νννop)
(

(ννν )n[o, ] | (νννrs)(p[m,r] | s↔ g)
)

)

The translation of the send primitive connects the translation of the pair ((),z) on k to an input on l,

receiving endpoints for the output term (m) and the output endpoint (n). Once activated by the input on

l, the term representing the output endpoint is activated by means of an output on n. In parallel, the

actual output (on p) sends the endpoint of the output term (m) and a fresh endpoint (r) representing the

continuation channel after the message has been placed in a buffer (the forwarder s↔g).

J((),z)Kk = (νννtu)(νννvw)(k[t,v] |u(a′, ) . J()Ka′ |w(b′, ) . JzKb′)

The translation of the pair outputs on k two endpoints for the two terms it contains (to be received by

whatever intends to use the pair in the context, e.g., the send primitive on l). The translations of the two

terms inside the pair (J()Ka′ = 000 and JzKb′ = z↔b′) are both guarded by an input, preventing the terms

from reducing until the context explicitly activates them by means of outputs.

Analogously to the reductions from Example 2.3—
(

λ z . send ((),z)
)

y−→3
M
send′((),y)—we have

J
(

λ z . send ((),z)
)

yKq−→5 Jsend′((),y)Kq.
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T-VAR Jx : T ⊢M x : T Kz = x↔ z ⊢ x : JT K,z : JTK T-UNIT J /0 ⊢M () : 111Kz = 000 ⊢ z : •

T-ABS JΓ ⊢M λx .M : T ⊸UKz = z(a,b) . (
↔
ννν cx)((νννe f )a[c,e] | JMKb) ⊢ JΓK,z : (JT K⊗•)

&JUK
T-APP JΓ,∆ ⊢M M N : UKz = (νννab)(JMKa | (νννcd)(b[c,z] |d(e, f ) . JNKe)) ⊢ JΓK,J∆K,z : JUK

T-PAIR

s
Γ,∆ ⊢M (M,N)

: T ×U

{
z =

(νννab)(νννcd)(z[a,c] |b(e, f ) . JMKe |d(g,h) . JNKg)

⊢ JΓK,J∆K,z : (JT K &

•)⊗ (JUK &

•)

T-SPLIT

s
Γ,∆ ⊢M let(x,y)

= M inN : U

{
z =

(νννab)(JMKa |b(c,d) . (
↔
ννν ex)(

↔
ννν f y)(

(νννgh)c[e,g] | (νννkl)d[ f ,k] | JNKz)) ⊢ JΓK,J∆K,z : JUK
T-NEW

q
/0 ⊢M new : S×S

y
z = (νννab)((νννcd)a[c,d] |b(e, f ) . (ννν xy)J(x,y)Kz)

⊢ z : (JSK &

•)⊗ (JSK &

•)

T-SPAWN JΓ ⊢M spawn M : T Kz = (νννab)(JMKa |b(c,d) . ((νννe f )c[e, f ] | (νννgh)d[z,g])) ⊢ JΓK,z : JT K
T-ENDL JΓ,x : end ⊢M M : T Kz = JMKz ⊢ JΓK,x : •,z : JTK T-ENDR J /0 ⊢M x : endKz = 000 ⊢ z : •

T-SEND JΓ ⊢M send M : SKz = (νννab)(JMKa |b(c,d) . (νννe f )((νννgh)d[e,g]

| (νννkl)( f [c,k] | l ↔ z))) ⊢ JΓK,z : JSK
T-RECV JΓ ⊢M recv M : T ×SKz = (νννab)(JMKa |b(c,d) . (νννe f )(z[c,e] | f (g,h) .d ↔g))

⊢ JΓK,z : (JT K &

•)⊗ (JSK &

•)

T-SELECT JΓ ⊢M select j M : TjKz = (νννab)(JMKa | (νννcd)(b[c]⊳ j |d↔ z)) ⊢ JΓK,z : JTjK

T-CASE

s
Γ,∆ ⊢M caseM

of {i : Ni}i∈I : U

{
z = (νννab)(JMKa |b(c)⊲{i : JNi cKz}i∈I) ⊢ JΓK,J∆K,z : JUK

T-SUB JΓ,∆ ⊢M M⦃N/x⦄ : UKz = (
↔
ννν xa)(JMKz | JNKa) ⊢ JΓK,J∆K,z : JUK

T-SEND’

s
Γ,∆ ⊢M send

′

(M,N) : S

{
z =

(νννab)(a(c,d) . JMKc | (νννe f )(JNKe | (νννgh)( f [b,g] |h↔ z)))

⊢ JΓK,J∆K,z : JSK

Figure 8: Translation of (runtime) term typing rules. See [14] for typing derivations.

Figure 9 (top) gives the translation of configurations, denoted JΓ ⊢
φ
C

C : T Kz. We omit the translation

of Rule T-PARR. Noteworthy are the translations of buffered restrictions: the translation of (νννx[~m〉y)C
relies on the translation of [~m〉, which is given the translation of C as its continuation.

The translation of buffers requires care: each message in the buffer is translated as an output in APCP,

where the output of the following messages is on the former output’s continuation endpoint. Once there

are no more messages in the buffer, the translation uses a typed APCP process—a parameter of the

translation—to provide the behavior of the continuation of the lastmost output. The translation has

no requirements for the continuation process and its typing, except for the type of the buffer’s end-

point. With this in mind, Figure 9 (bottom) gives the translation of the typing rules of buffers, denoted

JΓ ⊢B [~m〉 : S′ > SKP⊢∗Λ,x:JS′K
x , where x is the endpoint on which the buffer outputs, and P is the continua-

tion of the buffer’s last message. Note that we never use the typing rules for buffers by themselves: they

always accompany the typing of endpoint restriction, of which the translation properly instantiates the

continuation process.

Because CGV configurations may deadlock, the type preservation result of our translation holds up
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T-MAIN/CHILD

r
Γ ⊢

φ
C

φ M : T
z

z = JMKz ⊢ JΓK,z : JT K

T-PARL

r
Γ,∆ ⊢

♦+φ
C

C ‖D : T
z

z = (νννab)JCKa | JDKz ⊢ JΓK,J∆K,z : JT K

T-RES/T-RESBUF

r
Γ,∆ ⊢

φ
C
(νννx[~m〉y)C : T

z
z = (νννxy)J[~m〉KJCKz

x ⊢ JΓK,J∆K,z : JT K

T-CONFSUB

r
Γ,∆ ⊢

φ
C

C⦃M/x⦄ : U
z

z = (
↔
νννxa)(JCKz | JMKz) ⊢ JΓK,J∆K,z : JUK

T-BUF

q
/0 ⊢B [ε〉 : S′ > S′

yP⊢Λ,x:JS′K
x = P ⊢ Λ,x : JS′K

T-BUFSEND

s
Γ,∆ ⊢B [~m,M〉

: S′ > !T .S

{
P⊢Λ,x:JS′K
x =

(νννab)(νννcd)((νννgh)(x↔ g |h[a,c]) |b(e, f ) . JMKe

| J[~m〉KP{d/x}
d ) ⊢ JΓK,J∆K,Λ,x : (JT K &

•)⊗ JSK

T-BUFSELECT

s
Γ ⊢B [~m, j〉

: S′ >⊕{i : Si}i∈I

{
P⊢Λ,x:JS′K
x =

(νννab)((νννcd)(x↔ c |d[a]⊳ j)

| J[~m〉KP{b/x}
b ) ⊢ JΓK,Λ,x : ⊕{i : JSiK}i∈I

Figure 9: Translation of configuration and buffer typing rules. See [14] for typing derivations.

to priority requirements. To formalize this, we have the following definition:

Definition 4.3. Let P be a process. We write P ⊢∗ Γ to denote that P is well-typed according to the typing

rules in Figure 6 where Rules

&

and & are modified by erasing priority checks.

Hence, if P ⊢ Γ then P ⊢∗ Γ but the converse does not hold. Our translation correctly preserves the

typing of terms, configurations, and buffers:

Theorem 4.4 (Type Preservation for the Translation).

• JΓ ⊢M M : T Kz = JMKz ⊢∗ JΓK,z : JT K • JΓ ⊢
φ
C

C : T Kz = JCKz ⊢∗ JΓK,z : JT K

• JΓ ⊢B [~m〉 : S′ > SKP⊢∗Λ,x:JS′K
x = J[~m〉KP

x ⊢∗ JΓK,Λ,x : JSK
Example 4.5. Consider again the configuration (νννx[M, ℓ,()〉y)C. We illustrate the translation of buffers

into APCP by giving the translation of this configuration (writing 〈x〉[a,b] to denote the forwarded output

(νννcd)(x↔ c |d[a,b])):

J(νννx[M, ℓ,()〉y)CKz = (νννxy)J[M, ℓ,()〉KJCKz
x = (νννxy) (νννab)(νννcx′)(〈x〉[a,c] |b(d, ) .000

| (νννex′′)(〈x′〉[e]⊳ ℓ | (ννν f g)(νννhx′′′)(〈x′′〉[ f ,h] |g(k, ) . JMKk | JCKz{x′′′/x})))

Notice how the (forwarded) outputs are sequenced by continuation endpoints, and how the translation

of C uses the last continuation endpoint x′′′ to interact with the buffer.

4.2 Operational Correctness

Following Gorla [10], we focus on operational correspondence: a translated configuration can repro-

duce all of the source configuration’s reductions (completeness; Theorem 4.6), and any of the translated

configuration’s reductions can be traced back to reductions of the source configuration (soundness; Theo-

rem 4.7). With the soundness result, our translation is stronger than related prior translations [20, 24, 19].

Our completeness result states that the reductions of a well-typed configuration can be mimicked by

its translation in zero or more steps.
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Theorem 4.6 (Completeness). Given Γ ⊢
φ
C

C : T , if C−→C D, then JCKz−→∗ JDKz.

Proof (Sketch). By induction on the derivation of the configuration’s reduction. In each case, we infer

the shape of the configuration from the reduction and well-typedness. We then consider the translation

of the configuration, and show that the resulting process reduces in zero or more steps to the translation

of the reduced configuration. See the extended version of this paper [14] for a full proof.

Soundness states that any sequence of reductions from the translation of a well-typed configuration

eventually leads to the translation of another configuration, which the initial configuration also reduces

to. Asynchrony in APCP requires us to be careful, specifically concerning the semantics of variables in

CGV. Variables can only cause reductions under specific circumstances. On the other hand, variables

translate to forwarders in APCP, which reduce as soon as they are bound by restriction. This semantics

for forwarders turns out to be too eager for soundness. As a result, soundness only holds for an alternative,

so-called lazy semantics for APCP, denoted −→L, in which forwarders may only cause reductions under

specific circumstances. It is here that the forwarder-enabled restrictions (
↔
ννν xy) anticipated in Section 4.1

come into play. As we will see in Section 4.3, this alternative semantics does not prevent us from

identifying a class of deadlock-free CGV configurations through the translation into APCP. Due to space

limitations, the definitions of the lazy semantics only appears in the extended version of this paper [14].

Theorem 4.7 (Soundness). Given Γ ⊢
φ
C

C : T , if JCKz−→∗
L

Q, then C−→∗
C

D and Q−→∗
L
JDKz for some D.

Proof (Sketch). By induction on the structure of C. In each case, we additionally apply induction on

the number k of steps JCKz−→k
L

Q. We then consider which reductions might occur from JCKz to Q.

Considering the structure of C, we then isolate a sequence of k′ possible steps, such that JCKz−→k′

L
JD′Kz

for some D′ where C−→C D′. Since JD′Kz−→k−k′

L
Q, it then follows from the induction hypothesis that

there exists D such that D′−→∗
C

D and JD′Kz−→∗
L
JDKz.

Key here is the independence of reductions in APCP: if two or more reductions are enabled from

a (well-typed) process, they must originate from independent parts of the process, and so they do not

interfere with each other. This essentially means that the order in which independent reductions occur

does not affect the resulting process. Hence, we can pick “desirable” sequences of reductions, postponing

other possible reductions. See the extended version of this paper [14] for a full proof of soundness.

From the proof above we can deduce that if the translation takes at least one step, then so does the source:

Corollary 4.8. Given Γ ⊢
φ
C

C : T , if JCKz−→+
L

Q, then C−→+
C

D and Q−→∗
L
JDKz for some D.

4.3 Transferring Deadlock-freedom from APCP to CGV

In APCP, well-typed processes typable under empty contexts (P ⊢ /0) are deadlock-free. By appealing

to the operational correctness of our translation, we transfer this result to CGV configurations. Each

deadlock-free configuration in CGV obtained via transference satisfies two requirements:

• The configuration is typable /0 ⊢�

C
C : 111: it needs no external resources and has no external behavior.

• The typed translation of the configuration satisfies APCP’s priority requirements: it is well-typed

under ‘⊢’, not only under ‘⊢∗’ (cf. Def. 4.3).

We rely on soundness (Theorem 4.7) to transfer deadlock-freedom to configurations. However,

APCP’s deadlock-freedom (Theorem 3.5) considers standard semantics (−→), whereas soundness con-

siders the lazy semantics (−→L). Therefore, we first must show that if the translation of a configuration
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λsess [8] GV [26] EGV [7] PGV [17, 18] CGV (this paper)

Communication Asynch. Synch. Asynch. Synch. Asynch.

Cyclic Topologies Yes No No Yes Yes

Deadlock-Freedom No Yes (typing) Yes (typing) Yes (typing) Yes (via APCP)

Table 1: The features of CGV compared to its predecessors.

satisfying the requirements above reduces under −→, it also reduces under −→L; this is Theorem 4.9

below. The deadlock-freedom of these configurations (Theorem 4.10) then follows from Theorems 3.5

and 4.9. See the extended version of this paper [14] for detailed proofs of these results.

Theorem 4.9. Given /0 ⊢�

C
C : 111, if JCKz ⊢ Γ for some Γ and JCKz−→Q, then JCKz−→L Q′, for some Q′.

Proof (Sketch). By inspecting the derivation of JCKz−→Q. If the reduction is not derived from �ID, it

can be directly replicated under −→L. Otherwise, we analyze the possible shapes of C and show that a

different reduction under −→L is possible.

Theorem 4.10 (Deadlock-freedom for CGV). Given /0 ⊢�

C
C : 111, if JCKz ⊢ Γ for some Γ, then C ≡ �() or

C−→C D for some D.

Proof (Sketch). By assumption and Theorem 4.4, JCKz ⊢ z : •. Then (νννz )JCKz ⊢ /0. By Theorem 3.5,

(i) (νννz )JCKz ≡ 000 or (ii) (νννz )JCKz−→Q for some Q. In case (i) it follows from the well-typedness and

translation of C that C ≡C � (). In case (ii) we deduce that the reduction of (νννz )JCKz cannot involve the

endpoint z. Hence, JCKz−→Q0 for some Q0. By Theorem 4.9, then JCKz−→L Q′ for some Q′. Then, by

Corollary 4.8, there exists D′ such that C−→+
C

D′. Hence, C−→C D for some D, proving the thesis.

As an example, using Theorem 4.10 we can show that C1 from Example 2.2 is deadlock-free; see [14].

5 Conclusion

We have presented CGV, a new functional language with asynchronous session-typed communication.

As illustrated in Section 1, CGV is strictly more expressive than its predecessors, thanks to a highly asyn-

chronous semantics (compared to GV and PGV), its support for cyclic thread configurations (compared

to EGV), and the ability to send whole terms and not just values (compared to all the mentioned calculi).

Table 1 summarizes the features of CGV compared to its predecessors.

An operationally correct translation into APCP solidifies the design of CGV, and enables identifying

a class of deadlock-free CGV programs. Interestingly, the asynchronous semantics of CGV is reminis-

cent of future/promise programming paradigms (see, e.g., [11, 21, 25]), which have been little studied in

the context of session-typed communication.

The alternative to establishing deadlock-freedom in CGV via translation into APCP would be to

enhance CGV’s type system with priorities (in the spirit of, e.g., work by Padovani and Novara [23]).

Another useful addition concerns recursion / recursive types. We leave these extensions to future work.
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The ρ-calculus (Reflective Higher-Order Calculus) of Meredith and Radestock is a π-calculus-like
language with some unusual features, notably, structured names, runtime generation of free names,
and the lack of an operator for scoping visibility of names. These features pose some interesting
difficulties for proofs of encodability and separation results. We describe two errors in a previously
published attempt to encode the π-calculus in the ρ-calculus by Meredith and Radestock. Then we
give a new encoding and prove its correctness, using a set of encodability criteria close to those
proposed by Gorla, and discuss the adaptations necessary to work with a calculus with runtime gen-
eration of structured names. Lastly we prove a separation result, showing that the ρ-calculus cannot
be encoded in the π-calculus.

1 Introduction

Process calculi are formalisms for modelling and reasoning about concurrent and distributed computa-
tions; a prominent example is the π-calculus of Milner, Parrow and Walker [13, 12]. These languages
commonly begin by assuming a countably infinite set of atomic names N , ranged over by x,y,z. This
is not an unreasonable assumption for most purposes, but it does leave open the question of how this set
of names should actually be interpreted, e.g. if we were to create an implementation of the π-calculus or
one of its variants [20, 16, 5].

A similar issue arises with the scoping operator (νx)P, which is used to declare a new name x with
visibility limited to P. Here the question becomes how we should choose this new name x, such that it
is actually ensured to be unique. For a process modelling a program running on a single computer, this
can easily be solved, e.g. with a counter; but if the process models a distributed system, with programs
running on distinct computers, the solution is less obvious. These issues are not directly handled in the
π-calculus model, but only become apparent when we consider a more practical implementation of the
set of names.

A radically different approach is taken in the Reflective Higher-Order (RHO or ρ) calculus proposed
by Meredith and Radestock in [11]. These authors instead begin by positing that the set of names is built
by a syntax, similar to the syntax for processes, and thus generated from a finite set of elements. One
could imagine different possibilities for this syntax, but Meredith and Radestock here make the unusual
choice of letting names be ‘quoted’ processes, written pPq. Thus, if P is a process, then pPq is a name.
This creates a mutually recursive definition, since processes also contain names. The full syntax of the
ρ-calculus is then

P ∈Pρ ::= 0
∣∣ P1 | P2

∣∣ x〈|P|〉
∣∣ x(y).P

∣∣ qxp
x,y ∈ pPρq ::= pPq

*This work was supported by the Icelandic Research Fund Grant No. 218202-05(1-3).
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Three of the constructs are as in the π-calculus: The nil process, 0, is the inactive process; The
parallel construct, P1 | P2, is the parallel composition of processes P1 and P2; and the input construct,
x(y).P, is a blocking operation, awaiting a communication on the channel x of some name, which, upon
reception, will be bound to y in the continuation P.

The two remaining constructs are particular to the ρ-calculus: The lift construct x〈|P|〉 quotes the
process P, thereby creating the name pPq, and outputs it on x; thus name generation is handled explicitly
in the ρ-calculus, rather than implicitly by a π-calculus style ν-operator. This is the second peculiarity
of this calculus, since the newly generated name will be free in the continuation of the corresponding
input, and therefore also observable if substituted for the subject of an input or lift. As we shall later see,
this feature is crucial for showing a separation result w.r.t. the π-calculus.

Lastly, the drop construct qxp removes the quotes of the name to run the process within them, thereby
enabling higher-order behaviour (i.e. process mobility). This construct is thus similar to a process vari-
able X in e.g. HOπ [17, 18], and is also the reason for the ‘reflective’ epithet in the name of this calculus.
It derives from Smith [19], who defined reflection as the ability of a program to turn code into data,
compute with it, modify it, and turn it back into running code, which in the ρ-calculus is captured by the
combination of the lift and drop constructs, and the duality of names and processes.

Although superficially quite similar to the π-calculus, these features suggest that the ρ-calculus is
actually rather different. As argued above, the use of structured terms as names, and explicit name gen-
eration, seem more realistic from an implementation perspective, as it places the problems of choosing
the next name, and of ensuring freshness, within the language itself, rather than simply assuming that
these features just work behind the scenes. However, providing a solution to these problems is not trivial,
as we shall see below. For example, in [11] Meredith and Radestock also propose an encoding of the
asynchronous, choice-free fragment of the π-calculus into the ρ-calculus, reviewed in section 3, but as
we shall show in section 4, this encoding contains two fatal errors, invalidating their correctness result.

In what follows, we shall instead propose a different encoding of the π-calculus into the ρ-calculus
and formally prove its correctness w.r.t. a number of encodability criteria closely related to those pro-
posed by Gorla in [8], but with some adaptations necessitated by the aforementioned peculiar features
of the ρ-calculus (Propositions 1-5). Using the same criteria we then derive a separation result, showing
that the converse of this statement does not hold: there cannot be an encoding of the ρ-calculus into
the π-calculus satisfying the same criteria (Theorem 1).1 This result is quite surprising, and it suggests
that we cannot always just reduce higher-order behaviour to the first-order paradigm, as Sangiorgi was
able to do with HOπ in [18]. This is because higher-order behaviour in the ρ-calculus is not just an
extension on top of an already computationally complete language, as it is the case with HOπ which
extends the ‘first-order’ π-calculus, but rather appears as a special case of the more general phenomenon
of reflection, where processes (code) are communicated without modification.

2 The Reflective Higher-Order Calculus

We begin by presenting the ρ-calculus following Meredith and Radestock in [11]. As we have already
seen the syntax above, we shall here focus on the semantics, which we shall give in terms of a reduction
system. Firstly, we shall need a notion of structural congruence on processes, written ≡. We shall
postpone its precise definition slightly, but the intuition is that P1 ≡ P2 denotes that P1 and P2 are the
same process, up to some insignificant structural change, such as reordering of components in parallel
composition or a change of bound names (α-conversion).

1Full proofs of most results are available in a technical report [10].
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Now, since names are quoted processes, this notion of structural congruence is extended to the set of
names: the name equivalence relation, written ≡N , is defined as the least equivalence on names closed
under the following rules:

[N-STRUCT]
P1 ≡ P2

pP1q≡N pP2q
[N-DROP]

x1 ≡N x2

pqx1pq≡N x2

The point of [N-STRUCT] is that if the processes within quotes have the same structure (up to structural
congruence), then the quoted processes should also represent the same name. Furthermore, by [N-DROP],
we allow nested levels of quotes and drops to ‘cancel out.’

