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module Lab09
where

mulNats
mulNats 0 =
mulNats n =

natList
natList O
natList n =

Int -> Int
n * mulNats (n - 1)
Int —> [Int]

n : natList (n - 1)

prodList [Int] -> Int

prodList [] =1

prodList (x:xs) = x * prodList xs

{_ _____________________________

Property: P (n) === mulNats n = prodList (natList n)
PROOF :

Induction over n.

Base: P(0) ===

Left side:

mulNats 0
= {mulNats.1}

1
Right side:
prodList

{natList
prodList

(natList 0)
L1}
[]

= {prodList.1}

1

mulNats 0 = prodList (natList O0)

Induction: P(n + 1) === mulNats (n + 1) = prodList (natList (n + 1))

Left side:

mulNats

(n + 1)

= {n + 1 > 0 and mulNats.Z2}

(n + 1)

* mulNats (n + 1 - 1)

= {Arithmetic}

(n + 1)

* mulNats n

= {Induction hypothesis}

(n + 1)

Right side:

* prodList (natList n)

prodList (natList (n + 1))
= {natList.2}

prodList ((n + 1) : (natList (n + 1
= {Arithmetic}
prodList ((n + 1) : (natList n))

= {prodList}.2

(n + 1)

* prodList (natList n)

- 1))



concat :: [[al]l —> [al

concat [] =[]

concat (xs:xss) = xs ++ concat xss

(++) 11 [a]l —> [a] —> [a]

[] ++ ys = ys

(x:xs) ++ ys = x : (xS ++ ys)</pre>

{_ _____________________________

Property: P(xss) === concat (xss ++ yss) = concat xss ++ concat yss
PROOF :

Structural induction over xsSs.
Base: P([]) === concat ([] ++ yss) = concat [] ++ concat yss
Left side:

concat ([] ++ yss)
= {++.1}
concat yss

Right side:

concat [] ++ concat yss
= {concat.1l}
concat yss

Base: P(xs:xss) === concat ((xs:xss) ++ yss) = concat (xs:xss) ++ concat yss
Left side:

concat ((xs:xss) ++ yss)
= {++.2}
concat (xs:(xss ++ yss))
= {concat.Z2}
Xs ++ concat (xss ++ yss)
= {Induction hypothesis}
xs ++ concat xss ++ concat yss

Right side:
concat (xs:xss) ++ concat yss

= {concat.Z2}
xs ++ concat xss ++ concat yss

QOED

-}

reverse 1 [a]l —> [a]
reverse [] = []

reverse (x:Xs) = reverse xS ++ [x]
{_ _____________________________

Property: P (xs) == reverse (reverse xs) = XS
PROOF :
Structural induction over Xs.
Base: P([]) === reverse (reverse []) = []
reverse (reverse [])
= {reverse.l}

reverse []
{reverse.1l}



[]

Induction: P(x:xs) === reverse (reverse (x:xs)) = (x:xs)

Left side:

reverse (reverse (x:xs))
{reverse.2}
reverse (reverse xs ++ [x])

Right side:

X:XS
{Induction hypothesis}
X : reverse (reverse Xxs)

This leaves us with a requirement to prove that

reverse (reverse xs ++ [x]) = x : reverse (reverse Xxs)

We generalise this to

Q(ys) === reverse (ys ++ [x]) = x : reverse ys
Base: Q([]) === reverse ([] ++ [x]) = x : reverse []
Left side:

reverse ([] ++ [x])
{++.1}

reverse [x]
{reverse.2}

reverse [] ++ [x]
{reverse.1l}

[] ++ [x]

{++.1}

[x]

Right side:

x : reverse []
{reverse.1l}

x:[]

[x]

Induction: Q(y:ys) === reverse ((y:ys) ++ [x]) = x

Left side:

reverse ((y:ys) ++ [x])
{(++.2}

reverse (y:(ys ++ [x]))
{reverse.Z2}

reverse (ys ++ [x]) ++ [y]
{Induction hypothesis}

(x : reverse ys) ++ [y]
{(++.2}

x : (reverse ys ++ [y])

Right side:

X : reverse (y:ys)
{reverse.Z2}
x : (reverse ys ++ [y])

reverse (y:ys)