Next, we shall need the notions of free and bound names, fn(P) and bn(P), which are defined in
the usual (syntactic) way, with input being the only formal binder in the language. Thus bn(x(y).P) =
{y}∪bn(P), and all other names are free. We write n(P), fn(P)∪bn(P) for all the names in P, and we
also write x#P to mean that x is fresh for P. However, with structured names, it is no longer enough that
x /∈ n(P); x must also not be name equivalent to any name in P. Thus we say x#P, ∀n ∈ n(P) . x 6≡N n.
Lastly, we write P{x/y} for the safe substitution of x for y within P. However, given our considerations
about ≡N above, P{x/y} will not only replace y, but also any name that is name equivalent to y. Note
also, in particular, that substitution does not recur into processes under quotes. Thus pPq{x/y} = pPq
for all names y where y 6≡N pPq, and pPq{x/y}= x otherwise.

We shall now return to the definition of structural congruence: it is defined as the usual least congru-
ence on processes, containing α-equivalence and the abelian monoid rules for parallel composition with 0
as the unit element. However, with structured terms as names, the congruence rules take on a slightly un-
usual form, since we now also need to compare names. For example, to conclude x1(y1).P1 ≡ x2(y2).P2
we would need the following rule in structural congruence:

[S-IN]
x1 ≡N x2 P1 {z/y1} ≡ P2 {z/y2}

x1(y1).P1 ≡ x2(y2).P2
(z#P1,P2)

This yields another mutual recursion between structural congruence and name equivalence.
With these concepts in place, we can at last give the reduction rules for our semantics as follows:

[ρ -PAR]
P1→ P′1

P1 | P2→ P′1 | P2
[ρ -STRUCT]

P1 ≡ P′1 P′1→ P′2 P′2 ≡ P2

P1→ P2

[ρ -COM]
x1 ≡N x2

x1(y).P1 | x2 〈|P2|〉 → P1 {pP2q/y}
The [ρ -PAR] and [ρ -STRUCT] rules are standard (as in e.g. the π-calculus); the former lets us con-

clude a reduction of one component in a parallel composition, whilst the latter allows us to rewrite the
process, using structural congruence ≡, such that its form can match the conclusion of one of the other
rules.

The [ρ -COM] rule is also almost standard: The process P2 is quoted and sent out over x2, and the
matching input receives it as the name pP2q and substitutes it for y in the continuation P1. However, since
names in the ρ-calculus have structure, we must be able to explicitly conclude the equivalence x1 ≡N x2
between the two subjects in a communication. This is thus different from calculi with atomic names
where exact syntactic equality is (usually implicitly) required between subjects.

One last detail concerns substitution: In structural congruence, including α-equivalence, P{x/y} is
defined as the usual capture-avoiding substitution of names for names. However, the substitution used in
the semantics is slightly different, as it is also used to handle the qxp construct, which was not given a
reduction rule above. The semantic substitution also contains the clause qxp{pPq/y}= P if x≡N y, thus
replacing the process qxp with P; and qxp{pPq/y}=qxp if x 6≡N y. This is the only way in which a qxp
is ever executed, and it implies that the drop of a free name is a deadlock, as it can never be touched by
a substitution at runtime.
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3 The encoding of Meredith and Radestock

In [11], Meredith and Radestock proposed an encoding of the asynchronous, choice-free π-calculus,
taking full abstraction w.r.t. weak, barbed bisimilarity as their correctness criterion. Unfortunately, that
encoding is not correct, as we shall now show. The counter-examples are instructive, as they highlight
some of the difficulties inherent in working with a calculus without the assumption of an infinite set of
atomic names and explicit scoping operators.

First, we recall the syntax and semantics of the asynchronous choice-free π-calculus, as given e.g.
in [14]. Note that some of the constructs and concepts are similar to those found in the ρ-calculus. We
shall therefore reuse some of the symbols and rely on context to distinguish whether a π-calculus or
ρ-calculus construct is meant. The syntax is:

P ∈Pπ ::= 0
∣∣ P1 | P2

∣∣ x(y).P
∣∣ x<z>

∣∣ (νx)P
∣∣ !P

The semantics is given in terms of a reduction system with the rules

[π -COM]
x(y).P | x<z>→ P{z/y} [π -RES]

P→ P′

(νx)P→ (νx)P′

and with rules for parallel composition and structural congruence similar to those in the ρ-calculus (rules
[ρ -PAR] and [ρ -STRUCT] above). Structural congruence ≡ over Pπ contains the same rules as in the ρ-
calculus, but with syntactic equality replacing name equivalence, and also the following rules for scoping
and replication:

(νx)0 ≡ 0
(νx)(νy)P ≡ (νy)(νx)P

!P ≡ P | !P
(νx)P1 | P2 ≡ (νx)(P1 | P2) if x /∈ fn(P2)

Now for the encoding, assume a function ϕ : N → pPρq from π-calculus atomic names to ρ-
calculus names. Since the set of π-calculus names is countably infinite, it can for example be mapped
to the set of natural numbers. The function ϕ could then be regarded as an enumeration of names (or
a successor function), starting e.g. from p0q for the name x0, and then letting the name xi+1 be defined
in terms of the name xi as for example xi+1 , pxi 〈|0|〉q. In the sequel, we shall say that px〈|0|〉q is a left
increment of x, written +x. Then we can generate a countably infinite sequence of names x0,x1,x2, . . .,
starting from any name x = x0, as +x = x1,++x = +x1 = x2, . . . and so on. This shows that the set of π-
calculus names can be implemented as ρ-names, as, by the definition of name equivalence and structural
congruence, we have that x 6≡N px〈|0|〉q.

Correspondingly we can define x+ , px(p0q).0q as a right increment of x, which gives us another
countably infinite sequence. Another option is name composition x · y , px〈|0|〉 | y(p0q).0q, which
yields yet another sequence with x2 = x · x,x3 = x2 · x,x4 = x3 · x, . . . and so on.

These are all examples of static quoting techniques for consistent name generation, and each could
be used to implement the function ϕ . Given such techniques, Meredith and Radestock then begin by
assuming that all π-calculus names are already implemented as ρ-names. Their translation function
JPKn0,p0 requires two names as parameters, which must be chosen such that they are distinct from all the
names in P, and furthermore that no name within P can ever be generated from n0 or p0 by means of the
aforementioned methods of static name generation. One way of ensuring this is by letting

n0 = p ∏
x∈fn(P)

x〈|0|〉q and p0 = p ∏
x∈fn(P)

x(p0q).0q

where ∏ denotes generalised parallel composition.
The translation function also uses two short-hands: D(x), x(y).(qyp | x〈|qyp|〉) is a copying process

used to implement replication; and x<y>, x〈|qyp|〉 simulates output in the π-calculus, since by [N-DROP]
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we have that pqypq ≡N y. The translation JPK = JPKn0,p0 [11, p. 13] is then given by the following
recursive equations:2

J0Kn,p = 0
Jx<y>Kn,p = x<y>

Jx(y).PKn,p = x(y).JPKn,p

JP1 | P2Kn,p = JP1K+n,+p | JP2Kn+,p+

J(νx)PKn,p = p(x).JPK+n,+p | p<n>

J!PKn,p = n · p〈|n+(n).p+(p).(JPKn,p | D(n · p) | n+〈|n<n>|〉 | p+〈|p<p>|〉)|〉
| D(n · p) | n+<+n> | p+<+p>

A central element in this translation is the encoding of replication, J!PKn,p, so we shall give some
further details about its underlying intuitions. Firstly, with higher-order process mobility, we can create
a diverging process simply as x〈|D(x)|〉 | D(x). This construction is reminiscent of the λ -calculus Ω-
combinator (λx.xx)λx.xx: D(x) will run the process it receives on x whilst simultaneously making it
available again on x, so by sending it a copy of D(x) itself, we obtain a process that continuously copies
itself. Then, by embedding another process P in this construct, x〈|P | D(x)|〉 | D(x), we obtain a process
that will create arbitrarily many copies of P at runtime. Thus we can implement unguarded replication
by using just a single name x. However, this name x must not be used by any other process, lest it
might interfere with the replication. This is achieved in the above encoding by composing the two name
parameters, n and p, to obtain a new name n · p.

Secondly, if JPKn,p were simply copied in this fashion, any usage of the parameters n and p within the
translation of P would also be copied, which thus could create a name clash. Therefore, the inner process
is prefixed with two inputs that bind n and p within the continuation. In parallel, we then have two other
processes, n+<+n> and p+<+p>, that output the new names +n and +p, which will be substituted for n
and p. These processes are also copied, and in the next round of replication they will instead create the
names p+n<+n>q and p+p<+p>q, and so on, thereby implementing a runtime form of name generation,
similar to our static quoting technique.

For the purpose of defining a notion of behavioural equivalence that is comparable to that of other
calculi that do feature a ν-operator, Meredith and Radestock define a name-restricted observation predi-
cate ↓N for the ρ-calculus, parametrised with a set of names N . The idea is to only allow observation
of names in this set. We follow their definition, but also allow the observation predicate to distinguish
between input x, and output x:3

[ρ -BOUT]
x1 ≡N x2 x1 ∈N

x1 〈|P|〉 ↓N x2
[ρ -BIN]

x1 ≡N x2 x1 ∈N

x1(y).P ↓N x2
[ρ -BPAR]

P1 ↓N x̂ ∨ P2 ↓N x̂
P1 | P2 ↓N x̂

where x̂ ranges over x,x. An N -restricted barbed bisimulation is then a symmetric, binary relation RN

on processes, parametrised with a set of names N , such that (P1,P2) ∈RN implies:
• If P1→ P′1 then there exists a P′2 such that P2→ P′2 and (P′1,P

′
2) ∈RN .

• If P1 ↓N x̂ then P2 ↓N x̂.
We say that P1 is N -restricted barbed bisimilar to P2, written ∼N , if there exists an N -restricted
barbed bisimulation RN such that (P1,P2) ∈RN . The corresponding ‘weak’ observation predicate is
then written

P ⇓N x̂, ∃P′ . P→∗ P′∧P′ ↓N x̂
2The translation has been adapted to use our notation for name increments, which we find more intuitive than xl and xr,

which is used in the original presentation. We also use x<y> rather than x[y] for output, which is more in line with standard
π-calculus notation.

3The added distinction between input and output observations is only for use in our later development of a correct encoding,
and does not invalidate our claim that the encoding by Meredith and Radestock is incorrect, since our counter-examples shall
only rely on observing outputs.
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where →∗ is the reflexive and transitive closure of →, and by replacing P2 ↓N x̂ with P2 ⇓N x̂, and
P2 → P′2 with P2 →∗ P′2 in the above definition, we obtain the corresponding notion of a weak N -
restricted barbed bisimulation. We say that P1 is weakly N -restricted barbed bisimilar to P2, written
≈N , if there exists a weak N -restricted barbed bisimulation RN that relates them.

The corresponding observation predicate for the π-calculus is built by the following rules for obser-
vation on output, restriction and replication

[π -BOUT]
x ∈N

x<y> ↓N x
[π -BRES]

P ↓N x̂
(νz)P ↓N x̂

(x 6= z) [π -BREP]
P ↓N x̂
!P ↓N x̂

and with rules similar to [ρ -BPAR] and [ρ -BIN] in the ρ-calculus for observation on parallel composition
and input, with strict syntactic equality replacing name equivalence in the premise of the latter rule. The
notions of a weak observation predicate, and (strong resp. weak) N -restricted barbed bisimulation and
bisimilarity for the π-calculus are then defined as in the ρ-calculus. We write P ↓ x̂, P ⇓ x̂, P1 ∼ P2 and
P1 ≈ P2 when N is the set of all names, corresponding to no restriction on the names we can observe.
This yields the familiar notions of (strong resp. weak) barbed bisimilarity in the π-calculus (as defined
in e.g. [12]).

Given these notions of behavioural equivalence, Meredith and Radestock then state the following as
a theorem [11, p. 14, Theorem 5.3], but without providing a proof:

P1 ≈ P2 ⇐⇒ JP1K≈fn(P1)∪fn(P2) JP2K (1)

with observation in the ρ-calculus restricted to fn(P1)∪ fn(P2), i.e. the free names in P1 and P2, imple-
mented as ρ-names.4

4 The errors

We shall now see why the claim stated in 1 does not hold. Firstly, consider the following π-calculus
processes:

P1 , !(νz)u<z> and P2 , (νz)!u<z>

Clearly, they represent different behaviours: P2 will continuously send out the same fresh name z on
u, whilst P1 will send out different fresh names, as we can see by applying α-conversion after unfolding
the replication (see [10, p. 11] for details). We can also easily construct a testing context C such that they
can be distinguished by the (π-calculus) ⇓ x predicate, for example

C , [ ] | u(n1).u(n2).(n1 | n2.x)

where the objects for the input/output of n1,n2 and x are ignored, as this only requires pure synchronisa-
tion. Clearly, if the two names received on u are the same, then n1 and n2 will be the same name, so they
can synchronise and we will therefore be able to observe x after 3 reduction steps. And conversely, if the
two names are distinct, then we will not observe x. Thus C[P1] 6⇓ x whilst C[P2] ⇓ x as argued above.

Now we make a slight adjustment to the two terms. By composing an arbitrary process Q with the
inner output process u<z> we obtain the following:

P′1 , !((νz)u<z> | Q) and P′2 , (νz)!(u<z> | Q)

4Note that the original presentation [11, p. 14, Theorem 5.3] only has P1 ≈ P2 ⇐⇒ JP1K ≈fn(P1) JP2K, but we regard this
as a simple omission, since it trivially would not hold for the implication from right to left: Take for example P1 , x<z> and
P2 , x<z> | w<z>. Then we have that fn(P1) = {x}, and indeed JP1K ≈{x} JP2K since for i ∈ {1,2} we have that JPiK 6→ and
JPiK ↓{x} x; but obviously P1 6≈ P2, since P2 ↓ w but P1 6↓ w.
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The actual behaviour of Q is irrelevant; it is there solely to induce the parameter pair (n, p) to be split
into a ‘left pair’ (+n,+p) and a ‘right pair’ (n+, p+) that are passed to the translations of the left (resp.
right) parts of the parallel composition. Note also that this changes nothing w.r.t. observability of x: we
still have that C[P′1] 6⇓ x and C[P′2] ⇓ x.

We shall now perform the actual translation. To make it more readable, we tabulate the names
generated by static quoting during the translation and rename them as follows:

n · p = a p+ = c +p = e (+p)+ = g ++n = i
n+ = b +n = d (+n)+ = f (+n) · (+p) = h ++p = j

Note that none of these names will be observable by the ⇓fn(P1)∪fn(P2) predicate, because they are gener-
ated by the translation, and hence are not in the set fn(P1)∪ fn(P2) of free names of P1 and P2. Now, here
is the translation:

JP′1Kn,p = a
〈∣∣∣b(n).c(p).

(
e(z).u<z> | e<d> | JQK f ,g | D(a) | b〈|n<n>|〉 | c〈|p<p>|〉

)∣∣∣〉
| D(a) | b<d> | c<e>

JP′2Kn,p = p(z).h
〈∣∣∣ f(d).g(e).

(
u<z> | JQK f ,g | D(h) | f 〈|d<d>|〉 | g〈|e<e>|〉

)∣∣∣〉
| D(h) | f<i> | g< j> | p<n>

By performing the reductions, we see (not surprisingly) that JP′2Kn,p firstly performs the communica-
tion on p, which causes z to be replaced by n, and the process afterwards expands into arbitrarily many
instances of u<n> (see [10, p. 12] for a reduction sequence). On the other hand, the translated process
JP′1Kn,p will immediately go through the replication steps, thereby creating arbitrarily many instances
of the process e(z).u<z> | e<d> corresponding to the translation of (νz)u<z>. This process obviously
reduces to u<d> in one step. However, precisely because of the aforementioned split of (n, p) over the
translation of parallel composition, the name d will not be updated by the replication context. This pro-
cess will therefore also repeatedly output the same name d on u, and the (translated) form of our testing
context can therefore no longer distinguish the processes.

Both JP′1K and JP′2K thus reduce to arbitrarily many copies of either u<d> (for P′1) or u<n> (for P′2),
and u is the only name we can observe, as all the other names are created by the translation. This then
gives us our desired counter-example: by also translating the testing context we obtain a pair of processes
where

C[P′1] 6≈C[P′2] but JC[P′1]K≈fn(C[P′1])∪fn(C[P′2]) JC[P′2]K

in contradiction of the implication from right to left in the claim stated in 1.
The detailed analysis above gives us a clear idea of the root cause of the problem: The translation

of replication creates a context with the purpose of ensuring that the names (n, p) used within it will
repeatedly be substituted with new, fresh names (+n,+p) dynamically built from the previous names, and
these act as sources of new names for any occurrence of (νz)P within a replicated process. The point is
precisely to ensure that each instance of a replicated ν operator will generate a unique new name, and the
parameters (n, p) on the translation function act as ‘handles’ to access this resource; they are the names
that have most recently been replicated.

The problem arises because this property of being the ‘most recently replicated names’ is not pre-
served by the translation of parallel composition: It splits the pair into a left and a right pair, used in the
translation of the left and right parallel components:

JP1 | P2Kn,p = JP1K+n,+p | JP2Kn+,p+
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Thus, the access to the most recently replicated names is lost in the translation of the inner processes,
because, as we noted above, substitution does not recur into processes under quotes. Therefore, when
the replication context increments (n, p) at runtime, this update cannot touch the n and p embedded in
the statically incremented names (+n,+p) and (n+, p+) which the translation function generates for the
translation of parallel composition. This is why we added an arbitrary Q to create a parallel composition
in our counter-example above.

However, the error above is not the only one in the claim by Meredith and Radestock: whilst its
root cause was the splitting of names over the translation of parallel composition, we can also create
another example that is more directly related to the interplay between (νx)P and replication. Consider
the following processes:

P1 , !(νz)u<z> and P2 , !(νq)(νz)u<z>

Note that P1 and P2 are structurally congruent, since the new name q is never used. Thus P1 ≈ P2 also
holds. Yet when we translate those terms, the name incrementation in the translation of a term of the
form (νx)P means that we again lose access to the most recently replicated names from the translation
of replication. This can be easily seen if we perform the translation stepwise, using the same tabulated
list of names as before. For both processes, the translation of replication is the same:

J!PKn,p = a〈|b(n).c(p).(JPKn,p | D(a) | b〈|n<n>|〉 | c〈|p<p>|〉)|〉 | D(a) | b<d> | c<e>

Now let P′1 , (νz)u<z> and P′2 , (νq)(νz)u<z> and replace JPKn,p above with JP′1Kn,p and JP′2Kn,p

respectively. The translations of the inner processes yield:

J(νz)u<z>Kn,p = p(z).u<z> | p<n>

J(νq)(νz)u<z>Kn,p = p(q).(e(z).u<z> | e<d>) | p<n>

which reduce to u<n> and u<d> respectively. The names n, p are bound in the replication context and
will therefore be updated whenever the process replicates. However, in the case of P2, these names are
statically incremented in the translation of (νq) to yield the names +n = d and +p = e, and these two
names will therefore not be updated at runtime, just as in the previous counter-example. Consequently,
in the case of P2 the names sent out on u will not be distinct; they will all be the name +n = d. We can
therefore use the same testing context C as in the previous example and proceed as before to generate
another contradiction of the claim in 1; this time by distinguishing the translated terms, although we have
C[P1]≈C[P2] in the π-calculus. In summary, neither of the implications in the claim stated in 1 hold.

5 Our criteria for encodability

Both of the previous examples illustrate the difficulties involved in reasoning about a parametrised trans-
lation. Usually, the parameters represent a property or invariant that is assumed to be preserved through-
out the translation, and a proof of correctness of the translation must therefore also include a proof that
this invariant or property is indeed preserved. For example, in the present case, the invariant assumed to
hold for the parameters is precisely that they always refer to the most recently replicated names. How-
ever, this assumption is never formally stated in the original ρ-calculus paper [11], and as the examples
above show, it does not hold either. Thus, a naive attempt to show correctness of the translation by induc-
tion in the clauses of the translation function may therefore seemingly go through, if the parameters are
not considered. This is doubly problematic in the present case, because the observation predicate used
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in the bisimulation relation over ρ-calculus terms is parametrised so that we do not observe the names
created by the translation function.

Full abstraction, of which the claim in 1 is an instance, may also not be the most informative cor-
rectness criterion, as argued by Gorla and Nestmann [9]; for example, it does not necessarily prevent
the translation from introducing divergence. Also, as we are here more interested in showing that the
π-calculus is ‘implementable’ in the ρ-calculus than in transferring equations between the source and
target language, we shall instead follow the approach of such authors as Gorla [8], Carbone and Maffeis
[4] and others, and state a number of criteria for what we consider a valid encoding, where we also take
the presence of parameters into account:

Definition 1 (Language). A language L is a tuple L , (P,N ,→,'), where P is a set of terms, N
is a set of names, →⊆P ×P is the reduction relation, with →∗denoting the reflexive and transitive
closure of→, and '⊆P×P is a notion of behavioural equivalence.

We say a term P ∈P diverges, written P→ω , if P has an infinite reduction sequence. We use
σ : N →N to denote a substitution function in L . For encodings, we need the notion of a source
and a target language, and we shall generally use the convention of subscripting s (for source) and t (for
target) to a language L or its components, including substitutions, and we let S ∈Ps and T ∈Pt .

Definition 2 (Encoding). An encoding of Ls into Lt is a tuple (J KN ,ϕ,δ ), where J KN : Ps→Pt is a
translation function, parametrised with a finite list of names N ∈N k

t ; and ϕ : Ns→Nt is a renaming
policy, mapping names in the source language into names in the target language; and δ : N k

t →N k
t is

a name derivation function, mapping k-ary tuples of target names to tuples of equal arity for some k.

The name derivation function δ allows us to express that the list of name parameters N may evolve
in some predictable way during the course of translation. This seems necessary in particular when we
are working with a language with structured terms as names. In some cases we may also need to derive
multiple tuples of names from the same input tuple; thus to comply with the requirement that δ is a single
function, we could e.g. envision using an extra, designated name as argument to control the derivation
method used by δ . However, to abstract away from such details, we say that a tuple of names N2 is
derivable from some tuple of names N1, written N1  N2, if δ(N1) = N2, and likewise that N1  n if
n ∈ N2. Note that we abuse the notation slightly and treat the lists as sets when the position of each
individual component does not matter.

Definition 3 (Valid encoding). We shall regard an encoding as valid, if it satisfies at least the following
criteria:

1. Compositionality: JS1 | . . . | SnKN =C | JS1KN1 | . . . | JSnKNn where C is an optional coordinating
context and fn(C)⊆ ϕ(fn(S1 | . . . | Sn))∪N, and for each i ∈ {1, . . . ,n} we have that N Ni.

2. Substitution invariance: JSσsKN ' JSKNσt for each σs, where ϕ(σs(x)) = σt(ϕ(x)).

3. Operational correspondence: S→∗ S′ ⇐⇒ ∃T ′ . JSKN →∗ T ′∧T ′ ' JS′KN′ and N N′.

4. Observational correspondence: We require that N ∩ϕ(M ) = /0 for any set of observable names
M . Then P ↓M x̂ ⇐⇒ JPKN ⇓ϕ(M ) ϕ(x̂).

5. Divergence reflection: JPKN →ω =⇒ P→ω .

6. Parameter independence: JPKN1 ' JPKN2 for each finite N1,N2.

These criteria are very close to those proposed by Gorla [8], except that we have chosen observational
correspondence, rather than the less specific success testing; i.e. P→∗↓ X implies JPKN →∗↓ X. This
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can easily be obtained, simply by choosing a specific name x and then defining X as a process with x in
subject position, as we did in our counter-examples above.

Furthermore, as we are here allowing parameters to appear on the translation, we have also added
the criterion of parameter independence, which does not appear in [8]. This is just to ensure that the
behaviour of the translated terms will not depend on the exact choice of the parameters. Likewise, we
have also added name restriction to the observation predicate for observational correspondence ⇓M , and
we require that N ∩M = /0; i.e. that the parameters should not be observable. This seems a natural
requirement, since we also require that N ⊆Nt ; i.e. that the parameters belong to the target language.
They should therefore not be observable on the source terms.

6 A correct encoding

As the previous examples have illustrated, the main difficulty in creating an encoding of the π-calculus
in the ρ-calculus, is how to achieve a robust source of fresh names at runtime that are guaranteed never
to cause a name clash. One way is to use a dedicated process for this purpose. Consider the following
process, where D(x) is defined as in section 3:

!N(x,z,v,s), D(x) | x
〈∣∣∣z(a).v(r).

(
D(x) | r 〈|qap|〉 | z〈|a〈|0|〉|〉

)∣∣∣〉 | z〈|qsp|〉

This process is a name server; it consistently generates names corresponding to consecutive left-
increments of the initial name s and outputs them on the ‘return address’ r received on v. We refer to the
above form as the initial state of the name server and note that after two reductions it evolves to the form

v(r).
(

D(x) | r 〈|qsp|〉 | z〈|pqspq〈|0|〉|〉
)
| x
〈∣∣∣z(a).v(r).

(
D(x) | r 〈|qap|〉 | z〈|a〈|0|〉|〉

)∣∣∣〉
which we refer to as its ready state, where it blocks, awaiting a request for a new name on v. The first
request will return pqspq; a second request will return ppqspq〈|0|〉q= +s, and so on.

We can verify that the names will all be distinct by considering the quote depth of a name (resp.
process) defined thus:

QD(pPq) =

{
QD(x) if P≡qxp
1+QD(P) otherwise

QD(P) =

{
max{QD(x) | x ∈ fn(P)} if fn(P) 6= /0
0 otherwise

The quote depth of a name x1 corresponds to the maximum number of calls to [N-STRUCT] used to
conclude name equivalence x1 ≡N x2 for some name x2. Thus, a necessary (but not sufficient) condition
for two names to be name equivalent is that they have the same quote depth. Names are therefore
automatically stratified based on their quote depth:
Lemma 1 (Stratification). x1 ≡N x2 =⇒ QD(x1) = QD(x2).

We can also partition names into namespaces in the following way: let N[ ] be a collection of name
contexts, ranged over by N, with one or more holes occurring in the position of free names. If s is a
name, then so is N[s] for some N ∈N[ ]. We write N[s] , {N[s] | N ∈N[ ] }, and we say that N[s]
is a namespace rooted at s. Clearly, if QD(N) = n (counting QD([]) = 0), and QD(s) = i and QD(s′) = j,
then QD(N[s]) = n+ i and QD(N[s′]) = n+ j.

Using the concepts of name contexts, we can describe our aforementioned three static quoting tech-
niques as three distinct name space ‘templates,’ built by the following grammars:

+N ∈ +N[ ] ::= [ ]
∣∣ p+N 〈|0|〉q

N+ ∈N +
[ ] ::= [ ]

∣∣ pN+(p0q).0q
N◦ ∈N ◦

[ ] ::= [ ]
∣∣ pN◦ 〈|0|〉 | N◦(p0q).0q
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We shall use these namespace templates to implement the name derivation function δ . Thus, if we let
N̂ denote any of the name contexts +N,N+,N◦ then s s′ if there exists a name context N̂ such that
s′ ≡N N̂[s]. This assures us that even if two namespaces use the same structure, e.g. +N[ ], all their
names will still be distinct if their roots are not name equivalent, and neither is derivable from the other.

In case of the name server, we see that it generates the namespace +N[s], i.e. the namespace of left-
increments rooted at s, where s is a parameter. Thus if s1 6≡N s2 and neither is derivable from the other,
then !N(x,z,v,s1) and !N(x,z,v,s2) will generate similarly structured namespaces, +N[s1] and +N[s2], but
consisting of different sets of names. Yet we can easily construct a mapping +N[s1] 7→

+N[s2] simply by
replacing s1 with s2 within each name +N[s1] ∈ +N[s1]. This will be important in the proof for parameter
independence below.

Based on these considerations we can now construct our encoding. We let the encoding be defined
as JPK , JPKn,v | !N(x,z,v,s), where we assume we can choose the names n,v,x,z,s such that they are
distinct from all free names in P and n,v,x,z 6∈ +N[s]. As in the encoding by Meredith and Radestock, we
shall assume that all π-calculus names are implemented as ρ-names, and thus we shall generally omit
explicit reference to ϕ in the following. We shall also limit ourselves to the π-calculus fragment with
only input-guarded replication, to ensure that the encoding does not introduce divergence, unlike the
encoding by Meredith and Radestock which replicates eagerly and therefore always diverges.5 This can
be achieved by prefixing the object of the lift with an input construct, i.e. n〈|x(y).(D(n) | P)|〉, since

D(n) | n〈|x(y).(D(n) | P)|〉 → x(y).(D(n) | P) | n〈|x(y).(D(n) | P)|〉

and the process then blocks until it receives a communication on x. Given these considerations, the
translation function J Kn,v is then given by the following equations:

J0Kn,v = 0
JP1 | P2Kn,v = JP1K+n,v | JP2Kn+,v

Jx(y).PKn,v = x(y).JPKn,v

Jx<z>Kn,v = x<z>
J(νx)PKn,v = v<n> | n(x).JPKn·n,v

J!x(y).PKn,v = D(n) | n〈|x(y).(D(n) | JPKn·n,v)|〉
The idea is that we simplify the ‘bookkeeping’ involved in runtime name generation by isolating it

to a single, contextual process. This prevents errors of the first kind in the encoding by Meredith and
Radestock, which resulted from processes losing access to the most recently replicated names. Here, the
name v is used by all processes to contact the name server, and since it is never updated this access can
never be lost. Conversely, the name n, which is used for the ‘return address,’ as well as for replication, is
always updated incrementally, during the translation. It is never bound or reused, unlike in the translation
by Meredith and Radestock, where the replication context used +n,+p but also bound n, p and passed
them to the inner translation of P, which resulted in the second kind of error. We say that a name is
unique for the translation if it is never generated more than once by the translation function, and this is
the invariant that should hold for the parameter n:
Lemma 2 (Uniqueness). For each clause JC[P]Kn,v = JCKn,v[JPKn′,v], where n n′, and JCKn,v contains
a set of names N′ = {n1, . . . ,nk } such that n N′, it holds that if n is unique for the translation, then so
are n1, . . . ,nk and n′.

This can easily be shown by examining the clauses of the translation function, assuming n is unique.
For every usage of n in a clause, we always either increase the quote depth of the parameter we pass to
the inner call to the translation, or we shift the parameter into a new namespace by composition. Further-
more, the behaviour of the translated process does not depend on the structure of the name parameter n,
as long as n is unique:

5This is only a slight limitation, as we can use input-guarded replication to encode full replication. Note also that having
only input-guarded replication would not have prevented any of the errors described in section 4.
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Proposition 1 (Independence of parameters). If n,n′,s,s′#n(P) and all are unique for the translation,
then JPKn,v | !N(x,z,v,s)∼fn(P) JPKn′,v | !N(x,z,v,s′).

This follows from the fact that the translation only generates finitely many names, say, of the structure
N[ ], so we can construct a finite substitution σt : N[n]→N[n′] and simply apply it to JPKn,v to obtain
JPKn′,v. Then as we know that n,n′,s,s′#n(P), and by construction x /∈ fn(P) for each x ∈N[s]∪N[s′],
none of these names can be observed by the ↓fn(P) predicate, so they cannot be used to distinguish the
two processes. A similar argument can then be made for the name server and the two namespaces +N[s]
and +N[s′] generated by it at runtime.

Next, we formulate a (mostly) standard result relating substitution in the two calculi:

Proposition 2 (Substitution). Let σs , {u/w} denote substitution in the π-calculus, and let σt , {u/w}
denote substitution in the ρ-calculus. Then JPσsKn,v = JPKn,vσt if u,w#P,n,v,N[n].

This is proved by induction in the clauses of the translation. The condition u,w#P,n,v,N[n] ensures
that the substitution cannot touch any of the names created by the translation, which is reasonable, since
the substitutions we care about should derive from communications in the π-calculus, and not from
some of the ‘internal’ reductions in the ρ-calculus that are used to simulate replication or requests for
new names.

Our next result establishes that our translation preserves observability of subjects, as long as we
restrict observations to the set of free names in P:

Proposition 3 (Weak observational correspondence). Let ⇓N be the least predicate such that JSK ⇓N n̂
holds if either of the following conditions are satisfied:

1. if S = S1 | S2 and JS1K ⇓N n̂∨ JS2K ⇓N n̂

2. if S 6= S1 | S2 and JSKn,v | !N(x,z,v,s)→∗ T ′∧T ′ ↓N n̂

Then for any x, P ↓fn(P) x̂ ⇐⇒ JPK ⇓fn(P) x̂.

This is proved by induction in the clauses of the translation. Note that we purposefully restrict
the weak observation predicate to only allow reductions involved in replication and requesting a fresh
name from the name server; i.e. by splitting it directly over parallel compositions rather than allowing
them to first interact. This is necessary for proving the implication from right to left in Proposition 3,
since reductions might otherwise expose more names that are not immediately observable in the source
terms. This restriction can be lifted if we replace ↓ by ⇓ in the π-calculus, but we prefer this slightly
more complicated formulation to illustrate that observability is strictly preserved, in the sense that any
auxiliary steps required in the ρ-calculus are ‘internal,’ deriving either from a replication step, a request
for a new name, or from the name server as it moves from its initial state to its ready state, and neither of
these are observable by the ↓fn(P) predicate.

Next we show that the translation preserves the semantic meaning of the source program:

Proposition 4 (Operational correspondence). P→∗ P′ ⇐⇒ JPK→∗≈fn(P) JP′K.

This proof can be split into two parts. For the forward direction (completeness) we can actually show
the stronger statement that P→ P′ =⇒ JPK→→∗∼fn(P) JP′K by induction in the reduction semantics of
the π-calculus, as every reduction in the π-calculus is matched by one or more steps in the ρ-calculus.
The proof often relies on Proposition 2 for the cases of communication, replication and (νx)P, and on
Proposition 1 when we translate the reduct of the π-calculus term as this often induces a slightly different
form on the parameters.

For the other direction (soundness) we can only prove the weaker form JPK→∗ T ′ =⇒ ∃P′.P→∗
P′∧T ′ ≈fn(P) JP′K, due to the extra reductions deriving from the name server, replication, or requests for
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new names. Thus we proceed by induction in the reduction sequence, and often again making use of
Proposition 1.

Having only the weaker form of completeness, with →∗ instead of →, of course means that this
statement in itself is not enough to verify that the translation does not introduce divergence. We therefore
prove this separately:
Proposition 5 (Divergence reflection). JPK→ω =⇒ P→ω .

We show this by induction in the clauses of the translation function. The matter is made easier
by the fact that a reduction sequence related to the name server, requests for new names, or unfolding
replication, is always of finite length: the name server takes two steps to evolve from its initial state to its
ready state, where it blocks until it receives a request; serving a request requires two steps, and then two
further steps to return to its ready state; and input-guarded replication takes a single step to unfold once,
after which it blocks until it receives an input.

7 A separation result

The ρ-calculus can encode the π-calculus, as we saw in the previous section. However, the converse
does not hold. Under some general assumptions about the behavioural equivalence ' used in the target
language, we can show that there cannot be an encoding of the ρ-calculus into the π-calculus that satisfies
our validity criteria from Definition 3. This result relies on a simple observation about substitution in the
π-calculus, namely that reduction is preserved under substitution:
Lemma 3. Let σt = {x/n} be a substitution in the π-calculus, with n∈ fn(P) and x#P. Then P→ P′ =⇒
Pσt → P′σt .

This can easily be shown by induction in the semantic rules, and then with an extra induction in
structural congruence for the [π -STRUCT] rule.

Next, we consider our requirements for the notion of behavioural equivalence: First of all, ' should
obviously be an equivalence relation. Secondly, it should in some sense preserve the semantics of the
processes it equates: as we are here working in a reduction system, it should at least preserve reductions
and observability, and it should be preserved under substitution:
Definition 4 (Behavioural equivalence requirements). We require that ' be at least an equivalence
relation over π-terms satisfying the following:

1. P1 ' P2∧P1→∗ P′1 =⇒ ∃P′2 . P2→∗ P′2∧P′1 ' P′2
2. P1 ' P2∧P1 ⇓ x̂ =⇒ P2 ⇓ x̂

3. P1 ' P2 =⇒ P1σt ' P2σt

The requirements suggest that ' should be at least weak, barbed congruence, which does not seem
too demanding. However, we prefer to keep the formulation general, without committing to one specific
notion of behavioural equivalence, to emphasise that other, stronger choices are also possible. The
following result will then hold for any such choice:
Theorem 1 (Separation). If ' satisfies the requirements of Definition 4, then there is no encoding of the
ρ-calculus into the π-calculus satisfying the criteria of Definition 3.

Proof. Assume to the contrary that there exists a translation J KN : Pρ →Pπ satisfying the criteria of
Definition 3. We show that this leads to a contradiction. Firstly, let u, pqx1p | qx2pq, and consider the
processes P and P′ where

P, P1 | P2 P1 , a〈|qx1p | qx2p|〉 P2 , a(n).n〈|0|〉 P′ , u〈|0|〉
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Thus P = a〈|qx1p | qx2p|〉 | a(n).n〈|0|〉 and clearly P 6↓ u and u /∈ fn(P), but P→ pqx1p | qx2pq〈|0|〉 =
u〈|0|〉= P′ and P′ ↓ u.

Consider now the substitution σt , {m/ϕ(u)} for some fresh name m, i.e. m 6= ϕ(u) and with m /∈
fn(JPKN). P→ P′ gives, by criterion 3 (operational completeness), that JPKN →∗ T ′ and T ′ ' JP′KN′

for some T ′ and N′ derivable from N. By criterion 2 (substitution invariance), σt(ϕ(u)) = m implies
∃σs.ϕ(σs(u)) = m, so we can combine σs with the observability predicate. By criterion 4 (observational
correspondence), since P′ 6↓ σs(u), we therefore also have that JP′KN 6⇓ m. This establishes that

JPKN →∗ T ′∧T ′ ' JP′KN′ ∧ JP′KN′ 6⇓ m

as expected. By requirement 2 in Definition 4, since JP′KN′ ' T ′, it must therefore also be the case that
T ′ 6⇓ m, and hence that JPKN 6⇓ m.

Now consider the term JPKNσt : Lemma 3 yields JPKNσt →∗ T ′σt ' JP′KN′σt , and by criterion 2
(substitution invariance) JP′KN′σt ' JP′σsK. As we know that P′ ↓ u, this implies that P′σs ↓ σs(u), which
again implies that JP′σsKN′ ⇓ σt(ϕ(u)), which implies JP′KN′σt ⇓ m. This establishes that

JPKNσt →∗ T ′σt ∧T ′σt ' JP′KN′σt ∧ JP′KN′σt ⇓ m

again, as expected. By requirement 2 in Definition 4, since JP′KN′σt ' T ′σt , it must therefore also be the
case that T ′σt ⇓ m, and hence that JPKNσt ⇓ m.

However, consider now the effect of applying the substitution JPKNσt . By criterion 1 (composition-
ality), we have that

JPKNσt =Cσt | JP1KN1σt | JP2KN2σt =C | JP1KN1σt | JP2KN2σt

where we can eliminate the substitution from C, since ϕ(u) /∈ N ∪N1 ∪N2, as this immediately would
violate criterion 6 (parameter independence); and as we know that u /∈ fn(P), we therefore also know
that ϕ(u) /∈ fn(C), since C at most can contain a subset of the (ϕ-translated) free names of the process
and the parameters. Thus the substitution has no effect on C.

Now consider the two subterms JP1KN1σt and JP2KN2σt . By criterion 2, JP1KN1σt ' JP1σsKN1 and
JP2KN2σt ' JP2σsKN2 , but when we apply the substitution, we get that

P1σs = (a〈|qx1p | qx2p|〉)σs = a〈|qx1p | qx2p|〉= P1 P2σs = (a(n).n〈|0|〉)σs = a(n).n〈|0|〉= P2

since obviously u /∈ fn(P1) and u /∈ fn(P2), so the substitution has no effect on any of the subterms. Thus

C | JP1σsKN1 | JP2σsKN2 =C | JP1KN1 | JP2KN2

and hence JPσsKN = JPKN . By criterion 2 (substitution invariance) JPσsKN ' JPKNσt , and thus we have
that JPKNσt ' JPKN . This then yields the desired contradiction, since, as established above, JPKNσt ⇓ m
but JPKN 6⇓m, whilst by requirement 2 of Definition 4 it must hold that JPKNσt ' JPKN ∧JPKNσt ⇓m =⇒
JPKN ⇓ m.

The above proof exploits the reflective capability of the ρ-calculus to create new, free names at
runtime, which are therefore also observable and substitutable. Thus, a substitution can affect the reduct
of a process, without affecting the process itself, if the reduction step creates a new name. This cannot
be mimicked in the π-calculus, where names have no structure and cannot be composed at runtime. Any
new free name appearing at runtime can therefore only come from the translation parameters, since it
cannot come from the source term; but this would then violate the criterion of parameter independence,
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since we would then have to choose the parameters such that they correspond to the names that will be
created at runtime.

This result does not directly depend on the higher-order characteristics of the ρ-calculus, and adding
higher-order behaviour to the π-calculus would not suffice to enable it to encode the ρ-calculus. In [18],
Sangiorgi gave an encoding of the Higher-Order π-calculus, HOπ , in the π-calculus. His encoding also
satisfies our criteria from Definition 3, and we therefore also have the following result:

Corollary 1. There is no encoding of the ρ-calculus into HOπ satisfying the criteria of Definition 3,
when ' satisfies the requirement in Definition 4.

Indeed, if such an encoding existed, we could compose it with the encoding of HOπ into the π-
calculus, to obtain an encoding of the ρ-calculus into the π-calculus, in contradiction of Theorem 1.
This also indicates that the key feature of the ρ-calculus which cannot be represented in the π-calculus,
is not its higher-order characteristics per se, but rather its capability for reflection, which gives it higher-
order characteristics as a by-product.

8 Related works

The issues of encodability and assessing the relative expressiveness of various process calculi has been
considered by several authors; in particular, Gorla [8] proposed a framework for reasoning about en-
codability and separation w.r.t. a set of criteria that also served as inspiration for the criteria used in the
present paper. Towards the end of the paper, Gorla also discusses some of the difficulties involved in for-
mulating a general framework for encodability in the presence of parameters, which particularly pertain
to the question of which language the names belong to (the source or the target). In the present case, the
answer is clearly the target language, which is further underscored by our restrictions on observability
and compositionality; i.e. that the parameters should not be observable in the source term; and that, for
each recursive call to the translation function, the parameters should be derivable from the initial set.
Furthermore, we have added the criterion of parameter independence. We believe that such a criterion
will generally be necessary for encodings that allow the set of parameters to ‘evolve’ or be updated in
some structured way during the course of the translation, which seems particularly likely when we are
working with structured names or terms. More recently, van Glabbeek [7] has also proposed a definition
of a valid encoding, which he derives from a notion of a semantic equivalence or preorder, rather than
basing it on a list of commonly agreed-upon criteria (as we have done in the present paper, following
Gorla). However, this work also does not consider parametrised translations.

Also related is the work by Carbone and Maffeis [4] on expressivity of polyadic synchronisation.
Their eπ-calculus substitutes names for names (as in the π-calculus), but allows n-ary vectors of names
x1 · . . . · xn of arbitrary length n ≥ 0 to appear in subject position of input/output prefixes, and subjects
must then match on all n names to yield a reduction. Thus name vectors can be altered at runtime, but
they cannot grow in length as in the ρ-calculus. However, we could conceive of a (purposefully ill-
sorted) variant of eπ that would allow entire vectors of names to be substituted for single names, thereby
allowing new vectors of increasing length to be composed at runtime. We do not know if such a calculus
could encode the ρ-calculus, but we suspect that it might, if equipped with an appropriate notion of name
equivalence.

Another approach to using structured terms as names is given by Bengtson et al. [2, 3] and Parrow et
al. [15] in their work on Ψ-calculi, which is based on the theory of nominal sets and datatypes by Gabbay
and Pitts [6]. Ψ-calculi allow both subjects and objects to be terms from an arbitrary nominal datatype,
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and with substitution of terms for names. This enables runtime composition of terms, and, notably, the ρ-
calculus can be instantiated as a (higher-order) Ψ-calculus, as the present author and others have shown
in [1].

9 Conclusion

The original ρ-calculus paper [11] by Meredith and Radestock raises some interesting questions about
the nature of names in process calculi. By including name generation in the language, it forces any
process to give an explicit account of the source of any fresh names required during its execution, whilst
this is entirely implicit in the π-calculus with the (νx)P operator. This adds a degree of realism to the
ρ-calculus, which may be relevant from an implementation perspective, but also requires some extra
care when we wish to reason about it formally. For example, Meredith and Radestock attempted to show
that the π-calculus can be interpreted in the ρ-calculus, but their encoding did not properly account for
the invariant that must hold for the names used as parameters in their encoding; i.e. that the parameters
always refer to the most recently replicated names, leading to two errors that invalidate their correctness
result. The purpose of the present paper has been to describe these errors and then give a new encoding
of the π-calculus, for which we have shown correctness w.r.t. a set of criteria for encodability close to
those proposed by Gorla [8]. The main difference is that we here use a parametrised translation, and
we therefore had to take parameters into account in our criteria. This seems unavoidable when we are
working with a calculus with structured names like the ρ-calculus, where all names are global and cannot
be declared at runtime.

Our encoding works, modulo the criteria in Definition 3; yet it may not be an entirely satisfactory
solution in at least one regard: the name server acts as a single, central source of fresh names. If we
consider the scenarios one might wish to model in the π-calculus, having such a single central process
might be acceptable for e.g. models of programs running on a single computer, or models of client-server
systems with a star topology. However, for distributed systems with a different network topology, the
translation would not yield an adequate representation. Thus, the encoding may preserve the semantics
of a program, but not necessarily the intuitions underlying its structure. We could instead conceive of
a more elaborate encoding, where e.g. each replication also instantiates its own copy of a name server
to service the replicated processes. This would be closer to the intention in the encoding by Meredith
and Radestock; but as we have seen, one would then have to be careful to ensure that each replica of the
name server will generate a distinct namespace to avoid the possibility of a name clash. This could be
achieved by letting each replica first request fresh names for all its parameters, including the namespace
root s which must then be composed or otherwise shifted into a new namespace. Yet this creates a
scaffolding problem, where, in order to instantiate a new source of fresh names, one must first have a
source of fresh names. It does not remove the need for an initial, ‘top level’ instance of the name server.
These considerations illustrate some of the difficulties involved in working with, and reasoning about,
structured names with global visibility. None of these problems are present in the π-calculus, yet any
implementation of a π-calculus program would need to include a solution to the problem of obtaining
fresh names. In the words of Meredith and Radestock [11], the π-calculus does not provide a ‘theory of
names.’

We have also shown that the π-calculus cannot encode the ρ-calculus in a way that satisfies the same
criteria, modulo some requirements on the notion of behavioural equivalence' used in Definition 4. The
key to this separation result seems precisely to be the ability of the ρ-calculus to create new free names
at runtime, which cannot be mimicked in the π-calculus. This ability is a consequence of reflection in the
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ρ-calculus, which also gives it higher-order characteristics as a by-product. In a process-calculus setting
where computation is modelled as communication, higher-order behaviour appears as just a special case
of reflection, where processes (code) are transmitted without modification. Thus, the separation result is
also interesting in light of a remark by Sangiorgi regarding the encodability of HOπ into the π-calculus.
He notes that this “[. . . ] proves that the first-order paradigm, being by far simpler, should be taken as
basic. Such a conclusion takes away the interest in the opposite direction, namely the representability of
the π-calculus within a language using purely communications of agents . . . ” [17, p. 8]. But as we have
seen, this does not seem to hold in the more general case where higher-order characteristics derive from
the capability of reflection. The ρ-calculus purely uses communication of agents (processes), because
names and processes are the same thing.
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Session types provide a flexible programming style for structuring interaction, and are used to guar-

antee a safe and consistent composition of distributed processes. Traditional session types include

only one-directional input (external) and output (internal) guarded choices. This prevents the session-

processes to explore the full expressive power of the π-calculus where the mixed choices are proved

more expressive than the (non-mixed) guarded choices. To account this issue, recently Casal, Mor-

dido, and Vasconcelos proposed the binary session types with mixed choices (CMV
+). This paper

carries a surprising, unfortunate result on CMV
+: in spite of an inclusion of unrestricted channels

with mixed choice, CMV
+’s mixed choice is rather separate and not mixed. We prove this nega-

tive result using two methodologies (using either the leader election problem or a synchronisation

pattern as distinguishing feature), showing that there exists no good encoding from the π-calculus

into CMV
+, preserving distribution. We then close their open problem on the encoding from CMV

+

into CMV (without mixed choice), proving its soundness and thereby that the encoding is good up to

coupled similarity.

1 Introduction

Starting with the landmark result by Palamidessi in [21] and followed up by results such as [20, 22, 10,

26, 28, 29] it was shown that the key to the expressive power of the full π-calculus in comparison to its

sub-calculi such as e.g. the asynchronous π-calculus is mixed choice.

Mixed choice in the π-calculus is a choice construct that allows to choose between inputs and outputs.

In contrast, e.g. separate choices are constructed from either only inputs or only outputs. The additional

expressive power of mixed choice relies on its ability to rule out alternative options of the opposite nature,

i.e., a term can rule out its possibility to perform an input by doing an output, whereas without mixed

choice inputs can rule out alternative inputs only and outputs may rule out only alternative outputs.

To compare calculi with different variants of choice, we try to build an encoding or show that no such

encoding exists [3, 23]. The existence of an encoding that satisfies relevant criteria shows that the target

language is expressive enough to emulate the behaviours in the source language. Gorla [10] and others

[23, 31] introduced and classified a set of general criteria for encodability which are syntax-agnostic [10,

31]: they are now commonly used for claiming expressiveness of a given calculus, defining important

features which a “good encoding” should satisfy. These include compositionality (homomorphism),

name invariance (bijectional renaming), sound and complete operational correspondence (the source

and target can simulate each other), divergence reflection (the target diverges only if the source diverges),

observability (barb-sensitiveness), and distributability preservation (the target has the same degree of

distribution as the source). Conversely, a separation result, i.e., the proof of the absence of an encoding

with certain criteria, shows that the source language can represent behaviours that cannot be expressed

in the target. This paper gives a fresh look at expressiveness of typed π-calculi, focusing on choice

constructs of session types.

http://dx.doi.org/10.4204/EPTCS.368.7
https://creativecommons.org
https://creativecommons.org/licenses/by/4.0/


114 On the Expressiveness of Mixed Choice Sessions

Session types [13, 37] specify and constrain the communication behaviour as a protocol between

components in a system. A session type system excludes any non-conforming behaviour, statically pre-

venting type and communication errors (i.e., mismatch of choice labels). Several languages now have

session-type support via libraries and tools [36, 1]. As the origin of session types is Linear Logic [11], tra-

ditional session types include only one-directional input (external) and output (internal) guarded choices.

To explore the full expressiveness of mixed choice from the π-calculus, recently Casal, Mordido, and

Vasconcelos proposed the binary session types with mixed choices called mixed sessions [6]. We denote

their calculus by CMV
+. Mixed sessions include a mixture of branchings (labelled input choices) and

selections (labelled output choices) at the same linear channel or unrestricted channel. This extension

gives us many useful and typable structured concurrent programming idioms which consist of both unre-

stricted and linear non-deterministic choice behaviours. We show that in spite of its practical relevance,

mixed sessions in CMV
+ are strictly less expressive than mixed choice in the π-calculus even with an

unrestricted usage of choice channels.

This result surprised us. We would have expected that using mixed choice with an unrestricted

choice channel results into a choice construct comparable to choice in the π-calculus. But, as we show

in the following, mixed choice in CMV
+ cannot express essential features of mixed choice in the π-

calculus. First we observe that mixed sessions are not expressive enough to solve leader election in

symmetric networks. Remember that it was leader election in symmetric networks that was used to

show that mixed choice is more expressive than separate choice in the π-calculus (see [21]). Second we

observe that mixed sessions cannot express the synchronisation pattern ⋆. Synchronisation patterns were

introduced in [31] to capture the amount of synchronisation that can be expressed in distributed systems.

The synchronisation pattern ⋆ was identified in [31] as capturing exactly the amount of synchronisation

introduced with mixed choice in the π-calculus. Finally, we have a closer look at the encoding from

CMV
+ into CMV presented in [6]. CMV is the variant of session types that is extended in [6] with a

mixed-choice-construct in order to obtain CMV
+, i.e., CMV has traditional branching and selection but

not their mix. As it is the case for many variants of session types, CMV can express separate choice but

has no construct for mixed choice. By analysing this encoding, we underpin our claim that mixed choice

in CMV
+ is not more expressive than separate choice in the π-calculus.

π

CMVCMV
+

LE × ⋆×

Our contributions are summarised in the picture on the right.

In § 3 we prove that there exists no good encoding from the π-

calculus (with mixed choice) into CMV
+, where we use the leader

election problem by Palamidessi in [21] (LE) as distinguishing

feature (the first × ). In § 4 we reprove this result using the

synchronisation pattern ⋆ from [31] instead as distinguishing fea-

ture (the second × ). Then we prove soundness of the encod-

ing presented in [6] closing their open problem in § 5 ( ). By

this encoding source terms in CMV
+ and their literal translations in CMV are related by coupled simi-

larity [25], i.e., CMV
+ is encoded into CMV up to coupled similarity. From the separation results in § 3

and § 4 and the encoding into session types with separate choice in § 5 we conclude that mixed sessions

in [6] can express only separate choice.

To make our paper readable, we focus on presenting our results with intuitive, self-contained expla-

nations. In particular, we simplify the languages CMV
+ and CMV for the discussion in this paper and

omit their type systems. However, the proofs are carried out on the original definitions of the languages

from [6]. We include complete proofs of all the statements in this paper and the technical details of the

notions from the literature that we use in [34].
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2 Technical Preliminaries: Mixed Sessions and Encodability Criteria

This section gives a summary of the π-calculus, CMV
+, CMV, and encodability criteria.

Assume a countably-infinite set N of names. For the π-calculus we additionally assume a set

{y | y ∈ N } of co-names. Let τ /∈ N ∪{y | y ∈ N }.

The syntax of a process calculus is usually defined by a context-free grammar defining operators. We

use P,Q, . . . to range over process terms. The arguments of a term P that are again process terms are called

subterms of P. Terms that appear as subterm underneath some (action) prefix are called guarded, because

the guarded subterm cannot be executed before the guarding action has been performed. Also condition-

als, such as if-then-else-constructs, guard their respective subterms. Expressions are constructed from

variables, unit, and standard boolean operators. We assume an evaluation function eval(·) that evaluates

expressions to values.

We assume that the semantics is given as an operational semantics consisting of inference rules

defined on the operators of the language [35]. For many process calculi, the semantics is provided in two

forms, as reduction semantics and as labelled transition semantics. We assume that at least the reduction

semantics 7−→ is given as part of the definition, because its treatment is easier in the context of encodings.

A (reduction) step is written as P 7−→ P′. If P 7−→ P′, then P′ is called derivative of P. Let P 7−→ (or

P 67−→) denote the existence (absence) of a step from P, and let Z=⇒ denote the reflexive and transitive

closure of 7−→. A sequence of reduction steps is called a reduction. We write P 7−→ω if P has an infinite

sequence of steps. We also use execution to refer to a reduction starting from a particular term. A process

that cannot reduce is called stuck.

The application Pσ of a substitution σ = {y1/x1, . . . , yn/xn} on a term is defined as the result of simul-

taneously replacing all free occurrences of xi by yi for i ∈ {1, . . . ,n}, possibly applying α-conversion to

avoid capture or name clashes. For all names in N \{x1, . . . ,xn} the substitution behaves as the identity

mapping.

2.1 Process and Session Calculi

The π-calculus was introduced by Milner, Parrow, and Walker in [19] and is one of the most well-known

process calculi. We consider a variant of the π-calculus with mixed guarded choice and replication but

without matching (as in [21]). This variant is often called the synchronous or full π-calculus. Mixed

sessions are a variant of binary session types introduced by Casal, Mordido, and Vasconcelos in [6] with

a choice construct that combines prefixes for sending and receiving. We denote this language as CMV
+.

CMV is the session type variant on which CMV
+ is based. A central idea of CMV

+ (and CMV) is that

channels are separated in two channel endpoints and that interaction is by two processes acting on the

respective different ends of such a channel.

The syntax of the π-calculus, CMV
+, and CMV is given as:

Pπ : P ::= ∑
i∈I

αi.Pi | (νx)P | P | P | !P α ::= y(x) | yz | τ

P
CMV

+ : P ::= y ∑
i∈I

Mi | P | P | (νyz)P | if vthenPelseP | 0 M ::= l∗v.P ∗ ::= ! | ?

PCMV: P ::= y!v.P | y?xP | x⊳ l.P | x⊲{li : Pi}i∈I | P | P | (νyz)P | if vthenPelseP | 0

A choice ∑i∈I αi.Pi in Pπ offers for each i in the index set I a subterm guarded by some action prefix

αi, where αi is an input action y(x), an output action yz, or the internal action τ . In contrast choice

y ∑i∈I Mi in CMV
+ operates on a single channel endpoint. In [6] a choice is declared as either linear
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(lin) or unrestricted (un), where the latter introduces recursion in the calculus. We omit these qualifiers

to simplify the presentation. However, the proofs are carried out on the languages CMV
+ and CMV as

given by [6] (see [34]). A branch l∗v.P specifies a label l, a polarity ∗ (! for sending or ? for receiving), a

value in output actions or a variable for input actions, and a continuation P. We abbreviate the empty sum

by 0 and we often separate summands by +. The remaining are: restriction (νx)P and (νyz)P, parallel

composition P | P, replication !P, conditional if vthenPelseP, output y!v.P, input y?xP, selection x⊳ l.P,

and branching x⊲{li : Pi}i∈I.

The semantics of the languages is given by the axioms:

π: yz.P+R | y(x).Q+N 7−→ P | Q{z/x} τ .P+R 7−→ P

CMV
+/CMV: if truethenPelseQ 7−→ P if falsethenPelseQ 7−→ Q

CMV
+: (νyz)(y(l!v.P+M) | z(l?x.Q+N) | R) 7−→ (νyz)(P | Q{v/x} | R)

CMV: (νyz)(y!v.P | z?xQ | R) 7−→ (νyz)(P | Q{v/x} | R)

(νyz)
(
y⊳ l j.P | z⊲{li : Qi}i∈I | R

)
7−→ (νyz)(P | Q j | R)

and all three calculi share the following rules:

P 7−→ P′

P | Q 7−→ P′ | Q

P 7−→ P′

(ν x̂)P 7−→ (ν x̂)P′

P ≡ Q Q 7−→ Q′ Q′ ≡ P′

P 7−→ P′

where x̂ consists of either one or two names; and ≡ denotes the standard structural congruence from [6]

plus a rule for replication in the π-calculus. More precisely, structural congruence is defined as the least

congruence that contains α-conversion and satisfies the rules:

(ν x̂)0 ≡ 0 (ν x̂)(ν ŷ)P ≡ (ν ŷ)(ν x̂)P P | (ν x̂)Q ≡ (ν x̂)(P | Q) if {x̂}∩ fn(P) = /0

(νyz)P ≡ (νzy)P P | 0 ≡ P P | Q ≡ Q | P P | (Q | R)≡ (P | Q) | R !P ≡ P | !P

The name x is bound in P by y(x).P, l?x.P, and (νx)P, (νxy)P, or (νyx)P. All other names are free.

We often omit 0 and the argument of action prefixes if it is irrelevant, i.e., we write y.P instead of y(x).P
if x /∈ fn(P); and y.P instead of yz.P if for all matching receivers y(x).Q we have x /∈ fn(Q).

A process P emits a barb y, denoted as P↓y, if P (in the π-calculus) has an unguarded output yz.P′

on a free channel y ∈ fn(P). Similarly, P has a barb y, denoted as P↓y, if P (in the π-calculus) has an

unguarded input y(x).P′ or if P (in CMV
+/CMV) has an unguarded choice y ∑i∈I Mi, output y!v.P, input

y?x.P, selection y ⊳ l.P, or branching y ⊲{li : Pi}i∈I on a free y ∈ fn(P). In CMV
+ and CMV we do not

distinguish between input barbs ↓y and output barbs ↓y but instead have barbs on different channel end

points. The term P reaches a barb β (with β = y or β = y), denoted as P⇓β , if there is some P′ such that

P Z=⇒ P′ and P′↓β .

The type systems of CMV
+ and CMV in [6] ensure that the two endpoints of a channel are dual,

e.g. if one endpoint sends the other has to receive. For the expressiveness results on the choice construct

proved in this paper, the type system is not crucial. Indeed, our separation result (in both ways to prove

it) is carried out on the untyped version of CMV
+. See [6] or [34] for the full typing systems.

Two terms of a language are usually compared using some kind of a behavioural simulation relation.

The most commonly known behavioural simulation relation is bisimulation. A relation R is a bisimu-

lation if any two related processes mutually simulate their respective sequences of steps, such that the

derivatives are again related.
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Definition 2.1 (Bisimulation). R is a (weak reduction, barbed) bisimulation if for each (P,Q) ∈ R:

• P Z=⇒ P′ implies ∃Q′. Q Z=⇒ Q′∧ (P′,Q′) ∈ R

• Q Z=⇒ Q′ implies ∃P′. P Z=⇒ P′∧ (P′,Q′) ∈ R

• P⇓β iff Q⇓β for all barbs β

Two terms are bisimilar if there exists a bisimulation that relates them. For a language L , let ≈L denote

bisimilarity on L .

Another interesting behavioural simulation relation is coupled similarity. It was introduced in [25]

and discussed e.g. in [2]. It is strictly weaker than bisimilarity. As pointed out in [25], in contrast to

bisimilarity it essentially allows for intermediate states (see § 5). Each symmetric coupled simulation is

a bisimulation.

Definition 2.2 (Coupled Simulation). A relation R is a (weak reduction, barbed) coupled simulation if

for each (P,Q) ∈ R:

• P Z=⇒ P′ implies ∃Q′. Q Z=⇒ Q′∧ (P′,Q′) ∈ R

• P Z=⇒ P′ also implies ∃Q′. Q Z=⇒ Q′∧ (Q′,P′) ∈ R

• P⇓β implies Q⇓β for all barbs β

Two terms are coupled similar if they are related by a coupled simulation in both directions.

For all languages considered here, a process P is distributable into P1, . . . ,Pn if and only if we have

P ≡ (ν ỹ)(P1 | . . . | Pn) (compare to the notion of a standard form of the π-calculus in [18] and the dis-

cussion on distributability in [31]). Moreover, two steps a : P 7−→ Pa and b : P 7−→ Pb of P are in conflict

if one disables the other, i.e., if a and b compete for some action prefix. More precisely, two steps in the

π-calculus are in conflict if they reduce the same choice, two steps in CMV
+ are in conflict if they reduce

the same choice or the same conditional, and two steps in CMV are are in conflict if the reduce the same

output, input, selection prefix, branching prefix, or conditional. Note that reducing the same choice not

necessarily means to reduce the same summand in this choice. The steps a and b are distributable, if P is

distributable into at least two parts such that one part performs the step a and the other part performs b.

2.2 Encodability Criteria

An encoding J·K is a function from the processes of the source language into the processes of the target

language, where we need encodability criteria to rule out trivial or meaningless encodings. In order to

provide a general framework, Gorla in [10] suggests five criteria well suited for language comparison.

Other frameworks were introduced e.g. in [8, 40]. We replace success sensitiveness of [10] by the stricter

barb-sensitiveness, because it is more intuitive. As we claim, all separation results in this paper remain

valid w.r.t. success sensitiveness instead of barb-sensitiveness.

The papers [6] and [21] require as additional criterion that the parallel operator is translated homo-

morphically. To strengthen the separation results, we use the slightly weaker criterion ‘preservation of

distributability’ (see [28, 26]). The encoding of [6] that we discuss in § 5 translates the parallel operator

homomorphically.
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Definition 2.3 (Good Encoding). We consider an encoding J·K to be good if it is

compositional: The translation of an operator is captured by a context that takes as arguments the trans-

lations of the subterms of the operator.

name invariant: For every S and every substitution σ , it holds that JSσK ≍ JSKσ .

operationally complete: For all S Z=⇒S S′, it holds JSK Z=⇒T≍ JS′K.

operationally sound: For all JSK Z=⇒T T , there is an S′ s.t. S Z=⇒S S′ and T Z=⇒T≍ JS′K.

divergence reflecting: For every S, JSK 7−→ω
T implies S 7−→ω

S .

barb-sensitive: For every S and every barb y, S⇓y iff JSK⇓y.

distributability preserving: For every S ∈ PS and for all terms S1, . . . ,Sn ∈ PS that are distributable

within S there are some T1, . . . ,Tn ∈ PT that are distributable within JSK such that Ti ≍ JSiK for all

1 ≤ i ≤ n.

Moreover the equivalence ≍ is a barb respecting (weak) reduction bisimulation.

Operational correspondence is the combination of operational completeness and soundness. Since

we are focusing on separation results on untyped languages, we do not require an explicit criterion for

types. In [6] the encoding from CMV
+ into CMV is proven to be type sound.

3 Separating Mixed Sessions and the Pi-Calculus via Leader Election

The first expressiveness result on the π-calculus that focuses on mixed choice is the separation result

by Palamidessi in [21, 22]. This result uses the problem of leader election in symmetric networks as

distinguishing feature.

Following [21] we assume that the set of names N contains names that identify the processes of

the network and that are never used as bound names within electoral systems. For simplicity, we use

natural numbers for this kind of names. A leader is announced by unguarding an output on its id. Then

a network P = (ν x̃)(P1 | . . . | Pk) in Pπ or P = (ν x̃ỹ)(P1 | . . . | Pk) in P
CMV

+ is an electoral system if in

every maximal execution exactly one leader is announced. We adapt the definition of electoral systems

of [21] to obtain electoral systems in the π-calculus and in CMV
+.

Definition 3.1 (Electoral System). A network P = (ν x̃)(P1 | . . . | Pk) in Pπ or P = (ν x̃ỹ)(P1 | . . . | Pk) in

P
CMV

+ is an electoral system if for every execution E : P Z=⇒ P′ there exists an extension E ′ : P Z=⇒
P′ Z=⇒ P′′ and some n ∈ {1, . . . ,k} (the leader) such that P′′′↓n for all P′′′ with P′′ Z=⇒ P′′′, but P′′ 6⇓m for

any m ∈ {1, . . . ,k} with m 6= n.

Accordingly, an electoral system in the π-calculus announces a leader by unguarding some output

on n that cannot be reduced or removed, where n is the id of the leader. In CMV
+ a leader is announced

by unguarding a choice on the channel n. Since n is free this choice cannot be removed. A network is an

electoral system if in every maximal execution exactly one leader n is announced.

We adapt the definition of hypergraphs that are associated to a network of processes in the π-calculus

defined in [21] to networks in CMV
+. The hypergraph connects the nodes 1, . . . ,k of the network by

edges representing the free channels that they share, where we ignore the outer restrictions of the network.

Definition 3.2 (Hypergraph). Given a network P = (ν x̃)(P1 | . . . | Pk) in Pπ or P = (ν x̃ỹ)(P1 | . . . | Pk) in

P
CMV

+ , the hypergraph associated to P is H(P) = 〈N,X , t〉 with N = {1, . . . ,k}, X = fn(P1 | . . . | Pn)\N,

and t(x) = {n | x ∈ fn(Pn)} for each x ∈ X .
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Because we ignore the outer restrictions of the network in the above definition, the hypergraphs of

two structural congruent networks may be different. However, this is not crucial for our results.

Given a hypergraph H = 〈N,X , t〉, an automorphism on H is a pair σ = 〈σN ,σX〉 such that σN : N →N

and σX : X → X are permutations which preserve the type of arcs. For simplicity, we usually do not

distinguish between σN and σX and simply write σ . Moreover, since σ is a substitution, we allow to

apply σ on terms P, denoted as Pσ . The orbit Oσ (n) of n ∈ N generated by σ is defined as the set

of nodes in which the various iterations of σ map n, i.e., Oσ (n) =
{

n,σ(n), . . . ,σ h−1(n)
}

, where σ i

represents the composition of σ with itself i times and σ h = id. We also adapt the notion of a symmetric

system of [21] to obtain symmetric systems in the π-calculus as well as in CMV
+.

Definition 3.3 (Symmetric System). Consider a network P = (ν x̃)(P1 | . . . | Pk) in Pπ or a network

P = (ν x̃ỹ)(P1 | . . . | Pk) in P
CMV

+ , and let σ be an isomorphism on its associated hypergraph H(P) =
〈N,X , t〉. P is symmetric w.r.t. σ iff Pσ(i) ≈π Piσ or Pσ(i) ≈CMV

+ Piσ for each node i ∈ N. P is symmetric

if it is symmetric w.r.t. all the automorphisms of H(P).

In contrast to [21] we use bisimilarity—≈π and ≈
CMV

+—instead of alpha conversion in the definition

of symmetry. With this weaker notion of symmetry, we compensate for the weaker criterion on dis-

tributability that we use instead of the homomorphic translation of the parallel operator. Accordingly, we

also consider networks as symmetric if they behave in a symmetric way; they do not necessarily need to

be structurally symmetric.

In the π-calculus we find symmetric electoral systems for many kinds of hypergraphs. We use such

a solution of leader election in a network with five nodes as counterexample to separate CMV
+ from the

π-calculus.

Example 3.4 (Leader Election in the π-Calculus). Consider the network

S
LE

π = (νa,b,c,d,e,v,w,x,y,z) (S1 | S2 | S3 | S4 | S5)

where S1 = e+ a.
(
x+ v.1

)
, S2 = a+ b.

(
y+w.2

)
, S3 = b+ c.

(
z+ x.3

)
, S4 = c+ d.

(
v+ y.4

)
, and S5 =

d + e.
(
w+ z.5

)
.

1

a v

2

b w

3

c x

4

d y

5

e z

e a

b

c

d

x

y

z

v

w

SLEπ is symmetric. Consider e.g. the permutation σ that permutes the

channels as follows: a → b → c → d → e → a, v → w → x → y → z → v,

and 1 → 2 → 3 → 4 → 5 → 1. Then Sσ(i) = Siσ for all i ∈ {1, . . . ,5}. The

network elects a leader in two stages. The first stage (depicted as blue

circle) uses mixed choices on the channels a,b,c,d,e; in the second stage

(depicted as a red star) we have mixed choices on the channels v,w,x,y,z.

The picture on the right gives H
(
SLEπ

)
extended by arrow heads to visu-

alise the direction of interactions and the respective action prefixes. The

senders in the two stages are losing the leader election game, i.e., are not

becoming the leader. In the first stage two processes can be receivers and

continue with the second stage. The process that is neither sender nor receiver in the first stage is stuck

and also loses. The receiver of the second stage then becomes the leader by unguarding an output on its

id. For instance we obtain the execution

S
LE

π 7−→ (ν ñ)
(
x+ v.1 | S3 | S4 | S5

)
7−→ (ν ñ)

(
x+ v.1 | z+ x.3 | S5

)
7−→ 3 | (ν ñ)S5 67−→

with ñ = a,b,c,d,e,v,w,x,y,z by reducing on the channels a and c in the first stage. The network SLEπ
has 10 maximal executions (modulo structural congruence) that are obtained from the above execution

by symmetry on the first two steps. In each maximal execution exactly one leader is elected.
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We show that there exists no symmetric electoral system for networks of size five in CMV
+; or more

generally no symmetric electoral system for networks of odd size in CMV
+. A key ingredient to separate

the π-calculus with mixed choice from the asynchronous π-calculus in [21] is a confluence lemma. It

states that in the asynchronous π-calculus a step reducing an output and an alternative step reducing

an input cannot be conflict to each other and thus can be executed in any order. In the full π-calculus

this confluence lemma is not valid, because inputs and outputs can be combined within a single choice

construct and can thus be in conflict. For CMV
+ we observe that steps that reduce different endpoints

can also not be in conflict to each other, because different channel endpoints cannot be combined in a

single choice.

Lemma 3.5 (Confluence). Let P,Q ∈ P
CMV

+ . Assume that A = (ν x̃ỹ)(P | Q) can make two steps A 7−→
(ν x̃1ỹ1)(P1 | Q1) = B and A 7−→ (ν x̃2ỹ2)(P2 | Q2) = C such that P1 is obtained modulo ≡ from P by

reducing a choice on channel endpoint a and P2 is obtained modulo ≡ from P by reducing a choice on

channel endpoint b with a 6= b. Then there exist P3,Q3 ∈ P
CMV

+ and D = (ν x̃3ỹ3)(P3 | Q3) such that

B 7−→ D and C 7−→ D, where x̃3 = x̃1 ∪ x̃2 and ỹ3 = ỹ1 ∪ ỹ2.

A

B

C

D

The proof of this confluence lemma relies on the observation that the two

steps of A to B and C have to reduce distributable parts of A. Then these two steps

are distributable, which in turn allows us to perform them in any order. Thus

the expressive power of choice in CMV
+ is limited by the fact that syntactically

the choice construct is fixed on a single channel endpoint. With this alternative

confluence lemma, we can show that there is no electoral system of odd degree in

CMV
+.

Lemma 3.6 (No Electoral System). Consider a network P = (ν x̃ỹ)(P1 | . . . | Pk) in CMV
+ with k > 1

being an odd number. Assume that the associated hypergraph H(P) admits an automorphism σ 6= id

with only one orbit, and that P is symmetric w.r.t. σ . Then P cannot be an electoral system.

In the proof we construct a potentially infinite sequence of steps such that the system constantly

restores symmetry, i.e., whenever a step destroys symmetry we can perform a sequence of steps that

restores the symmetry. Therefore we rely on the assumption of σ generating only one orbit. This implies

that Oσ (i) =
{

i,σ(i), . . . ,σ k−1(i)
}
= {1, . . . ,k}, for each i ∈ {1, . . . ,k}. Because of that, whenever part i

performs a step that destroys symmetry or parts i and j together perform a step that destroys symmetry,

the respective other parts of the originally symmetric network can perform symmetric steps to restore the

symmetry of the network. Because of the symmetry, the constructed sequence of steps does not elect a

unique leader. Accordingly, the existence of this sequence ensures that P is not an electoral system. The

odd degree of the network is necessary to ensure that we can apply the confluence lemma, which in turn

ensures that we can always perform the sequence of steps to restore symmetry after the step that destroys

the symmetry.

By the preservation of distributability, encodings preserve the structure of networks; and by name

invariance, they also preserve the symmetry of networks. With operational correspondence and barb-

sensitiveness, any good encoding of SLEπ is again a symmetric electoral system of size five. Since by

Lemma 3.6 this is not possible, we can separate CMV
+ from the π-calculus.

Theorem 3.7 (Separate CMV
+ from the π-Calculus via Leader Election).

There is no good encoding from the π-calculus into CMV
+.
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4 Separating Mixed Sessions and the Pi-Calculus via Synchronisation

e

d

c

ba

In [31] the technique used in [21] and its relation to synchronisation are

analysed. Two synchronisation patterns, the pattern M and the pattern ⋆, are

identified that describe two different levels of synchronisation and allow to

more clearly separate languages along their ability to express synchronisa-

tion. These patterns are called M and ⋆, because their respective representa-

tions as a Petri net (see left and right picture) have these shapes. The pattern

⋆ captures the power of synchronisation of the π-calculus. In particular it

captures what is necessary to solve the leader election problem.

a b c

The pattern M captures a very weak form of synchronisation, not enough

to solve leader election but enough to make a fully distributed implementa-

tion of languages with this pattern difficult (see also [30]). This pattern was

originally identified in [38] when studying the relevance of synchrony and

distribution on Petri nets. As shown in [26, 31], the ability to express these

different amounts of synchronisation in the π-calculus lies in its different forms of choices: to express

the pattern ⋆ the π-calculus needs mixed choice, whereas separate choice allows to express the pattern

M. Indeed we find the pattern M in CMV
+, but there are no ⋆ in CMV

+.

Example 4.1 (A M in CMV
+). The process PCMV

+

M
is a M in CMV

+:

PCMV
+

M
= (νxy)(

location 1

x(l!true.P1 + l?z.P2)
y(l?z.P5 + l!true.P6)

|
|

location 2

x(l!false.P3 + l?z.P4)
y(l?z.P7 + l!false.P8)

|
)

A process is a M if it can perform three steps a,b,c, where a,b,c are names and not labels, such that a

and b as well as b and c are in conflict whereas a and c are distributable steps. For instance we can pick

the steps a, b, and c as:

Step a: PCMV
+

M
7−→ (νxy) (P1 | x(l!false.P3 + l?z.P4) | P5{true/z} | y(l?z.P7 + l!false.P8))

Step b: PCMV
+

M
7−→ (νxy) (P1 | x(l!false.P3 + l?z.P4) | y(l?z.P5 + l!true.P6) | P7{true/z})

Step c: PCMV
+

M
7−→ (νxy) (x(l!true.P1 + l?z.P2) | P3 | y(l?z.P5 + l!true.P6) | P7{false/z})

The process PCMV
+

M
is well-typed (see [34]).

We use synchronisation patterns and the proof technique presented in [31] to present an alternative

way to prove Theorem 3.7. By that we underpin our claim that the choice construct of CMV
+ is separate

and not mixed, and we provide further intuition on why this choice construct is less expressive.

We inherit the definition of the synchronisation pattern ⋆ from [31], where we do not distinguish

between local and non-local ⋆ since in the π-calculus there is no difference between parallel and dis-

tributable steps.

Definition 4.2 (Synchronisation Pattern ⋆). Let 〈P, 7−→〉 be a process calculus and P⋆ ∈ P such that:

• P⋆ can perform at least five alternative reduction steps i : P⋆ 7−→ Pi for i ∈ {a,b,c,d,e} such that

the Pi are pairwise different;

• the steps a, b, c, d, and e form a circle such that a is in conflict with b, b is in conflict with c, c is

in conflict with d, d is in conflict with e, and e is in conflict with a; and
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• every pair of steps in {a,b,c,d,e} that is not in conflict due to the previous condition is dis-

tributable in P⋆.

In this case, we denote the process P⋆ as ⋆.

In contrast to CMV
+ we do find ⋆ in the π-calculus.

Example 4.3 (The ⋆ in the π-Calculus). Consider the following ⋆ in the π-calculus:

S
⋆
π = a+b.ob | b+ c.oc | c+d.od | d + e.oe | e+a.oa

The steps a, . . . ,e of Definition 4.2 are the steps on the respective channels.

Step a: S⋆π 7−→ Sa with Sa = b+ c().oc | c+d().od | d + e().oe | oa,

Step b: S⋆π 7−→ Sb with Sb = ob | c+d().od | d + e().oe | e+a().oa,

Step c: S⋆π 7−→ Sc with Sc = a+b().ob | oc | d + e().oe | e+a().oa,

Step d: S⋆π 7−→ Sd with Sd = a+b().ob | b+ c().oc | od | e+a().oa

Step e: S⋆π 7−→ Se with Se = a+b().ob | b+ c().oc | c+d().od | oe

The different outputs ox allow to distinguish between the different steps by their observables.

We use the ⋆ S⋆π as counterexample to show that there is no good encoding from the π-calculus into

CMV
+. From Lemma 3.6 we learned that CMV

+ cannot express certain electoral systems. Accordingly,

we are not surprised that CMV
+ cannot express the pattern ⋆.

Lemma 4.4. There are no ⋆ in CMV
+.

Proof. Assume the contrary, i.e., assume that there is a term P⋆
CMV

+ in CMV
+ that is a ⋆. Then P⋆

CMV
+

can perform at least five alternative reduction steps a,b,c,d,e such that neighbouring steps in the se-

quence a,b,c,d,e,a are pairwise in conflict and non-neighbouring steps are distributable. Since steps

reducing a conditional cannot be in conflict with any other step, none of the steps in {a,b,c,d,e} reduces

a conditional. Then all steps in {a,b,c,d,e} are communication steps that reduce an output and an input

that both are part of choices (with at least one summand). Because of the conflict between a and b, these

two steps reduce the same choice but this choice is not reduced in c, because a and c are distributable.

C5

b

C4

a

C3

e C2

d

C1

c

By repeating this argument, we conclude that in the steps a,b,c,d,e five choices C1, . . . ,C5 are reduced

as depicted on the right, where e.g. the step a reduces the choices C1 and C2. By the reduction semantics

of CMV
+, the two choices C1 and C2 that are reduced in step a need to use dual endpoints of the same

channel. Without loss of generality, assume that C1 is on channel endpoint x and C2 is on channel

endpoint y. Then the choice C3 needs to be on channel endpoint x again, because step b reduces C2 (on y)

and C3. By repeating this argument, then C4 is on y and C5 is on x. But then step e reduces two choices

C1 and C5 that are both on channel endpoint x. Since the reduction semantics of CMV
+ does not allow

such a step, this is a contradiction.

We conclude that there are no ⋆ in CMV
+.

The proof of the above lemma tells us more about why choice in CMV
+ is limited. From the conflu-

ence property in CMV
+ we get the hint that the problem is the restriction of choice to a single channel

endpoint. A ⋆ is a circle of steps of odd degree, where neighbouring steps are in conflict. More precisely,

the star with five points in ⋆ is the smallest cycle of steps where neighbouring steps are in conflict and that

contains non-neighbouring distributable steps. The proof shows that the limitation of choice to a single

channel endpoint and the requirement of the semantics that a channel endpoint can interact with exactly
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one other channel endpoint causes the problem. This also explains why Lemma 3.6 considers electoral

systems of odd degree, because the odd degree does not allow to close the cycle as explained in the proof

above. Indeed, if we change the syntax to allow mixed choice with summands on more than one channel,

we obtain the mixed-choice-construct of the π-calculus. Similarly, we invalidate our separation result

in the Theorems 3.7 and 4.5, if we change the semantics to allow two choices to communicate even if

they are on the same channel. The latter may be more surprising, but indeed we do not need more than a

single channel to solve leader election and build ⋆, e.g. S⋆π remains a star if we choose a = b = c = d = e

(though we might want to pick different names oa, . . . ,oe to be able to distinguish the steps).

We use S⋆π in Example 4.3 as counterexample.

Theorem 4.5 (Separate CMV
+ and the π-Calculus via ⋆).

There is no good and distributability preserving encoding from the π-calculus into CMV
+.

To prove the above theorem, we show that the conflicts in the counterexample S⋆π have to be translated

into conflicts in its literal translation. Since the target language CMV
+ cannot express a ⋆, to emulate

S⋆π it has to break the cycle and split at least one of the conflicts with the respective two neighbouring

steps into two distributable conflicts: one for each neighbour. This causes a contradiction, because the

distribution of the conflict induces new behaviour that is observable modulo the criteria we picked for

good encodings.

5 Encoding Mixed Sessions into Separate Choice

In [6, § 7] an encoding of mixed sessions (CMV
+) into the variant of this session type system CMV with

only separate choice (branching and selection) is presented. The proof of soundness of this encoding is

missing in [6]. They suggest to prove soundness modulo “a weak form of bisimulation”. As discussed

below, the soundness criterion used in [6] needs to be corrected first.

The main idea of J·KCMV
+

CMV
is to encode the information about whether a summand is an output or an

input into the label used in branching, where a label li used with polarity ! in a choice typed as internal

becomes li,! and in a choice typed as external it becomes li,?. The dual treatment of polarities w.r.t. the

type ensures that the labels of matching communication partners are translated to the same label.

Example 5.1 (Translation). Consider for example the term S ∈ P
CMV

+ :

S = (νxy) (y (l!false.S1 + l?z.S2) | x (l!true.0+ l?z.0) | y (l!false.S3 + l?z.S4))

S is well-typed but the type system forces us to assign dual types to x and y. Because of that, the choices

on one channel need to be internal and on the other external. Let us assume that we have external choices

on y and that the choice on x is internal. Moreover, we assume that both channels are marked as linear

but typed as unrestricted. Then the translation1 yields JSKCMV
+

CMV
Z=⇒ T1 with

T1 = (νxy)
(

y?c.c⊲
{

l? :
(

c!false.JS1KCMV
+

CMV
| J1

)
, l! :

(
c?z.JS2KCMV

+

CMV
| J2

)}

| (νst)
(

s⊲{l1 : (νcd) (x!c.d ⊳ l!.(d!true.0 | J3)) , l2 : (νcd)(x!c.d ⊳ l?.(d?z.0 | J4))}
| t ⊳ l1.0 | t ⊳ l2.0

)

| y?c.c⊲
{

l? :
(

c!false.JS3KCMV
+

CMV
| J5

)
, l! :

(
c?z.JS4KCMV

+

CMV
| J6

)})

1Note that [6] introduces a typed encoding, thus JPKCMV
+

CMV
actually means JΓ ⊢ PKCMV

+

CMV
, where Γ ⊢ P is the type statement

ensuring that P is well-typed.



124 On the Expressiveness of Mixed Choice Sessions

where we already performed a few steps to hide some technical details of the encoding function J·KCMV
+

CMV

that are not relevant for this explanation and where the J1, . . . ,J6 remain as junk from performing these

steps. We call terms junk if they are stuck and do not emit barbs, i.e., we can ignore the junk. In particular,

junk is invisible modulo ≈CMV. We observe, that in the translation of the first y (l!false.S1 + l?z.S2) in the

first line of T1 the output with label l is translated to the label l? and the input with label l is translated to the

label l!, whereas in the translation of its dual x (l!true.0+ l?z.0) in the second line of T1 we obtain l! for

the output and l? for the input. To emulate the step S 7−→ S′2 = (νxy) (S2{true/z} | y (l!false.S3 + l?z.S4))
of S in that true is transmitted to S2, we start by picking the corresponding alternative, namely l1 for

sending, in the second and third line of T1

T1 7−→ T2 = (νxy)
(

y?c.c⊲
{

l? :
(

c!false.JS1KCMV
+

CMV
| J1

)
, l! :

(
c?z.JS2KCMV

+

CMV
| J2

)}

| (νcd) (x!c.d ⊳ l!.(d!true.0 | J3)) | J7

| y?c.c⊲
{

l? :
(

c!false.JS3KCMV
+

CMV
| J5

)
, l! :

(
c?z.JS4KCMV

+

CMV
| J6

)})

where J7 again remains as junk. Then we perform a communication on xy, where we chose the input on

y in the first line:

T2 7−→ T3 = (νxy)
(
(νcd)

(
c⊲

{
l? :

(
c!false.JS1KCMV

+

CMV
| J1

)
, l! :

(
c?z.JS2KCMV

+

CMV
| J2

)}

| d ⊳ l!.(d!true.0 | J3)
)
| J7

| y?c.c⊲
{

l? :
(

c!false.JS3KCMV
+

CMV
| J5

)
, l! :

(
c?z.JS4KCMV

+

CMV
| J6

)})

Finally, two more steps on cd resolve the branching and transmit true:

T3 7−→7−→ T4 = (νxy)
(

JS2KCMV
+

CMV
{true/z} | J2 | J3 | J7 | J8

| y?c.c⊲
{

l? :
(

c!false.JS3KCMV
+

CMV
| J5

)
, l! :

(
c?z.JS4KCMV

+

CMV
| J6

)})

This completes the emulation of S 7−→ S′2, i.e., the emulation of the single source term step S 7−→ S′2

required a sequence of target term steps JSKCMV
+

CMV
Z=⇒ T1 7−→ T2 7−→ T3 7−→7−→ T4.

The operational soundness is defined in [6] as (adapting the notation):

If JSK 7−→T T then S 7−→S S′ and T Z=⇒T≍
q

S′
y

. (1)

As visualised above, the encoding translates a single source term step into a sequence of target term steps.

Unfortunately, for such encodings the statement in (1) is not strong enough: with (1), we check only that

the first step on a literal translation does not introduce new behaviour. The requirement T Z=⇒T≍ JS′K
additionally checks that the emulation started with JSK 7−→T T can be completed, but not that there are no

alternative steps introducing new behaviour. Hence we prove a correct version of soundness as defined

in [10] (see Definition 2.3).

Lemma 5.2 (Soundness, J·KCMV
+

CMV
). The encoding J·KCMV

+

CMV
is operationally sound modulo ≈CMV, i.e.,

JSKCMV
+

CMV
Z=⇒ T implies S Z=⇒ S′ and T Z=⇒≈CMV JS′KCMV

+

CMV
.

As suggested we use ≈CMV, i.e., a form of weak reduction barbed bisimilarity that we simply call

bisimilarity in the following. For soundness we have to show that all steps of encoded terms belong

modulo bisimilarity to the emulation of a source term step. To prove Lemma 5.2, we analyse the sequence

of steps JSKCMV
+

CMV
Z=⇒ T and identify all source term steps S Z=⇒ S′ whose emulation is started within
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JSKCMV
+

CMV
Z=⇒ T and the target term steps T Z=⇒≈CMV JS′KCMV

+

CMV
that are necessary to complete all started

emulations modulo bisimulation. Therefore, we use an induction on the number of steps in the sequence

JSKCMV
+

CMV
Z=⇒ T and analyse the encoding function in order to distinguish between different kinds of

target term steps and the emulations of source term steps to that they belong. Note that, as it is typical

for many encodability results, the proof of operational soundness is more elaborate than the proof of

operational completeness presented in [6].

In Example 5.1 we have T4 ≈CMV JS′2K
CMV

+

CMV
, because all differences between T4 and JS′2K

CMV
+

CMV
are

due to junk that cannot be observed modulo ≈CMV. In fact, we have already T3 ≈CMV JS′2K
CMV

+

CMV
, since

we consider a weak form of bisimulation here.

In the above variant of soundness T can catch up with the source term S′ by the steps T Z=⇒≈CMV

JS′KCMV
+

CMV
. This allows for so-called intermediate states: target terms that are strictly in between the

translation of two source terms, i.e., T such that S 7−→ S′, JSKCMV
+

CMV
Z=⇒ T Z=⇒≈CMV JS′KCMV

+

CMV
, but

neither JSKCMV
+

CMV
≈CMV T nor JS′KCMV

+

CMV
≈CMV T (see [25, 31]). In J·KCMV

+

CMV
such intermediate states are

caused by mapping the task of finding matching communication partners of a single source term step

onto several steps in the target. Consider the term T2 in the above emulation of S 7−→ S′2. By picking

the branch with label l1, we discarded the branch with label l2. Because of that, the emulation starting

with JSKCMV
+

CMV
Z=⇒ T2 can no longer emulate source term steps of S that use channel x for receiving, i.e.,

T2 6≈CMV JSKCMV
+

CMV
. But, since we have not yet decided whether we emulate a communication with the

first or second choice on y, we also have T2 6≈CMV JS′2K
CMV

+

CMV
whenever S2 6≈

CMV
+ S4. Indeed, if we

assume that S1,S2,S3,S4 are pairwise not bisimilar, then T2 6≈CMV JS′KCMV
+

CMV
for all S 7−→ S′, i.e., T2 is an

intermediate state.

The existence of intermediate states prevents us from using stronger versions of soundness, i.e., with

T ≍ JS′K instead of the requirement T Z=⇒T≍ JS′K in soundness. The encoding J·KCMV
+

CMV
needs the steps

in T Z=⇒≈CMV JS′KCMV
+

CMV
to complete the emulation of source term steps started in JSKCMV

+

CMV
Z=⇒ T . With

the soundness result we can complete the proof of [6] that J·KCMV
+

CMV
presented in [6, § 7] is good.

Theorem 5.3 (Encoding from CMV
+ into CMV). The encoding J·KCMV

+

CMV
from CMV

+ into CMV pre-

sented in [6] is good. By this encoding source terms in CMV
+ and their literal translations in CMV are

related by coupled similarity.

For the proof we take the completeness result from [6] and our soundness result in Lemma 5.2. The

proof of the remaining properties is simple. That the combination of operational correspondence and

barb sensitiveness induces a (weak reduction, barbed) coupled similarity that relates all source terms and

their literal translations was proved in [33]. To obtain a tighter connection such as the bisimilarity, we

would need the stronger version of soundness with T ≍ JS′K instead of T Z=⇒T≍ JS′K (see [33]).

As mentioned, a key feature of the encoding is to translate the nature of its summands, i.e., whether

they are send or receive actions, into the label used by the target term. That this is possible, i.e., that the

prefixes for send and receive in a choice of CMV
+ can be translated to labels in a separate choice of CMV

such that the difference is not observable modulo the criteria in Definition 2.3, gives us the last piece of

evidence that we need. CMV
+ does not allow to solve problems such as leader election (Theorem 3.7)

that are standard problems for mixed choice; CMV
+ cannot express the synchronisation pattern ⋆ either

that we associate with mixed choice (Theorem 4.5). Yet, CMV
+ can express the pattern M which is

associated with separate choice, and is encoded by a language with only separate choice (Theorem 5.3).

We conclude that choice in CMV
+ is semantically rather a separate choice.
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Corollary 5.4.

The extension of CMV given by CMV
+ introduces a form of separate choice rather than mixed choice.

6 Related Work and Outlook

We conclude by discussing related work, summing up our results, and briefly discussing our next steps.

6.1 Related Work

Encodings or the proof of their absence are the main way to compare process calculi [3, 23, 10, 9, 26, 39,

24, 8, 40]. See [27] for an overview and discussion on encodings. We used this methodology to compare

different variants of choice in session types.

The relevance of mixed choice for the expressive power of the π-calculus was extensively studied.

An important encodability result on choices is the existence of a good encoding from the choice-free

synchronous π-calculus into its asynchronous variant [4, 12], since it proves the relevance of choice. As

for the separation result, [22, 10, 29] have shown that there is no good encoding from the full π-calculus,

i.e., the synchronous π-calculus including mixed choice, into its asynchronous variant if an encoding

should preserve the distribution of systems. Palamidessi in [21] was the first to point out that mixed

choice strictly raises the expressive power of the π-calculus. Later work studies the criteria under that

this separation result holds and alternative ways to prove this result: [20] studies the relevance of diver-

gence reflection for this result and considers separate choice. [10, 23] discuss how to reprove this result

if the rather strict criterion on the homomorphic translation of the parallel operator is replaced by com-

positionality. [26, 28] show that compositionality itself is not strong enough to replace the homomorphic

translation of the parallel operator by presenting an encoding and then propose the preservation of dis-

tributability as criterion to regain the result of Palamidessi. [29] uses the more fundamental problem of

breaking symmetries instead of leader election. [31] further simplifies this separation result by introduc-

ing synchronisation patterns to distinguish the languages. [32] shows that instead of the preservation of

distributability or the homomorphic translation of the parallel operator also the preservation of causality

can be used as criterion.

While there are a vast amount of theories [15], programming languages [1], and tools [36] of session

types, as far as we know, the CMV
+-calculus is the only session π-calculus which extends external

and internal choices to their mixtures with full constructs, i.e. delegation, shared (or unlimited) name

passing, value passing, and recursion in its process syntax, proposes its typing system and proves type-

safety. In the context of multiparty session types [14], there are several works that extend the original

form of global types where choice is fixed (from one sender to one receiver) with more flexible forms of

choices: Recent work in [17] e.g. allows the global type to specify a choice of one sender to transmit to

one of several receivers. In [16] flexible choices are discussed but their well-formedness (which ensures

deadlock-freedom of local types) needs to be checked by bisimuluation. These works focus on gaining

expressiveness of behaviours of a set of local types (or a simple form of CCS-like processes which are

equivalent to local types [17]) which correspond to a single multiparty session, without delegations,

interleaved sessions, restrictions nor name passing.

More recently, [41] compares the expressive power of a variant of the π-calculus (with implicit

matching) and the variant of CCS where the result of a synchronisation of two actions is itself an action

subject to relabelling or restriction. Because of the connection between CCS-like languages and local

types, it may be interesting to compare the expressiveness results in [41] with (variants of) multiparty
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π

πs πa MA CMV CMV
+

J MAu

⋆

M

Figure 1: Hierarchy of Pi-like Calculi.

session types.

6.2 Summary and Outlook

We proved that CMV
+ is strictly less expressive than the π-calculus in two different ways: by showing

that CMV
+ cannot solve leader election in symmetric networks of odd degree and that CMV

+ cannot

express the synchronisation pattern ⋆. Then we provide the missing soundness proof for the encoding

presented in [6]. From these results and the insights on the reasons of these results, we conclude that the

choice primitive added to CMV in [6] is rather a separate choice and not a mixed choice at least with

respect to its expressive power.

With these results we can extend the hierarchy of pi-like calculi obtained in [31, 30] by two more

languages as depicted in Figure 1. This hierarchy orders languages according to their ability to express

certain synchronisation patterns. At the top we have the π-calculus (π), because it can express the

synchronisation pattern ⋆. In the middle are languages that can express M but not ⋆: the π-calculus with

separate choice (πs) [20], the asynchronous π-calculus without choice (πa) [12, 4], Mobile Ambients

(MA) [5], CMV, and CMV
+. In the bottom we have the join-calculus (J) [7] and Mobile Ambients with

unique Ambient names (MAu) [30], i.e., the languages that cannot express ⋆ or M. That π,πs,πa,MA,J,

and MAu can or cannot express the respective pattern was shown in [31, 30].

Linearity as enforced by the type system of CMV/CMV
+ restricts the possible structures of commu-

nication protocols. In particular, the type system ensures that it is impossible to unguard two competing

inputs or outputs on the same linear channel at the same time. Accordingly, it is not surprising that

adding choice, even mixed choice, towards communication primitives under a type discipline that en-

forces linearity does not significantly increase the expressive power of the respective language (though

it still might increase flexibility). However, that adding mixed choice between unrestricted communi-

cation primitives does not significantly increase the expressive power of the language, did surprise us.

Unrestricted channels allow to have several in- or outputs on these channels in parallel, because the

type system only ensures the absence of certain communication mismatches as e.g. that the sort of a

transmitted value is as expected by the receiver; but not linearity (compare also to shared channels as

e.g. in [13]). So, there is no obvious reason why the type system should limit the expressive power of

unrestricted channels within a mixed choice. Indeed, it turns out that the problem lies not in the type

system. In both ways to prove the separation result in § 3 and § 4 we completely ignore the type system

and carry out the proof on the untyped version of the language, i.e., it is already the untyped version of

CMV
+ that cannot express mixed choice despite a mixed-choice-like primitive. This limitation of the

language definition, i.e., in its syntax and semantics, is not obvious and indeed it was very hard to spot
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the problem.

We expect that adding mixed choice to the non-linear parts of other session type systems will instead

significantly increase the expressive power. Accordingly, as the next step, we want to add a primitive for

mixed choice between shared channels in session types such as described e.g. in [13, 42] and analyse the

expressiveness of the resulting language.
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Reversing Petri nets (RPNs) have recently been proposed as a net-based approach to model causal
and out-of-causal order reversibility. They are based on the notion of individual tokens that can be
connected together via bonds. In this paper we extend RPNs by allowing multiple tokens of the same
type to exist within a net based on the individual token interpretation of Petri nets. According to this
interpretation, tokens of the same type are distinguished via their causal path. We develop a causal
semantics of the model and we prove that the expressive power of RPNs with multiple tokens is
equivalent to that of RPNs with single tokens by establishing an isomporphism between the Labelled
Transition Systems (LTSs) capturing the reachable parts of the respective RPN models.

1 Introduction

Reversible computation is a form of computing where transitions can be executed in both the forward and
the reverse direction, allowing systems to return to past states. It has been attracting increasing attention
due to its application in a variety of fields such as low-power computing, biological modelling, quantum
computation, robotics, and distributed systems.

In the sequential setting reversibility is generally understood as the ability to execute past actions
in the exact inverse order in which they occurred, a process referred to as backtracking. However, in
the concurrent setting matters are less clear. Indeed, various approaches have been investigated within
a variety of formalisms [8, 26, 16, 33, 24, 20]. One of the most well-studied approaches considered
suitable for a wide variety of concurrent systems is that of causal-consistent reversibility advocating that
a transition can be undone only if all its effects, if any, have been undone beforehand [7]. The study of
reversibility also extends to out-of-causal-order reversibility, a form of reversing where executed actions
can be reversed in an out-of-causal order [28, 27, 15] most notably featured in biochemical systems.

In this work, we focus on Reversing Petri Nets [24] (RPNs), a reversible model inspired by Petri
nets that allows the modelling of reversibility as realised by backtracking, causal-order, and out-of-
causal-order reversing. A key challenge when reversing computations in Petri nets is handling backward
conflicts. These conflicts arise when tokens occur in a certain place due to different causes making
unclear which transitions ought to be reversed. To handle this ambiguity, RPNs introduce the notion
of a history of transitions, which records causal information of executions. Furthermore, inspired by
biochemical systems as well as other resource-aware applications, the model employs named tokens that
can be connected together to form bonds, and are preserved during execution.

A restriction in RPNs is that each token is unique and in order to model a system with multiple items
of the same type, it is necessary to employ a distinct token for each item, at the expense of the net size.
In the current paper we consider an extension of RPNs, which allows multiple tokens of the same type.
The introduction of multiple identical tokens creates further challenges involving backward conflicts
and requires to extend the RPN machinery for extracting the causal dependencies between transitions.
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We note that formalizing causal dependencies is a well-studied problem in the context of Petri nets,
where various approaches have been proposed to reason about causality [11, 13, 32]. In this work we
draw inspiration from the so-called individual token and collective interpretations of Petri nets [12, 10].
The collective token philosophy considers all tokens of a certain type to be identical, which results in
ambiguities when it comes to causal dependencies. In contrast, in an individual token interpretation,
tokens are distinguished based on their causal path. This approach leads to more complicated semantics
since to achieve token individuality requires precise correspondence between the token instances and
their past. However, it enables backward determinism, which is a crucial property of reversible systems.

Contribution. In this paper we extend RPNs to support multiple tokens of the same type following the
individual token interpretation. As such, tokens are associated with their causal history and, while tokens
of the same type are equally eligible to fire a transition when going forward, when going backwards they
are able to reverse only the transitions they have previously fired. In this context, we define a causal
semantics for the model, based on the intuition that a causal link exists between two transitions if a token
produced by one was used to fire the other. This leads to the observation that a transition may reverse
in causal order only if it was the last transition executed by all the tokens it has involved. We note that
this approach allows a causal-order reversible semantics that, unlike the original RPN model, does not
require any global history information. In fact, all information necessary for reversal is available locally
within the history of tokens. Subsequently, we turn to study the expressiveness of the presented model
in comparison to RPNs with single tokens. To do this we employ Labelled Transition Systems (LTSs)
capturing the state space of RPN models. We show that for any RPN with multiple tokens there exists
an RPN with single tokens with an isomorphic LTS, thereby confirming our conjecture that RPNs with
single tokens are as expressive as RPNs with multiple tokens.

Related Work. The first study of reversible computation within Petri nets was proposed in [4, 5], where
the authors investigated the effects of adding reversed versions of selected transitions by reversing the
directions of a transition’s arcs. Unfortunately, this approach to reversibility violates causality. Towards
examining causal consistent reversibility the work in [21] investigates whether it is possible to add a
complete set of effect-reverses for a given transition without changing the set of reachable markings,
showing that this problem is in general undecidable. In another line of work [20] propose a causal
semantics for P/T nets by identifying the causalities and conflicts of a P/T net through unfolding it into
an equivalent occurrence net and subsequently introducing appropriate reverse transitions to create a
coloured Petri net (CPN) that captures a causal-consistent reversible semantics. On a similar note, [19]
introduces the notion of reversible occurrence nets and associates a reversible occurrence net to a causal
reversible prime event structure, and vice versa. Finally, [6] introduces a reversible approach to Petri nets
following the individual token interpretation. This work is similar to our approach though it refers to a
basic PN model, which does not contain named tokens nor bonds, and it does not support backtracking
and out-of-causal reversibility.

The modelling of bonding in the context of reversibility was first considered within reversible pro-
cesses and event structures in [29], where its usefulness was illustrated with examples taken from soft-
ware engineering and biochemistry. Reversible frameworks that feature bonds as first-class entities, like
RPNs, also include the Calculus of Covalent Bonding [15], which supports causal and out-of-causal-
order reversibility in the context of chemical reactions, as well as the Bonding Calculus [1], a calculus
developed for modeling covalent bonds between molecules in biochemical systems. In fact, the latter
two frameworks and RPNs were reviewed and compared for modeling chemical reactions in [14] with
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Figure 1: RPN example of a pen assembly/dissassembly

case study the autoprotolysis of water.
This paper extends a line of research on reversing Petri nets, initially introduced for acyclic nets [22]

and subsequently for nets with cycles [24]. The usefulness of the framework was illustrated in a num-
ber of examples including the modelling of long-running transactions with compensation and a signal-
passing mechanism used by the ERK pathway. The RPN framework has been extended to control re-
versibility in [25] with an application to Massive MIMO. Introducing multiple tokens in RPNs was also
examined in [23] by allowing multiple tokens of the same type to exist within a net following the collec-
tive interpretation and yielding a locally-controlled, out-of-causal-order reversibility semantics. RPNs
have been translated to Answer Set Programming (ASP), a declarative programming framework with
competitive solvers [9], and to bounded Coloured Petri Nets [2, 3].

2 Reversing Petri Nets with Multiple tokens

In our previous works we introduced Reversing Petri Nets, a net-based formalism, which features indi-
vidual tokens that can be connected together via bonds [24]. An assumption of RPNs is that tokens are
pairwise distinct. To relax this restriction, subsequent work [23] introduced token multiplicity whereby
a model may contain multiple tokens of the same type. It was observed that the possibility of firing a
transition multiple times using different sets of tokens, may introduce nondeterminism, also known as
backward conflict, when going backwards. Furthermore, two approaches were identified to define re-
versible semantics in the presence of such backward conflicts, inspired by the individual token and the
collective token interpretations [10, 12], defined to reason about causality in Petri nets. In the individual
token approach, multiple tokens of the same type residing in the same place are distinguished based on
their causal path, whereas in the collective token interpretation they are not distinguished. In [23] the
model of RPNs with multiple tokens was investigated under the collective token approach, yielding an
out-of-causal-order form of reversibility. In this work, we instead apply the individual token interpreta-
tion to define a causal semantics, and we establish that in fact the addition of multiple tokens does not add
to the expressiveness of the model, in that for any RPN with multiple tokens there exists an equivalent
RPN with only a single token of each type.

To appreciate the challenges induced through the introduction of multiple tokens and the difference
between the individual and the collective token interpretations, let us consider the example in Fig. 1(a).
In this example we may see an RPN model of an assembly/disassembly of a pen. The product consists of
the ink, the cup, and the button of the pen, modelled by tokens i, c, and b, respectively. We may observe
that transitions, in addition to transferring tokens between places, have the capacity of creating bonds.
Thus, the process of manufacturing the pen requires the ink to be fitted inside the cup, modelled by the
creation of the bond i−c by transition t1 and, subsequently, the fitting of the button on the cup to complete
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Figure 2: Executing transition t1 in the net (a) may yield the net in (b). Different selections of tokens
could have been made. In net (b) transition t1 is executed with the (only) available tokens leading to net
(c), whereby execution of t2 with the component produced by the first execution of t1 yields net (d).

the assembly, modelled as the creation of the bond c− b by transition t2 (RPN in Fig. 1(b)). The effect
of reversing a transition in RPNs is to break the bonds created by the transition (if any) and returning the
tokens/bonds from the outgoing places to the incoming places of the transition. In [22, 24] machinery
has been developed in order to model backtracking, causal, and out-of-causal-order reversibility for the
model. In particular, in the example of Fig. 1(b) reversing transition t2 will result in the destruction of
bond c−b and the return of token b to place y.

Suppose we wish to extend the model of Fig. 1(a) for the assembly of two pens. Given that in
RPNs tokens are unique, it would be necessary to introduce three new and distinct tokens and clone the
transitions while renaming their arcs to accommodate for the names of the new tokens to be employed,
resulting in a considerable expansion of the model for each new pen to be produced. Thus, a natural
extension of the formalism involves relaxing this restriction and allowing multiple tokens of the same
type to exist within a model. To this effect consider the scenario of Fig. 2(a) presenting a system with an
already assembled/sample pen in place x and two items of each of the ink, cup, and button components.

An issue arising in this new setting is that due to the presence of multiple tokens of the same type,
the phenomenon of backwards nondeterminism occurs when transitions are reversed. For instance, after
execution of transition t1 twice and t2, two assembled pens will exist in place x and well as a component
i− c, as seen in Fig. 2(d). Suppose that in this state transition t1 is reversed. In the collective token
interpretation, all instances of the bond i− c are considered identical. As a result, any of these bonds
could be destroyed during the reversal of transition t1. However, in the individual token interpretation
the various ink and cup tokens are distinguished based on their causal path. Therefore, the first execution
of transition t1 yielding the net in Fig. 2(b) and involving the shaded component of tokens in the figure,
is considered to have caused the execution of transition t2. Given this causal relationships between the
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transitions, under a causal reversibility semantics, the specific i−c component should not be decomposed
until transition t2 is reversed. Similarly, the pre-existing pen should not be broken down into its parts as
it was not the created by any of the transitions. Instead, reversing transition t1 in the RPN of Fig. 2(d)
should break the bond in the component consisting the single bond i− c. Note that this is compatible
with the understanding that disassembly of the product would not allow the separation of the ink from
the inside of the cup before the button is removed, since this is enclosed within the pair of the cup and
the button.

As a result we observe that following the individual token interpretation, reversing a computation re-
quires keeping track of past behavior – in the context of the example, distinguishing the tokens involving
the pre-existing pen and the tokens used to fire each transition. In the following sections we implement
this approach for introducing multiple tokens and we study its properties in the context of causal-order
reversibility. Furthermore, we establish a correspondence between this model and RPNs with single
tokens.

3 Multi Reversing Petri Nets

We present multi reversing Petri nets, an extension of RPNs with multiple tokens of the same type that
allow transitions to be reversed following the individual token interpretation. Formally, they are defined
as follows:

Definition 1 A multi reversing Petri net (MRPN) is a tuple (P,T,A ,AV ,B,F) where:

1. P is a finite set of places and T is a finite set of transitions.

2. A is a finite set of base or token types ranged over by A,B, . . .

3. AV is a finite set of token variables ranged over by a,b, . . . We write type(a) for the type of variable
a and assume that type(a) ∈A for all a ∈AV .

4. B ⊆A ×A is a finite set of undirected bond types ranged over by β ,γ, . . . We assume B to be a
symmetric relation and we consider the elements (A,B) and (B,A) to refer to the same bond type,
which we also denote by A−B. Furthermore, we write BV ⊆AV ×AV , assuming that (a,b) and
(b,a) represent the same bond, also denoted as a−b.

5. F : (P×T ∪T ×P)→P(AV ∪BV ) defines a set of directed labelled arcs each associated with
a subset of AV ∪BV , where (a,b) ∈ F(x,y) implies that a,b ∈ F(x,y). Moreover, for all t ∈ T ,
x,y ∈ P, x 6= y, F(x, t)∩F(y, t) = /0.

A multi reversing Petri net is built on the basis of a set of token types. Multiple occurrences of a
token type, referred to as token instances, may exist in a net. Tokens of the same type have identical
capabilities on firing transitions and can participate only in transitions with variables of the same type.

As standard in net-based frameworks, places and transitions are connected via labelled directed arcs.
These labels are derived from AV ∪BV . They express the requirements and the effects of transitions
based on the type of tokens consumed. Thus, collections of tokens corresponding to the same types and
connections as the variables on the labelled arc are able to participate in the transition. More precisely, if
F(x, t) = X ∪Y , where X ⊆AV , Y ⊆BV , the firing of t requires a distinct token instance of type type(a)
for each a ∈ X , such that the overall selection of tokens are connected together satisfying the restrictions
posed by Y . Similarly, if F(t,x) = X ∪Y , where X ⊆AV , Y ⊆BV , this implies that during the forward
execution of the transition for each a ∈ X a token instance of type type(a) will be transmitted to place x
by the transition, in addition to the bonds specified by Y , some of which will be created as an effect of
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the transition. We make the assumption that if (a,b) ∈ Y then a,b ∈ X and the same variable cannot be
used on two incoming arcs of a transition.

We introduce the following notations. We write ◦t = {x ∈ P | F(x, t) 6= /0} and t◦= {x ∈ P | F(t,x) 6=
/0} for the incoming and outgoing places of transition t, respectively. Furthermore, we write pre(t) =⋃

x∈P F(x, t) for the union of all labels on the incoming arcs of transition t, and post(t) =
⋃

x∈P F(t,x) for
the union of all labels on the outgoing arcs of transition t.

We restrict our attention to well-formed MRPNs, which satisfy the conservation property [18] in the
sense that the number of tokens in a net remains constant during execution. In fact, as we will prove in
the sequel, in well-formed nets individual tokens are conserved.

Definition 2 An MRPN (P,T,A ,AV ,B,F) is well-formed if for all t ∈ T :

1. AV ∩pre(t) = AV ∩post(t) and

2. F(t,x)∩F(t,y) = /0 for all x,y ∈ P, x 6= y.

Thus, a well-formed MRPN satisfies (1) whenever a variable exists in the incoming arcs of a transition
then it also exists on its outgoing arcs, and vice versa, which implies that transitions neither create nor
erase tokens, and (2) tokens/bonds cannot be cloned into more than one outgoing place.

In the context of token multiplicity, a mechanism is needed in order to distinguish between token
instances with respect to their causal path. For instance, consider the MRPN in Fig. 2(d). In this state,
three connected components of tokens are positioned in place x, where tokens of the same type, e.g. the
three c tokens have distinct connections and causal histories. To capture this, we distinguish between
token instances, as follows:

Definition 3 Given an MRPN (P,T,A ,AV ,B,F) a token instance has the form (A, i,xs) where xs is
a (possibly empty) list of triples [(k1, t1,v1), . . . ,(kn, tn,vn)] with n ≥ 0, where i ≥ 1, A ∈ A , and for
all i, ki ∈ N, ti ∈ T , and vi ∈ {∗} ∪AV . We write AI for the set of token instances ranged over by
A1, A2, . . ., and we define the set of bond instances BI by BI = AI ×AI . Furthermore, given Ai =
(A, i, [(k1, t1,v1), . . . ,(kn, tn,vn)]), we write

type(Ai) = A

Ai ↓ = (A, i)

cpathAi = [(t1,v1), . . . ,(tn,vn)]

last(Ai) = (kn, tn,vn)

Ai +(k, t,v) = (A, i, [(k1, t1,v1), . . . ,(kn, tn,vn),(k, t,v)])

init(Ai) = (A, i, [(k1, t1,v1), . . . ,(kn−1, tn−1,vn−1)])

The set of token instances AI corresponds to the basic entities that occur in a system. In the initial
state of a net, tokens have the form (A, i, []) where i is a unique identifier for the specific token instance
of type A. As computation proceeds the tokens evolve to capture their causal path. If a transition t is
executed in the forward direction, with some token instance (A, i, [(k1, t1,v1), . . . ,(kn, tn,vn)]) substituted
for a variable v, then the token evolves to (A, i, [(k1, t1,v1), . . . ,(kn, tn,vn),(k, t,v)]), where k is an integer
that characterizes the executed transition, as we will formally define in the sequel.

In a graphical representation, tokens instances are indicated by • associated with their description,
places by circles, transitions by boxes, and bonds by lines between tokens. Note that token variables
a ∈ F(x, t)∩AV with type(a) = A are denoted by a : A over the corresponding arc F(x, t). An example
of an MRPN can be seen in Fig. 3. In this example, we have A = {I,C,B}, AV = {i,c,b}, and the set
of token instances in the specific state are {(I, i, []),(B, i, []),(C, i, []) | i ∈ {1,2,3}}.
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Figure 3: The net of Fig. 2(a) presented as an MRPN.

As with RPNs the association of token/bond instances to places is called a marking such that M : P→
2AI∪BI , where we assume that if (Ai,Bi) ∈M(x) then Ai,Bi ∈M(x). In addition, we employ the notion
of a history, which assigns a memory to each transition H : T → 2N. Intuitively, a history of H(t) = /0
for some t ∈ T captures that the transition has not taken place, or every execution of it has been reversed,
and a history such that k ∈ H(t), captures that the transition had a firing with identifier k that was not
reversed. Note that |H(t)| > 1 may arise due to cycles but also due to the consecutive execution of the
transition by different token instances. A pair of a marking and a history, 〈M,H〉, describes a state of
an MRPN with 〈M0,H0〉 the initial state, where H0(t) = /0 for all t ∈ T and if Ai ∈ M0(x), x ∈ P, then
Ai = (A, i, []), and Ai ∈M0(y) implies that x = y.

Finally, we define con(Ai,W ), where Ai ∈AI and W ⊆AI ∪BI , to be the tokens connected to Ai as
well as the bonds creating these connections according to set W :

con(Ai,W ) = ({Ai}∩W )

∪ {x | ∃w s.t. path(Ai,w,W ),(Bi,Ci) ∈ w,x ∈ {(Bi,Ci),Bi,Ci}}

where path(Ai,w,W ) if w = 〈β1, . . . ,βn〉, and for all 1≤ i≤ n, βi = (xi−1,xi) ∈W ∩BI , xi ∈W ∩AI , and
x0 = Ai. For example, consider the net in Fig. 3 and let W represent the set of token and bond instances
in place x. Then, con((I,3, []),W ) = {(I3,C3,B3,(I3,C3),(C3,B3)}, where I3 = (I,3, []), B3 = (B,3, []),
and C3 = (C,3, []).

3.1 Forward Execution

During the forward execution of a transition in an MRPN, a set of token and bond instances, as specified
by the incoming arcs of the transition, are selected and moved to the outgoing places of the transition,
possibly forming and/or destroying bonds. Precisely, for a transition t we define eff+(t) to be the bonds
that occur on its outgoing arcs but not the incoming ones and by eff−(t) the bonds that occur in the
incoming arcs but not the outgoing ones:

eff+(t) = post(t)−pre(t) eff−(t) = pre(t)−post(t)

Due to the presence of multiple instances of the same token type, it is possible that different token
instances are selected during the transition’s execution. To enable such a selection of tokens we define
the following:

Definition 4 An injective function W : V →AI , where V ⊆AV , is called a type-respecting assignment
if for all a ∈V , if W (a) = Ai then type(a) = type(Ai).
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We extend the above notation and write W (a,b) for (W (a),W (b)) and, given a set L ⊆ AV ∪BV ,
we write W (L) = {W (x) | x ∈ L}.

Based on the above we define the following:

Definition 5 Given an MRPN (P,T,A ,AV ,B,F), a state 〈M,H〉, and a transition t, we say that t is
forward-enabled in 〈M,H〉 if there exists a type-respecting assignment S : pre(t)∩AV →AI such that:

1. S (F(x, t))⊆M(x) for all x ∈ ◦t.
2. If a,b ∈ F(x, t) for some x ∈ ◦t and (a,b) ∈ eff+(t), then S (a,b) 6∈M(x).

3. If a ∈ F(t,y1) and b ∈ F(t,y2), for some y1,y2 ∈ t◦, y1 6= y2, then con(S (a),compf(t,S ,M)) 6=
con(S (b),compf(t,S ,M)).

where compf(t,S ,M) = (
⋃

x∈◦t M(x)∪S (eff+(t)))−S (eff−(t)).

Thus, t is forward-enabled in state 〈M,H〉 if there exists a type-respecting assignment S of token
instances to the variables on the incoming edges of t, which we will refer to as a forward-enabling assign-
ment of t, such that (1) the token instances and bonds required by the transition’s incoming edges, accord-
ing to S , are available from the appropriate input places, (2) if the selected token instances to be trans-
ferred by the transition are to be bonded together by the transition then they should not be already bonded
in an incoming place of the transition (thus the bonds that occur only on the outgoing arcs of a transition
are the bonds being created by the transition), and (3) if two token instances are transferred by a transition
to different outgoing places then these tokens should not be connected. This is to ensure that connected
components are not cloned. Note that compf(t,S ,M) = (

⋃
x∈◦t M(x)∪S (eff+(t)))− S(eff−(t)) de-

notes the set of token and bond instances that occur in the incoming places of t (
⋃

x∈◦t M(x)), including
the new bond instances created by t (S (eff+(t))), and removing the bonds destroyed by it (S (eff−(t))).
Intuitively, compf(t,S ,M) contains the components that are moved forward by the transition.

To execute a transition t according to an enabling assignment S , the selected token instances along
with their connected components are relocated to the outgoing places of the transition as specified by the
outgoing arcs, with bonds created and destroyed accordingly. An additional effect is the update of the
affected token and bond instances to capture the executed transition in their causal path. To capture this
update we define where k is an integer associated with the specific transition instance:

Ai⊕ (S , t,k) =
{

Ai +(k, t,a) if S (a) = Ai

Ai +(k, t,∗) if S −1(Ai) =⊥

Note that Ai may not belong to the range of S , i.e. S −1(Ai) = ⊥, if Ai was not specifically selected
to instantiate a variable in pre(t) but, nonetheless, belonged to a connected component transferred by
the transition. This is recorded in the causal path of the token instance via the triple (k, t,∗). Moreover,
we write (Ai,B j)⊕ (S , t,k) for (Ai⊕ (S , t,k),B j ⊕ (S , t,k)) and, given L ⊆ AI ∪BI , we write L⊕
(S , t,k) = {x⊕ (S , t,k) | x ∈ L}. Finally, the history of the executed transition is updated to include the
next unused integer. Given the above we define:

Definition 6 Given an MRPN (P,T,A ,AV ,B,F), a state 〈M,H〉, a transition t that is enabled in state

〈M,H〉, and an enabling assignment S , we write 〈M,H〉 (t,S)−→ 〈M′,H ′〉 where for all x ∈ P:

M′(x) = (M(x)−
⋃

a∈F(x,t)

con(S (a),M(x)))

∪
⋃

a∈F(t,x)

con(S (a),compf(t,S ,M))⊕ (S , t,k)
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Figure 4: The effect of executing t1 and t2 in the net of Fig. 3, where B3 = (B,3, []), C3 =
(C,3, []), I3 = (I,3, []), I1 = (I,1, [(1, t1, i)]), C2 = (C,2, [(1, t1,c)], I′1 = (I,1, [(1, t1, i),(1, t2,∗)]), C′2 =
(C,2, [(1, t1,c),(1, t2,c)]), and B2 = (B,2, [(1, t2,b)]).

where k = max({0}∪H(t))+1 and

H ′(t ′) =
{

H(t ′)∪{k}, if t ′ = t
H(t ′), otherwise

Fig. 4 shows the result of consecutively firing transitions t1 and t2 from the MRPN in Fig. 3 with
enabling assignments S1, where S1(i) = (I,1, []), S1(c) = (C,2, []), and S2, where S2(b) = (B,2, []),
S2(c) = (C,2, [(1, t1,c)]). We note the non-empty histories of the transitions depicted in the graphical
representation, as well as the updates in the causal paths of the tokens.

3.2 Causal-order Reversing

We now move on to consider causal-order reversibility for MRPNs. In this form of reversibility, a
transition can be reversed only if all its effects (if any), i.e. transitions that it has caused, have already
been reversed. As argued in [24], two transition occurrences are causally dependent, if a token produced
by the one was subsequently used to fire the other. Since token instances in MPRNs are associated with
their causal path, we are able to identify the transitions that each token has participated in by observing
its memory. Furthermore, if last(Ai) = (k, t,a) then the last transition that the token instance Ai has
participated in was transition t and specifically its occurrence with history k.

Based on this observation, a transition occurrence t can be reversed in a certain state if the to-
ken/bonds instances it has employed have not engaged in any further transitions. Thus, we define causal
reverse enabledness as follows.

Definition 7 Consider an MRPN (P,T,A ,AV ,B,F), a state 〈M,H〉, and a transition t. We say that t is
co-enabled in 〈M,H〉 if there exists a type-respecting assignment R : post(t)∩AV →AI such that:

1. R(F(t,x))⊆M(x) for all x ∈ t◦, and

2. there exists k ∈H(t) such that for all (A, i,xs)∈
⋃

x∈P M(x) with (k, t,b)∈ xs for some b, (k, t,b) =
last(Ai).

We refer to R as the co-reversal enabling assignment for the kth occurrence of t.

Thus, a transition t is co-enabled in 〈M,H〉 for a specific occurrence k if there exists a type-respecting
assignment of token instances on the variables of the outgoing arcs of the transition, which gives rise to
a set of token and bond instances that are available in the relevant out-places and, additionally, these
token/bond instances were last employed for the firing of the specific occurrence of the transition.
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Figure 5: The effect of reversing transition t1 with enabling assignment R(i) = I1, R(c) =C2, in a state
following the execution of t1 twice from the net in Fig. 3, first with enabling assignment S1(i) = (I,1, []),
S1(c) = (C,2, []), and next with enabling assignment S2(i) = (I,2, []), S2(c) = (C,1, []) where we write
I1 = (I,1, [(1, t1, i]), I2 = (I,2, [(2, t1, i]), C1 = (C,1, [(2, t1,c]), and C2 = (C,2, [(1, t1,c]).

To implement the reversal of a transition t according to a co-reversal enabling assignment R, the
selected token instances are relocated from the outgoing places of t to its incoming places, with bonds
created and destroyed accordingly. The occurrence of the reversed transition is removed from its history.

Definition 8 Given an MRPN (P,T,A ,AV ,B,F), a state 〈M,H〉, a transition t that is co-enabled with

co-reversal enabling assignment R for the kth occurrence of t, we write 〈M,H〉 (t,R)
 〈M′,H ′〉 where for

all x ∈ P:

M′(x) = (M(x)−
⋃

a∈F(t,x)

con(R(a),M(x)))

∪
⋃

a∈F(x,t)

init(con(R(a),compr(t,R,M)))

and

H ′(t ′) =
{

H(t ′)−{k}, if t ′ = t
H(t ′), otherwise

where compr(t,R,M) = (
⋃

x∈t◦M(x)∪R(eff−(t)))−R(eff+(t)).

In Fig. 5 we may observe the causal-order reversal of transition t1. We note that the history information
of the affected components is updated by removing the occurrence of the reversed transition and the
history information of transition t1 reflects that occurrence with identifier 1 has been reversed.

Let us now consider executions of both forward and backward moves and write 7−→ for −→ ∪ .
We define the reachable states of an MRPN as follows.

Definition 9 Given an MRPN (P,T,A ,AV ,B,F) and an initial state 〈M0,H0〉 we say that state 〈M,H〉
is reachable, if there exist 〈Mi,Hi〉, i≤ n for some n≥ 0, such that 〈M0,H0〉

(t1,W1)7−→ 〈M1,H1〉
(t2,W2)7−→ . . .

(tn,Wn)7−→
〈Mn,Hn〉= 〈M,H〉.
Furthermore, given a type A, an integer i, and a marking M, we write num(A, i,M) for the number of token
instances of the form (A, i,xs) in M, defined by num(A, i,M) = |{(x,Ai) | ∃x∈P,Ai ∈M(x),Ai↓= (A, i)}|.
Similarly, for a bond instance βi ∈BI , we define num(βi,M) = |{x ∈ P | βi ∈ M(x)}|. The following
result confirms that in an execution beginning in the initial state of an MRPN, token instances are pre-
served, at most one bond instance may occur at any time, and a bond instance may be created/destroyed
during a forward/reverse execution of a transition that features the bond as its effect.
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Proposition 1 Given an MRPN (P,T,A ,AV ,B,F), a reachable state 〈M,H〉, and a transition firing

〈M,H〉 (t,W )7−→ 〈M′,H ′〉, the following hold:

1. For all A, i, num(A, i,M′) = num(A, i,M)=1.

2. For all βi ∈BI ,
(a) 0≤ num(βi,M′)≤ 1,
(b) if t is executed in the forward direction with forward enabling assignment S and βi ∈

S (eff+(t)) then num(βi,M′) = 1; if instead βi ∈ S (eff−(t)) then num(βi,M′) = 0, oth-
erwise num(βi,M) = num(βi,M′).

(c) if t is executed in the reverse direction with reverse enabling assignment R and βi ∈
R(eff+(t)) then num(βi,M′) = 0; if instead βi ∈ R(eff−(t)) then num(βi,M′) = 1, other-
wise num(βi,M) = num(βi,M′).

Proof: The proof follows by induction on the length of the execution reaching state 〈M,H〉. If this is
the initial state the result (i.e. clauses 1 and 2(a)) follows by our assumption on the initial state. For the
induction step, let us assume that 〈M,H〉 satisfies the conditions of the proposition.

Let us begin with clause (1) and suppose
(t,W )7−→=

(t,S )−→ , where S is the forward-enabling assignment
for the transition, and let Ai = (A, i,xs) ∈AI . Two cases exist:

1. Ai ∈ con(B j,M(x)) for some B j, S (a) = B j, a ∈ F(x, t). Note that x is unique by the assumption
that num(A, i,M) = 1. To discern the location of Ai in M′ two cases exist.

• Suppose Ai ∈ con(B j,compf(t,S ,M)). We observe that, by Definition 2(1), a ∈ post(t).
Thus, there exists y ∈ t◦, such that a ∈ F(t,y). Note that this y is unique by Definition 2(2).
As a result, by Definition 6, con(B j,compf(t,S ,M))⊆M′(y), which implies that Ai ∈M′(y).

• Suppose Ai 6∈ con(B j,compf(t,S ,M′)) and consider w = 〈(Ai1 ,Ai2), . . . , (Ain ,B j)〉, Ai = Ai1 ,
n ≥ 1, such that path(Ai,w,M(x)). Since Ai 6∈ con(B j,compf(t,S ,M′)) it must be that for
some k, (Aik−1 ,Aik) ∈ S (eff−(t)) and Ai ∈ con(Aik ,M(x)−S (eff−(t))). Using the same
argument as in the previous case for Aik instead of B j, we may conclude that Ai ∈M(y) such
that S (b) = Aik and b ∈ F(t,y).

Now suppose that Ai ∈ con(Ck,compf(t,S ,M)), Ck = S (b) for some b 6= a, b ∈ F(t,y′). Then
it must be that y = y′. As a result, we have that num(A, i,M′) = num(A, i,M) = 1 and the result
follows.

2. Ai 6∈ con(S (b),M(x)) for all b ∈ F(x, t), x ∈ P. This implies that {x ∈ P | Ai ∈M′(x)}= {x ∈ P |
Ai ∈M(x)} and the result follows.

Now suppose
(t,W )7−→=

(t,R)
 where R is the reverse-enabling assignment of the transition. Consider

Ai = (A, i,xs) ∈AI . Two cases exist:

1. Ai ∈ con(B j,M(x)) for some B j, R(a) = B j, a ∈ F(t,x). Note that x is unique by the assumption
that num(A, i,M) = 1. To discern the location of Ai in M′ two cases exist.

• Suppose Ai ∈ con(B j,compr(t,R,M′)). We observe that, by Definition 2(1), a ∈ pre(t).
Thus, there exists y ∈ ◦t, such that a ∈ F(y, t). Note that this y is unique by Definition 2(3).
As a result, by Definition 8,

M′(y) = M(x)−
⋃

a∈F(t,x)

con(R(a),M(x)))∪
⋃

a∈F(x,t)

init(con(R(a),compr(t,R,M)))

Since a ∈ F(y, t)∩F(t,x), Ai ∈ con(R(a),M(x)∪F(y, t)), which implies that a ∈M′(y).
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• Suppose Ai 6∈ con(B j,compr(t,R,M′)) and consider w = 〈(Ai1 ,Ai2), . . . , (Ain ,B j)〉, Ai = Ai1 ,
n ≥ 1, such that path(Ai,w,M(x)). Since Ai 6∈ con(B j, compr(t,R,M′)) it must be that for
some k, (Aik−1 ,Aik) ∈ R(eff+(t)) and Ai ∈ con(Aik ,M(x)−R(eff+(t))). Using the same
argument as in the previous case for Aik instead of B j, we may conclude that Ai ∈M(y) such
that S (b) = Aik and b ∈ F(y, t).

Now suppose that Ai ∈ con(Ck,compr(t,R,M)), Ck = R(b) for some a 6= b, b ∈ F(y′, t). Then it
must be that y = y′. As a result, we have that {z ∈ P | Ai ∈M′(z)}= {y} and the result follows.

2. Ai 6∈ con(R(a),M(x)) for all a ∈ F(t,x), x ∈ P. This implies that {x ∈ P | Ai ∈M′(x)}= {x ∈ P |
Ai ∈M(x)} and the result follows.

The proof of clause 2 follows similar arguments. �

We may now proceed to establish the causal consistency of our semantics. We begin with defining
when two states of an MRPN are considered to be causally equivalent. Intuitively, states 〈M,H〉 and
〈M′,H ′〉 are causally equivalent whenever the executions that have led to them contain the same causal
paths. Note that these causal paths refer to different independent threads of computation, possibly exe-
cuted through different interleavings in the executions leading to 〈M,H〉 and 〈M′,H ′〉. In our setting, we
can enunciate this requirement by observing the causal histories of token instances and requiring that for
each token instance of some type A in one of the two states there is a token instance of the same type that
has participated in the exact same sequence of transitions in the other state:

Definition 10 Consider MRPN (P,T,A ,AV ,B,F) and reachable states 〈M,H〉, 〈M′,H ′〉. Then the
states are causally equivalent, denoted by 〈M,H〉 � 〈M′,H ′〉, if for each x ∈ P, Ai ∈ M(x) there exists
A j ∈M′(x) with cpath(Ai) = cpath(A j), and vice versa.

We may now establish the Loop Lemma for our model.

Lemma 1 (Loop) For any forward transition 〈M,H〉 (t,S )−→ 〈M′,H ′〉 there exists a backward transition

〈M′,H ′〉 (t,R)
 〈M,H〉 and for any backward transition 〈M,H〉 (t,R)

 〈M′,H ′〉 there exists a forward transi-

tion 〈M′,H ′〉 (t,S )−→ 〈M′′,H ′′〉 where 〈M,H〉 � 〈M′′,H ′′〉.

Proof: Suppose 〈M,H〉 (t,S )−→ 〈M′,H ′〉. Then t is clearly reverse-enabled in 〈M′,H ′〉with reverse-enabling
assignment R such that if S (a) = (A, i,xs), then R(a) = (A, i,xs+(t,k,a)), where k is the maximum

element of H(t). Furthermore, 〈M′,H ′〉 t,R
 〈M′′,H ′′〉 where H ′′ = H. In addition, all token and bond

instances involved in transition t (except those in eff+(t)) will be returned from the outgoing places of
transition t back to its incoming places. At the same time, all destroyed bonds (those in eff−(p)) will be
re-formed, according to Proposition 1. Specifically, for all Ai ∈AI , it is easy to see by the definition of 
that Ai ∈M′′(x) if and only if Ai ∈M(x). Similarly, for all βi ∈BI , βi ∈M′′(x) if and only if βi ∈M(x).
The opposite direction can be argued similarly, with the distinction that when a transition is executed
immediately following its reversal, it is possible that the transition instance is assigned a different key,
thus giving rise to a state 〈M′′,H ′′〉 distinct but causally equivalent to 〈M,H〉. �

We now proceed to define some auxiliary notions. Given a transition 〈M,H〉 (t,W )7−→ 〈M′,H ′〉, we say

that the action of the transition is (t,W ) if 〈M,H〉 (t,W )−→ 〈M′,H ′〉 and (t,W ) if 〈M,H〉 (t,W )
 〈M′,H ′〉 and

we may write 〈M,H〉 (t,W )7−→ 〈M′,H ′〉. We write ActN for the set of all actions in an MRPN N. We use

α to range over {t, t | t ∈ T} and write t = t. Given an execution 〈M0,H0〉
(α1,W1)7−→ . . .

(αn,Wn)7−→ 〈Mn,Hn〉,
we say that the trace of the execution is σ = 〈(α1,W1),(α2,W2), . . . ,(αn,Wn)〉, and write 〈M,H〉 σ7−→
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〈Mn,Hn〉. Given σ1 = 〈(α1,W1), . . . ,(αk,Wk)〉, σ2 = 〈(αk+1,Wk+1), . . . ,(αn,Wn)〉, we write σ1;σ2 for
〈(α1,W1), . . . ,(αn,Wn)〉. We may also use the notation σ1;σ2 when σ1 or σ2 is a single transition. A
central concept in what follows is causal equivalence on traces, a notion that employs the concept of
concurrent transitions:

Definition 11 Consider an MRPN (P,T,A ,AV ,B,F), a reachable state 〈M,H〉 and actions (α1,W1)
and (α2,W2). Then (α1,W1) and (α2,W2) are said to be concurrent in state 〈M,H〉, if for all u,v ∈AV ,
if W1(u) = Ai and W2(v) = B j, Ai,B j ∈M(x) then con(Ai,M(x)) 6= con(B j,M(x)).

Thus, two actions are concurrent when they employ different token instances. This notion captures when
two actions are independent, i.e. the execution of the one does not preclude the other. Indeed, we may
prove the following results.

Proposition 2 (Square Property) Consider an MRPN (P,T,A ,AV ,B,F), a reachable state 〈M,H〉 and

concurrent actions (α1,W1) and (α2,W2) in 〈M,H〉, such that 〈M,H〉 (α1,W1)7−→ 〈M1,H1〉 and 〈M,H〉 (α2,W2)7−→
〈M2,H2〉. Then 〈M1,H1〉

(α2,W2)7−→ 〈M′,H ′〉 and 〈M2,H2〉
(α1,W1)7−→ 〈M′′,H ′′〉, where 〈M′,H ′〉 � 〈M′′,H ′′〉.

Proof: It is easy to see that since the two transitions involve distinct tokens then they can be executed
in any order. If, additionally, α1 6= α2 or α1 = α2 and they are both reverse transitions, then the effects
imposed on the histories and the tokens of the transitions will be independent and the same in both cases,
i.e. 〈M′,H ′〉= 〈M′,H ′〉. If instead α1 = α2 and α1, α2 are not both reverse transitions, then it is possible
that distinct tokens will be assigned to the forward transition(s). Nonetheless, the sequence of actions
executed by each token instance will be the same in both interleavings and, thus, the resulting states are
causally equivalent. �

Proposition 3 (Reverse Transitions are Independent) Consider an MRPN (P,T,A ,AV ,B,F), a state
〈M,H〉 and enabled reverse actions (t1,R1) and (t2,R2) where (t1,R1) 6= (t2,R2). Then,(t1,R1) and
(t2,R2) are concurrent.

Proof: It is straightforward to see that two distinct reverse transitions employ different tokens. This is
because a token instance may only reverse the last transition occurrence in its history. Therefore (t1,R1)
and (t2,R2) satisfy the requirement for being concurrent. �

We also define two transitions to be opposite in a certain state as follows:

Definition 12 Consider an MRPN (P,TA ,AV ,B,F) and actions (α1,W1) and (α2,W2). Then (α1,W1)
and (α2,W2) are said to be opposite if α1 = α2 and, if αi = t for some t, for all a ∈ pre(t), init(Wi(a)) =
W3−i(a).

Note that this may arise exactly when the two actions are forward and reverse executions of the same
transition and using the same token instances. We are now ready to define when two traces are causally
equivalent.

Definition 13 Consider a reachable state 〈M,H〉. Then causal equivalence on traces with respect to
〈M,H〉, denoted by σ1�〈M,H〉 σ2, is the least equivalence relation on traces such that (i) σ1 =σ ;(α1,W1);
(α2,W2);σ ′ where 〈M,H〉 σ7−→ 〈M′,H ′〉 and if (α1,W1) and (α2,W2) are concurrent in 〈M′,H ′〉 then
σ2 =σ ;(α2,W2);(α1,W1);σ ′, and (ii) if (α1,W1) and (α2,W2) are opposite transitions then σ2 =σ ;ε;σ ′.

We may now establish the Parabolic Lemma, which states that causal equivalence allows the permu-
tation of reverse and forward transitions that have no causal relations between them. Therefore, com-
putations are allowed to reach for the maximum freedom of choice going backward and then continue
forward.
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Lemma 2 (Parabolic Lemma) Consider an MRPN (P,T,A ,AV ,B,F), a reachable state 〈M,H〉, and
an execution 〈M,H〉 σ7−→ 〈M′,H ′〉. Then there exist traces r,r′ both forward such that σ �〈M,H〉 r;r′ and

〈M,H〉 r;r′7−→ 〈M′′,H ′′〉 where 〈M′,H ′〉 � 〈M′′,H ′′〉.

Proof Following [17], given the satisfaction of the Square Property (Proposition 2) and the independence
of reverse transitions (Proposition 3), we conclude that the lemma holds. A proof from first principles
may also be found in [30]. �

We conclude with Theorem 1 stating that two computations beginning in the same state lead to equiv-
alent states if and only if the two computations are causally equivalent. This guarantees the consistency
of the approach since reversing transitions in causal order is in a sense equivalent to not executing the
transitions in the first place. Reversal does not give rise to previously unreachable states, on the contrary,
it gives rise to causally-equivalent states due to different keys being possibly assigned to concurrent
transitions.

Theorem 1 Consider an MRPN (P,T,A ,AV ,B,F), a reachable state 〈M,H〉, and traces σ1, σ2 such
that 〈M,H〉 σ17−→ 〈M1,H1〉 and 〈M,H〉 σ27−→ 〈M2,H2〉. Then, σ1 �〈M,H〉 σ2 if and only if 〈M1,H1〉 �
〈M2,H2〉.

Proof: Following [17], given the satisfaction of the Parabolic Lemma and the fact that the model does not
allow infinite reverse computations, we conclude that the theorem holds. A proof from first principles
may also be found in [30]. �

4 Multi Tokens versus Single Tokens

We now proceed to define Single Reversing Petri Nets as MRPNs where each token type corresponds to
exactly one token instance.

Definition 14 A Single Reversing Petri Net (SRPN) (P,T,A ,AV ,B,F) is an MRPN where for all A ∈
A , |A|= 1.

Forward and causal-order reversal for SRPNs is defined as for MRPNs. Consequently, SPRNs are
special instances of MRPNs. In the sequel, we will show that for each MRPN there is an “equivalent”
SRPN. To achieve this, similarly to [31], we will employ Labelled Transition Systems defined as follows:

Definition 15 A labelled transition system (LTS) is a tuple (Q,E,→, I) where:

• Q is a countable set of states,

• E is a countable set of actions,

• →⊆ Q×E×Q is the step transition relation, where we write p u−→ q for (p,u,q) ∈→, and

• I ∈ Q is the initial state.

For the purposes of our comparison, we will employ LTSs in the context of isomorphism of reachable
parts:

Definition 16 Two LTSs L1 =(Q1,E1,→1, I1) and L2 =(Q2,E2,→2, I2) are isomorphic, written L1∼= L2,
if they differ only in the names of their states and events, i.e. if there are bijections γ : Q1 → Q2 and

η : E1→ E2 such that γ(I1) = I2, and, for p,q ∈ Q1, u ∈ E1 : γ(p)
η(u)−→2 γ(q) iff p u−→1 q.
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The set R(Q) of reachable states in L = (Q,E,→, I) is the smallest set such that I is reachable and
whenever p is reachable and p u−→ q then q is reachable. The reachable part of L is the LTS R(L) =
(R(Q),E,→R , I), where→R is the part of the transition relation restricted to reachable states. We write
L1 ∼=R L2 if R(L1) and R(L2) are isomorphic. To check L1 ∼=R L2 it suffices to restrict to subsets of Q1
and Q2 that contain all reachable states, and construct an isomorphism between the resulting LTSs.

We proceed to give a translation from MRPNs to SPRNs. First, we present how an LTS can be
associated with an MRPN/SRPN structure.

Definition 17 Let N = (P,T,A ,AV ,B,F) be an MRPN (or SRPN) with initial marking M0. Then
H (N,M0) = ((P→ 2AI∪BI )× (T → 2N),Act, 7−→,〈M0,H0〉) is the LTS associated with N.

We may now establish that for any MRPN there exists an SPRN with an isomorphic LTS.

Theorem 2 For every MRPN N = (P,T,A ,AV ,B,F) with initial marking M0 there exists an SRPN
N′ = (P,T ′,A ′,A ′

V ,B
′,F ′) with initial marking M′0 such that H (N,M0)∼=R H (N′,M′0).

Proof: Let N = (P,T,A ,AV ,B,F) be an MRPN with initial state 〈M0,H0〉. We introduce the notation
W ↓ where for any type-respecting assignment W , W ↓(a) = W (a)↓, that is W assigns to a variable in
the range of W the token instance associated to it by W but with its history removed. Furthermore, if
f = W ↓ we write fs(a) = ai if f (a) = (A, i). We construct N′ = (P,T ′,A ′,A ′

V ,B
′,F ′) with initial state

〈M′0,H ′0〉 as follows:

A ′ = {Ai | ∃(A, i, []) ∈M0(x) for some x ∈ P}
A ′

V = {ai | Ai ∈A ′}
B′ = {(Ai,B j) | Ai,B j ∈A ′,(A,B) ∈B}
T ′ = {tW ↓ | t ∈ T,W : pre(t)→AI is a type-respecting assignment }

F ′(x1,x2) = { fs(a) | ∃i ∈ {1,2},xi = t f ∈ T ′, and a ∈ pre(t)}
∪ {( fs(a), fs(b)) | ∃i ∈ {1,2},xi = t f ∈ T ′,(a,b) ∈ pre(t)}

M′0(x) = {(Ai,1, []) | (A, i, []) ∈M0(x)}, ∀x ∈ P

H ′0(t) = /0, ∀t ∈ T ′

The above construction, projects each type A in N to a set of types Ai in N′ such that, Ai ∈ A ′ for
each instance (A, i, []) of type A in M0. Type Ai contains exactly one element, initially named (Ai,1, []).
Furthermore, for each transition t ∈ T , we create a set of transitions of the form t f ∈ T ′, to associate all
possible ways in which token/bond instances may be taken as input by t with a distinct transition that
takes as input the combination of types projected to by the instances.

We now proceed to define bijections γ and η for establishing the homomorphism between the two
LTSs. To simplify the proof, we assume that during the execution of transitions the enabling assignment
is recorded both in the transition histories, i.e. given a transition t we have (k,W ) ∈ H(t) signifying that
the kth occurrence of t was executed with enabling assignment W and also in a token instance (A, i,xs)
elements of xs have the form (k, t,v,W ↓) again recording the assignment that enabled the specific execu-
tion of the transition occurrence. In this setting, it is easy to associate each token instance of N to a token
instance of N′ as follows, where we write st(Ai) for the equivalent token instance of Ai in the SPRN N′:

st((A, i,xs)) = (Ai,1,ys)
where, if xs = [(ki, t i,vi, f i)]1≤i≤n then ys = [(|{(k, t i,v, f ) | ∃k,v, f s.t.(k, t i,v, f ) ∈ ys}|, t i

f , fs(a))]1≤i≤n.
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For any reachable state 〈M,H〉 in LTS H (N,M0), we define γ(〈M,H〉) = 〈M′,H ′〉 such that for all
x ∈ P and t f ∈ T ′

M′(x) = {st(Ai) | Ai ∈M(x)}∪{(st(Ai),st(B j)) | (Ai,B j) ∈M(x)}
H ′(t f ) = {1, . . . ,k | k = |{(i,R) ∈ H(t) |R↓= f}|}

Furthermore, given an action (t,W ), we write

η((t,W )) = (tW ↓,W ′)

where if W (a) = Ai then W ′(ai) = st(Ai).
Based on these, we may confirm that there exists an isomorphism between the LTSs H (N,M0)

and H (N′,M′0) as follows. Suppose 〈Mm,Hm〉 is a reachable state of H (N,M0) with γ(〈Mm,Hm〉) =
〈Ms,Hs〉. Two cases exist:

• Suppose 〈Mm,Hm〉
(t,S )−→ 〈M′m,H ′m〉. This implies that t is a forward-enabled transition with forward-

enabling assignment S . Consider η(t,S ) = (tS↓,S ′), as defined above. It is easy to see that tS↓
is also a forward-enabled transition in 〈Ms,Hs〉 with forward-enabling assignment S ′. Further-

more, if 〈Ms,Hs〉
(tS↓,S ′)
−→ 〈M′s,H ′s〉, then

M′s(x) = (Ms(x)−
⋃

a∈F ′(x,tS↓)

con(S ′(a),M′(x)))

∪
⋃

a∈F ′(tS↓,x)

con(S ′(a),compf(tS↓,S
′,Ms))⊕ (S ′, tS ,k)

= (Ms(x)−
⋃

a∈F(x,t)

{st(Ai),(st(Ai),st(B j)) | Ai,(Ai,B j) ∈ con(S (a),Mm(x)))

∪
⋃

a∈F(t,x)

{st(Ai),(st(Ai),st(B j)) | Ai,(Ai,B j) ∈

con(S (a),compf(t,S ,Mm))⊕ (S , t,k)}

where k = max({0}∪{k′|k′ ∈ H(t)})+1 and

H ′(t) =
{

H(t)∪{k}, if t = tS↓
H(t ′), otherwise

We may see that γ(〈Mm,Hm〉) = 〈Ms,Hs〉, and the result follows. Reversing the arguments, we
may also prove the opposite direction.

• Suppose 〈Mm,Hm〉
(t,R)
 〈M′m,H ′m〉. This implies that t is a reverse enabled transition with enabling

assignment R. Consider η(t,R) = (tR↓,R ′), as defined above. It is easy to see that tR↓ is also
a reverse-enabled transition in 〈Ms,Hs〉 with reverse-enabling assignment R ′. Furthermore, if

〈Ms,Hs〉
(tR↓,R ′)
 〈M′s,H ′s〉, then using similar arguments as in the previous case we may confirm that

γ(〈Mm,Hm〉) = 〈Ms,Hs〉. The same holds for the opposite direction. This completes the proof. �

In Fig. 6 we present an MRPN N and its respective SRPN N′. From N we obtain N′ by constructing
the new token types I1, I2,C1,C2 and exactly one token instance of each of these types. The places are
the same in both RPN models. The transitions required for the SRPN are dependent on the types of the



A. Philippou & K. Psara 147

t

u

v

x

c:C

i:I
i-c

(I,1,[])
(I,2,[])

(C,1,[])
(C,2,[])
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i-c

i-c

(b) Equivalent SRPN N′

Figure 6: Translating MRPNs to SRPNs

variables required for each MRPN transition and the token instances representing that type. Specifically
for each token-instance combination that may fire a transition in the MRPN, a respective transition is
required in the SRPN. In the example, two token instances of type I can be instantiated to variable i and
two token instances of type C can be instantiated to variable v. This yields four combinations of token
instances resulting in four different transitions.

In Fig. 7 we may see the isomorphic LTSs of the two RPNs, where

t1,1 = tS1↓ t1,1 = tR1↓

t1,2 = tS2↓ t1,2 = tR2↓

t2,1 = tS3↓ t2,1 = tR3↓

t2,2 = tS4↓ t2,3 = tR4↓

and the enabling assignments of the actions in the two LTSs are

S1(i) = (I,1, []), S1(c) = (C,1, [])

R1(i) = (I,1, [(t,1, i)]), R1(c) = (C,1, [(t,1,c)])

S2(i) = (I,1, []), S2(c) = (C,2, [])

R2(i) = (I,1, [(t,1, i)]), R2(c) = (C,2, [(t,1,c)])

S3(i) = (I,2, []), S3(c) = (C,1, [])

R3(i) = (I,2, [(t,1, i)]), R3(c) = (C,1, [(t,1,c)])

S4(i) = (I,2, []), S4(c) = (C,2, [])

R4(i) = (I,2, [(t,1, i)]), R4(c) = (C,2, [(t,1,c)])
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⟨M0,H0⟩

(t,S1)

(t,R1)
(t,R2) (t,S2)

(t,S4)
(t,S3)

(t,R4)

(t,R3)

(a) LTS of net of Fig. 6(a)

⟨M0’,H0’⟩

(t1,1,S1’)

(t1,1,R1’)

(t1,2,R2’) (t1,2,S2’)

(t2,2,S4’)

(t2,1,S3’)

(t2,2,R4’)

(t2,1,R3’)

(b) LTS of net of Fig. 6(b)

Figure 7: Isomorphic LTSs of an MRPN and its SPRN translation

and

S ′
1(i) = (I1,1, []), S1(c) = (C1,1, [])

R1(i) = (I1,1, [(t,1, i)]), R1(c) = (C1,1, [(t,1,c)])

S2(i) = (I1,1, []), S2(c) = (C2,1, [])

R2(i) = (I1,1, [(t,1, i)]), R2(c) = (C2,1, [(t,1,c)])

S3(i) = (I2,1, []), S3(c) = (C1,1, [])

R3(i) = (I2,1, [(t,1, i)]), R3(c) = (C1,1, [(t,1,c)])

S4(i) = (I2,1, []), S4(c) = (C2,1, [])

R4(i) = (I2,1, [(t,1, i)]), R4(c) = (C2,1, [(t,1,c)])

5 Conclusions

This paper presents an extension of RPNs with multiple tokens of the same type based on the individual
token interpretation. The individuality of tokens is enabled by recording their causal path, while the
semantics allows identical tokens to fire any eligible transition when going forward, but only the transi-
tions they have been previously involved in when going backward. We have presented a semantics for
causal-order reversibility, which unlike the semantics presented in [24] is purely local and requires no
global control. Another contribution of the paper is a result illustrating that introducing multiple tokens
in the model does not increase its expressive power. Indeed, for every MRPN we may construct an equiv-
alent SRPN, which preserves its computation. In related work [30], MRPNs have also been associated
with backtracking and out-of-causal-order semantics and it was shown that in all settings MRPNs are
equivalent to the original RPN model.

In our current work we are developing a tool for simulating and verifying RPN models [9], which we
aim to apply towards the analysis of resource-aware systems. Our experience in applying RPNs in the
context of wireless communications [25] has illustrated that resource management can be studied and
understood in terms of RPNs since, along with their visual nature, they offer a number of features, such
as token persistence, that is especially relevant in these contexts. In future work, we would like to further
apply our framework in the specific fields as well as in the field of long-running transactions.
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